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Vanishing theorems vith qlgébraic growth "and
algebraic divisible properties .

( Complex snalytic De Rham " cohomology 1 )

‘Nobuq Sasakura

\

The purpose of the present note is to announce certain
quantitative properties of - coherent sheaves and analytic varieties .
Results ‘given hers are originally and primarily inbﬁhded for

. ’ N \‘e
applications to differential forms on complex analytic varieties
vith arbitrary singularities ﬁ(c.f. the end of this note ). Results
stated here are ,however, of their own interests . Our basic purpose

is to discuss vanishing theorems of certain types where quantitative

properties\ appear . Detailg of this note will appear elsewhere
(\gf;‘Objectsm;cpqgidered)

Quantitative Nproperties exgnined here are as follows : (I ) Asynptotic
behavoors w.r.t pole loci. ( I I) Divisible properties w.r.t. subvarieties.
Our arguements will be divided to two steps : (i ) 4 step

in which  the asyptotic behavior only enters. ( ii) A step where
")
both asymptotic behaviors and divisible properties appeur.

Hotational remarks : We write 1linear functions and

monomials as L and M. A couple, denoted by q = (_‘9'1,9’2), is

& couple of positive numbers. For a set { 01,......,o9fof couéles
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M&pa(ﬂ: 1 0},.....00\ — o' and 1J;{ o*l,....ﬁ}“"épé R are
. ‘ e

said to be of exponential -algebraic type ( (e.a)= type ) if

(o d ' y cr‘l S : 1 s } -
g = { Ml (0% '"'"'G‘i )a exp IIZ( 2'“'"0'2) ) L(o—z 1.'.".’:% ) i% _
i f P

)
I3

1
Ml( 0‘;......, 0’:) A 6Xp Mz( 0”2...0.'“‘3 ).

( I ) We start with, a datun (A(r; Po) , X, D)

*
of a polydiscAwith the center Py of radius r in ¢ , a variety =

V3 PO in & and a dixisor D> P0 in A, We write irreducible decom-—
~pogitions of X and D at P as =1, X d D.=\/D_ .
7 . ° )'(PO Yj Yo I S U5 09

Assume that D contains the ‘singular locus of X and that XP 3 X
0(.-“/

Yidin
D, - _, fop any pair ( j,i' ). Moreover , cousider a cohﬁrent
09 fee xuy €
sheaf (F) admitting a resolution of the following form.
4 K, a4 K,
0 —> 5. ... .- 250t sl

vheree K ' 3 are matrices whose coefficients &are meromorphic .functions

on X with the pole D' =Dn)(. A point P is near P0 if P is

is a =mall neighbourhood of Pye For a point near F, the
. 4

* A variety and & function are always couwplex analytic ones

in this note.
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inte;seotion' A r; P )(\ X is denoted b'y,A (z; P, X Yo Mreoilcr;
for & point QeA(r; P, X) - D, we mean by N[ Q, D) the ;F*‘igh:‘é@';
~hood’ of Q ‘u defined by NO-( Q ,D) = {”Q' od( VQ‘,.Q‘)_.‘;‘ Q’id(Q,D) } i
Define & ( non locally finite ) covering (4) o(_r;P,D‘)* of Ly wP, )
- b @ =5 P,D)= {N(Q D) :QeA(x B, X) =D } . Ve formlate
. 3’; PR B S x5 P, _ )-‘§  »

our preblem in terms of such covrFrings @ o A Qe cochAin" \5’ &

‘¢ N (@D_( r;P,D) ), @); N= nerve ; is of algebrgic gr.owthd:( Q‘i, 9\2)'

if
. :-——.— ;d\'(\
o | MOTEN did(Q.D[Z
J , Then our -first result is as follows.
_ i Lemma 1. A vanishing theorem with algebraic growth.,
L
e h

There exists a datum -(;I,i,,-\_Lz, M) depending on (X,D,F )

e

only such that the following is valid

\

For a cocycle if’é- 23( N( (,AL(:‘;P.D) ) ) of algetraic

/1

growth O, , there exists a cochain I{”e ¢t w (A(r;P,D),P) of growth

(-dll, o\é") so that
o (1) §¢H = ¥ . |
T A , . -1 " ’.
. () (aLdy) = ( ody'xmlr) Ld,) Lol o)

and r=M(r) with (d.y) =L(d).

2

—



K_In the equation (1 )Y is regarded as an element in c3( N((ALﬁr:P.D)){FJ

-

by taking a refinement and a restriction suitably.

——/[ Remark 1 . PFor a domain/y =A(x;P ),x()u and for a coherent

sheaf PF' over h , &ax similar result to thE lemma 1 is valid

( by changing the distance to D by X 1xy : ( xj) are cooodinates
&

of cbr).

‘Remark 2, That the datum ((Li,(;% M) in the lemma 1

is independent of points P shows that the leamma 1 is of 'scui =-global

S —— i

nature.
Remark 3. Cohdmology theories with growth couditicsu-
; ,

. have
rocently been studied by various persons for various purposes ( c.f.

(1], [3], [4], [5 1, [€]). Our methods depend on examinationé of Cousin

integrals and of combinatorial arguements . We procced along standard

methods of discussing vanishing theorems on Stein varieties and have

many similarities with woxks cited above, llowever our situation

as well 88 our statement are , to the author's knowledge , new.

-

Our aotion of 'algebraic grouth, was 1inspired the notion of '

EolxnomiaL

growth, ' due to R. Narasimahn { His result is that of J—estimation of

L. Hormander ( see [5 ] )).

\-—‘L"
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( ) Here we state our basic problem in this note .

¥e oconsider & propsr subvariety V qf X and & set of mlytid : funcfioas

Yooy

(£)® ( £i500eef,) « Let V the irreducible defomposition
1 % P, , '

. : '
of V at Po. We assume conditions V’P 1 ¥ X, ., for any pair (3.3 )
WY | »
11 ‘ .
Vo, . &D, " for any pair ( j, j )end f, X*Oon X, ., for
1 4 . ’
CARCHE PR T
any pair ( i,J). - Moxeovexr we assumel that V is the -zero locus
of (¢f) on X, Our problem is formulsted in terms of (£).

Lot (%0 be the subshear of (0) defined to bs O £),....2h ) . This
sheaf @B'O is our basic subject . We sssociate’ sheaves XV (s=1,..,t=1)

to @?.O in the following manner : For & multiindex Is=(il"""is)

. C_(sf1)
define .an elemsnt (M I_,m) (0, (X) by

~ z {fj Is'm )(;1‘)8"1)={0. i Js'la‘.ls )
;o (=1 )k‘.if‘.f' if J

{ \d
T ¥

( Q L] 1
K’ 'LS‘_)]

s=1" ",

ty .
s)
) 2} u y . =( 3 i Y 1 - -
( for a vector & €0 ) @;} Ja).' Js-(gl,...,Js) is‘ i%component of\ﬂb.)

l Using the above elements (f)( Is,m), define :-sheuvf& howoworphisus K(s,m)
o 5§ ) ) \(\aﬁf}t’)
‘—J( sj'l!c'ont) : (9 ——9‘\9/ > by
Kem) ()= X, @&(1) &I,
s -

e ) A . A ( t
Notg that Qf}n'o= K(s,m)40).  Define X'%(ga1,...,t-1) by xP'° ;Jc(s.m)(mw)
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. - o r £,) )
If the Jjacobian condition : det —4—’-'-'_LL+T ¥0 holds at each point
. ) u . éT XI,... .,It R .
on ‘X(( xl.....xt')r are coordinates of X) then the exact sequence
& -
.{ - 'z ) - J
- ,.;(t'l) . K . .
0 .__’@FK-(t,ma,) (()) ——— e e e s . (‘O,‘t -—-——-.—————-(1'11")/\};-“39, -———--/Q

[ . :
| holds. In general the above sequence Tfails. It ‘is , however, found
that associating (5?'8 to (;p,o is meaningful in our digcussion concerned

with divisible properties : We formulate two problems iu terwms of

sheaves an,a rather than Q}’u'o onlys (i) 4 cochain ‘j‘?—;-cq(.‘;;ir;f’,b),x"')

is of =algebraic growth (dl'd2'd3) if Lf has the following property.

-y el Y xd . ; qQ+l oy
— i _ If nﬁ-l N,(. QI) 1-‘\ s, the element l&( ﬂ).:leo(‘-L‘l) : Q)

T

‘is written as » N
.
i

L (1) ¥a )=y, e () k=0

{ with the estimation

i /;‘2 /U\"l

S Now our first assertion is as follows .

Theorem 1 , There exists & datum \@“‘Li.ml,ziﬂ.?&)

depending on ( X,V, D,(f) ) only with which tue following are valid,

’ . Tt : s By S - - y
For a cocycle Y u3( N( i (r,r,D), u( "7 ) of growtn ('11. i,,d)
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there exists a cochain \Pecq_l(m(\.@l r,P,D) ), VX‘/.“'S ) of grovth

(a{d,;,o{;) vv‘such that the “equation
— VI DT
’_I—_‘_J (2 ) i"g ,H.(l’) :'0'!=L1} o), B (O) 1, .,‘}2, ,d; ) vsv‘

( uz(‘dl.v“r)-exp Hd 035 ) Lid,+ay) Ldg) )y

- so far as d..sé%(m) . 3

I In the above statement an emphasize is put on. & ' middle

point * of the asymptotic behavior and the di.?(isible -propéx?ty :

[roEOE

1 ' . N .
| ' The independenceness of the order of the pole »dé. from the
_divisible index m ' is & key point + This 'is possible by diminishing

L}
3l

t"LJ(_-A:}) : o
our application of Theorem 1 to differential forms :

the given g 3 to 8 and will be muade an escential use of in

Tt The second problem is as follows : Given &n element
L : : _
(8) , , g : -
: @F‘e«,q) so that K (s,m)(@)zo ( szl , if s =0 we do not
‘ P
. . U, B ) o+l o
consider an algebraic condition) ) find gl & O : K(s#l ,m)(lg..), =g

-

1 ) .
Precisely let us consider &a proper subvariety V. of V., Instead we
» L‘ §.'Y s -
do not consider the divisorDin this case . Take a point PeVaV',

t
N(P, V') is a neighbourhood of P in X« defined to be {Qz d(q, &'}grj..
3 .

/[7/
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An element (gf (8=0,...,t=1)c @ N,(P.V')) ie & testifying. datum with

quantitative property (b'd%) ie the following ure. valid.
quaniitative property

,\Y (A ) s,o)(gf)= 0 ( sz1),

(A ), 1@l vl QV) Qe ¥, (BV' ). (s=0,1,...,t=1).

4 Then our second assertion is follows .

Theorem 2 . ° Weak syzygy with quantities .

There exists a datum ( M, M ( i=1,2,3) , Li(i=1,2,3) , 00 )

depending on (X,V,V',(f)‘_) only with which the foilowing is true.

( B ) For. a testifying datum.‘érf with quantitative property

‘ i /[sil)
(b,d\3) , there exists an element Lg,sﬂé. (0 '(Nr(P,V') ) so that

(B )1 K( s,m+1) {\g}s-rl - @'? 5

L )

( 6)2 \gfﬂ' is of quantitative property ( B, & 5 )

)
/=l ; '
'= . = =
where b Ml( r) . Mz(b) exp Mj(d\j) T Ll( o 3) aund * =M (z),
/T2 ‘
holds so far as o 3;L2(m) »  Tsoyd(p,V') .
Remark . Plrob,lems of differential forms which we c¢onsider

are as follows . Detailed arguements will be given elsewhere . lHere

we do a sketch of our problems : Start with a datum (X,V,D,PO)

defined in previous arguements : For differential uhcuvesgz, = Q_,x

L : ,
and gi( % D) = L‘TB\X/(#D')' = sheaf of meromorphic forms with the pole D
~ AN
= D{\ X , SE and .521(*1)') are ?oypletiorxs of § i,‘ ale‘(d—D')

%‘
——
—
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along V . Our problems are - spoken in terms of the above two rings

St ﬁ‘( #D) . Concerning the ring Jn( #D)  our probles is.

to show the iasomorphism
(Ri%o = H(CSM =D )PO Y i i is the inclusion;

G : VD e—y V. - A -
This is a generalization of a well known theorem of 4, GrothendieckfL I,

A ‘ , v ' «
Concerning the ring §{, we ask , under the assumption of X = smooth
. , I LR
variety , the exact sequence : 0 —» §) L 07— ... ., 80d a
divisible property of the integration of differential forms . .
'Precise wmeaning of the above problems will be discussed , the author

plans , in an another announcement .- Roughly the theorem 1 and the

lemwa 1  are analytid¢ keys to our 'probleﬁs on  differential forms

RRefferences .

1. L.Ehrenpreis , Fourier analysis in several cosmplex ‘variables

¥Wiely Interscience , 1969.
2. A, Grothendieck , On the De Rham cohomology of algetraic
varieties , Publ., Math.I,H.E.S. 29 . pp. 95-103.

3. 1. Lieb, Die cauchy-RRiemannschen Differentialgleichungen auf

— 9 -



66
 Quantidodine Frofex}&w of a/rmﬂ\{to vasugliot in
( Cowrlex M/,tc o ﬂw%d. h)
This s 2 Conloualion o 1 We state codain
| GeQaz.mtyg) W/axo/ber/tu of _xeal G/VLO%Z‘
vanikias . Cux resills Lhod Soe oanz  inerdeol fos
ditferential forms as iw T hsin I s /6z7écz/{;(nd
0.7 v belaviox w. k. a Muz;ek/ and. divistle
peoeion . w £ o sbeiety - will ke shdied
LA T be o zeal aregle masitil ool QX W be
a xeal g. s:«évmyof W. We asmn M V-W
75 Comerel by afonill crasdinil %/DM T A
¢ foilin Pin T= T will be sail & Hove sl
e blavior w o kW A khe followim s Trwa .
T oy difosnkid gouts D= 2 D s e
oS
ol8 ) B rp; Lo @y F
whare (X5 = copdinls o4 T'-
A foem ¥ i T T _fas Wyﬁlﬁ
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behavior w.r.t. W if weach cooffiaiant’§3 “has such & propgrty A

Let u,"v, .PL’ ) 55- ai da.tum composed of q?"dé\maixi;f U in gur‘?
& subvariety V’ in U and a point P in V "."vﬂ‘hirs‘ dgium ‘isv f;xed
thrauéhout thisa  note . Our results  are »t‘wov‘.r.' ‘We~ S‘tate‘ .at- first’
our results in an lntrinsic' manner ( (i.e) in terus of 'variatiesr

in question and of coordinates x)‘ ) . The first p:bblem  is as

follows 3

(1 ) (2 thickings and _their quantitative properties .
In this problem we consider 'a proper subvariety V'  of.
V in addition to the datum ( U,V,D ). Foxr & couplea,we mean by

NV :V' ) the neighbournood of V- V' defimed by N (ViV') =

‘{N (Q: V' ):Qevay } « A neighbourhoodlN of V= V' - is a Ef-thicking

of V-v' if H'(v-vi:g) = H(N:m), Let (M) 3¢ 2"} be a

direct system ( w.r.t. the inclusion relation ). of c¢Z thickings of
V=V', For a direct system {Nj ;3&-2*} the following conditions are

always asaumed ,

(Vv

J d

(2) PFor an arbitrarily given o, NJCNQ(’V:V')ufor a sufficiently

(1 ) For any N, there exists a couple o:) such that Njéﬂ
large J.

For a neighbourhood N of V- V', ,SE,( N ) stands for the
ring of g=differential forms in N . Moreover, we understand by

SB( N: V') the subring of Q(N) composed of those C-forws having
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asymptotic Dbehaviors w.r.t. V' . CGiven & direct systenm lNJ ;j¢Z+}
A | . ’ -
of = thickings of V-V', we let Qr(N:V') te the direct limit:
PN
lim. dir. j S;l( NJ 3 V' ). This ring S}; isq differential ring in
an obvious way . Our first result , which is essentially of elementary

nature, is as follows :

.-
| ,
Lemma 1 , For a fixed datua ( U,V,V',D ),  there exist

8 neighbourhood U' of P : UDU', and a direct system {N'ﬁ j —of

ézthickings of V=V' ( in U' ) in such & uwanuer that

PO . -
| * Y
(o ovev k)= W(Ge)
holds.
!

The second problem 1is as follows .

(r1) Quantitative properties of  retraction waps,-

In this second situation we start _W{Lh the datum (U,V,I),

Consider a subvariety D' of U such that D'y V ., Let I be the interval-

[0, 1] . A ocontinious map T : I[A\UQU is & retraction of ( U, v, D' )

( to P ) if the following are sutisfied : (i) T (1,9 =Q: gqzu,

>

(1i1) T(o, @)= P gQev , (1ii) T:imv ( or IxD ) <,
v ( pr). Moreover , ‘T is c- map cutside D' if Yis E:map in

{

(0,1) x(u- b". For & fixed datum ( U,V,u',i' ), u welraction napl is

sssumed to satisfy the above conditions (i ),{i i ), (i 1i1i ) aud the

—_2—



69

differentisble property mentioned just udove . A rétr&cti‘dﬁ map; "g

satisfies quantitative conditions “w.r.t. (v, D* ) if “the. ~.‘ffcllou'in‘g o

conditions are satisfied .

_ "; (1) ‘There exist triples (f) =‘(§31, 6, . {33") o
( ?' ) = ('ﬁl' , PZ’ mé) in such a m‘annerv thgst ‘the folloufng

' distance preserving property ' to V'

r

. F‘ L 5: @1
Bya (@,v 3 kala, VI galenip?
holde for a point Q€ U, Here €is in (0,17 and Qf.—.*[xf( e.q) .

i ’ v ) : iy

‘\
Y

(2 ) For each pair' (k, K ) kéz+, KeZ*f', there

exists 8 triple ¢ (k, K ) with which the inequality

@ . ‘ d (kok)o“ ’
IR (/4 "R CRCA DR (RSN v K g‘ s

/

{ holds for each point Qé&U=- D',
/
-

\ Then our second  assertion, which is also elementary,

is as follows.

Lemma 2, Quantitative properties of retructions .

»-

For 8 given datum (U, V, P ) we find & neigntourhood

=* ! Tpiple' is a giglf of positive nuaters,
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s

10

U' of P such that the following.is valid .

v —— e

i ’
t‘ < ) There exist vaxietiéa DJ (3=1,4peesm)  so that
: ( ) {\‘ Dj is & proper subvariety of V.,
i - . . ¥ i
Jaud -
o ( ) for each D'i there exists a retraction 75j

of ( U, Vv, Dj ) satisfying quantitative conditions: w.r.t, (v, DJ ).

i ——

Remark 1 . In both lemmas 1 and 2 neighbourhoods U

e .

,¥ith which assertions in lemmas are valid , ere colinal in the set

-

of all the neighbourhoods of P .

[ )

\ ' Reuwark 2.,  In the lemma 2 it secems quite likely that

1]
a diwigar D is chosen to be the singular locus of V. In our
suhva-mida

treatment of lemmas we take a ' relative version ' which will

be explained soon later . Varieties D; appear  becausc of the

4
existence of singular loci of maps considered ‘ltecides the
singular 1locus of V itsgelf .
, . -We quickly indicate 1in what a manuer ttie ubove lemmus

are related t0 our original proof -of the complex analytic De (.Rhaw

conomology' : The lemma 1 iS a c= help &s well us & d= analogue

of the isomorphism : (Ri,c)P = (;1)( Q(*b) Y ( e.f. (813 ).

....-[;.._.
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The lemna 2 is used to show & ' divisible property ' of
integrations of diffd:ential forms : Start  with & datum ( U,V,P).

Lst V be the 2zero locus of an analytic function [ v 4Aa ifnti;nég,

sifferentiable form 't? is m-times differentisble by f 'j._f'aac'h'

coefficient €f . off is divisible n~times by f in the category of

c*~ functions , Givena c"closed form¥ in U which is divisitle by £

m~tines (m0), Our problem , whose precise formulation will

be given in en another publishment , is of the following type.

o , - )
To fiod & domsin U': USUSP ,and a &form ¥ in U

in such a msnner that

ay' = ¥ , end ¢! is w'-times divisible by f (nlpy

It is not difficult to see that the lemms 2 ,combined with

a atandard method of proving the Poincare's iemmg (c.fs De Rham £ 2] )'

plays & key 1roll to the above ~explained problem ,

Lenmas Jand 2 are of intrinsic nature to the glven data

(u,v,P) and (U,V,V',P ). In our discussions of these lemmay gome
other materials are introduced . Materials introduced will be explained

soou later . Several intereating ( to the authdr ) problems arise
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( ) 1r Sjg@‘ then 133'( s )e({j'j (3=3' ), and conversely

jmmlan addition to the series 5,  sets of analytic f@ct@éa _. (E—‘)
e {f9) 4 =teenn 8 2 @ » =L, iedin (sj)} are Tcg'ns;a'ege]
’v'l‘he foilo,wing conditiony for @ are assumed ‘.

’j ( )l f%: f‘Z( TypeeerXy B Xy +t“) is a wonic polynomial in
3 Py . . R
S with variables ( X ogeseesXy ») : n,=dim (5 ),

3 3 3

( )2 fi(‘si) 's vasish on SY and the 'jacolian condition: ‘.

\de . (grouvoov’fn.)

& nj+l,....xj) .

?;1: g Toelt )
i v Jg o
3 Ir s; 73‘3 then the order of fi ( 5% )

= the minimal non~negative integer so that aﬁ%xn +t =0 : is constant

\J
on Sx .

The condition ( i) is impored in order to controll behaviors

t .
of diAmd is importunt in our quantitative ~discussions . We work
faroun _S7)

with tue data {U ,V , S,B}. Then corresponding facts to lemmas 1,2

are formulated in term of Sd's and behaviors of concerned subjects .

under the projections JL. are examined *. Concerning the - lemma 2
prog 3 5! ‘ »

we impose conditions to retractions T of ( ud ,vJ) : For each stratius

' . .
s, T.: uskes?  and if 3 thenTg 4, Ty, = T
0
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Our sgituation in the lemma 1 is as follows i A ce~thicking NB- of
; : 13 1
SJ is an assigoment N v SJ N ( Sj)_- neighbouri.ood of SJ . Basic

' ' ’. "j’N‘;'j vy :
properties of N are : For S * "N(s Y) =s _ J , (11 ) Fors'd

gecse

S.é , H ( N(S'g ) )) H( N(S‘J) VJ) . Consider direct systems N'j 0

 cethickings of SY . A compatible condition with similar to (i)

3y

is imposed to N'J o Subvarieties V'J ( via V') are determined by V'

and S . For a series Si,...Si rings zlﬂj( Sj) ' V'j) and their
direct limit ‘( si....,sg ; V'3 ),, are defined in & similar way to
V-:V‘: V‘)’, V-V' s V') ., Our first key goint is to reduce ( )
to  the following ‘'local versioﬁ .
() For each series s{,...si, il s{.‘..,fgﬂév}j) dir.lim, M*( N

The above procedure is similer to that of the residue operator.
Our another key 1is to associate a finite simple covering A (N(SJ) )

to each aseries Sil...Si 80 that & compatible condition similar to (i)1

and & quantitative condition isare satisfied. ( For the definition of
the simple covering , see A, Weil [ ] ).

Refferences

1, S. Lojasiewicsz,

2. G.De Ritham , Varietes differentiales, Herwsnn, FParis , 1955,

3, N. Sasakurs , Complex analytic De MHham cohowology L, to appear in
1 .

.
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1. ) In Thi

a. 8  numero , . our - arguements  will

‘be eoneéntratea to problems of iz expressing the

) (topole.giga; ), ¢obomology — group by d‘" - d‘i'rfere’x;tiiaﬁlle.
fQ.émsi '&itb ~suitable asyglpto’tici ‘be‘hav.&wr:- - . We. shall
fix some notationé;  used  here, et U be a : domain
in E¥ O, awd  let W be a closed :seif; in j"Cf.:

( we do mot ‘assume  that W is a K - ana}ytle

variety in  general. ) Moreover  assume that a finite
* , » - X v

sel v,& ot K - analytic manifolds is given .

we assume the Tfollowing two = conditions.,

. R
(a l 1 )' Each element . Sy e ,6 is -eguidimens‘ional

( of dimension =n ( X ) éaf/n(U) )

(2. 4 . 2 )9., W is a disjointb union of
s w4 . wo= Usdled
Le‘c. gX be fhe set theoretical vclosure pi’ g* in
ki) ) we call 3* f:he closure of g (as gsual

“)
I

on the otherhand g* is called the |

14

This numero is independen? of the other parts ef this
geckiom . ' Q—-1=1 ' 'i
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\set - tneoretical ) . d{fronvuier of 5 . Concerning tlre
* : ‘ ’ o .

set /6 5 we swall impose the following ( fronueer

condition) pely .

( &Q. 11), - FOC each ’ S*e /8*, Tron ( 37‘)

18 a disjoimse unaon  of lower  dimensional strata in

X

#he folloeamg follows easily from (g.11), ana (52 1,1‘3/
( 911 ): 1f Stk bas a common point with S’(*s/)
then g < Fron  ( ) ) . halds.

. .
the set ,(Q satisfying (9 1.1) ana (2.11) ’ will be

catiea a  pre- stratirisation or VW , and W is callea

a pre  stratified se,

e

(Remark ) i1 tuls numero, we Suall 0L impose basic

conditions of R.Phom ¢ ] other tnman (2.7 1) . ‘ESPQCl"luf

we do notv assume the 'baslc conditions concerning tae ex1Svite

of retraction maps ( c.f. H. fhom ¢ 7). bBY
weékcz.hzg conaitions a8 explainea in the aopove we are
ledi: o WOTK with differential forms with  weaxker

conalvions.
XA ~-1- R



Tu this nunerg aﬂw,we comsider not ~ only strata é"S‘

. ‘ o R
but .also certuin F-anulytic funetions related to  strata  S‘ts.

First we consider the following conditiqfx.\

W ¥
(24t )lFor each S: & ¢3, ,» there exists & %eal analy

—tic functions g ( g* ), v ( 8¥) |, defined in T, in sueh

a manner that tne following relations are valid,
4 : % | L
( Q.21 g(sa) ~ a(R,s")
for aﬁy points a8 in a neigbbourhood N‘s( ’5‘*, Fron (Sx))

‘with « sSuitabie couple ( § )
(a.a.1).” W(sST, » ) ~ a( P ,Prom(g>)
' * 1.&‘94 ’ _ 4 J

for any points B i s¥ .

‘Td order to impose a further condition , define a subset

% x .
W( 3" ) or W attached to each S as follows

¥

+ ’ : Y ' |
¢ W ):” W+( S*) = Usayé s, Where S ’s are elements m.&

oy

g:1~_3
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so- that conditions SRS S:— dim ( 6‘47 } = dL;‘m (7 ) hold
A further condition which we  consider i1is formulated in
tne . foilowing = manner.,
* .
(2. 4.1 7//1101' any 8¢ 4 , toere exists a real analytic
. - &

. + . . . '
tunction g (WSS ) in T in sucn a way tnat  tne
relataion

+ . C ot
g( WHt Qs 1 ) ~ a(Q Wess )
’ ) *
is  valid in a neignbournood N s¥, From ( S7y) )
of &% with a suitable ( §° ).
¢ 4
Besides 1ihe above conditienmg (2.9Q.19, (0. 2.1 , we

*
consider the following 1two quantitative comditionsen ,5

Y %’ Y — «
(Q.qﬂ_l)‘ a( e 37 ) ~ a( p , §,8¢ ):fPeS,
and FTRT x4+ ,
Note +that +the conditions (2.21 )1,/ (a2 1;1) and (3_1),1)

imply the following

‘ 4 ’ + !
Cagtogr s shpen mCS mon (87 ) ), 8" ¢

for a small ( 87).

A E—analyticiue-stra’cified set W satisfying (&_0'1)"/ and endowed

21§



gwiftﬁ "~ reai  amalytic ‘runctions
w (§Y) ., eg( V() & A} witn wnien

: B . : “ : 0o . :

' tme conditions = (@41}, (341‘9: k’oa‘@.df‘ , will be ealjed.

(Q,-"D ) — admissibie K - pre- stratiried set

Henceforth, Qnen we ‘speax of  @-W~- pre stratified.

seyv W, We  assume that a set of func_‘tien’g L &(A)

are fixed, ~~ our ~ arguement ~ in this section is maimly
related 1o reduce  our ~ problems ' spoken in terms of W
te correspending problems = of pre - stratification ,JS ’
We shall begin oy introducing  certain

notations , wnich will  be used in the later

arguenents

Q_1- 5
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Lef y: S"é,&tf)N’(Sﬁ be an assignment which assignes to each stratum

' S*é ‘ /&*a neighborhood N(S) of S in the ambient space of "W“Q:‘DS'WG
assume that N(é is of - Nt (N = dimension of the ambient space)
dimensional manifold (& U‘) .and moreover, that the following disjoint
conditions are valid.

(1) Unless s}sr Sy N(g) (\S*’" =0,

(2 1r N(%‘\) A\ N(S’:\',) # @ then one of the inclusion relations §\‘> é),'

or St‘,‘r S‘) holds.

We let NW(S:) be the intersection : N(gt) (\W* The set NWLS¥) is a
neighbourhood of S* in W' The disjoint conditions (1), (2) lead to the
disjoint conditions imposed on N\ﬁ(é) obtained from (1) and (2) by
changing N(S), NW;§) to Nvés*)», NW"S)' For a given series of strata

8.7t 8 s we define sets N(S , ... , 8p ) (resp. Ngls,, ... , 8 ))

t .
by N(Sl’ e Se ) = ﬂkj\l(s}‘ ) (resp. NW(Sl, e A {\kws’ﬂ ).
We assume the following basic isomorphisms for the assignment XN: s »-—}N(S).m;

. _ _ ’ . ;
(Q.Q,&)l H*(N(S‘)) = )’(*(NW(S*)) = )‘(*(S) for each stratum S.
* * * ~ * o *
(24,9, Hmst, ..., 550 2= H (g, e s &)
for any series of strata Sf{ e S;

If the above two conditions are satisfied, w%say that the assignment

) £ Sl N(§) is a €°- thicking of the stratification «8* : The first

condition is & desired one in order that the assignment N : S —¥ N(s):
is called a 0% -thickiga_of _,8 . On the otherhand the second condition,

which we call Mayer-Vietorig condition, is imposed as a homological version

of incidence conditionSthrough which the results obtained around each stratum

can be pieced together. We strongly remark that the second one :

a-1-6
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Mayer-Vietoris conditioniis of alge‘braic nature and that this ’c'ondi‘tifon .

might be possibly taken up as 8 suitable homological incidencé relé.‘cionsfor

more abstract s1tuatloné ) where the notion of the. stratlflcatlon is well

understood.  Given a etlosed S@i‘, Vﬁ* of ’wahlch can be expressed as.

anunion of strata of /8 . For a given assigmnment HN: S .-)N(S:)S we denote

by N.(’\;': ,&;) and N(VW : ,X) the unions UéN(S) (SC.W") and |
UéN(S*) (S*Cﬁ—\ﬁ) respectively. It is clear that these two sets N(W’ ,& )

and N(W—W' X ) are nelghbourhoods of VJIQ and W—\ﬁ' respectlvely

We also remark that N(W—'\ﬁ’ /8* ) (\'W" ¢ holds. Now we rﬂz,ow the following

Propositicn 2.1.1 Given a ¢ -'bhlcklng N of the stratification _,J a{'Wx

*

andbsubvarlety 'W*' {expressed as}unlon of strata of /8 .), the pair
an

(N(w* A, 07, ")) is a ™—thicking of the pair (W W) while

: P
yW-d, &) is a ™thicking of W-W'.

We paraphase the above result simply that & c"—thickingéof the s‘tratification)

. .,g*determines & ~thickings of (V§ WJ;) as well as*(\ﬁ'—\jﬁ").

Proof. Let .)8 Wy— ;S & l C_ VT' } . Fromvthe condition imposed

on the subvariety 'W', it is clear that a collectlon .)8*.\%, determines

a stratification of W'. It is obvious that conditions (2. \.&)‘ and (2.1.2),

are valid for the strata in )& VV{' . Therefore the assignment

(%) For algebraic varieties with arbitrary singularities over a field of
characteristic p, notions of -adic completion have been developped
recently by S. Lubkin and D. Meredoth. It would be meaningful to try
the possiblities of translations of propbsition 2. to such abstract (and
atractively opend) subjects especially With connection of finiteness

property of -adic cohomology theory.

9- /"ﬁ'
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NV':‘ S*é ,8;,,-—9 N(‘S{): d’eterminesi a c”-thicking of the stra;tvification /X;\V/
of'W'*. Including the case where 'VX;" =@, we know‘thét it is sufficient
for our assertion to show that NWtW:: j*) = Ugl\l(s*)i (S*QW—W') is a
coo-thicking of W-W'. We also remark that tﬁe case of the ne:‘;ghbourhoody
Niv-wr, /X*) of ‘9‘;-\/\"7*’ is the unique case which we shall make use éfli‘*.qfl,.
Now the verification> of the aibové explained fact is a direqt consequence of
proposition 2.1.1,Which will be stated soon after:

Given a topological space X .and two sets of openvsubsets of X:

T = {Un } o = Uy (n € 2’+ ).  We assume the inclusion relation
F) .

U’n: U“: for each n. - Moreover, we assume that the coverings m and’ ’
62,' are locally finite coverings of the sets UnUri ana VUV n'Un"
respectively. Finally we assume fhat the Mayer-Vietoris condition
% —_ *
@13 H O, Uy, ) H Wa Al )
is valid for any indices (nl, cee > Ty ),
and that

Under the above asumptions we show the following.

Proposition 2.14 (BAH *( lLUn)_E'&L}{*( U, U ).

. . . \J
Proof. Given indices (nl, ,.130_), we let Un By and Un .-ng be
. 1275 1.
intersections (\Q Un and ﬂiq;lUr'l respectively. For each open set
i i == i
/
U, (resp. U'y ), we define U () (.’ (w)) »
» M n....n ng... Ty b

U .U = U .U
0 “‘ng(}b) (resp Unll"onﬂ()‘ )) Unl..“nl(\ );.(reSP ny- - myfy q%

& - -&-



We le’c UL R and a?. : be fini”t.e open coverings of . U
j S S TR f‘ﬂ-. k
,and U' o composed of open sets cf ‘the form: U ( )L) ¥ ¢) end.
e - By
UI:l (}L) (# ¢) Tt is clear that, for 1nd1ces _ ;' Vi Mt,

. Mayer—Vietoijis 1sqmorphism of the following form _follows.‘_from the

_ Mé.yer—_Vietoris isomorphism (2.1.0‘2‘)2'

_ S Vo rm .
(2.18), }(-(uﬁ il UIEEINE V- %(Mn
_chv' u») o W o (He)) -

We first show the follow‘i'ng statement?

(2. l.?-):lllf n ~ For any 1ndices (rLl, ey nl) and U n }.()L)( 'I‘“r&(;y-"s‘)'}
& m_ n. ( DL %)-‘ e= 1,.;.__.',99@ the fallaﬁing iscmm'phism
. . |
(2. 19)" }( ( Vs'fl - (}L ) = ){*( VamiU's . g (R))
holds. '

The above assertion is proven 1nduct1vely on m If »m=1 ‘then the-l

condltl_on (2.°1.83) provides directly an a.nswer. Fu.x indices (nl,.. «sBp)

and ()"‘ Then from the inductive hypothesm it fPollovs that

1reee n‘lﬂ).

KU >u o n, (M) T H Us_l o ‘Q‘('}l..s)) ‘holds. On the
otherhand we have the foll'owing‘relations immediafely.
lyz - Uy

s=lUn1..- n_o'( )‘Ls)) N Unl-.. n m+1 s—l n;--n /"in-bl(/,lL )’

(U-ln..nUH) % uem Umﬂ..n ek

Therefore the induction hypothesis (form) .implles the fol_lovrlng isomorphism

a~1- -



* m

\j;,U'n ( We) )YHC&N :O;

: Az
| ."714,).(”1

,/ CAM X > U

17 Mt }

(The meyer-  Vietoris sequence as well as the five lemmas

applied to the  couples { Uy, n 4,) , Um‘..n"( ,l{‘l) )
and (U’ ) Uu,) ) leads essily  +o the  ig
Azt m-m, }'(A ? Ry Tt - T ’ -

isomorphism (2 4 3, )

Now tue isomorphism (213 )TH the Meyer — vVietoris
sequence and the five lemma applied to couples
) ™ ] /o Id :
\ L_));,U ’ UonH ) H4 ( v EIA:’ y U-,,.Q-j ) ( m=1’_' ¢ ey I

gives  the proof of our proposition.
Fow we rezurn to our original proolem : Given two .
i = we understand
¢ - thickings N ¢ 8 s N S: ) (i=131, )
A .

} s 2] .t : f _t s ] - -’ r ‘

x>
* s* ) tor eaon s*e 4.
(8T ) > N

. i . 5
It 1is obvious ‘iuwav Tne avbove <relation implies <vTne Iollowing
¥ N between o=

relation NoC W o &) D N, ( :
lckiug o1 W For a given c-thicking ju/ y

oo s u‘
derine dirrereuiial graded rings SZ()V(S")))S{(A’(Sf“«s;‘)))g(ﬂﬁx) to be

ne e - i S S ) )QML U’ ‘(S’)
the [o] S M

8~/-/D



Let f(ysi) be tue sudb-closed set or W
Y X % .
TS = UM ﬂs)u\_’ - U)('s)&”:) where

the strata contained in

the same = time appearing as o

' defined by

w85

v ,S’i/_ exhaust  all

rron ( Siy Vs whillkglare at

elements in 55,*,:} .

oo .. ' o= ¥ . k.*
pefine sub rings EQ"N( S* Tren B9 OI.SZ(S"), S?AQSY(SA‘S;.M'EX)f \5?-(8‘5;)

8o ol .
and SZ@(W{ Hgw)o L Q @;) by the follewing asymptotiec

behaviors (

for notations used here, = see )‘ .
. b ;
QNI )' WMol < b A(Q, Tmls™) L bx, b, ek)’
-1/ o4
(1.1 5 (L) (Y@ £ b(.,ua,fz,,cs;,)h’; b, b € R
S ‘ 4 : N ~4" b, b, eE‘f‘
ehl 50, | Yor1¢ by d¢e, LD ’

. ‘o
Moreover, we define , for a given closed d&et W , &

. /7 B ~ _V
graded ring Sﬂ(ﬁv—wﬁ and its su‘bringsig‘?jbﬁo be the =7 o e

foms N(W‘-W/) a_WLbL the ’r.‘ng. of eloments

(115 Y.

let us assume that

thickings of 8 is

/“bl
| Ml < bodle:®J) 5 b, b, €RT

§ ¢ Qn-w) dhavadecnd by

a directed set { N/ ; Eof Prage
. m €

say a

relation A ( S‘ ) N5

given, in this section when we
directed s*;et N ;m;t we always assume the following
(%fanditions .
(2.4 6), For a given ¢§> ,  the
holds for each e 8" for a Fijable integer n";
(Q_LE)Q' Feor a given integer n, there

Q—-1—11

exists = ceouple (5§)
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in such  a manner that thee following condition

-

Ny 5 IV (8 Suts®)d
Cis ﬁiid. ‘
b.‘E'br sets of étrﬁta “ S‘, S;(..‘.L,S; | {Sf,;...,é‘gﬂ_ - lﬁfine
ring haﬁomorphismg. (,:1‘: ‘Q\“‘(Mz(&).ﬂ@y the restrictions of
‘e':-l- ‘i‘orms -qu;‘ N:(S? ‘ *"’JV- (s ,),°"":'" . Define rin{gs

I oo ) N\ o0 ’ : ’ | £ B
SZ&Y(Nn(gS, :;!«@9 ’ ‘ﬁjr(g:“, S:' 310-»(3-;)' and .ﬁ»:zuji K@ by ﬁ JM; ﬁas}}[ (s2, Mé})) _

P ﬁm%(s S Bn(ED)  and Py Rw(us* G5 Yieespeckive Y ).
(gtrictly  speaking, tbe limit shoula be urderstoed to be

for the fixed set ‘W;%nwf,' Because there is mo

confusion, we omit¥ the choier IN. ] in the sequel )

The differential operator d is cempatible with the 1iil
process, Pherefore the rings RW s are graded ditreremtial

rings with . the operator 4 . We use the symbols ?a,/s

te mention subrings of asy s composed of closed forms u-f&s/
we ask in what a manner the considerations of +the ring

pa : A o

Rg’(;-lﬂf) is reducea w0 whe problems of %(Sﬁ-#ﬁn@).l’et

us assume that a directed seot V.|

- 112

i i P
e g is given and is fixed
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New we shew the follewing
Propesition, 2.1. & . Afsne the follewing 'CGn.di"ticvns Ly e
- . et N r . ) " /
(4.1 7 )| Pq:c ea‘ch‘ gerieg S‘,d... .431 : S*iew—w, .
and for any  integerS om,ib the isomerphisms
o X %
BN gy ) = HQLE 50
hold
( .1 7 )2, The  imcidence  isomorphisms

Prey. i

I

2 8% ; §lew

B C Y (g*... ¢y ) :
. ‘ h(sl’  Bx ) m(gt“.% )
}'\Qlds ior CQCR S:J' oA S; .
ghea the isomorphism
A > )
H o (w-w :0 By s - o
- N = b 3 /
‘ ' ) = dR(fn-H3W )
helds, '
*
Prooi . Given a series of strata = 914 .-
—ELo0L
) : " ox *
we define a set /8 Sy eecesasdt 7 of strata
g% vy the following re guirens.ais.

9 - 1-19
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X
L'd m
(e?,i. 8 )l A stratuum 8 %’SkaS,‘,...., S‘;> if and only
af the conditions (i) S > & end (1i) £() =T
hold. ( in the sequel we assume  the inequality : W

= f(sy)-1. )

*'h / ’ / .
Similarly we define a wset A<W-W» of strata Ssin WV 5y
(2 1.8 ): 4 stwhing is in jﬂ< @- %> if and only if
s < W‘W’ aad f/( s ) = nolds., ( wWe assume that ®

THIO max ,i# (S ) tolds in 4ne sequel . )

Scw-
el I\}/’n be a ¢®- thitl:ing ofrj*(vﬂl;. Denote by Q;( Hn,(i(S‘.’, —-)
. ® i 1
ceeees S:> . ) ana \5& ( w ( /8’“( W-W y; - )tue
m x
rings o1 J¢°- differentianvle forms in N 0&4(&’: cevey S

X X fm * B
=«NW( s“.v.___’g:)ﬂ(\jsg( 37 ) ) : Se/é(sl,....., St )
*m y
and - 1n \éhﬁ( s ) ( 5 <jew-W> ) respectively. Detine
f : .
subclosea semq‘;%ﬁ') ot W and K{W’ - W D%V by the i‘o,‘LJ.cne\ltrtav.zn{‘j~

eduations.

uy

Fu (W) = USJ(W'S” sR(s) 2 o,

= w,

- a * ’
gn(w-\?f)'—' USEW-W"S . § € W-W Voo

pefine also sub eclosed sev R,KS,, ..... , Sa7 and

i’w-— WI7 oy
a-1-14



"&43*,‘......, g> = U T . deJoband s*%vs'l , - g9
Gv-w> = Vg W o g W W ama L%z e,
Denote by R ( N_( /éﬁ <s‘,........", s¥ )),%f%) and
Q,( H(,& <w-w> Fabytue swrsngs or  GIC (S LSty

‘ana g&( K ( J& w - -W) ) whose elements are

characterized by the following asymptotie behaviors respech- -
-ively .
(e.1.87, ¥l %2 v, a(Q % 1 | m,,eﬁz*
. a o ' 'Z
(Q.1.9 ) ¥l £ vdca, %. i bbégj‘
In view of (4.1.1 ), it is clear  that - 4 Q,i}% ) = a4 {Q
. . L 2
* 3 . ' . i LS
FLSeenen , 57> )  holds if Q is 'tn’ N, (‘»g <8,
y oue .,S;> ) . O0n the otherband it is also clear
‘ » * B
that, if Q is im N 5 ( S?,.»..Sﬁ, S:), Su is or

lengin m’ ( <« m ) | then a{ @ , Fron ( S:, ;\) é
- ’ ) .
a (e , 5 (3 W ))» bolas  for Q & NG, Fronthor>), Thas
tie reiation 4 & , Y. v W )y~ a( &, g, (%}LU‘ V)
ast nolds For oL e ﬁ,. ( 8w , Fron ( &) ) .
An  ancther obvious fact  is that the reﬁéﬁon
: /
d . v ) d ( ’ W-W ) ) holds,
Tuerefore varieties ?L,L and :},,\(W - 'W/) in (_,‘Lf 1 _-.(3_');,9 :

cea be replaced by 2

a-1-15
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respectively. Now we ftake up sets

sl Wy At LS (w1 E L&)

auu
,8:@?1 - W), ,)‘81“‘<W~1’=— 'W“)( m+ 1 S’M(W-Tﬁ'—/)
Tuen the following intersection relations
N (4" st SH ) UwN (& *’S"‘)
" fyo ey’ (‘\ )L"L g coecoy 'v*j;l
_ N (£'<srst> ) :
™, &
v)b N:m(‘/&<gz_", Sﬂ*lk
~ N— e
N ( d<w-w>) L(!\ {UN( SMMJYI ~_-§ n({m’ﬁ;)g
) (5 5y )
] E}
nold woere 3 T s aud S""A"k’s exhaust strata oI eXaculy
4 m",;, ml,

+1
nil Ly

length (m + 1) in A<Sb-----5:7 aud ‘XRW" > respeCtively .

Then we obtain the resultiney Meyer — Vietoris secuences

for every ne¢i in usual manners,
. j"w.;r g ™
( Qi 40 ) 0> G4 0 U0C Seenns st DS UL Ss s

© X QMN(er-s 50) —25 2 QN Seststsim
, —s 0 o’ /
(. 1.00) 6 GO (8nwry 28 (A (82w @R bb@\h(g“,)
— Z>&(N(X“< sﬂ.,,*,n — 0 .
Consider gubrines ﬁagﬂ 4 <,§* &2 5{@)) gﬁs( I\EKS* 5}, R W‘r b

p@
(/ N (5T’“"" "9:; w&uv‘:) y :ﬁ«(&;ﬂ-) and "gaa(7 ( /8<L)"°“"Di ’D >RW)
N

of above four Tings i~ (21lP), Also consider  subrings

2-1- Y6
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/ﬁmw W, F )7 SZ# rs(J&LW-W») Fieh

Sﬂ'@“usw,u RECOE %N"‘ Hetns 0, Fbh) or

‘ /
- four rings  defined  in the sequence (21 ). We remark

that the following - isomorphisms -

o0 o .
SO0 An<S s, 8L R = (M55, Fem o 3

S (A C8ny | B = SE,;(M,zs;ﬂm Feon(osyur).

(N &Svﬂ u I, (:J[('w@n = \»(fag:; N"‘(‘X:Smw?) dx Sm{ﬂp
S?%CN (/8 < S m 7) ';f,,g‘”) = '—52-\1:{ (N“— ('8 CS..M,»)) -§w+‘, M‘J

Taking Ym’aed{ﬂe limits’ of the above

are valid,

rings , we

~~ A mr
obtain graded  differential rings LS?_\ o 51)__.( A< By e0e3>Y
y '

( =wplin,  GD( m( Ao<Srpnnn 5% G,

3 ;4‘.. etc..ﬂ..“’ y

Ngw we show that +the following (Meyer- Vietoris ) sequence

' /
correspomnding to (9. L./0 ) (@/k) are wvalid.

/\ ] f* ~ AL
@11y o0— L{{}W(Aq,)&,) Y. )-> gg&$$<st,--,s*>, %) ®
< A
ZM S?-\ﬂygf S --, S;‘.,S»t-n)&?, S(MH 5 Ix

Si;( A8 Sag?
0 — ﬁaﬁ(,grzw~‘»v> g‘““‘%——? W@r-w’: *T‘“} )

»%,ﬁSw T £ 2 5?$§J<S,H,,;,?x%—?

dote  that, in the above sequences , the 'polar loci’

11
(Q 1.1 )Q

C:EM, pecocnan ,tf‘,b are outside of sets in which differential

forms in question are defined

a1 1]
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in  the above 4x 4, Y. % are definea by taking
limits o1 L, .. Y%, . It 1s ciear from (2 110 ) (al S)
tnav £y (xeep. 1) is 1njective ' anu khat % 4=0(801=0) uoiuﬂ
That toker (%, ) ( resp. Coxker %/» ) =
Ker (L, ) ( resp. Ker (° A ") ) is  shown
, /
gquickly as follows Given ( 57) anpl ) \ Tesp. f'?’, gu'ﬁa p) )
A\ : , ‘
‘5{&( J8<S: cees .,S,7 SF®) ( resp. (( W% ) gﬁﬂ—‘é}
Y >

M wS ~  take a representauvive (‘ﬂ) qu)

( resp. (kfn'Z'ﬁ,;A ) > : im the ring

SZ;Z; N','L( VJ”LS..‘---. S:L-,) ‘3’/4& ) @ Zg?%“f N(S S ’%,_,,)

(zep. i QUL g cd,) 700 = S%(A/ (Sns, ﬁw )

for a sultable so that i, Zx
’ ] ’ 4 - T ot
( resp. '_};ﬂ)’r « 9. ,Z\f“,u )= 0 ) holds.
From tue secuances ([ (k) (L /w0 )’ tonere ex1sts the unigue

elemend ‘;Y,A & é";:(o N,( ,/XW<S,).,....,S¢> )) - reap. Y e

i

(Z\]_( ,8 (W—- W/) ) in such a way that J, ($)=142f)
( Yesp %(‘fﬂ): ( ¥, , %[m) ) hoids., Examine asymptdic
behaviors of elements \59“ ( resp. \3),;,\ ) . t\)That
.L“{' Yo ) ( resp. L., (\ﬁ:) ) 1is equal to . \K,UL

[

I

!
=
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(b B Ve ) € Z QU8 T ) (2o L% )

shows THAT ‘fw ( rTesp. }Y,:L }  bhave ‘des-ired’ asymptotic bebavimrs
. ¥ N F- \ re,
( in | N, (€ 8pevenny {S,,:f,’u ) ( resp.UN, (S’-::u')‘)) w.r.t. 39“1 (rgsp.fﬁw(w-@,

o e . . PR " oK %
(i) Om the otherhand , it @ (resp. Q° ) (e H%(J<S|,...,bx))

{ resp. Nh(/g.<w_ W'[:») ) is outside of()nﬂ'“( S‘f..., ,s;’f‘)
{resp. U»Em( S,,:;) ) then inecualities or the forms

: L
g FPigcd( v, Jwh®

’

o o .8
cldca, % <W~W’>)'.

/ ,
a(@ JIw-w)) =
are valid with constants (¢ ) ( &' )48 .
The above inequalities are sufficient to assure the'

inequality of the following  forms for Q,é m’“( JX 43?;. voe ,g;)

{ resp. Q/él‘T”( ,Xmar -¥5) )

~

eary| < Brady ﬁ;s)’h RCRAP R
@y | < Hao oo TR e ®
It 1is clear that toe above inequalities combined with
( .; ) assares that  Goker ( T ) = Eer ( i )

{ resp. Boker ¢ &{: ;) = Eer ( @ )] ') told.

. : N\ ~y/
Thus  the remaining problem is to show that = ( resp.r’)

is surjective : Recall th\a(t W S,:;) is defmned  to  be
211419
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—
“the closged set ¢ "Wt( Si*':}&) = U 5 S > S,:HM ARGk ha T

WT( S0 38T Qefined  to- be  the  uniom W 5, ) =
m - mq.l jk
: X
vst s . 8*. T . g¥ . For the closed set WI( Sew u)s W

o+

¥
consider a  series of  gub- closed set V\{A( B ) (12 Ag mb1 )

y,o= + > SR | ,
as  follows ¢ W:T( S,I‘,::) =W( 5 ) = ,j/ (g—fL) : :-A., 04<.W_( S,ﬁ,u)

. ;% =% . ¥ > aXt & i
WM(( D'mi, 1Y ) = U S 4 ;Q/( S ) - .g’ "4 ( v-*(,u )
" — -
(1t} ¢ W (3 ) = S ( 12sS o )
. x ' L. lear that i {5 * .
wW( ¢ ) nolds. gt 1is clear tha W “M)
W { cmﬂ“ 2 - 2 W( Sw*u ) nolds. Note that if S
(C v ( a‘hﬂ*u ) ) is of  length n = m , then
) / X, . 1
a ( L, Vo ( Smﬂu) ) ~ ¢ (@, rrm( g,m M) ) holds
" ¥ Seoo X * x e - S
tor Be Sl N S, - For ST S Fxoriﬂ’m( S)
. . o ) ./’* % el
is  defined to be the  wnion UV g™ ¢ S <rron o\ 5 ),
% % .
A 5,': R inen Tr ov)w( 5 is closed in
.il
o - P 5 ) r
b ( DM:“:)*L ). wotTe tnat , in Ns( Smu , ¥ron (SM’M) )

. X Y e o
Nl Sauy »  Fronl Smﬂ,p) ) A Vlsan) = Ny ( 2, N

*—
Fron { RN ) ) P S, 4 Dolds, Also  n-fe that
* . .
« X | , x
Ior a set 3 > 'S‘M'“ and ﬂs< S:;,L\ s Tron (See, ) )

7120
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¥¢s* , from C 87 ) TN Spu, From ( 5»;«:) )

LA 5»: » @ Fron so,»:,u. ).  Combining ~tne above remark
with ( 1, ) , we obtain tne following relakion.
. x X »

{ Kr\( S»«Iu ) N 'é U H;( s, Fron{ 8. ) )}}

ANV Osa L S0 )y Y i*.,h)}-
In  tne above tne left and the right sides stand ror
all the open sets 4  in and Cdin
m
respectivwly, Choose an elemeut ZM (\7)& é&ﬁ( ,3< B yeeesr G
Samw 7 F.o ) ( resp. B Ve £ QS0 X )
and take 2. Trepresentitive ZM ‘ﬁ"h 4;@(&{ ,X Z8, ,..-.S.,,_VSWM,

’ L}(tm/ ) or. 23 ‘JDM ( n TeSP. Iy ‘F,,L ) for g suitadlse

n . Take 2 couple { a } of positive numbers ’
suitably. “hen we can assume that the ¢ - function
L\ TS, 0u)s g:.“) ( ( e¢.f ) definition ) has  the
) ! . . .

following properties,

(Q.1.12) 2 X, = X ves, .7 5,0 % ©0 at a

poiny Q. in %,fv , Them tne point €& is



J6

contained

Thus

in

Nn( §’: Frou ( S ) )« s’ < _)X<S'MH,IM>)'

any Iorm \fk

shbl,k))) ( FesPe. S"Zl

, defined in G N.( )XM( Siseeeey S,

(K J(S ), o"F(W-F) ) ocan

be extendable to a form ‘3}»_ { 7Tesp. \f J in L S yeee,
I~
Sx P S».ul)r” ) sml-l’u ( resP’ . N- ( 5"‘*':‘& ) - S'm-ﬂ,b ) by
= . ( resp. (-F =+. 97

o= X f e RT),

1t  is  clear <Tnat tnis  form y ( resp. SO ) has  an
. A —_— , * =

asyrptotic behavior w.,r.t. Semp.  ( In F (S, .8 S».'a,f ,%}Z)
\ resp. - N ( “":‘LL ) - 5‘;\; ) amd S0 W.T.t. V..
This Torn \:? = ‘:Y { resp. ¥= S ] is zero outgide o
¥. ¢ S ) <t resp. J and tne relation

3’, . -'-, SL,SM“,M) ) {

m
\ Tesp. bf = \\‘F ; nolds 1in B[\()X(

large n , 1n this sense the form ZM % { Tesp. ZM Lf J
represents Tthe lirit Z Y ¢ Tespe L ) . Next © take a
2] . i 4 - ~ !

c - Ignctlon \i&,.: 3[,2{,( SR ™Fron { gh%) )

wits a suitable couple L a’ ) . Perine 6= forms

9-1- 28
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( resp. w5y ( i=1,2) by 97

~ 7
LCP =.)L‘UD ’ l? =(1- X ,)'fﬂ
‘ . a :
1

. v
Note that we can assume , by a suitable choice of (&)

[ 2 "\_’ /‘ — )
50 ( ‘5’ ) is extendable to NL( SiseceessSe) = S, ( Tesp,

. —_— - -/ - )
U % S.e ) by defining '\3( ) to be zZero outside of

N ”( 5. . " ). - On the otherhand, w rocan be

extended - to W0 5 ,eeeney 56,5, NA Suuul ) by

’ ‘ .
defining ? to be zero on 'S It = is  obvious *

t : 'S
mal

that *the following relation
~ ‘ a ,
\\P + "bD = ’\(? . { resp. 50 +
o Py hol N 8 S g
= y olds in  M,( S ,....9 S ) - ..
( Tresp. i N, S, ) - Sh-u ) for =2 suitebly Lo
17 )
large n .
Recal!  that forms N , \j’ are defineec in Nl
Sp s eeereesd Sann) and in NM( S.m,u ) ) respective;y.
on ine  othernand, resticved rorms S , t?) derined

( resp. T- S5.u), to open

7 . oy - y
in N."\,” ( Vig e e esay Dt) gﬂ,h ) el

sets N ( /XA( 5

M
I A. . ' =f ’
W ”....’20-1'15)53) and Q;(()X < W- W 3} 7



8

rececvively, —we  reosard torms , Y elemenis
" " ’
in SE\ ( Mo (§<Syennnn, S>))  ama G« ne <A W= W)
Derine forms }f ’ '\\—P , defined in gg (<5, 5000y 5

( resp. m N dev = 7> by

)
1t 1s clear that Y, = \:j; ana  wnay P, = 1£L hold
in N, 8...% Sai) = Spoy o Taus for ( 152{“
Z, G QN0 8 CSennan, 5,0 ) ® 2 GAC 5,0 e
S N S T N A GQ ¢ Bt j{f\w -¥ )

@Zg{( N, ( S»H,A) ) Te  opleln  lme  ernalivies

{ ?f, ’ —9% ) ) are exarined in the tollowing
s My :
ey 3 necall that forms "b[) have asyptovic
n
benaviors  w. r. T. Fron { ) poen



from vone | rTacts ¢ 1) ?? = 0 L resp; .Eﬁ; =0 )
Y ,

outside oI a neighbourhood No( S, , From ( 3, ) )

and { 11 151 and “tﬂl nave asymptétic'

behaviour w.r.t. Iron C Sa. ), 1T Tollows . éﬁét

J and gL naje asymptotic behaviour W.r.t. E¥u(SM%M)and
{ v- v ) respectively. ‘tn the otherhand,

because = ( + )] in ’each

neighbourhood M ( S ,ceeeeyS 4 S ), B ( ( v-v ) )

v ( 3 } bave asymptotic  Ybehavior = w.rt

3] in neighbourhood menticned gust above. ThUS, 

2

n ) .
10 U}L J;Qnﬂ ( G[ g e eo ey Si * 'SMPI,I\L) _’%‘ ﬂ‘l—‘ /5 K Sm&,l ) } 3 -?nﬂ » ’Yn{/

have asymptotic  behavior w.r.t. e 3&( 7).

The surjectivity of the map r ( Tesp. ) fellob$
from the above arguements irmeadiately. c.e,
1t is easy to deduce the assertion ( )

from { tue exsct se-uences y o, ¢ ) .

WE leave details te the readers .

Q9 —1- 45
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n.@. Prom now on we take the fiela K to

be the field of <real numbers., By . this ;;strictlou

a guanilyailve  arguement ( coucerning a iype o1
arguemeut related to extensions of a given map.
(e.f.P. ) becomes jeasy. _Now we shall formulate our
problem : let T be a domain in RV ’ and let
Vv Dbe a real analytic variety in U . (  dim Ve /—9’
we also assume a %¥egular series of stratirication <

ﬁ and ifs nomalizing data \FL is attached %o

‘fhe series ﬁ)/ is assumed 3to  be reduced and  is oI hype(™)
»

pur arguements in this section will Dbe done tfor such =2

tixed pair ('(R)CJL) . For the sake of simpliecity,

n
we assume that the  domains —U are of the rormi{:Im,
v L
in K .- Recall that , Tor a pair ( & , %) ,
/ /
a series m and g set of Iunctions ?( were fixed
/7 . .
We argue by :ixing such aata (R , %) from  now on.
What we work with irom now on is , bhowevwr, mneither
/ A *& .
&R nor O . We 1let D be the set of all the

&;1 ﬁjé
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ColF . ’ a\ X
connected  compoments S',& of A7 . Alsc we mean by @

the series ~ composed of sets {Jg"'g

o+ In this
3=l AT .

numero our concern 1is to investigate simple

properties of such a series T : ¥t is clear that <

the following are valid
. * _ . Py , /
(2.1 14) | dim 8y, = dim 3. . 33;6,8/, ’S,,?S*
Pl
. & - * * . *F
(d.11%), 3 U U}\y,uz Sna 3 Siue A
In the above ( and in the sequel ) the stratum
e
S;\‘ stands for the  one which contains . S:}L o
i . L et
/ /5 ‘ » P
Several notations defined for R ={,5 } A;_W.’Lll be
4
translated to the series @fuﬂ An  element S/* o
s=\..---,1~! * :A? ,u,‘,
is of first eor of second type ‘according to
"whether S;v is of first or of second ‘typc.
&
Coordinates ( &’;% ) and sets of functions i %‘( S;; )R
& : iRy ;
, *i S . x5
ﬁ&/( S"?‘a ) y %CV( e ) ) are associated w;th Sa,.,u; |

by the following formula,
, ) B
( x,) = (x5 ), sl

S G

{%(ﬁg&

yz ﬂsfa;) ]

1]
—~
15}

>
o

, ‘} (WJ'@% ) )
2-1-20
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3 . *
1t is clear  that, for = the pair ( xﬁ{"{), Vs’g‘( Sy k4 ﬁi
(£ (s #
the condition  ( J ) M@/}D is true on Sg
9 (Yagm ) 6;2'(6 .

In the sequel, when the necessity occurs to make

i ¥
clear the difference of the types of S ’)(’13 ’ ve
s ‘ *3 . * & ' 7'»,5 #i N
write an element S’\s L in ‘/& as S ary or S’\’s’,u:, ac.corcl,wﬁ
to  whether s%,is of first or of secind  type.
s

( A ) We  shall make several ovservations  about

YR A -~ ' . -
the series@:j,(% . } : Let S;;”L,be an element in jgu >
[} J P ~

3=t

X5 xi

- -
Consider  the inverse image 71.'.;_,;( as ) of §,in TU?

Take an element S:{Juﬁ of first type so that ”TCH,&
{S;/‘_":)L; Yy o= S::';“ holds ( ©Note tbgt it may happen
that - there is n® Sy of first *ype  lying over SA/M
Take a point 2V on A:Li_' and  take a point ‘ P;i_f‘jﬂa
on {,jug so that I, £ P:‘(L{) = P;i;;_' holds . TWe

regard the coordinate x, ( P{‘L; ) of I;;L; as real

analytic fuﬁction of B - Because of the  conditon
(1. ), x, ( P;:f&/) is a ( at least nultivalued
real analytic function on S{:;‘H . Let ) E‘;‘i‘f;,"}w

2-/-05
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be 211 the poinis ia UW ;:‘4 lying oever Proowi . _

. Cpr L ki
pecause of (L. ), coordinated = x ~r( Pﬁc,‘g.?) £ ?‘5@,}%_,/)
if o % < . - Order coordinates Io- (P’;‘f”‘, ) ).A as follows pt

5 %3 ‘%3 B .
x ( 1}%) < x ( Pwn)é-. - .- <'X(FW')<'
R #,3 o2 o e sas
Take a continious  arc T in Aol whose initial
[
. v *i~! & .
point is P,\H Ny o Denote by P;:’y‘-, the end point
¥ 3 . ! .%
of 7. Consider the analytic continuation of Xi(g:';ﬂ
along ’6*'5" . Note that the condition (1. )
IO
implies that x, ( E’;?)u ) , the analytic continuation of
! .
*; Xl : '
% (B ) Blone T is a real valued . Also note
that the condition L 1. ) shows that the order
of x.( P :.;,1‘ )’s are unchanged by the analytic
s 9, N
continuation along T‘H . Thus we knoer that coordinates
X ( P}fjk ) ’g are single valued real analytic. £
¥ e .
N *i-/
finctions on 3 Ay, e
) For arguements of  similar types, see Margrange ¢ 3.

2129
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Therefore we knowgyr that
*F ~ h ' ted ’ % S“H
( R ) Fer eac connecte componen Ao Moy
- . ,
g S\ ) is described by the following formul
1, 5 i, M-
’ .
* a - ¢ HE - *3
C 40 Tl Sy, ) = S;'Je’u St 3 For; S
sy(;ﬂ(g&”rg;‘;, _ where {;_,’jl, )3  are real analytically biholo
o 2 Vet b
Frg= ¥ i
- morphic onto A-', A | ) whil e SA;;L’; s Qe of second. }t\”oe, .
. ¢ (el .
I+t is clear  that any  elements S;_f,( S;";,‘a.re connected
compoEeNTS of  E!( g% ) - O« the ptherband, it is
: Hav TN A
; . . "
also clear that . any coanected  component SQQ,Sg@of 8.
appears in the
A R
right side of ( JX‘J ) We  give an order for~
elements {S;;{uc/ v of first type by
(o1 S < S oSt et onty
(A ,;’1 b 7 2
e, Mi o oo M,
. . *¢-1 *¢-! .
’ coordinat
if 5 at one point P“:—v";-; s Aty es
W N P aki-! .
x 3/( P(\; W, ’ 3 By, € ShANT are ordered in the
manner
nE) *g
W R MR

QA~j-3o0
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Glearly the above order is independent of a point ZE’;::(‘_I. '
Tix a stratum 537, and comsider the difference
* TP o ] s |
75;1‘%( S )l‘.? - : ({{n %m’ where Sm"u, exhaust
all the elements 3’;\?}&; '  of first ‘hype,f’;
Define a connected  manifold S:;i;,,_ by
( Q_'i_lé ) ‘E;—{.‘( ( S;E“;L;') . S;.H ~ and | for’ a
point ’;:j)(" ¢ S.:;( ) the inverse X, ( ::f—tl)(\ %“u- . given b
by
{2 s () < oxm o< = CRR)
For t= @@ or t = t, , the above .ineéﬁaliféy g )

is . replaced by one inequality in an obvious way.

Also if 77.1;4‘3( ng;g_’ ) A '\T'} = 1: then .S;;';'w' is
defined to  Dbe the inverse Iima‘ge 71’,;5 CS’;‘—;, > ﬂBw it isv ,
clear  that S;t,!';u‘." s exhaust all  the connected o
components of 71:;3( | SZL) - v*s')l" S;?u, ..,Ar; order : -{
is = given to the elements }S;:ul,,ev} ( of second vtype'!)
,50  that T, ( S,) = S, holds vy
( 9. 1. 17 ) S’(::’é',. < , S’( )é.f and oflly if |

2— ] — 8y
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and g ( vhig S;:;,?) ) , the comparison  relations
(2¢ ™ .1 ) are valid with  these functions.
2 Prepos1tionbiyf . Aimpl)'lr;: the follo‘ffing facts,
_ . _/X‘? . as s
( 9 % 1¢) The collecticn is a pre - stratificdlim
L | ;

of U .

R
(9 1 2 I3 >_z Each closed  set of U; which 1§
expreséed as 4 disjoint union  of S}:,;ais { S;;"”,? Cig ,8”’
is (& — D ) — admissible data .
given a series of directed set of ¢ - thickings

AT (SHer AT e eoncenon T (R -

Ltz
{T:i,( ,/&"3 %sﬂ’{-_”a:g}ll be called a directed gset of
C‘h- thickings of '}%* , if the following
conditions are satisfied,
¢ 919) 1f T, Sy ) L == ik
holds, then T, 1,0 sy)) ) = Tk S;H;m)
in the sedquel of +this  section, when we speak

of a directed set T(@*)) we always  assume that,

for each directed set ‘T’(,&*) , the conditions (2.109) is vid,

9-1-3 A—(Q_ )
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In the aboves and in the sequel we. denose é~
thickings used in  this section by (8
rather than by N(S B s . We formulate
our problems in terms of ¢~ thickings as follows
Proposition 2,1, 3 . There exists a directed sys®en

T(R ) ia such & wmanner  that the following
conditions are satisfied .
( 2.1 20 )! There existe series of retract
- 5 ; . . . - : . . )
N T \ et e e e T S * 9 & ¢ @ Sd for
maps Tlg‘...u;,'h ¢ 3& »S ,%) —> ( i ’ &'Q,Z"V
_ i o3 N 3 o 8
'd.ny series bk«’;"éﬁ 4 S, dy, S0 thgt ISH,@ ‘t}\‘;‘--k’
= - o ,
= T held, if ( S‘ ) =S ’..'.O’I
, T . .
)\H)h" "){(.;—v)i: } ‘JL AJ’D,H(H), 5% ( S‘
;-
= are true,
A ey
5 -~
r each series S yececeeesS? there
¢ &1 3o ) ¥o 0 'S 1,
exists .a finite simple coverin i Nof ‘T( S
----- p g %(& S%‘”;I) ‘)},(6)
st so  that the following are valid,
LT
SR 1 90 a totic behavi Tot.k
( 1.4 )11 W/uué\ ’)nas symptoti e or  W.r.t.R

2 [ .33
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Y0 ¥ \
(& 1t.20 )1 For each B, (5, . ,’S)Jbthere exist @ partition of
- e )

3

wity Wgosubordinate  to DL(S, g, ) so that U, -5, jhas

quantitative properiies w,r.t. From ( s);)t&) .
(2.1.90 )14_ "By a suitable choice of indices,
the  following relations are  valid for each S' ... S‘;
L, Mo Hoe
/ . . .
1 c or ach A’ AT JL (A7
(a1 Qe F g L € UGS oS, LA ,g)
holds, and vice cersa.
( )
J. 1.0 . _
2 -+ For each (ng! ) and each  series § ... g’
- o "My e
the set DO (g-Shis.  the westriction of N(9 dingoxpd, gf
e cer  Polgefye the  vew * Ul Tl
Tow we summalige the avove propositions .,
following
Lemna, 2.1. 1 . ( - thickines and c” - forms

with  quantities ) Fer  a serier % ’E S in Pt

—_—

there exists a series of ¢® - thickines (\(/{@*) so
—
that the following condition is true.
(2.1.9/7) For each j , and a pair
/£ .
V',)fg; v of closed sets ( = disjoint union of strata

2-/= 3%



in §. ), the isomorphism ’

. " 7t
(Q.1.21Y B (VR v-7 T )

a ) .y. X )4(- !
» d@wﬁv—j}“ LV
It is clear that  the propositions - 2.1.3~ &21.

imply the above lemma 2.1. 1 : From ‘p_ro_poéitions 2.4,3 Q1

. £ 3 .
we showed that JZSécsu.---N)is { @= D )  pre— stratified

set . on  the  otherhand, propositions 2. 1,

X
show that “conditions (&.1. 2 )'(a,l.z ) are satisfied by CZ’(@,)
Remark 1 . Wwe note that the existence of a

simple covering rz‘:)z)i(g;;;_%;)o.f T%(S*g&’g’é@ contains more

inférmations than required in lemma 3.1, 1 .  Actually
it would be of interest to ask the existence of

a finite simple covering@¥vof V- v with asymptotie
behaviors wor.t, ¥ . Actually the authorb
first intension was to  show the existence ofW(fWas
above directly. when the author began the ‘Ifresent.v

2-/-3¢
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work in 1974 without emlﬂ\_kmwledge of works

of R.Thom, Lojasiew;ce | ad M W/\iim/ ,

[t is found that to work with the notion of
stratifications is quite basic,

Remark 2.. It would be of interest . %o persue
our methods here from  two reasos : ‘( i)
Frem a compytation of Betti groups of K -
analytic varieties . ( i i ) From a point" of
view of a possible generalization of the notion
of residue, (  c.f. P.A. Griffite ()
J Jieray 4 ) )
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5.3, Q%maining‘ parts of this ' section will be
devoted ‘1o verifications ol  propesitions and lemmas
mentioned above. ‘our arguements will be done in

the Iollowing aiviees,

( Ia_ ) We = stow fhe implicatien

( B ) o ‘W& Vexiry propesitions 2, 1. 3 ,2.1.%
and J 1 & inductivaly en 3; Arguement of this

pér’c will be divided inte = Sevenl steps. In each

step, our arguemeny is of completely .elementa:y nature,
Arguements will be demne by dividing the type of
elements S*&v in ,&*} . Seme cares sheuld be taken
‘Iurther accordipg to natures of elements g?%; ﬁb
will argue ,in each step, the typiecal case and

we indiqate how to trénsiate our arguement to other case

Because the dirference  between the +typical case and

the other cases is quite small, ~ there is mne  lack

an our way of d%gcussing problems,
a- 1= 3
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tone

vecause steps (D involve considerable details
we shall eutlime each step taken in the second wstep.

In the first place ( 1 ), |we settle a set @f
neighbourheod te each stratum S;j% ° Thie

4

is done by dividing the strata inte first amd
second type, and  this part is of essential . ( Ddu
of cuite simple and  elenentary ) nature in the

remaining parteg of  this  section, Once we fix a set

-3 * . - L *9 S 'tH'
(i neidhbourhcods to agch stratw N, we inves
“igate intersectionfrelations  ¢f nelshhourthoes for

. a3 o . A . R s
a series S ud-d $h% This part will e divided in<o Yrce
;i e -

cases s (i) The case in  whigh ¢ series

is composed of treta of first type only . ( i i}
Phe case where the sgeries is composed of strata

Loa +

of secon’ type only and finally ( i i i) the  mixed

cuse where the  series contains strata cf Doth typs
If the intersections takes a simple Torm which is
commodiatc for  ous TUTTOsC, we say that the associated
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in order that the associated neighbourhoods | are

suitable . This wili be done by dividiﬂg ~ the cases

into vhree cases Cid Gy .'aﬁ& Cive ) » end 18
glso  of quite elementary naturei | In - (Iﬂ:)- 
Tie condition { = R 18 quickiy suown for
ine  neignbourncods whico - are suivable, Fiﬂally
m Y we  SnOwW the condition | ¢ ).
Qur arguements ‘ it the lasv 'l:wé problemé will be

done easily on basis of expllck expressions of

intersections of ueighovournocods.

Finaiiy we nove tinav, in tne case oI  3F = 4
1nkd : ) . " 5
is a expresged as a disjointv Tinite union o1
401nts ana one  almensional open segments . Tnerehre
o veriry ali vne desirea conditioms  in pmqwmiamaﬂéis
all obvious mauvver, aiiQ we ao 1ot enter into.

2139
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.emark . in discussing our prodlems in (T )
( v ), we make the following remarks . These
" remarks . are chiefly of notational nature . An
elément S), ¢ _§7 will be cafded simply  an  element
beiore we check conditions (g1 1) ( (2.1, 1 5 )
After examinibg  the  conditions (a,u){; (2.11)7 ) we
call sy ‘_str@tum . ( ii ) To discuss the
indgctive steps =~ -, it is found to  De comnmodiate to divede
considerations into the horigontal and vertical
directions . Especially neighbourboodsT; of first type
of first type will be desigmated by 'I'F.:y( 5¢ )
rather  tnan T ( S*;u ) . (11ii ) Thirdly we
should make clear ‘uses of distances whe??g;» nfg
.the analytlcal or the wf{qpo;‘togi‘ca}‘ frontier .
The above ;femarked points will be  taken care
in the arguements from now on



MN.3.5. Prom noew on our} vask  wilil pe concentratea to
de  discussions mentioned in n° 3 ”.('I)v Firkst’
we start with fixing neighbourhoods to each
element S"i"u . ohis  will be done, as Wase mensi;cned
previously, | by dividing into two cases : (i ) the ‘,
elenent S,{;Lz‘iS of first type, ii,) The e}ememt 5;;/);5555
of second typ-e; She stratum of the fLirst i;ype
will TDe written as SA:',,‘; while tﬁe stratum of
second type  will be written  as S;\iz%/- + The ele,m‘e'.vnt,s“
in ./XH will be written as S;-’:M&_, ,ﬁ&r & strétﬁm ' S‘:"%v
we mean by | 48: ! 3:-«:‘,%;—, % the set of all the strats S’é“a'
oi fi;‘s*b‘ kind lying over S):’,.é_, while by ,82? S;;,“G}l
we mean  the set of all +the clements e’.f éeccrﬂ
type lting over S?i:'la—( . Some notations introduced in
n will be used here without essesential
, ™, 43
changes yeighbourhoods N, { 5;:,)‘& , Trom ( ){3 )
and _ TV,?( S:’Is, FTOn“(s';;.) ) denote the Ufnions, %és’;'u

a-1-w
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5,0 P, From U5h) , ana ) = ( », ¥ron"( ) )

Qeﬁ,,‘

respectively. Hote that , in view of the existeme

of the set of funetions ‘3’[" , we know the followt'na-

egiivalence relation

%NS( N rmcs“)ﬂ = {tﬂ;f; sprmon € s’?:@é

PP - o S § > - © g X : I i L]
L . ; P N b N

(=1
e

For a stratum - of . first wype,

TP b e
> _level set T'.:(S%.Em(s,;‘?

was defined in the followim%. way.

i

‘i,;;( p° Fron ( S;;C) ) 5 Q. x_u_( Q¥ )= ka( ic4 )()“'-“?)’Q

S”‘,X,}(Q“) = x}( P? )y o »V)‘x ( Q') -'xhé P.(-b)lésdﬂ?)#p« }

(T=l,~5-1- 1
*

Also, for @’é {E\;}( EZ fron” (S ) D ‘EIL;S Q3 Frol’_l“(Sf())

= { & - L @Y= Z (R (=10, (LG 13(95914834@;45,?
- . an P
On the otherhand T?w( SA,}{, Fron (Sa',w‘) ) is the
i ) s ‘ v ’, P S
union \Jp; Tss( S):u, Fron ( s ) ) ( c > Vs
- M an _ 7 ; ' 5
T.;;,g», Sy, From Co 2) = U Ta‘«i( @, Fron ( S,)
T 1 g.é T_.,
It is  easy to see that {T N 5*“‘%@:@ ~ % I, ($A)
, F:r:ona“ (S);;, ) } . Noreover, for a  series of
ks s~1-¢]
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couples (¢ ) y Hs-,ts( PFO) is . defined . by (I.-)
and g, (s“)m defined  to be the wmionm %ggﬁgia(}?‘)&
e bt e /It St
;) We shall make qﬁite 'si’mp].e_ eb:sierflatiaxifsl' used here.
in 533;’;;( or T, ), the projection JB,;,‘; e Tr( or
3 3 . , s A
T, ) onto é‘;:){; is defined by jzx{»;,( | hy =
%;J where P” is the uniquely determined point
on s’?h/ go; that Taisg P;'},u/ ) | o> R:" 11'016’8."
.. ]
Lyt t,n be a stratum of X . Then , from
5 g, ‘
(& ) 5 we know the  existence of
144 ! - in suck a way that
positive numbers ( va&}&,,z aMMH,Q’ | 1:3 _ ¥y
the following statement is valid.
: ¥~/ '
(9.1 34) Let P;:;;—,be a point in s&a“;-;’ and ‘ lek
: 3 s . ¥ x> ¢ 2 '-
P;x;{ {]‘:‘;-;: g he points# in V] S), 3 ( ng e /&é %:L)
et 4 AT A fl o4
* lying over i . Then the inequalities
: "
/ % ; 2 wiet .
./ 'o zZ o fl' -t
( Q ) 1 Q&) d ( PA;")AF“" i ,M;t) - alnll-_(li ( Px;".){”-l’ @ﬂ «4 ol 7
holds for each pair ( E;u i, —-X ).
~ Prom the above statement , we knoeu that | for
—~ i L . .
small  couples ( 05(:“;,( %iu;,, ) (b=t A, Jthe following

2~1—%2
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disjoint condition is valid,
/ 3 P an *35 *;
(2.1.92) ?¥( S, Fron ( Sa ) ) T ( 8§,
Y *h ® Sioni P
0 i Yy
an *; .
Fron ( Sw, ) ) = c}? , if s ¥ 4 .
it Sl gi! ke &
Next take strata A, > SM& 0 /& . Tak
sufficiently large n amd consider a meighboat.
ot $a-! - (";;-l TS : W
Jhood T Sa, x, ) of Syp, - CERhem. \the
condith_ )i are\ﬁlid in '\(iew of ’ch)
) ’ 2 .. -
e T Y
induction ‘ T rex ¢~ 1, Assume-—that J[ 0 i Sz
3.5 AU
\js’;; is ( real analyticlly )y ' biholomorphic .
2 AL
Denote by S:rgu H)the inverse image of
2, Mg Yy i
He] I %! *i )
A A m“ ( s «’\lu’) in Sa/ny . The map Ut,;—l) P ’
. E N . 5 i g
restricted to SMM{(A" Uy 7[?“: S)l/Mer)"l()—a S’M; AT ( s M, is
. m . xa . a-) %5~/
bibolomorphic. ‘ake a point ST in T, ( S%,d,
2 i 2 . ;1
NP and let o, be the point on S“; uy
t ‘ _— x5t ¥t .
so hat )L?*Ul, ( QMNL) P)iﬂlholds. Join these
. +a- yi- b a/g” .
two  points &34, and Py, y an arc (,, in

Q1= 43
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it ; o ' he point
.0 S 2 ﬁm( By From ( S,) ) . The p
Qyy, stands for the point on Sy, g that
*i ¥i! ; : Ty He~
Tq*,a( QM&) = Qa,y, 1S valid. The arc b,la =
a1 b 1ifted " n ) ?«-}
}"Z.ﬁpmls ifte 0 the arc Ty and the
<Y} . . R *5
arc 2 has an uniquely determined point PMI ‘
) (
as its boundary (% @7, ) . It is clear that
L}
N . . 3 x4 ‘ao“*l .
P;f”.' is in Ve and 754.;( PA‘,“(,) = P MM, holds.
Let S:L be  the uniquely determined elemend
(B )
* 0
oz 37" of first  type which  contains  the
point Py, - In a little while our arguement will
o
be  done foer a fixed ©point Q:u and  for an arc
N, at] i
X L2 We shall use the follewing  terminology for
the relation between S;{:(,_’Of first type and ){:(‘,
of &urs&, type.
(a. 1 a3) The element s;ip, Gonverges to s‘;;J along
—_ ok : "y
¥ .
X~/
l L2 U9 ik, ).
we shall simply express the above fact 5)’

2 44
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the folleowing ranner,

(9.1 asy B, ——==> &
b
we shall continue simple - observations : It is
clear that: the following inclusion relation is
valid in view of ( 1. Y.
s ) 3 i an ,x :
(g 1 33) S;,’}l{ (AN CUTF;?,;( ~ Sy From ( bxt))
‘ ; KA g
, where S;{‘;‘/ exhaust all the elements in
| .
T, S

We remark  that the righthand of (0 1.924) 1is
disjoint unien . Because S A’;‘f{;m{ﬁs conneeted we
know | that the set é:.,:;,,(,\"ﬂ{ vis contained in a
neighbourhood Yfﬁn Szﬁ,)Frqn T S:f,) ) fili an
uniquely determined element S*,\?M . It is clear thak
, for such an uniquely determined element S:\I:L,: |
the | converging relation (2.1 23) is wvalid for any
point QY ¢ T ( S}'j,' ) and for an arc ?{:l‘ join:ﬂg
Qz;ful and Py, = J_C;\:“z @:f,lz Y. The  preparatiens
done hitherto will  be used in  the sequef .

a- - ef
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¢ T )‘1\ Aftéi | ,’c’he ~ abeve preparéiﬁqﬁsgi : , " wgf shall
frix"’ ~ nexgbbourhoeds o .csz"*v : ‘fc‘ierté.vilryll"_i ‘ﬁfPﬁgSi S Sr,},,{
jf e firs‘t ' ty\Pev | E l fhre’se‘ - neighbeurhocds .will.

1 ' ~ )
be written - as Tf?S‘- | S:,'h/ }s = and we. consider .
T*.ug}{‘j"k, S—t’jﬁ | o paramet:iz§d by '(ﬂ’; 81;’)( 5 , ‘ in the  couxse
of our arguements to . fix 'ncs{ ( S“ ;,()’ " e | cen&i’t‘i‘?n
( Q‘L’,l,,' ) will be  shown. | In this ' ,Paﬁ, ( T );,,‘,

we: assume "th-at‘ n is chaser} lavrgé‘ | enougn | ’so
tbat The incliusion relation

7 p

T, omy( 8, Fen™C ) ) D M)

wolds, where si= T ( | Sy )e
For such an integer n and for a series oI
; . . ‘ : o
_ couples ( 6\_7& ), define a neignpvournood %"%{ bw) 6/
]
(0.1 g5 P8 = Umte (&), wom (8
. R RS ;’» M G',\’ Q‘ ! X, é A
*; 2l , X5 ‘ ey _an 6
Q"A/,LL/ 6)-%3( T’n k s"’,)«t') ) [.\ To-—'o;o( Sl\:)&, , Fron ( S A ) ) Y
L%
From now on . we always assyme tThe follewing  condition
for neighbournoods ?_( s&' ) .
n},),(ﬂ A

2- |- #
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(a. 1@5)‘ For  ®ach  poinvu Q}‘;w appearing in (8.1.25)
% L S v N a”- Y
the inciusion relatiion . Ué& Qﬁw)ci Tﬁg q&, Fron(&g
17 .6
C 9.7 af% )2. (o) < (o0
in a  little while we vonsider re1ghbourhoods 'g;(s;
N s
(8} ) parametrized by 2 pair &, 0i, ) - Prom  the
induction hypothesis we  have the following rel~
-ation
‘ §T ( 5% Fron® ( st )\ 2_\f % Y
S DX}){ o }A:\/ %’( S,\:u} ?rona-?’s'x)
EREY ﬂ,ﬂ'ﬂ 2k
Th us, to show (Q 1‘ ) , it is endugh to show
the following
(a1 ) 0 (& won( 7)) . si= ¢
2.1 weie A % N A,

. T ] Cr e - R ~s
}1f S %;{ ?? , for a suitable pair ( n, gi)
( L )_l e show the conditions \J.L)(;t(il.)/ )

i -
First consider the case where the both elements
S?i’ and sy}, are of first Xfpe so that
[Rau} 20z

. > [ PN =% ~F -
(i ) S:LZ S;XI and ( ¢ 1) S&ﬂxﬂakzu, hold .

2! > } «
Penote by 325; Projections W%j( Si&;).
Divide cases into

Phg following three

'

cases.,
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Y =il e 4*‘/ ¥4
(1), St %ffc i1 ) An Xv Sy 021 )
gti o8 gt Sl
S ¥ San ’L'( S,, nyy 78 wn’ . Consider the = first
o}
. | / | B VIR
case . The inequality (& 1 &2 ) shows that SA}%’ A ‘S")“L,
CP holds. Also for T ;$ Sx ), the inequaiity(a‘lmg
: nS . hd

shaows that the conditien (21 ) is  valid., = Next

consider the sexond case : ~  From the condition
i'l | *—{1 3 3 ’ '
S AL S":’-(l C}’ and from the induction bypothesis)
(a2t ) holds  for T’g S ;‘;( ) . Our  consideration
M)vx"u! .. -
of the +third case is divided into  further two
cases : ( iii 3), 'S—;fl{'(\ S;'M 3 <{> and ( iii )2,
; ¥ o - . p
gw(\sl,ﬂf = et> . First consider the case (111 ) hen

we  know thbat (2123), (a.1.ay4) and (&1&)/' iﬁply~

the condition (a.t.) for 77 ( S»k )° on the

n r’/h
otherhand, in +the case of (iii )l (Ji,i_z.gl . shows
that fw 55 holds, Also from (2 1 3% Y it follows

easily that the condition  (Q:_ ) and (9,1 )  Thold

for 77 ( s% ) (I3 Let wus consider the case where
?\‘c:l;ll’ A, g ‘
both  elements S S.;,, in question are of first
t T Ry . . .

> - 4%
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type. Then the above observation leads easily to (2.1. >

In this connection, we Tremark the following : The

A

variety v? is expreséed as a disjoint umionm

Vi o= %QJSQL ,  where S;Lv exhaust all the
elements of first type. From (iﬁn )14 we know

that the éonditions (a1, ) are valid for elements
Syweof  first type, and so the conditions (2.1 )
are valid  for &? = Uﬁ Siiy with sets of  functions

‘A{
¥ osEoy o, ‘”—} ( s”‘;, ) and é( S‘;’I y .
{1 E{ Here in , (L 1) , we consider  the

condition (2.1 ) for the case where one of elements S

is of first type and the other element Szwis of second

type. Remark that  the relation ﬁV;Zj Sﬁiy(h&g never
happens. what ﬁe show is the conditions (21 ) and
(a1 ), and arguements will be divided into three
cases.



125

an .:elyeme'n»t  of second type

pur problem  here is to  associzmte  meighbourhoods of
certain  types with Bow 9 By Spup We o mesn

: . R A5 278 o

Jhe projection 755-; . ( Syw)  and rby ) ,S’;“” we mean
walls o‘f S;j” our arguements ‘will be done for the
o o
case where the element S/, has two walls. Other
cases will  be discugsed by - modifying arguements for
";,;,, with walls easily. Before we  fix
neighbourtoods or S;‘\fw Ly we remark the following:  For
. 145 ; ' . , ‘

a point P,\,,' i S?; , he  comparison relation

, ; a: %3 - e e - ey ¥
ag Ptxzz;ﬂ , From™( Sae) ) . a( };,*,}I, Fron S,)\,;Mn) ) holdr),.

__WLhere we let

b#d Ty . t&g
Sx° bYe strata of _§ ' containing 5

distance measured To

respectively. TWe work with the

¥ron { S’if;n /  rather than the distance to Frqn“( S;i‘. D) .

itn  arguements of this part in (I T )3 we shall fixﬂ

couples ( ?z:’, ), (‘a/v\i?i) to elements S;",ix of ef-irsfc
kind in such a manner that the conditions ( 1, )‘

( 3,1.2% )‘ and (4.1 ,35), are true.i E Note that

g—1-52
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§’ Y

TG ( g *i y = JG ¢ S5 holds. Take an  integer n
"3 W 3 e ‘

. ~ r\ -
80 large that 7[%“ C B, ( S{‘M, , Fron ( S:':A’ )) D]

L
yo! 241 G FRe] . o X -
72 O ;}A ) holds. By ﬁf( ;‘;ﬂ‘ ) THE inverse  imagé

of FEC 8L ) by T, in E’é‘i( é‘,:u , Eron ( Sj‘u))

is mesnt., Because of the bihplomorphic  property of X, ;

: 3 txi . . .
on T° ( 85, Fron ( 83.) ) . it foliows tnat
&8 P » - .
Ay - .
" . o %. ; M Ad/ " .
tne map )[(H)é : T‘n;( SRMS;)Z% v ( s A ) is binolomorphnic
q * 4~ 5 a0~ .
{ and  surjective ), For anry  point &, , < ’If;( Sy )
we mean - DY Qi:,i‘, tre ( uniquely determined )
) 5, iy o tag X5=1
oin : b e 3 . =
poinvs  on B ST ) so weet T, 0 &y Au

nolds, Let ¢ ¢%°2 ./ be a couple of vositiye numbers

so  that “he  inclusion  conditionm (2 .1.35), is  true
-t — - t-. .
between ( o, &4 ) and (&%, ) aslso  we
',N'u A L
WA
< ) ) )
assume that ( cq:’iw ) << ( C':"nu' ) . is true . From TNOW
J .
on . wWe always assume t}*;a:t the ahove two cruditions
s 1 ar 4 47 1 ; id\ 0
are valid with Ai‘lxed { ért;z ), (o242, and
. . ]
> . 3~ Enl Y]
( o'’ ) throusbout  this section. Fer a point Q€ T3
.}\I ZA, - KM M 7‘,“
a. 2
P S, 23 . .
~define Ift!m(’ Q. " ), which is an open sesment, as
2 2 2

5-1-5p
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e —

Ve .
&5 *é- - { o F
(2.126) 0L O @) = e UL, L é:H
4 2 P vz; 3! '/; x.
= Qﬂ,}" ; Xng‘( Q‘Af;f = Cam,t a ( Q‘m'm\r ’ 7CR’~ M’( @‘A’ )> .
o Ixe :‘5 b4 X
< x( «4; D tx Q) - eled (@b, m\,,xeib
. ‘ ~& *3 *i .
A Eesjghbourhood Tn\eﬂg, SX’:M” of Sﬂ)mis defined by
. ; X5 _ ~E %y, (e
(2.1 26) Ll Svw ) = Ue;; ol @Y QE
T8 ' '
Neigbbourhoods — conmsidered here are of the  ‘above
b T 1 1ivtl ail onside
Lypes Lcﬁr.(/ o ) . in a ittle wnile we co‘ns.t. er
T’ S:f, ) as parametrized oy pairs ( m, ( ei¥ ) ).
nl, AW &Y SR
Examine simple properties ox sucu  neigunbornoods I;ié_‘ S':‘;()

First we show the following relat ion

. 4 . :
SQ,LQG) ({%‘( St )}:,cf {T A 95 )wv,

where ( mn, cf}) exhaust all the pair so that (%1 95),

are valid, while | 6 & ¥ Vs are chosen arbitrarily,

ihe above eauivalence relation is shown by dividing

our arguements as follows : (i ) Outside of l’ ( S))[
.L ’:'
. N 3
Fron ( S%,) ) and (1 1i) In T 70 S..» (S‘:",,)
. F’A’;l_o';,;{

2—\-53
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: e *i . =
First consider the case (i) . Let Q?(im be a point n
3 i | ; 5
«rn"cﬂ;( Sy ) = U T p, 6ﬁ},( Syws Fron (5)5,) ). Then, fowx awy
Ehe AN AR, S AW :
element Sifu, of first type gsatisfying the condition :

T, (s*' ) o & ) the relation
ity VPN 5 A ' »
(9.1 197) ' Qs EE 7. ( SY pron ( 5%, ) )
ot Nn? e, TNK Y N
N0,
A
holds in view of (2.1, a&a).
Gombining the above relation with the induction hypothesis
we know the  following fack .
/ . - ’
* : AT . ¥
CQ1.97) Ql e L, O Sy, Fron ( SX.) ),
9\',1.( Nt Bt
- %3
where S;r"u, 's exhaust all the elements in ,é of
. . . 2§ g%
tirst kind JIJ_,)J( Sxy) < 875 .
. . & ¥; .
Recall that the analytical frontier ¥Tron { S5,/ ) is
expressed as a  disjoint union of elements
in tne  following  way.
4 an %3 =l Fr an NAs
) — n SRl
CQ. / 9’7) 'E‘I‘Ol’l ( SAI‘AH ) T[Z-I)é ( ° \ A ) )
Y ? U s*. } . where  S*¢ are " a
' ){)“( AR L
elements of first type satisfying  the condivion
o *i T
ol Sxw )€ 52
Because the  frontier of S‘;?’N( both in topological

2-1-33
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and  analytical senses ) ~ are ‘contained in FTOHQ.E?E}
the relations (&, .ta7), (&1.4) lead - 1o the . following

comparison  relation

Sy = L S T T g
(2.1.27) a ¢ @W,?ron? ( s’,f,,,,{,"‘)T Y~ a (:-@;;;u,)

-t an Rty o
7‘:7‘,’3 (Fron ( ‘S ) ) v
; f @ﬁﬁ ' are iﬁ Ts 5 %e >)> ﬁuf ‘ are
50 ar as YA gt V‘,Cf&,' Al ; .
, | v B A ‘
mot im  Ume( S ) .

R Ty

Combining the above = relation (a. 1.;2.7)’/ with the

obvious relation d ( Q’:;; ,  71_;:;( Fronﬂ(' S *;J) ) = d ¢
7(,‘048( "‘:{) , Fron?®"( Sf/\H) )y We i{uow éasily- the follé‘—
-wing facts,
(4. [ 28 )[ For an arbitrary" : g.i?en ( mn,
( cf\f,j() ), choosing Gén' small _enough | leads to
the inclusion relation
el she . omwCsto ) - o
Y X
mon CSMe) 0 O gl e
-z (8%, Fron (At,(f,( ) ),
and conv:rsely ,
{ 9.1 | a¢ )é’v for an 'arbitrgry given ( qu&; ), 2
choosing n sufficiently . large and choosing ( c’;’l

2—1- 5%
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so  that (2.t ) holds, lead to the  inclus iomn
relation
v Sh, Front ( 39 ) - Urld o r‘roné;D
"-C:;f?,,\' Ay p 3:?;’(3,%:( vHr X,
. ; a ) % ¥ S i
C: T J‘( ﬁk"L\" Fron " ( D?‘/,;*,, > ) - To—_t;n A(_ QA’ ) Fron{s»{'/z)
¢ ’ 9 / < o
e K S °
X ) =
Next we shall make our arguements in - Tﬁ,(ﬁo ( S:;f' , From
”ﬂ’, ’-’;‘lﬂ L
+
P i i S Y. we
g’;ﬂ{)‘)k“ote tnat , in view of ‘ (a. 1:47 D 7.
can assume thet The Yollciing relavion is valid,
F
- %; . s ° txd ~EA9
(2,128 2’_' aq QN,‘.; , Fron ( //K) ) = da o« QR’,A.( ) o,\r//,()s
W, . . 2 S o
S0 far as Q. , is in Dy ( Sy Fron { S ) Ve
LT oo % 94
K%y ine
. o . .
Firsty fix a pair \ B, ( Cyg) ). Bv.  the inductive
7
74~ .
condition (Q.1. ), we can  cnoose T;:u( n ) in
‘suvh a way that Tne inclusion relation
o ;A7 . i " ol
sIU ST S e 3D
Aglm)
is vglid,
fi , . .
aiter fixing ( G',.,‘;u) so that tue above inclusion
‘relation is  valid, choose a series of couples 93,7 ),
~associated  with _ the element ;:';,,a,, ’ small enourgh,
y. :
J
wmore precisely, trom {2].a¢ )&’ we know the
existence of maps 0[ ! : and 0&3 or { e-£)
Fieter R A C T

Q-\-5%
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depending on S
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only in

” such a manner  tha
the following statement is. walid,
(91.29) 1Inequalities of = tne following fdrms
%3 LTI o[vl{(
max ( Y, Opp ) << min el f( *//
2 4 gy "t '
maxdf (6, X’ ) « mi & Py )
K e _ Xou ‘
imply tne inclusion relation
1 an ) : s; ‘ ’\'.ﬂ;. ;
ﬁ%é« MW" Fron ( SZﬂf) ) }ﬁ('\thﬂ}
: ' — T
P (¥ é
C m’\) Ci‘w( bl\',)ul ) ‘/\ Tﬁ?:;f ga’;‘ -
( Remark ) ¥aps (Qxf ( i= 1,2,3 ) are, for  example
S | :
given expliecitly as follows,
: b
-l ) ¥ Y\
«f _/ — ¥ i ‘ ry —
X, W“ T U Gy G ) t){’;ﬂw( " e
‘ b 'l -t
. - . 2 - 3 . G () 4o =
\ e v o *4 1o, OC ( / » 0, (n 3)
G;/,LC;, -(D-";/‘Ca crk/’l")? 6;\"“12 . S-A/;af‘z R’/”‘,t z 0
¢ Uﬁﬁ‘l (/)IJW)?- ) BI/HZ 5{”‘) ).
\\ o +37 TH? SR Ny .. :
‘Here ( s A’,;A’,zj are 8¢pentting Irom = the follo
: . . 2%y o
~-wing situation : For any ‘point I%A' SX fos d Lpﬁ,
~pr :34’3 —Exd . : _Ad ) . )
‘ n w5 -
)BCM,\)) 7 O ( iir”[ ’ Fro \ "
o , ,
Conversely we start with a given @%) Choose gaﬁ;ﬂ,
% L c s
cand Sk ) so that the: inerualities
: *J A ol =
min { 6%&’ 0};2)-7 max;lOQM‘( ( Md,)' ; (%#J
7%
min OC A { o ),,‘.’, C‘% é‘ — maxﬁgx'( LA
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ana the inclusion relation

¥l , %41 ‘ 3 - an *4-7
2 (s ) L Tl S, From { Shu ) )
) . S Tam
imply the following . inelusion Trelation
?’f sl < vl 8% .
"o Yo w»?’:w te
. P
ghus the ecuivalence relavjon (& 1 3f) 1s assured,
' ) [/
(1 )3’ Oonce  tne apove equivalense relation (g 1 %)
is suown, it is quite easy to veriry desirea
properties or T7( . S;;w' y: Here |, concerning
n \'ﬂ;l ’ s
. . / 1eg ~ . . .
relations between ( 1, {'cﬁy) ), the inclesion Trelatin
. . . . *; *Z
(a1 ) only is assumed, et  ( Sv\",w’ ’ S\’,M) be
a pair of elements S;‘fh,, oL second iipé and b;‘;{ of

first kipe. From the definition of T N( S%,) itself,
1

the following reiation

1 v v N (P
« 4. .30‘)l 1;%(‘ i) SO

follows irmeadiately.

Next let 8% ( £ ) gké be  two elements of

Ao M
second kype. s in ("I ), divide our considerations
i (1 g - Ar
into three cases (1 ) ]1:”13& S'A,,'M,) = J[S-';i( SA;,A:,),

2—\ —~57
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\ i %3 a \ Sy ¥ B 1

(Ll )l 7[34,3( S Xy ) ¢ jT-H,;( S 37}&’ J ( T 11i )‘ 3‘:3_,,5 ( D*’,N' ) *.IHI?(Q;;

S 5.).  In the cases of ¢ 1

e CJ@;JC x) t 1)
and ¢ £ 1), tuwe derinition  of 'I;;é# S5 ) and  twe
induction  nypothesis  1imply the Trelation

' . ‘ ‘a E% »é -
( a’?‘ I\ 30 )Q T’ftz& va]”) n Sx',u',; ? .

consider tne third case : Strata %/, g}  denote the

, * - . 3
e T AxE oy
projections 71:},'_( Sa,,))‘, ) and jlsw{ Sy )

respectively .

{ *q . G . o
2 g g~ is valida if and
¥rom ( 9 |2 ),‘ Xt [\ x”»!* : S aat.
only if
v/ *4 ,V#*J 3 -x;
-5 S 57 S &
Ca 130 )y Sy Z Ta 7S Z Sk
hilds,  Here S'*;’,‘,;,,"s are those elements 1lying over
Xxg- . Ad 13 X} 3 . v
S A SO .TLuat S )\"b’; - S,‘.w( S 7’!,)‘1—%37&4" goldg
( 40 wais  place we discus§s  tue  case  where boti
eiements S, , Seu vave two walls, Other cases are
2 ’ .
aiscusseu similarly  and we @gnall  omit tedious ,a‘rgueme'nts":)

From tne definition of T“P?,,} s;f;‘u ) ad G
the followiag,
*; i 7
( :Z_ R 1 . 30 )3’1 Ir SAII‘}JI (\ s)s:”u"l— ¢ then %“!3‘#’

91~ 5%

Sel o = P
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von  tne other band 6 if s¥ Bl is uon — empty, Then .

from C;'j_za )J’ we know that

. r i *} A £ d- ‘ o
\Q_ [.30 !3_1 T'\ctz( S;;() (\ SXII}"/ - U % 31 T;»} Q,,\” o ) nO_LCtB,

G e P
Ly ! ;\?u? Ly

witere oints Q°% are in T sy B

pos NS SR o PAapy

. . LIS E 2] .
From tne avove expressiou , each river’ Té;( Q,A""ru‘/ is
S————— XMI Al

as opeus segueiiv., Thus tue validisy or iue conditions
¢« 4.1 ) are obvious, Now we summarize: Tne avove

arguements i (I)l&. Tueu we kaow easily twat tue propositiocn

2.1, s irue. also we know tonav  tue conaitions \
. - - S *i : ¥ 53

are  valla  10r  1eiLdgLOUL O0GS T\ S and T )
,tikl)l’ 2,“ " ) X)u



: >3 X3 . \ . x5
t € I' T )1'3 Let S,‘:?"),:.g SA’;‘)/.", Lbe iwo strata  iu 3 ', of
second types. For neighbourhoods ?;S x"w') ( i= 1,2 )
et L )
we  ask the iatersection relatiom @ | !I:‘éw S,‘m)(\ if&% Si;,,{;_.‘
Strata S;"; i=1,2) mean walls of S,‘f"u A= 1, 2
. " 4 Ma 5 R
Here - we will be concernea  with tue case _ where S;:q;‘, (4=l
nave two walls . other cases are dealt in-  similar
ways, aua will be +touched in  the last part of
Cr1),, . Strata 8% ( i=1,2 ) denote projectios
v ok . »,)-l . - E N
. . . :
of “w( i= i, 2 ) while s‘;‘,;’w denotes the stratum  lying
over S"‘”" so that S 5 st ( =87 ) nolds. If (gﬂa
MA, byl %;ﬁ Ay MMy L RN » n‘é"\”‘ .
N ( o> CP , thea the relatloa,s SM; 7% (S”“Hu & 7 '
.r )lzf -
holds. Because we can assume toe relatioantd( Q¥ B ";:l
4 (Y, P:‘;I) , we know from (2.1, ) thg gxistence '
of maps 7]?{’ of ( e-1 ) - iype depending . ori %:';q, ‘S:;u;,
b Rt
only, with which the following are valid,
(2.1 33) Ir coupres ( oy, ) (i=1,2) savisly
Ttue CoOnaiTion | ( ;:;L/) <m,.:c C;"fﬂ” ), then = tuoe
AR =
Iollowiug  10TErsectlod relatvion wolas,
(2.1.33), T';,g S ) T ( Sy )= 2,0 &%)
. i{i n, o [\ A qu; "‘c?{"k,‘ 11.4))

A~ 1~ ¢y
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_ X ) ¥ - 47
- wuere  points Q L_' are in 'l’f:‘( S;fl{, s,:,,, .
We say , ia a similar way %o {(2.131; , that Tqa< 33 daga)
" ,
. # J"\ A

(1= 1,8) are suitable if the intersection of +hem

L

is egpressed in +the form of (2.1.33). . 'Phe conditions (&JQ&

give: a sufficient = conditiou ia oraer that T oy, oTe

suitable,

{ Remark ) Toe above arguements were aone for tTue
case wiere both svratia have +two walls anu walls
of Stin,’{ . converge to walls oI S:\, . In other cases

* )

situations are gs 1ollows : (1  If no walls of

Sﬂ
A
cou.erge 10 walls of ;:” , We do w0l require other
]
coaditions  thau (&.1,35j, . in tuis case wue lnversecoiar
3

of neighbourboods of S;,‘,‘;L,,( i=1,2) are given by (1_1.33)“

AT

(i1 ) 1T one wall of S’,Ef‘;,only converges to a

wall of S;fu,, ( without loss of generality , Wwe assume
. L ]

] Ton 1 N ve require for @&
v S U 55— sM’) ) equi (Q 1 %3), "
besides (& { ). Then the intersection of neighbourhoods -

are given by (& 1.33). Im Dboth cases of ( i ), t ii))

if +the intersection of Tulc,&( ';Cu,' is given by (I.1. )
we say that such mneighbourhoods are suitable,

oo i- b4
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(I1I1 ')L3 thirdly  we consider = the case: :m whieh ‘one - of
the strata is of f»irst i:&pe while  the voth‘er‘ is
of | second kype : Take a series SM,-»{ S}Zl/). ébei‘e are  tw
possibilities  : Jt«i*.‘r( S*i ) ¥ )‘[ ( S ) JEQF'“/‘):LI{BI& we conside

S A
: i ) ‘4_,,(};.“1)
the first case only . The second case is discussed  in an

; , P o e & o*’
| analogous  way. In the first case, for Sy, = I l s; M )
S:_rf IH.; ( S;;‘f“z,, )y  and walls St;;,'": . - the following
relation

(2_1,3&) ’S;;/ Z s’;\,;[‘ > S

AV
is valid, where Sy — S ( 8% — s5.) -
We assume that s:;f,: ' S";au‘ bolds , - Other cases are
mensioned after discussions of this case, A4S in
1. I tak int Q"r,‘ | n'( 's"“ s*7 Y. Then
(I 1 )l,z ’ ake a poin ), in " w u, .
points :‘; ( i= 1,2 ) P’;j,u, , I;*; are defined in the
A 'z :
same way as in ( I111),, . also Sﬁﬁ( a’,, W) is
cefined as in (I11), while Q,z( A/H ) is in

T ( S;/’;() so that the relation][ ( Q"’(A"ll” ) = @*‘H

G”J:p’z" Vo |’Z
is wvalia,. The ineguality
, ey it . W a;
( 2.1.3% ), a Qo) , Qua) < ciid ( & PU!,)
holds,

2 - |-ty
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2-1- (3

in a completely similar manner to  arguements in ( 1 :L)j
WAL Braw  the following:
: N . ct"‘;oz . /(54
syl . * ] S I ’ E_
(2.1 35) Inequglities : cw’;{g’,”) (?;d CX,}[:Z 27 8)%1
and the inclusion relation Ef'( sty T*( svj_«'ron (3 ‘2/
n AR ‘ 4 J-l M
fl HJ‘- x
~imply the following inclusion relation,
/ #i- ) Ay >
(1 35) ri 5P ITeg o) = U 2,0 &),
Lo Mg ) 114 W
cr°,,,, v M. &% Cag
. P A=)
where Qf‘*: de are in T: ( S¥w » PTRRD I
In an accordance witn (a1 ), (&1. ) if the above intexr-
gection relation .1 ) is true , ‘thoen neleghbourhoods
T ure HAR & " -are suitable,
‘ 1"%1’ i ) "Jc-\is. : /U{')
( Hemark ) The above arguements are done for the
case where two  wealls 53¢ converge 1o Sy -
- N e’
In other cases |, situations  are as flllows If
. ¥ g} £ g converbes oS,
one wall, orﬂ example Sz © TI i
then we Treplace the inequalitiesi( & j.3r1 ) by  one
. . ,-1’3 t * i
inejuslity omly . 1f no walls of 5. converge o %w
then the intersection relations («9.1_33‘)‘, (.1.%), are
sufficicnt. in  both caszes te intersertion relations
are expressed in +the fellowing manner,
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Sy

; 5 { x ¥
Y * p¥( s¥y = U o @i,
(2. 135 10 S o g0 S bl O
: 3 : e i *i . v
whewe QU s are in T, ( S;;” » Sam,) while  the
Tiber 2 ( Q:‘;’ ) is expressed in tne following way
% | |
. ¥ _ ] x5 - fha (ﬁsn;
(Q;i‘g\!r)l @ty = ox s x (@ ‘) ghd (al
MU S .
3 _ -ﬁ; D ?ﬂiv
Fron S* ) ) - Xj g x ( Q)L d ( Qu' 12 )
i :
in the above ’ , Qf" are points onT { S""ﬂ) or
. v :l, 'Jz O’KW :
¥a Xl s hnhﬂ‘?d
s . tha 20y = Q@ i=1.2)
F ( S;?;u ) so that T, O Qni) g
Mty . ’
If mno walls of S;f g converges  to S’;,,‘»: ’ Wi then‘ the
intersection is of +tne following form is suitable’,
*g 5 L _ x:
: > g sy =U R &)
.1.3 ), T,oi‘jf SA“,,‘/ ) i g e N A
oo, O Sk ) T, ¢ 83 ) is true,  them the
foilowing
’ ﬁi':,‘j,
(2.1 85 ) &z pe
Lt 5 - )
Cow (g < S0, Chuy Sy ’s\;‘“ ’f@wﬂf«s@.
is gufficient in order that the intersection T" £ z.»a’)
N ),Ag' 3
o Tl B t2 expressed  as in (O 13543
If the intersection ks expressed  as in (9,85 )
n\ I "'EI a v
then we say that .L“S Slf"-) anv 's.,w A’)
204
are suitable. Henceforth, we wrate the fiber Ttefoor
P : o W
%’:};ﬁ \Sla’ ') ,( SA g ) gs‘lljtgé’?if 2 # ) s are suitable .
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13 Q‘ Now we  compine the above results in ‘the

rollowing manner., Aséunie ~ that neighbourhoods { ‘lj‘;t:;‘s S:,u )‘
) N
and { T",i’i%,, W )}7\' , are assoéia‘ced with strata S:;
of rirsv .‘ts; pe and S:,’,';w of second ’?csH)& We start
witn a situation in whicn CO'nQitions (2.1 .25‘)’ and
(2, i,él.‘?)z_ for ( ’5“;/;1 ¥, (% st ) are valid. ror neighboud -

i

boods {T";?(L s';‘/jl, )I}ju’ { Tﬂ’c‘( va) ‘X’M.” , we  generalize

sbe notion of the suitablity introduced in ( I1i)

143 I
pivide our consideration into the following three
cases according to the nature of series S z SR
AeMx
(a1 36)l strata in  series are composed of strata
=3 - : ~*3 x;
of rirst iype only * o bm’/«l v e s e o2 Sw&, .
In whis case, let us consider gituavions in
wnhich tue intersection o1 neighbourhoods of strata
are eXpressed in vwne foilowing way.
S N N L2
2.1 %6 T sk AL —_ Y )
2.1.%) L85 ), csﬁA) UAs 0 e
)O"IM'I Q’M h___—_—_,__—
4x; _ i AL -2ty
where Qxl  exhaust all <vne points in tne set
l“t,-‘l,llt 5
i 9% 3 %,

m‘" Ulj
- bwk) (T R EERERD a,’&( );

-1-fg~
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; > | mn
B e il

(2.1 36) strata in  series are  composed of strata
. . 2 | ‘ E
of second itype only : Sm< e 2 ﬂu, s In this ~cage
the situation  considered There is the case in
which tne intersection is expressed in the following way
/ roog6
(Q.136), T 55) j: ‘,&)*Uo,_, Ty @wj
- =y L . “-»,‘_; ot as,»-l
wuere @m_'}*u!s are  points in o ( SM, ceesy SA ”t)
' 3 - - , 3. *d ~.¥, Ry
1. 36)\9 hixed cases : S;,w ,}l,i 2 St b&”} . In this
case, situations are as follows : The

intersection

W1 o TS

(\»,.cg ’ﬁ) 113

expressed in the following fashion,

®@.134£) If wwo - walls Si,f,,fq« of S;,‘:w, converge %o s’&‘b’ "EL’?:"
£ :

ven {270 8y, n'i;i,,‘gszi.)‘g{{gggémw )} U, fﬁsgz 2:,4,,

(0 @uhwe T 4., )

(&1}%;‘1 1f one wall S,, only converges to b;:q, then

S“
\ g .“(\

ﬂﬂwﬁw&w

)

éT ( t’\"‘""” Mlh).

to : ?Mﬁ’ ‘tbe_n

— U, 7o @l Cun
wi ¥ ) s
_ A, . A.u.f"c“" .
(9 1234 )3~3 If mno  wall or  S(iyua converge
the intersection
: 5
2 S) T ") = U T ()
N ,\w W
nety N N, A ﬁuﬂ e

C TSy




T0 be is .
sure we See this fact quickly .,
Note the following obvious factg =+ FoT. series .
“"’ = - < SZZ{{ Composed or rirst .;ti*pe, only
- *3 X3 ;
or series SA"’*{'{ - .. 2 SX;A*" composed of second b;pe
4
only , the  in.ersection relations 0 , T ) ==
A=l h’q’»‘(
ko . 47 43’
3 X t4 "xd } Viin *3 - on'
ni"nwi Df\'dl'L(o )[\ T4 S 3;“;) /\AA,'L,\(S; Sf\',’b:’) ﬂ‘l ., ¢‘v< SX’,M?
S 5 Re
Y
P 82 . are valid. Then ihe exist-
N %ég X,A') ‘ h
7] > : . - )}
~ence of series 08 ¢ ‘X 4 ), ¢ UX(‘) couples § O"g 1,{01;’ }
‘witn  which the following statement is valid,
folious from (2138 5 \3‘133} 1n"-mead1ateiy.
!~ ~p
(e | 8% ) wex assignments %" , g"’ or type& 771 %satls—
~fying conaitions o% (% 28, C,/'f > c”'g - , ‘there exisk
~an 1nteger n' = n’\’ﬁ‘,’, '-c‘:/’“}, 5/'(’; (c\://;) so  tonat intersection
w SR e [ S
oI neighpourhoods ops series, composed oI strata or
“———\.——‘\vw___>~-_"~_‘_m__ﬁ— e ‘ e o 7
‘ Ilrﬁ'b \ or of Second) i‘?Pe’ Oﬂly 9 are sultable,.

,\/

Assume that

so  tnat vue  conaitions
integer i in such a manner
conaition Q1 & )/ is  true.

. . h N ~rs ’
—uwents  , &7 (~, choose n”
. 7

~Y A
o, K,

ssisnments ')\ [of tvpe fgL ;}7{ Zare given

¢t > c‘;‘ nold. Pix an
Tnat e above Oy
Next , for the assign-
oufflclently large

-1t
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Het Ly, and L% be integers : Ly = max L(S‘j&gmv’) lgmlt
- 7\;’6 s’gﬂ'
Given series ({,/6 y' é on i and M “ }
L, "7 Og ‘ %"
3 -) - es ass ments 1
maps. of ( e iL) typ 5 1ﬁ?n é;
/ : . X, c g5 ‘ »ét / v
9.7(2—70“;/ ana a" {1 3 seeeeeeny v > 5-1-;/ dxe Sald
to be of type OC and respectively if the foll
-ing conditions are = valid.
- R _ Dosyod A
€Q.1.37) G‘>°[.( 078 Vyeeninrenin, qﬂ[ o)
' : s Y
"3 4 9, 5 7 .
(Q.437) " DRI (L, - oI o )
| N L B2
For a given assighnments (-! 94 , define DXL((§§J
“ Si \ by e"t )«r and c?o,(gf,) Now we show quickly
Sy X e~ :
the existemce of  series aﬁld(Ja/’ ) ==J.0Cé — &C%"}
3 /3 3 s : » "
and 7ﬂ,( VX ) =='§an)"3 77114‘ } depending 'on‘p&
only. and  also the existence of ' eou
N /e ! V2 . ; oo iy i p
( T o ) (¢, )so znat the following statements
are irue,
/¥ g
(e 1.3%) For any assignments ¢C<T and Q e& kﬁﬂsﬂ(
TP . INSE AT o ”3 ) '
M4 so that o <00 cy 7 cy hold, <there exigts an
/y N . -
integer n = o ( B ¥ , 0, ¢’ )  with - which

neighoourhoods T, o
3

§ gz“) o 'zl oM ‘and' {

. htlx,w are suitable.
4 [

A,

L

Y'he above statement Tollows

z«l-ﬁ

" easily

from

(11 1) §)
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so that the  condition ( 2. 1,35 )s @8 trte for

any pair S’:;i» < S;?M k( Remark  that {21035 ) s

sbowsk that the mentioned fact | is possible for

S :{A, 2 S:jw by choosing n’  large enough )

it isf clear that , for such data .

ihe assertion (2. |. 33_ ) is assured .

The above arguéments finish | this ‘part of afguement
to  associate neibourhoods  to S .

( T ) Assume | that neighbourhoods

i1.1,:?\},5[“( Si’M ) , T’l.i':?a(.« S;:' w ) are fixed so

that these neighbourboods are -spitable .
( Recall  that the assertion ( Q 1 3§) assures  th
we  can ahoose suitable neighbourhoods arbitrarily

small , )

21—



e

Por each series Shar < 2 st ,, <35, , the
W Y*u r 2 # h*
T AL
le'l ; B
intersection of mneighbourhoods ﬂ, E’,’,‘ 6_,;( Qi X, ) T ¢ S;,
A= ¢ aﬁ;.h’A .
) rxd ¥4 ¥ I
is wrivTen as ﬂ:&‘;g‘ T 5,1'2,,“ ).
Tne intersection of “I’ ( s¥ P s ¥ ) wth Vs
'C“ A "\’-“’1
written as g v ( ng ceeey *f.) - we ghow tie
’ °":.C, 1 At;&;,
) o d 1y 7oy . o .
existence of maps °C » (A M, ...........,&Ah) '{I:fd'""‘i
r 1 *3 P
¢ ac,. =
Tﬂ.O‘fe& S"{lﬁ TR ad g so  taat LM Tw &
i~
-0, T 1is valid., ATrguemenis are divided inte two c
iy
cases : ( ™ )1 ihe case  where series
213 % d . N 4 :
Syus ¢ -+ < Sy is composed of strata of
firsy dype only, ¥irss derine a retraction
) A / } (n o ) ( Xy <
map 'Tx,,uf ) Ok n,u-, W ( """’S'),;&) Se i‘\d
- \ . . ) voat
T, : LF defi "
Hs (’Af:-u’;: A,~-u; P nolds. iAfter  that efine a o
reilracwvion mna Y S ooai e J:EZ( A M/ ) ( S*"‘ S.ﬂ'-
p CE-)'/‘-“)&.,(‘“IGM‘"G-@‘)‘ 4 'Y A ".u,’ LI ) M
> N, M) (ST LS ) by tae
n ’ *% /th,. vy 2’*“&
Pollowing equation
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) : 7 ; » % g .
Jeriae a map t - (mn, r:?,ﬁ/l..-v,‘f“{) vy 7, ' (n b
xl_’*_ u; . }“-—-uﬁ"
I . A i »
== (oo ) °f (M Qae-iyg).  Them  the commuta tiviy
‘k/ _— Xo.Hkl ) A
TT(n, ) T (n 3T
- - ] - -
I&-{}} (-4 %{'- 5y 2 "I t Al—v u* a—’) P2
hcolds.
Fyom the relation (a 1. ), the map (Z;\;__%,( N, )
is  a retraction of T S‘} . 3¢ ,) ontd
n gt /‘/}’, ALY, ’
FYIP LI g e ; 4 o
i'h,v:(c, &'1‘;,\,-,», ey S*l‘)l{) no Sy o Tous s im this cage,
cur s sorition (a1, iz show,
{0 m ) Next we congider our assexhion
2
in  which all the stratsa SY, Lere. oK e
, : Yy A
~in  series are of secound &L;pe, we consider the
*  ha TWO wall
case where the stratur Sy ha® _ alls,
L]
Gther casos are treatable in a gimilar way.
note by T feotic %3
Denot ‘y‘ S o g the projection ]L;,) 5 ( TRk
PR T, . . P . o«
Chyeously the relation :3?%.{ : < 3; M’ nhalde,
1 W Hie
. i~ > Ly ¥ + Fi—!
%L : a. pD L‘Ylt ‘ QI"‘ﬁ & T.,b ( Ol‘l“,; esag 07‘;\”&-) 9 }{?( Q,,.—,L/
¢ o AfFTFiASnm e - I L] [ 22
denotes x, - cocfficients ¢  woints @)% on B



147

EA . :
so that SN ( Qj:_,t ) = Q:‘_";: holds. Coordinates
x ( Q 4 ) s holemorphic in the  varségble
1-- : . .
*i-) . - L . A5 /, 8
.. . Define a map T{,’_‘u(, N, 0tn)y) IxT ( S'\’{"’ S, 11;)
— T, S:H.. . ..,S*H ) by the following 'reo'ui;reménts
’CXAV AIMI” A‘Ju"’ v .
. P X3 *a~1
( Q. 1.39) Por a point R} & € ‘11;“9 S*«%’“ S ) ,
N ) - S %3 ’
(a2.1.39), RS, o Tl i) (€, RUg)  is
defined by the following  conditiomns.
vz »inl
139 - RS =
(Q 4] )l‘ : _ﬂ:;‘ﬂ?r ( o, £, p
®3
- Y - { i ACEN
(2139, §)"n( R‘.“ Xﬂ&( ut,g } ¥(om) Y(Q v
ey > >3 — ~ % o Y] 1
s ,?:‘, R ) x QT i
y *e
. {li.} &wq;_ ) - XB'( . ) Q’(--p } »
C *é = )— I{*; ‘ " .
where e T L O R )
;t - is  clear that ‘the commutativity condition (&4 )
£or Tr ” is valid, ;ﬂrlso from €1 Dy
A M , ,
the  reitraction condivicn (2.1. ) is  valid,
( ™z ) myirdly consider the series of . the
. . L T ) o¥
r;ixed type : 3 x’#,’< Pl g% A:u,\"" ce e 2 Sxp g R
Divide this case into further following

8-1-7g_



b
3=
(e <]

o
[ui]
[0
(1))
mn

ac, S;,‘,) | =1 S*‘:;{)_ In  the case (i )

ax *"utv c"l} 2 1 °
definc m gL i v . i = P
Ll a ap l’n,a—,( (Z;(,- él" P ...,%2}{) T"ﬂ‘fa "
X3 ‘ 5, M .
(01 e as 3: ) —_— T ( 5 ceengd ) by the fOllOWing
9’6 TV E e 44 ’ X , , ’
requirenents
, . ; et |
(K. 133 ‘n ac,.,; - Tf:-v,cz Tn.. I, 5
; A : il EaY 3" N
(&, 139 The cooxrdinates L. R ed
* 2.2 : 5 »*ps
- 3 . 5 & ;
: R,? = ( ,R ? and R = R -
A;h,gﬂf zﬂ‘r,g e ’YJ{M . /‘,’4—14‘2 ) ‘/'\"\" - ;\t{h{(z

is defined by

_: . i,
4 ~ - x Y ¥ . "T?e
(1w 4= (R - ox 0 2T 0)s {50 )

i
P
-
a4
I
l
-
b
>
r;’
g
{
[al
=
o
r~
.
o
L)
(4]
qal
1
o
1
=
N
P,
o &
—~
—~———

2 5
B *s s NS b 41 P B S . 14 b ¥
T R is defined . by the confiticms (T, (R™)
, » X N ~rs .
= L, = B (- are in  the
s
o .
boundaxy of the  fiber o (0 ne and (1 14
o, e
T -6
x( R ) > x.( R ) hoid, HExpliciuv  expression3
. -*t7 . . )
of R arc ~asily siven agcordine T tne
Gl divided in ( ). Then it is clear
. *a R
that, for  the value g =0 ’ Z’:N N *ﬂ) = (W T,
- LA 2

AT B ) -8 78
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Because of the relation (Q 174 23 - the  conditien
( ) is  ‘assured . In the second  case the
situation is completely  similar &  Namely let
“¥\be  th . tv' ?“" N ( B P
o )be e retraction 7.5 %’} SM‘ Sﬂx&)f-\)
3- x;- T3 ) o . ‘ .
g ¥ (SH/% . "S'l“/r) . r_pnen, from (2.1, 34 % the map is
liftable to a map ‘\C%(g" f}satisfymg ( ) .
t z'at,_ 41
(Vbserve  that the fiber is an open segment ) .
Therefore  the condition ( g 1 ) -is  assured .
Lihe “above assertion leads to the ~ conditiom 2.1 .
( A ) Finally we show the existence of
simple coverings 9% aiand t f &  functions I
P overing ’Dzjn( ;"V.ﬁsﬁ) sets o _ ZJZ1 _”
subordinate to UZ/’L@:“":%Q. We start with suitable
e 5
. = S
neighbourhoeds o Tﬁs:( S t's as well as 1:*%»(/ SX’,A" )
P
Take a series {.0 Cse. 4 S “ * ihe series Sau, < -t Y
, Moty
o i1 v . ‘ . . H ) ¥
Xb)xut means the series of projeetions of S\A"-- ’S’)Z
v 4 s ; .
Recall that T,.{ San, ", s&‘é-) is 4 fiber space
with  base 'l‘i( S/;!;q‘ ceeens S;‘:uk) and fiber an open
segment { c.f. explicit expressions (2.1.%), (24} (22.34).

2-1- 74
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i) .
For each element “% ammﬂ» “2Sh, ) e define an
open set ’ by d (A e oo
P P ke, o “ Anw,q. H,( M""&*‘,ﬁ')z\ "fbg’-"» ’gﬂ,:g)
t is clear that(’-{A° )lis a simple coverin of @
I (Z;YZL/&--’*§A;V-‘)’? lc_ p g ""'tz ll .ﬁJé)
5 . o
Foe each Anl\_%p_ define a c¢~ function 1( A, by 7[; ‘(% &2
Then from the induction hypothesis , we know
that the  function u-,h\ 3, < B an asymptotic  behavior
WeT.te _S' ( Jeon S ) from (24 ) and
d"
from that  the fumection W' is considered  in T ( S )
MRS "I /fz-
S
the function U,”’has asympfotic  behavier w.x.t. Fxm(s&&} :
[ 5 v
- Thus the  remained - problem- is  to ‘verify  the
condition (g 1 ) . This will be done by
dividing the cases A common ‘method in every
cases ‘is to integrate a given form in the direction
of the fiber at first and reduce the problem
to the cese of j- 1 . (t ) In the case
in which the strata in series are composed of
first type only . In this tAase, for a given
2 |-kE
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The case in which the series contains at - leést' %

two strata of second kind , ( i i ) In the

> :
case in  which the strata of second kind appear.
in the series . In the case of ( 1y ) the form SP&

/8 4o o
and Y .- ‘f,d’jfi bave asymptotic  behavier w.r.t. ,4, (rng(s )
2] 4 .

Thus the  problem is  reduced to the case  G-1),
In the second case divide our consideration in
4‘3 > . .
. ¥3 : Si‘u"é“‘< Sf“nr{ SJ—M——L——-?——:G T ¥ .
T L st ) and oubside of T' [ S,u¢) . Por a
o, ahe A a3 -
[V'4 0‘;\1;)_‘/' ) L{TARY R .

%’,‘ﬂ .d’ '

point @W&_ w ( S?’hﬂ ) Ikhe form '}?i has ,asymptotj,g

— > N s
behavier w.r.t. 7[34.; ( Fron ( Si_’uﬁ)"ijuﬁéon the vetherb‘and s in
L * y -

Tas

T,( s, ) the matter is as follows : Recall %
G';E;w)';“;:‘( ) .
that for a point @” T_M( Sﬂ:;-,,) , 4d ( QX’ Fron(g )
. ey T i et _
=4 ( Q;f . —S-;’;w‘ ) holds . Moreover for a x})oint‘
W , -
@f;:“, in T ( s ) chg S ), there exists )
I ) . e
i ints Wi Wi ‘ the relak:
a unicue points Uy Qx so that e relafions
- - Xq
( Q. t %) l T s ()= 7 4—10(@,\;():* Gy, s (S

( 2040, @;\m é %Sm) - Q;M(S?uv
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hold .
| R e * =%
Note "that the  comparison relation  : a (e S,\;/A’/) ~
*3 %5 . id Put o ‘x /i’ _ ‘ X(&J}
d ( Qll;hl.’ , N W ) is vali . ’ e 5’ - 3 X;JL’)
- x ( Q_t;Jd) ¢ After these preparatory considerakiens
b )
consider the  integration fof? . - In this case we integm
N .
the Torm explicitly as follows .
1 J‘ 2
cat ANl Ys o w@e m@or HEE-Teho]
P a7 4 >
) -1
* then it is clear that the form \jﬁé has asyrptotic
N - ; . ' i *d . .
behavior WoT el Fon S;:u,) ) outside -1;,(3;\11') Oa the
Ny
. r *§
other hand », in the set : T”—‘f«,"w (s 7\’1)" D , the
oy i~ : . — 145
integration Y 5 Bas asymptotic  behavior mTut. B0
(v Here we s‘)ew& obot khe Case whexe S',z;n has hwo walls . Othox cases  ave Axedable o tha Sane inam
Iin the whole  the Torm \f‘; and the  TifTerence ¢ ¢fap¥
Yen o aspoapte fo o henewior worlt, Rea(S3e). BY  Bhe s redsen
in ) , the ©prodiem is reduced to (i~1)
g j Now the arguements n ¢ ) o~ * )
leads to the desired fact : Inaced the conditigns
(a 1.34) for  the suitablity shows that we can

choose a directed set (T(@,*) of @* so0
2-1- ?7
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%Mm with M 193

n.i.  position  here  is to give

precise meanings of ‘propetties of retraction

maps 'which we eall” ,simgly ' E Qﬁgn#itatiwn

properties  of  retraction maps. Tet (U ,v,P
: -

be a triple composed ef  a neighbeurhood U ,

a variety V¥ in U ~and  an (‘t’rigin 2 P of V .

In this and later  arguements, = when we  speak of

a  Yyetraction mp U of a pair ( U, V)

to a point ‘ P B we , are always cencerned

with not only ’w:_f-.t’h | the couple ( U, Y )

but also witn the couple(ugvlendeie&, with

.
R pe-stratification ,5 of T ( and so a naturgl - stratif:

catiogw of U induced frem _Aﬁ: ) Qur probiem-'
will  be formulated in terms oI a - given pmﬂtratifieat.ien
- of ‘,&2 rather than tne couple (¥, V ) iteelfs -
Y:,et I.=00,1] be an interval in R. Variables in I
will e denoted by € . A continious ‘map A‘T; s ’
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T r(U v) —_ (0 v o is said t0 be a
_f B
retracsion ot v éﬁe if +tne <following conditions
are savistiied,
(2.2.1) T(o v )= ¢, TCL &)
' .
= QL y for any @ & U .
% * .
(QQ i )‘.’L ¥or  each stratum S ¢ /8 ’ an inclusicm
relavion
v, (T-oox 8 &— g*
1s True.,
Given a subcLosaet,f . set Y  of ¥ and triples
P . ‘ f&‘,
;-\’,(6395 positive numbers, < retraction map € of Jé
' s
will be. callea to satisty ( 6 ) - { 6 ) -
I =
disvance preserving proper iy { w.r.z..W) if the
following inequalivy is valia,
, , f s |
A ’
£ ! fl . §3 for t
< ?i-d ( @, W y- €%, or auy poink
QL e U ana ¢ e (g, 13 .
in  the aovove Qe = T ¢ Q), in the sequel tne
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following abbriviation of the 1nequality@will be used.

(9 2.9 )i/ Bra ¢ @ W) = d(QQJW)é(Q/)dA(ﬂ;W)
Given a pa_ir. (W,, W, )‘ of closed seis ot v so '
twat W 2 WZ'_\ holds.,  we define a notlon of
inclusion properiy in the following manner?
Le ('0,3/. (qly be ' couples . A. retraction map T
ol /&* ‘has . 0 (&) — (0’1)~inclus10vn properuy.

( w.r.,t . (W;j .Wz/j) ( (0’)‘—(.0")"1.Po W, T, CW;;WJ‘D )

iz the following econditior is walid,

(;{'Q‘Q’L)Q’ T - fog] AN W, » _W‘ll ) (_,) N;.:( Wi"’wQ

- 2 N
Gu wue otuernanu R for a given pair (=, (g*) o couples,

a map ‘T, is said to . have (of)»—-(oiz)—exelusion

property w.r.T. (W») Wz) ( (G’/)h(c@b-—ex,p. W.r.T. ('W;)'W,.)) .

if the following condition is valid,

(a.92), T: Lot §AW W)} —> & #.(7 W7
L—2-3



E&%gine certain immeadiate consecuence

ot the above definitions : Let W,

be a finite sel or sub closed sets of VTV

We assume the following d.p.

properties

A,
(60« 4@W) = (3, W) £ ()edle, W) (2=14)

s for cach subset W, with suitable couples .,
Then a  simple observation leaas to +the following
%% .y (AN
Bodee Uwo )i f s a( Qu UW, ) £ fudiagm )R,
where ( rF )y, «( (E/) are ~ Triples = defined 1o Dbe

~ . ot » =’ = ~ib b
( ? ) = (MABI 5 M%Bﬁ )M63) ( @ ) ( WMA ;@‘ W“J%P‘BS 7’“”‘3{3)
Next we  examine  elementary

Telations bevweerr th=  notitions
of d.p. and{i.,p., €X.Dp.) . ¥  speak relations 1in  verms
. ) . , .
o1 neignbournoods Dﬂl Let T be a revraction
4‘ -
map of /60 ’ and 1let ( W, , Wz ) be a  pair
of subvarieties of V¥V

. We assume that PE has

(o) = ( oty ( resp. (o) - (I )

d.p
w.r,t. W, ( resp. W, ) . Take a point Q & U
which satisfies the inequality
(Q Q.S%/ a( 8, W) £  fa(a W, )ng

1 -3- 4
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Noreover,  we assume that the map L has ( és )=

/ :
. ( e) j - d0p¢ WOrDtO Wl ( and | ) ( 6] ) -
( 61 ) = d.p. w.r.t. w, ). Then a simple

computation leads to the following

| AV K
(2. 2. 307 d8 Wre gL ( Jd ac(@e Vé) x
' P“; ,&@)?xzpu

Thus we know i@e following fact

(2.2.3) ;| If the inequalitjes
[ % —t/)Sa L
f: > (¥ S g’ 1
/éz/ (/(?z} S""’; 8 €‘ ( ) 2
is valid, then the  inclusion relation

Ti(Oi]xN’(mm)Ch;Z\T(WWD

. , 6/ R( 28
with  s=(s) s,): < =5, 2 sl %}& holds .
on the other hand, assume the following
/ d 3!
¢ . / 2,
(2.4.8), (0, W) = A d(@ W)
Then we  know the following

- L/ /\’/ )ﬂ’-/ A’: "%z
(2.2.3), (R, W)= § (@)(/&} A -deow g (7@)@"
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Then combining (Q.2. ) and (1. ) we  know

v N ; - lS;’ 6/

( ' )/ ANRecualiti 7 B3, vl @3 - A %1 /o gl
§.3.3 TSOANE - BT (L)
implys the following exclusion relation

3 / L
(4.2 3 ) 2 I/ (W, W) Cs Eu (W, W)
o~
Bss
, P 2 A B s /2 2 o
with (89 =( o , &2 ) o2 =0 gse | Oa= %; 5,
In connection with the above observations, we shall

remark the following. Concerning the exclusion

) .
property, ( 2 &) tells us tbat by taking

, .
A g: 7 o’ ) sufficiently small ;  the

exclusion relation ‘is assggé(&&pz.z,]‘mj this sense we

say that the {,p, implies _the ex., D, On

the otherband, if we consider = the i.p. , the situation

becomes a little subtle :  The relation (9 2.) shows
that , 1f we take ( o ) sufficiently large
then the inequality - 7relation is formally valid,

But  we point out that the couple ( 0— ) _should be
E

suitably small in order that the setﬂé(g)reflects

the property of S . 1In this sense we regard
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an _ immeadiate _ conseqguence

E?at i.p. is not
of d.p. Further relations among rthe above natie;
will be discussed in  later .
Now  we shall | be concerned with  our formulationﬁr
of our problems : Let 3] be <
doma; n in ﬁiﬁ sy and let \'4 be an
analytic varietyb in U . Moreover, let P , be
a point P in Y . Moreovet, lqﬁ" 1Q/
be a regular geries and 1let $;h be a nermalizing
datum of %il . of course we assume that .

( /@ C?rl ) is attached toV. W& assume the
2

R,

condition ( c
be formulated in

We note that we
in terms of the
N - neigﬂbourhoods
be called‘ a d=
if the following

) . our problem will

»
terms of the series 68

(et £§2.1)

formulate the i.p. and €eX, P .

T neighbdurhoods rather than

. Aseries T(@‘X) = {T}%&ﬁyk will

series g%&?

valid,

retraction of the

conditions are

9-2 — fp—
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(9 Q’~ 4 )l Maps ¢’ are c¢~- differentiable

on  each set (0;11 x af H Qe © v :

(2 3. j‘_ ), | maps "‘{‘;3 are ¢> differemtiable in
€o,1] x u - ok | .

( Remark ) Because of the existence of

ramification loci, it 1is not possible to sharpen

differentiablity condition (248 ), en‘ncermn& the ré‘rnﬂr:c(&;ons
i gzmxal .

Ney our conceras about quantitative properties

of retraction maps come from sources . (i )

!Lp with respect to closures of strata &* o

€ ii ) Sizes of neighbourhoods ’f;,’s where

the i.p. and the €X. D. are valid,

(iii ) Quantitative properties of 'co-o- differentiable

properties of T’ . These. problems will be

formulated in the following manner,

( i ) Let us assume that a series of assignments

CLEDY L) e me s ons g s,

o aa ; & »
) sppeflsiy woere (87 ), (B ) eve triples
3 )X 4 )

2-2- 8§ —



of positive

be denoted by L’(;J/ {'g’j .

numbers

161

. The collection {@“} {’6 vily

8 214"”

A retracti@n, 7;

of

will  be called ([ @]) o ([@ j) —_
distance preserving if +the map f?j" is ( L@ )—*
x ’.
d.p. for each bre - stratidication _./&?’ : ( Co)-(fn- 4d.7. ).
(ii ) given a series of couples i DZ){ }( OJ”
Y ¢ el ‘/\[
il a0 @
(0‘{&)5_' Erof") where ( o7 ), (0‘5:‘)'(;61’) and ( g% )
= > a—’ -N ;
are couples of positive  numbers . the collections
_ /9
‘ y will be denoted by [ a - .
(ol & é_' 1 : 7]
. . ‘ ’ 1 ,
A map T is ( tO) = (t0O7) i.p,
¥ .
or (¢OM) - (073 . ex.p. if the map ‘L
has the  properties : T’ is (0o ) ¢ o=y
. 2 ;
i.p. (ov ( O’/) - ( @// ) —ex_P. ) for each jre gtrall
. *7‘ AY
Qa,t,on“ : /& . A ; y .
(111 ) Fo state quantitative properties of
c= difrerentiablity, we introduce the - fellowing
notations . LeT ( 8., X ) be- a . get Cof
e . . & ' de
non negative integers. & @ * & GeN) Z

2-4-9
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a "map ot @ Mo( Lat ( )be the collection

will be  denpted by (W j . A map (7: will

be called to have ( [ Kj ) m= Jdifrerentiable
IR
property if the following is valid’

gtk .

(2.32.5) , For  each D;i‘?aé{”é and for a point @°

¥
v A
‘- )T&”( )the following estimation is valid,

(g & 5% )l, lD;;In@b& g‘gffi.&(a)b) e

Using  the above notations | our problem will be
formulated in the  following fashion,
Lemma 2 2. 1 . ( Retractions with quantities )
= . = L —————
* .
For a given series A?ﬁ)j and normalizin%_

functionsgf\ . there  exists 5 set _of _ ascicpments ['\1/(6\'-3

Co ] o) Eﬁjlfﬁ‘[ﬂas well as a series o7 maps ‘[E: {EJE}N

such a manner that the following are true,

(2 2 €) For any series of positive
. l

—
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numbers (x) of type {cf 81 )y there exists a

——

retraction map(z:;('t(@bof @C y SO that the mapz

o

has the following  properties.

(Q.Q.,G)l FE 1s of ( 6 ) - (é/y

d.p.

9 2. é)l (\_C is eof ( O—/)f

\ ‘ / /1 ,
( & )— i.p. and ( 6 ) - (O )—ex.p.

—

(.-4-;2‘@6)3 (7: is of ( D/') - )

@emark . our argoements will be dome in such a
manner that explicit  computations of data (@) ( 3‘)
are compettable in an inductive way R though

we do not enter into tedious computations » Eey
points . ., which enables wus to make computations of (f--
qxe as 'Eou,c ws
The above lemma is spoken in terms of a fixed po#tP,
. . S
Next we will be concerned with fhe variance of
] N
the retraction - with quantities .

2-2-1
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Remakk - . in the connection with the basic
distance preSerViﬁg propertis { c¢.f (2.2. )), we shall
add - the Tollowing s vet b*x:_; be a stratum & *é)
then , for a ret:r:ac‘i:ion map T’  with properties
(2.2 ) , it may  Thappen that the d';p. is
sharpened n a small neigonbourhood of S’i‘::« 3 .
‘§y this réason oy we inzroduce one another neotion
or local distance preserving  property as follows,
ad in (9.9 ) , a map T’ is saia to have
(6,0~ £8)-1ocal distance property | around - s$* ( or imoxe

strictly in sF'(g¥)) it the inequalities

e . o g* ; =
(Bg)-desr 2 MBS £ (B9 d (0T
are valid for a point P in Tj—(sﬂ) e (59) ,

This notion will pe usea for a map ¢

definea  locally in a geignbourhood of g*  ouvly

*
*

yur arguements will

be dene Imha7 {57 fixing
quantivies \ 6@4})’ ( gp(sh“) ) at first $n local
situations and after +that we make use of the
obtained results tq yield a ! global ! result

9—2-13
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is  assured for i . Take g stratum S* of the

2

dimension (3+1) . If a point @Q° is in N (8% fm(d), them

we have the following

C2.2.71) (B)- (@5 ¢ A0, T £(Bess)e (0,55 )

Assume that a peoint Q is not . in N;(s‘fily,‘,(sﬁ). From

the induction hypothesis we know the following

N A’ .
(2.0 T )y Beedo di@ Fol®) £ dlQp Teon(s) £ Blstre O, TeontsS)

wikh  sudoble taiples Bes*y | Bls™d . _’
Cdmbining  this  inequality with (9.9 ) we  have

the following

(2.4, :7 )
with = ’ = .
This finishes “®ur ¢ verification J of (4.7 )}  for
The avove observation enables us to concentrate
our attension to local distance preserving property
in eac: neighbourhood of 3 and exclusive property

( as in  ( ) N
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In connection with  the above  Temark we  shall
make  the following observation : Tet T be
a  retraction of .  Moreover, we assume the following
proprrties of the map T .
( i ) For each stratum S% %,  there
. v 7
exist a couple ( § ) triples ( BhH),  (PGH)
b “dee P
in auch a - manner that the map PZ ‘has
( 6 y =y 6’ ) - d.p. property im N (g" ‘{m(sﬁ/‘.
2. Lo P
( 14 )  For each s¥e ng,tbere exist toupleg
/ . 1 e
( &) (<« (s anda  ( §'7y rin
such a way that the map T has  the( S/ ¥ —
/;‘ (
( i) ) - ex.p .

Then  we

/

( B )=
is shown
of !

gives an

know

that (42) the map

hog
\ L y

(B -

d.p.(;«'g ) for each g with suitable (8)}6/)3 X

aquickly by the induction on the dimension

JAf dim ( S Yy =0, then . the assgmption )
answer for cdv ) . Agsume that  ( a7 )
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Before we enter into - details, we  shall make  preparations

What we will be concerned - here are notational ~"propertiea H

As neighbburhoods , we take those neighbourhoods T ( S Frcm (SA ,.2)
ki -
A“ A

rather than neighbourhoods T (S}, Fron( §) ) . This use of neighbour—
o, )

..hoodI .is for purpose of discussing inductive steps . The aymbols
83 } .

N ~rs ) v
( (‘3%‘“ ), ( (5 ;)K) are used to express distance relations tD
»; A5 A
Fron ( Sf,\ak). Then ( EZ;\,“ Y's: and ( \G?LL) s sre compared in the

following manner.
| AL . } ] A
(&g ) (@"):(@;’.m P )

, WA
(P = (w4 ,m@‘)

. —_;
Also in a small neighbourhood ‘of Sy, ., the distance to S,‘( will

N“L"

N

be replaced by , ‘This is also for purpose of
discussing inductive procedures . Finally +to express natures
of points in a neighbourhood of S;du rules (. ) will be

p) ] R

preserved.

N %
27— g
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n, 2, Remaining parts of the pre’sent section
will be devoted to verifications of the lemmas
stated in w1 . Before we enter int
details, we shall outline our arguements .
Principally our arguement will be done by the
induction on e .Namely we ask ©possiblities of
lifting a given retraction map “C(} witha desnred Be
quantities (é});-‘ cees LY . nere we mote
that , if we ask o _,,,,_,,?,‘fal_ltit?ti‘_’,_e_ cogditb‘io?s ___,vfh__e.ﬁ_-,j__
problem of a 1liftablity becomes subtle thatn a  case
‘jﬁifi.- we  do not W*conéider o.uantirtativev conditions ,
It se(’ieirr»xs " :éééé?mable, to the author 's investigation
to  impose certain dlifmlquantitative properties for T’ 4
in order that  the given map ‘ti’ is  liftable to a
map T°" with suitable quantities . Therefore our
arguement will be done in such a manner thet cares
are taken of about comditions on {(&1- 11 s¢ that
o is liftable | to a map T'"  with quantities .

2-2~15
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Remaining arts of +this section will be devoted
g P
to verifications of ssertions in n, 1° .
Qur arguements will be done inductively on 3 .
ne .1 . Ve stert with .  lecgl situericug
cra a stratun SN Ain  underlying
datum is a geries of retracticn  maps C[;/(;f—.l,--:{,-q)
a 1
. ) 1y i,
with quantitvative s eg 3 ( O %) — (o ).._.
A s ‘
4 / . ]
inclusion , ( 6 ) - (6"' )= distance preperty:: T
- 2
v ) o locar aist ty G
( éﬂ,oc ) ( éﬂoc ) ;local istance property 321,41,
T PSR v ~1so ( a' ) = differentiable pr’ope”ftv @-1,7;,)‘
us cengider a . mag ~ defined in a- se'trl‘f’
A)‘)
;)A l}t -
\,8 ( S?gu.) . . Wwe consider _Eeuewmg
conditions ‘or such a map ' T“ :
- é’—l
(QQ )l 7‘;—;';‘ T ¢ = T )Ld,, ; X
* 5 N
(28 ), For each S e T mee (BED -
(“;'M"\'l)*- inclusion property .
% pag : Ve ( &8 - - local
(2 ‘Q )3 L ( ﬂoc)m; . boe, ‘fﬁ'

R . . ]
dis’ance J_.opertles with quantities ( @bc , ( ?M__ ) .
in each JT* ,4, _ 'i"n %n(g 0. ‘ ]

(9 4. )4: 6[: is o= dlfferentlable antside (Ql]"@'r .
2

and iz :gtimated in e manner

g-2-/4 .
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(2.8 ) 10&15(1;)1 < Ny d(Q, o .{a;xist e‘%z&)a
Moreover, we consider +the following

(9 2 ) Tne x .- coordinate CL'}(T;(EJG.)) is e¢=
differntiable in o  the variable X . .
Furthermore, if a point @ is not in ) then

o~ s 'ﬁ‘b«';‘g a-‘;
Caa o Mz il gy e Hesd

and if @ is in &) then

é

~ N M ¢
Ivten =z T4 ) ©Q
C 9. 3 . ) &JI?
wWhere S is a ( unigquely  determined ) %ir&t%m
containing the peint elr .
7he  above conditions correspond  to ( )
FPinally ’ as a techniceal condition, we consider
the following
o w7 Tt :
( 9 4 ) for each f%ﬂéjgﬁia there exists

a Co]lple ( 5:%")1/ ) g0 't;h a’t 3 .‘EO: a PO in.t @_ *_[F’__ - *

Fa Tom

the relatio®n

1IN
[

% |

is wvaliad with a constant ’® .

a- 2 M



£ a map , definea inl/ T (S%-L Fron(5,) ) s satisfieg
3 Y OH ) 2 Ak :
LYY
the  above cited conditions (g2 ) ~ (@ & ),
we  ssy  that & nep  rie adequate .
hedte R be a subset f(s M )A e defined T
in R , Wwill be called an extesion ofT { in
) if coincides with ‘T in
‘ the  f U re we
a »se’c of  the form 2 s “(5‘ kY -m(SﬁA«) )KZ He
L+ T T 7 v : alde > en B
ncte thet ‘}7:‘ A < LY;‘%\ belde in general .
our problem will Dbe concerned with g extension
ol a given map T . In doing our  arguements ,
quantitative problens which we will be concerned
are of  the following  wwo fegtures .

( 2.9 ) nifferentia properties of L "

&
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. My A
9. ) Local distance preserving  propertys oi T 1t Sy e
. ——
A
gur discussion will e divided imto two
parts : ( 1 ) arguements in a  set of
the form U . sya ) and ( ii )
- § >
o, G
arguenents in Q pet of the form F, A-.-—‘U; ; o
TemTAY G an
Differentisbie popertic. will be ea.xeo( in,
the first situation while distance relatiosns
will be examineu in the second part . arguement
in both caseg are quite elementary . However
discussions wild re ‘one TC cerialir Cetedils .
. 4. . First we  show discuss a problen  of
Tn2aling e riven I l to a ce’t T .
= o . ap §,cf
Arguenments im fhis part will be done as 1ollows ¢

Take a stratum ‘:;}.:éﬂli)and let S;;% be its projection

We rirst  construct an  extension of a map ‘L

in the set ¢ the form _'ﬁ:;( 'I’%ﬂ(g;'{ 7:m(5:«;jﬁ -
a5 *i LA ¥ .

iyt we Jix certain .o0tations used nere .



173

i _ ; " ,
rake a point Q. in T ( S‘{:{, Fron ( Si) ) .
| * o |
. ¥y . %9~/
Then pointe Ui lying over Q%% ( inl/E (S%,. %&{;
satisfies an ineguallsy of the following form

(2.9 ) ;\Sé(a‘fwg L) 2 & d @ %550

with guitable positive numbers (T3 =f%', ZC;;Z)
from C2a ) we obtain an inecuality of the form

L J a. ) li( 1@) - %(dii”ﬁ,l’) }i rl(&ex"' -},,,(2“:

For a couple ( a2 z ) defin@ a point Q’i (a)by
P Y

T Gge= 8 Z(Gher= GEht @ A5

Here ;"n‘ '« are ali the points = ( 1lying over:

W) mUEL(S) emered b o ()

- .
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‘[_‘,et' (ET-‘, ?Ll%f be a triple o1 Dposit
gefine functions oy
(9.9 ) X85, @,

This  function Ijvdis c- differentiable

25 ’
. - {
H“ °‘, KS ‘-}Qw S ) Note that
set 2°( 9 Prom ( S ) ) by
) 3

and vice verss
;& we con | assitme Hwi Xhe ﬁsm(;)‘

.are estimated in a manner

i D&,KS JIS‘:;‘“ @

(a.a )

How we first extend a map to a

i;gsg) < el Qﬁ,’) 1«

For this purpose aefine
vl X3 by
(2.2 ) T (e 4.2
TUen ,U;: 15 estmated as
(2.2 ) JONCE

r
(0.2 )

—

@&(9,

oE

tive numbers .

AR A(TY
(2>)= I( __:W)

7 -Aeie ),
in a set (o,11x

we can replace the

M ,_'.]

(

DN also note that +the functions X .

Y ois WQH-LAA a sek "T’;(s )
— @ :

) | & T, Aot >) ?

- of the form {(Jr.): (X))

“functions W% , indepeudrnt

% (00 KO,
L (6i@)- £ oha

(T Id‘—-,')l Z .,J‘t)i‘ OL(Q;-: g!'m(.% P

2, .. J_@l,)’;,de”% ))(“

wth sl (1075 7 (0.2 5, follaws i v

Q‘* (3, . ) (.:L‘,?- )

ahile 1175 gs kg
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Now we show the existence . of  functicens: i;(@; X
£=1, - 4 defined in a set > i so that the conditions
7 o . y AL
(9 9 ) are  valid . Moreover we assume that I, (ex)
coincides witk  the previeusly given & in

£ o~
the set\»){, st, . rhig is showny' induetively on JZ

¥
Assume that our assertion was shown - for ﬁi'i éss- i"\),>
. At
using functions define VU ' by
(2. ) FE - Gor L) + (Xl
-2 }

L2 rgmy el

2
<
ol 1l
= 7 d A_)_}_ A :
o Bl ﬁ(f’»iﬂ’)@
: S | g
. we regard that this ' function is  defined im (T CT:;( ‘"’)}
v . i : - : AN LY AL
“_ ren quantitative properties of' ' ’ which we make use

are as follows .

(2 2 ) 'ﬁjt is c’i%a%e-fwwé'm of Z

| L fe o ’
(0. 2 ) "T;:t S‘ﬁ: Ses 'mi'an - ), € )~m/€£\_

. . =i o
ihble (1w T, (05 )
(2.2 Y F adbe (5 Y

-,



pefine a funetion

N - -
(a.a ), (6= L (R @y ) )

5}
] (\/
/ LNy
(2d - I, | I;(?,U():j'l)‘t.o(d;-
/
3 s 3 ;8@
rhen the difiereu.,u%:;fx_jc; is ind,e;;'ehdent of x{; and

s mtm(e.qx Siay-
is estimated as {%1:]?(; . 3?:; v ﬁr d:( 4 &Q‘%}o{f

, da> 92@-@ R6)
.L'ilil:l/ taking (& )  sufficiently  small one can agsume
{,imvaw 6.
an inequality of the following form
4y

S
(9.2 ) EE - A Fae)
With — oxhs Keax . qkwn_gr%)

Define a  funciion 3:* by i; Lﬁ“‘&} gt Tnis  iunction
sarisfies conditions (.9 ) ,
because of G
0 be 1t is QULve clear - that

wito

coimcides a set ‘ n the

and so sﬂ»;ajs.‘es (2.2
otherband it i alse quite clear that
derivatives are estimated . drrom abore ) .u
a form What is remainded is to see that

Noke bhadl  the above chadkadl Focks ane volid 1 eny chiiee of ()
is estlma‘LJ from below s i (3.2 7

~2- %/
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Because /E'; ) um(.z{mmo(mim} 95(;) We'/ﬁaz\/\Q

% (W)%L

(SYI

ot %ﬁ: %, s estimbul aa s

so thet %uwvj«j.wb (s axe MM%

om (89 0, Hhe oHedsd ;yﬂi, 75 obviously

Miwrww 4oy Becauae Hil wan be

OCSSUWULOL arbimxlat smal L. ((9 9. )7 F»(\]L Mvj |
[{g’) Smﬁ;u@d\% S‘WULQ/Q ﬂ\,@ QSthoj:om

@mm be Lo ) UCD* 'S stu@(«ﬁ .

2 —2-2T.
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‘ext  extend ~ a map  to the set :(T(s“ ) -
¢bis will be done in an entirely same way as - above,
~ »

SRR 5 w i Q=4 ©
~ror a point g@"n‘ define. @,,)r{ by Ijk@:’e):_ °.~°U9"é>l

~ Because the given map satisfies ( ) =% )=
 inelusien : property , we Rnow that 1 inequalities
ks . .
’x; (@0 e ) 7 I‘ (Q,(a.)) 7 - . i;(g*p;{d)‘), > Ia (Qﬁc—je )

and. estimations

%@ B, | HE-n @ | SN

is  valid . with  suitabe
Qleary | x( Q ) 's are ot differentiable outside
and are estimated in a manmer ( )
with suitable - ( B ) | 8 :

: o
Define. V by

| T, (@pedF UO: )

Loreover derine rD‘ by /V” JC(@, @, (1))-%-;-(1—3(‘(6\(%@,} 'D’,,
a."ﬂi, 3{ (@ (D (é))} T C {- )( (6 (ﬂ>(1>)) 1}; .

‘Then a fw Thig function

ot

Q :Ct j\l\: 4z, X2 Lobe ,x;': li s = 5%41 4w, U= /1\;
coincides with Ay in < . tzxefe
. *_ =
HO(RE )
is estirated as [’\yo-t 4. ,As in ( ) we obtain a Ffune
0
a

tion X so - that the conditions ( ) 2-727F
. ~
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Now it is easy = to derive an extension of . in
a set U ( 8 ) so that conditions -~ are satisfied
This is done iaductively on the length of : S H

Namely we show the following facts inductively eon

( 9 9 ')Je/ FOr a setﬂU TA(S QU here existsan T
i ) n W ®

extension of ? in Ta-/,UL- ) U so that jv
and () are yalid .

. . t X — Qg

Caa ) LEEI = o (8 )

we show the above inductively on : f 1

a strabum of length /e, . Choose a fumction Y.

By = I 3(&5)7 . pefine & iusetion %, = as

Rles) .

in the step ( . ) . - To see the indoctiln step

N . . . ~ i LGt

it is sufficient to put - ~ e L = X el + (-1 X
)b

Now we Smmazize The above @ =3 o 0(3381\/0:/&'07’\/&:

(Q & > (“j(‘or on oxé»fiaz@__wwm ’M/o/P? C_CS)
thoe  oxists an extorsion T &U (Sw )

0 Mt 0T 5 adpuk ond futlymans

~ 2 cz » -

¢



180

No2 we shall continue arguemgnts in  a neighbourhood of S .
our arguements here are also gquite elementary : We
start with the following situation : Given a series of
maps so that these series satisfy quantitative ' conditions
( ) I ), assume that a map(f;r in "U_;é S:J’ N )
is already. 8j.ven : Namely we assume the existence of a

A ¥o k>
map ‘U, defined in Ql( S“\) , so that T  is adequate @
o, ]

a4 : o ‘s
and moreover ‘L satisfies thg condition

| k0 ; a3 C.
( ) T(Q)= £ eox @y

Now we want to.! his map 'C in a

/
' main part ' of T will be € outside ’-U? L

2

se‘ti(ﬁ’jﬂ%",so that L o=

Here we assume the inequality : ('E)v(.?,»c") £,y .

* N
For a given pep Y(;c we define a function ’W"’Z ) in T’jg Sf Fron ( S“ﬂ ))
0’)0' .

b.
hj 7 o
Viz) = P y+ T X

This function zr('Z) has similar properties as w@re considersd

in the previous numero : ( \ ) is cd: function tn«tSIC(,»Z @
. =Y
and whose derivatives are estimated as (9 9 ) with @;
* x

‘ ' ~ )
L= N —57em ) 22225
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2 suitable ﬂ ( OIL )('1) T is estimated (from bélow ) es (

2
RS 8 e . y
with .z,h;t,,uk Y0 ) . Moreover we note that¥(7)is
, | Ted - oo )
estimated as : r)/’(ﬂ,)] < K ~in a set ¢ W
. R
fern ( with =& suitable o ) .
To investigate quite simple properties tof such a map
we shall make the -Gﬂllowing observations Consider
inequalities
I
‘ oy
N 2
(92 ) <« o A8 Fen ()
. C,/
2
, -
(9.2 ) J() 4 A (9, Ao () .
Then . a simple calculation leads to the following

(2.2 ) an inequality 7 p s e ies
J &%\‘ /B:E ;z R . ;;‘ /‘}g"
M)f—QA.QAﬂ\irelatlon - (D (3)> %z‘o'?, sz z(/?.z)

Ao =04 ¢ G‘.A(@p,{r@(s))&f

2) Alsoﬂhl }, ) r@-
ez T B, e o TG

simple computaﬁ.on shows the following fact .

-, >,
) an inequality 5.z ¢ )(__o /?!/ ‘L&)
) 5,1 |

Fo PR Cdz

implies an ' inclusion relation

9—72-76
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Examine simple propreties of a map T(7)
( 992 ) From  the definitinn of ‘C and from € )
we  know that an inequality

—
N O-Cp
&t P Y .
( ) @ RS (m) (tf’ SRy / /\a' Cz i
. . ‘ . . . . [y '(n
implies the following inclusion relation of C )

(a2 T Ea(sy s Ty
) T3‘3(3);,,.D UE;b,_‘
with B (aa® I FE )

Assume the inequality (92 ) and so the inclusion

relation (QQ ) . Then we obtain the following distance

relations to S

Tor ReT. (5,

(2.9 )

7
o((Rg ) & :C&cm@w“? L

~

1 | ‘
2-77 A 2), 3 l:mg Qééj’jg(g> e wse the flliios

@ b vions fzﬁe‘éw
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From - the aboves we know  easily the  following digtance

preserving  properties

bi?s % ?}3 f]
(.0 rpeniite® <]

From the above elementary  observations we 'xémark that

( 5?_(“35)" Gfl 53’%; ) defined by is  small enough only
if (there exist certain relgtions between , 80
far as we use . Consider | following expressions
Then substituting ( ), ( ) we obt&iﬁ
Tecursive relations

G o (‘};( ; i
& iAoy o @B /G = Y 4
( ) A8 }‘:Qi) ;: C:t(E'?’) LE@:)} % = 432)( (/f\i"jz

i =50 5 1¢
tyy. LB,
X (k™) :

Being suggested from the above relation , we say that

is satisfies (m@%) - 5‘ ), (- ) - (f;) condition

if the following additional relations are valid .

( . . %ifj ' e S S
ApEH T < e, T EGED

N - 27LE
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From ( 2. ), (2. ) we derive statesments below easily
( )  For an arbirarily given (. Sj‘;'i) , (Mf}‘:"\;)ehoosing
Cmom  €,), (my € ) sufficiently small  enables us to
agssure the existence of a map T’ so  that the inclusion
relation thilds . with suitable (S ) .
Moreover one can assume  that satisfies ('V'"ﬂ,_) - ( 2 )’
7

n.. From the above observations our assertions in n.l
follow quite  easily : Actually we show the lemma .2.2.1
in the following manner ( We consider additional conditions

for series in question from technical ‘reasons .

( ) - Aseries of maps is said to  satisfy
( ) = )= conditionms if inequalities ( )= ( )
X < :
are valid for any stratum of jg besudes conditions given in

n o1

\J
\
J
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We show the above assertion inductively on .

Because , for ™ =1 ’ no new conditions imposed by means of

( Y ( ') conditions we assume that ( ) was shown for
( ) . We first show the ex in a neighbourhood of .

This part will be sh argued in the following way . ¥e show

the following

( ) For each 1 and a any ( Yy, ( )
there exists a map R defined in a set , 80
that is adequate and (i ) satisfies ( )= ( )
condition . Moreover one can assume a further condition
( )
This fis easily checked to be true : If J =1, it suffices
to define a map by - 1”;5”513 , where (55 03) is small e
enough 3 On the otherhand , for = ’ statements (2{)

&\cv/ DZ 03 &74/0’7;&;'_

( 2.2 ) suffices for our purpose

In order to extend a map in a neighbourhood of
to a whole space ’ there is no difficulty in arguements
if  we follow procedure in n. / . this ~ finishes Qurx
n (iiﬂ(k}:lt' 'S'kj{) . R 2~ % 7 o pf



§31 wwm&ﬁmm%m wth condidim 1

3.1 n.l ¢ be ean N—- dimena:ienal complex
Puclidean space with ceordinates (X, seecensX o)
and 1let | U be a bounded demain in O™ .. aoerdinatg‘
of c™ will be denoted by (Wi .-, %) .« The

) "

praduct @JW + J will be denoted by ZW,. In

the  sequel we simplify, withent  essentisl loss

ef generality , o to be a product of rectangulars-

T = L C‘\a,b ’]T‘:ko We assume  that w«f’ a“g;is smaller than
l . we will be at first cencerned with the

N ~n _

structure sheaf “(9’ ever (E X @ . we not e that when

‘'we speak ef a mneighbourhood ef a peint @ im Z .,
Non _

we are concerned with a . set in C+C rather than

its vrestrictien to X, . Por a peint @'ég.\,,\/

| - -
we mean by PC (Z.) the open set § e’ |G —Ye) < $|€oft)

>

(701 Mo for a fixed couple ()« § , £, ) we mean by
< S\(ﬁ‘l'ﬂ) (Q{) 3 - ) s _
’07 ( $ne epen  covrring eof 8&\*‘ defined to ©be '{'ﬁ:z ® : Re Zﬁ%

Tois open covering is nct loecally finite . %‘ﬁ it is
found to ve commodiate to foermulate eur problem in

terms of such covering for our applicatien o

A g cochain will Dbe said to be ef
3—1—1
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algebraic  growin(d)=( o, , Q- ) if  tue
following estimation is valid .
« A . & ) ¥ Y2
Ao a-olB¥ 1€ A (lr 1)

Our Yirst concern will be to discuss a type of

vanisting  theorems for suech cochains .
Namely we show the following lemma, which
call a vahishing <theorem with algebraic growth
conaition  ( We simplify =te cail V.a. ) .
Helnnla. 3.1.10 ( VO 'A' )

There exists & datum Q}ﬂz B 5 )

S—) — 2
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R s S with which  the folldwing
faeects are valid .
( v. A. L ) the  catum (d, C,@ﬁ?é_ i depending

e e
J—

on ( A =n, q ) only .

. ¢
(V. A I, For =@ given cocycle @

1
in C(N(Z*ZJ(Z,,,O there exists a ( -1 ) = cochain

go that the  equatioeL

* 3§’ o ‘ P 3’
T (\\:?((\rfﬂrixk_.) = gcéck ('\5) ! ) (nv-,,ijfﬂ‘V?

withasukadle  vefinemet map T sodn o5 Ol < @YD (ELum)

ig valid

e ) . —————
(V. A T) 3 Quantities ( @l’ A 2’ h) are given
oy ’
Q / ~ ~ -t Ez["";"“" o .
| :W‘/( 2-/, /7|/ ) x Pl(d',gl) e , 5) = L (O’l t J\l )

Kemark In the above statement , the equality

(VATL) is understood so that the right hand

2
side is understooq to be a restriction of
to by teking a sultable refinement . We
note  that we can assume ( § ’ ) is smaller +than
( E% ). In the sequel we understand the
meaning of coboundary relations as is undersioed
here .

3\



S 3 4 .
éﬁ‘hl*';&. Ey — (me ) we  mean the neighbourhood of ,PI;_K

rrnd o1 b,
| Wﬂ%@g&k‘/ ;l/ b

1390

pefore we enter inte details of prrof , We shall
; 4

fix certain notations . Let §; be a complex

ﬁucﬁidean space . Ve say that a geometric figure 11

is of elementary type it 1 is a product of

rectangulars T O= 11;"di =ENY . Unless we do not

mention otherwise , we assume that w7, '}Z > is smaller
¥

than 1 . Consider a figure > U , Where T

g

is a figure of elementary type . We shall intreduce

certain notatiens used here H Henceforth we
assume  that C &0 §,) is always a couple of
positive integers in this numere : M. 1 . BY P,
we mean the point in eV with coordinates (il -,
by
jv;) ik ). On the ptherhand we mean by Pry
7 —
the point in ¢ - with coordinate (X@H+ mz -

& s !
yedi g };(mﬂ)‘%?urthermore we mean by P rym the peint
v ’E"F.
. N n % o Aoy | %v‘x EL oot 22 102
in e¥ y ¢ with  ceordinates ( :t(pi_)) X{( W {@m;)‘«’) Lf

. < - R i ) [ o o~
defined to pe { e : \IVJQ’-‘IMQE.;JR @)&(»-,‘ ) , ]Wﬂ(epwgs(@nﬂi};:ﬁ
~ g"_
g";‘iﬂoreover we mean by T( (Z.x) the open covering of
Vaon ) o
. R N 5 _ S § _ v _ N z
defined  to be 31 (B = (PN ), Ted’ 04), ket

_ Eere Xy, 's are real aﬂd‘ Ama