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On some estimations of the trigonometrical sums

in an algebraic number field
Y, Eda ( Nagoya )

§ 1 Introduction
(1)

We have discussed the Waring Problem in an algebraic number field
as an application of Vinogradov's mean value theorem (2). This is another
application of our previous paper (2). Using the Korobov's method we
shall provve the estimatioﬁs of some trigonometrical sums in minor arcs in
an algebraic number field, (3) Our results will be given as Theorem 1 and
Theorem 2 in §3. In the rational nv.ufber field_the estimations of this

type are very interesting and important in the analytic theory of numbers.

We use a letter ¢ to denote a positive constant depending on XK alone.

It is not necessarily the same one each time it occurs. The constant

¢ may well depend on another parameter . In this case we write as

c(#*) to explain the meaning. We use the same terminology and notations
(1,2)

as before,

§ 2 Lemmata
Let 2 E (Ao, ﬁl’.‘.,zk—l) al’ld O_(: ( 0(0) D(l,-oo’ D(k—l)
be k+2 dimensional complex row vectors and let ’&'X' = ( Mos /u_l,..., /kk"_l)_k
Be a k+2 dimensional complex colum vector ( we call t—x— the transposed

of M ). Further let A be a k42 dimensional quadratic (symmetric)
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We define two

*
cos Boq) and ¥ =

( Fos Faseees aNk+1)% by the following relations:

S A
_E &" = AYT .
Then we have

B; =

and

k+l

121

k2

Doty ay + Moy Ay + e+ (g Ay o (08iS41)

Z‘;;_ (g)OCi/'lo-*- <i{l)°é'+l pit .. (k'l-l—i)dk-i-l/%k-c-l—i (o5i= k1),

1

Let NS(T; \)1,..., 1] k) be the number of sclutions of the system

of k ( k2 2) diophantine equations

r?pl+9\-2 t oo +;LS=
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where B 9}:], ﬁ\j £ T, (1£j<£s) and 91,...,1/1{ are
arbitrarily fixzed integers in ¥ . Let N (T30,...,0) = Ng(T) = Ng,1(T)e
We have now to describe t"wo lemmas.  They are essential to

prove the following theorens,

Lemma _l_ k 2 2 denotes a positive integer. R is a sufficiently
large positive number, T is a positive real number with the condition
that

T -
k(L 4+ 1/(k-1)) L
(2R) or
with a positive integer 7 2 1. Further let s be a positivve
integer with
s 2 ——=O—— k(k+1) + Tk - 1.
2(n-1) o

Then we have the following estimate:

(k24 25 + ilﬁils_ L(n-1)(k+1))T 2k 2sn~3k(k+l)n + &1

NS(T)éC 5.0

2

where
T
§ = &(k, ) = 3k(x+1)(1 - 1/k) .
This is the Vinogradov's mean value theorem in an algebraic number field,

:' Lemzag  Let m, 4ml be two natural numbers and let Ty, T

be real numbers such that O < Tl £ T, " We define a trigonometrical

sum S as ’i‘bllows:

5 =SByl ) = E‘T'me))

where f( A )

0

O A+ oeee t oy 1 7\k+l and the summation means that A

runs through all" A e B8 such thét; A < T, Let
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Further, we write
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where the sunmation means that A ;, M (1243 =2k ) run through all

Xz € such that | |
| ?\(f) | < mTv, l)tl.(p) \ < mlTlv (1=p=n)),

} 2@ ant’, | p@ ] g em” (mad s aSmm)asy ).

v
Then we hav.e
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This is fundamental lemma of Korobov in an algebraic number field,

&3 Theorems
Theorem 1.  Let T be a sufficiently large mumber and k 22
be a. ’pois“..ﬂ‘;ive- ﬁteger. ' We may suppose that k%logk <L or 4 k- k% logk
and We'ciéfine 5 an& s= § by § = Max( k—r,rj and s = s = Min(k-r,r).
Let f(ﬁ) = O(‘u +_0(2j12 + eee + Oék+luk+l s ‘0(_3,_ '_',}d'lfl + . +_:}'Cin_?n ,k
( Kiqseees xp) € U, (L21iskel ). We put a number o w1 of E(h,t)
which is defined by the Farey division with respeét to (h,t), where

h = cfkSDPTS. , ¢ 232, m =[s%log2e?nland t = TS, Then we have

¢l

2 2 ‘
D= 96(1ogn + 3) k logk
where c¢ 1s a sultable positive constant depending only on K,

A

cT s
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Theorem 2 Let & be a positive number and assume that ¢n <r <

(1-¢)n (0 £ ¢ £1) in theorem 1., Then we have

C( £ Jn)
- 2

lsl s c(E,n)Tn
where |
c( g ,n) = 1/ 321og(2e? n) log( 2é2n/ g2 )).
To obtain these results we must use some resulbs of Siegel and Mitsu%gf
the estimations of trigonometrical sums in an algebraic number field( h,S,é).
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