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HEBAFBRRAOEERLC O AT
RIEARFEYHE M % JE =

(- |

B, BENBEEHEORES HFER, ThbbERES FEROFESE
EEREREO—DEADTRT, BLOAARLOTZOROWENLE
BeEEECAER, BREROFESERNAFANES Rdn, e
DHERBBLOATRS.

4 h§° *35EHE LT, KM [-h,0] % n WIL Euclid =
B OB KETERER0AKE CEY B5eE O TEPTELM,
C' & norm

(1 ol = sup {[o(H I &ébmm} :

3 D7 Banach Z@E%3. £ T Ixl @& E' @RI 5 norm
FEDLTRS. COEE, HEBIFERAIROISCEDLINS. -

(2) (1) = £(t,x,),

ceT . |
i)  §@),@@&.ng @'Ft‘m%ﬁéﬁﬂﬁ%ﬁ“
ii) X REM [a,b) (b-a-h) THEHSNREEELx(s)

o s=tela+*h,b) wRPZRM [t-h,t] WCHETZ
cogment  dEbL.
x, (3 = x(t+¥), Fe[-h,0]
| RAEEEEDT. BohE xec ThA.
i) £(t,4) B [0,9)xC TERAEKEEET 5.
ICHbATRAL S IC, BREAFERAEIESHER
(3)  x(t)=F(t,x(t),x(t-h;),...,x(t-h)),

) hm>hm— 1>v e >'h1>0



OFALEHELAIOTH D, (3) @& ((2) ORAEFELEZDTw»
B. +%bb, h=h LT C 85 B} ~OBREARBESE
Hj¢ = ¢('hj), (j=0,19-~-:m) h0=0
PELT,
F(E,Hg,H 6,...,H 8) = £(t,0)

k3 E 3) BREBBKR (2) RREETH. 4 N5 (%) %

I -h. <¥<0
n‘(’\?“= J N (j=031,"*am'1):
J [ 0 -h<y<-h
L I —hm<\?'<0
W) =
0 =-h_=-h

( I R8EFH, o REFHA)ARZ2 (.n)- FHRE$ThE, chidF
REHT

0
de’: f [dn‘(’\}l)]‘»(\}) (j=0,1"";m)
-h J

THEHIND. CCTHEPR Stieltjes OEHRT2E2 B. LAa®E>T, &
HoE T FBR

(4) i(t)=A0(t)x(t)+A1(t)x(t-h1)+...+AmLt)x(t-hm)

n(E, ) =0 (£) ng (I +A; (8 ) G +. . +A_ () n_(49)
TabD

: / ) Q«_
Ag (O +A () +. . +A_(t) /=0

Ap(E)+. . +A_ (1) -hy <0
n{t, ) =1{ ...... cee
(' Am(t) : -hm</‘:}’<°hm_1
: Y=2_h =-
0 A=-h_=-h



kO E (4 BEEK

(5) x(t) = f?h[dﬁﬂ(t,g)]x(t+§)
TEDLEINSG. -k, (2) oiETo f(t,y) x ¢ KﬁLTﬁ@@
galkd, (2) Wt KBLTEKE, VvV CELIERSH %553
(m,n)- FH 0(6,) EBoT (5) OBTEDINBCLERIN
Tnd. Bl £(t,9) & t 282hwviald n(t,) 3 t cEEE
%3 OREES 5 (Riesz-Nagy-Halanay).
EHRHEAHBROBRES B FEROBLL 2 ARCEEINS. +
DB, x(tio,ty) B tetge[0,=) DLE beC TED (2)
OETHHER, 25 80 BEELTKOLHE 1), ii), iii)
BREDEDOC 2 Th B, i

i) x(t;6,ty) W@ [ty,ty+s) THEHKTH 3,

ii) xt0(¢,t0) = ¢,

ii1)  x(t;e,tg) @ [tg,tp*e) Tt CE+AEMEER

35, Z2CT (2) %W LTwn5.

‘ﬁ%@#&-%’ﬁkﬁmfﬂ (2) kAFTIZR=E iii) OIETEIE
ETAHCERRINTWS (RE 1il) T C »XHOBBEAEZROLK
THEERLTIRDO T DL EMAE  £(t,8) 8 » CELTEED >R
DEECHRAYERFTNEER ¢ ¢ BAFNFLTACELEIREAATRAL) .
—BEHL O TRF 2 Lipschitz p4p

(6) [£(t,9)-£(t, V)]s Lus-vy
BEDLTEFES TS, B, CCTERLTEAAC THED R O E
iﬁ%ﬁ%ﬁ@ﬁ@%éw&izrcﬂﬁéﬁﬂcoymfﬁéﬁ%ifm&mc&f};?.
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I RO EFPEELTEIEBOTEMAELCDTERTH S5

. ThEb
b, x(t;0,t) % t=t

0 Orxr ¢E¥EH (2) OBBETHhA

t
X(t;‘bito) = ¢(0)+ Jt f(S,XS(tb,tO))dS tgto
0

B x(tig,ty) BHFEETEZEIRIZDTRS.

BEYTHE LTEEERNRELEIDTVEIDELT, KODIDOE LTS

Bellman, R. and K.Cooke, "Differential-Difference Equations"
Academic Press, New York, 1963.

El'sgol'ts, L.E., "Introduction to the theory of differen-

tial equations with deviating arguments'. Holden-Day Inc., 1966.

Halanay,A., "Differential Equations: Stability, Oscilla-

tions, Time Lags" Academic Press, New york, 1965.

Hale, J. K., "Theory of Stability of Functional-Differen-
tial Equations" (Lecture‘Note, unpublished).

Krasovski{, N.N., "Stability of Motion" Stanford Univ.
Press, Stanford, California, 1963.

Yoshizawa, T., "Stability Theory by Liapunov's Second

Method", Publications of Math. Soc. Japan (to appear).

2. REM

EEBRAIFBROBOLEY, FRECHE T EHL, —BK, BESF
BROZhIEMAT Euclidean norm % (1) TEH#EINL norm
TEERARIOTEHEIND. REXWE, X

0 & (3) OETH

BLE (ABERCINERESTS ). Ch#l t=t

0 RRATEETS
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SEl,
ERILCE 2Nk ¢ >0 kLT

v
-

pon<s === Ix (%t )< e, ¢t
VEDIEDES R 8 >0 RBHEETS.
c&f%é(if,h%w¢ﬁﬁ<e  Ix(t;0,t)l< e ThahiT
Lnctd norm om# (1) hbHLATHSS ). BEs FESE
RwtT x=0 x—?E@Eﬁ%ﬁéﬂ~ﬁﬂﬁf%é&%;ﬂﬁtng
TEETH AL ELLEDE L=ty TEETHBCE(zoT 6 1 ¢
OH2%b s t; KEELTRIV — 20k 2B R x=0 d#zET
BoHLaS, & Bt REERCLZLNLLEEEFHE x=0 B—BEe
T%%&m@)&@@%f%%ﬁ;@ﬁﬁ%ﬁ%ﬁ@%%ﬁ@wﬁkﬁit
B\, |

1 (Zverkin).

(7) x(t) = b(t)x(t-31),
[£(t) t0  (£(0)=0)
0 O<t§%ﬂ
b(t) =
-cos t %W<t§3"
1 3m<t

COLEEED ¢eC LKHLT t=0 Orx ¢ PEH (7) D

Ay
¢ (0) O;t;%n
x(t;49,0) =
-¢(0)sin t §n<t



TEDHLINDL, BCH x=0 & =0 EKRATEETS
t >37 DEE (7 i
x(t) = x(t-27M
2
ERmASeD
,$w1
(8) A = e
> ) T ~ }\.t BT oy N Fom Eed -
Pafd AR LT *Fea @HEEBEOEE 2 KHLT
A, Bb et (§y WFER AG%%Q?w%@as
FhRlEonE &2 RS EnEelb T AIRES
. R . .
& & % TS (75 OF
}\Ot
x(io¢ﬂ,t1}se a {a#0)
; £ 8L e F fa pm £ &
B toe 2HREERTL. BECHE x=0 @ =, KR
Ve

# 2

%

o

&&baﬁ x=0

. LV
{Krasovskii}

25 EEED

x(t)y=x(t)-u(t)x(t-h({t)},
Th(t}

u{t)=2e s

1

5t U2t<?
h(t)= -

1 2<t
beC R LC
x(t;9,0) = ¢{0)e *, t >0
x=0 & =0 THER
x(t;0,00>0 THBHE t >3
x(t) = x(t) - 2¢ 1 x(t-1)

& t=t;23 R ATEETH R .

HERS>TRAOB SR IBOFENIREEMAS LT,

o&EERE

Liapunov

E, Thbd, EETHD

D



TOFBERENRFEDO—-DERD TS, & oy BT

S LT,

Liapunov WHEEH

LEE) TEEILRRERK

PAETELE V(t,d) BREEFERX 2
FREnA. coT, Ly @ Co 6 THeH = H %2 edyod
EEBLHLTNS.
(i) Vit,¢) WEEF, V{(,0} =0,
{ii) X airy (ThEbHB a{v)=0 (v£0%, af0)
WEH DT
V{t,$) z alle{0r})
PE BT,
7z
(ii1) J?Z}V(€,¢}E§i;‘J{V{t+ﬁgxt+é(¢,v}}w7{ta@}}éﬁ,
+{
ot X(S;m{t} W s=t ©or& ¢ FEALH () o

7z
pr:

Cx

BT

L

-

CDEE, WOEEIBELIR L.

EWE WSS E

EE L
BEETNERE x=0

B, V(t,¢) BEH

fiv) EEEEREHR b)) 2T

(
V(t,¢) 2 b(iep)
D LD,

Ehledld, B x=0 BF—REETH5.

TEH2 Liapunov WEEFHHKME (1v) BlL &kt
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(v) FEEESEEK c(r) B3>T

+ 4
D[Z)‘v(t,gb) = ¢
BRYID(COLE D, Vit ) REEHETHHE

Y

5 ) .

i

;)

r

A, (2) o x=0 F-HMEITLTETHD.
iy

akFEA (2) wx L Lispunoy RWEXK V(t,s) BELELT, C

h&  (6) oo Lipschitz £E %27+ r (2) OEHA

Do)V t,0) £ Dy Vi, e)+LiX(t,¢)]

BRYIZDZErHWT, BHE X(t,3) CHIT22HHEO0Y & TES
SOBOFE P ERLCLEBHELC L IEBIFTEROELLARTS 5.

FOFBEOHBRELT, EE2COwTld  f(t,y) #H Lipschitz @
EEFEI T EERIVTIDOCENTTRHEONTwASD, Lipschitz W
EHEBEL0EHT, 2eil, BEIFBERACRG 3 T RBERCABT 5
BThkBrC b AEEREOBRBEERS FRROBELCR TS —RIHIC
GEETHS. Lh L Krasovskil! KIDTROBAEBERL LA TR 5.
ENEHHBR

(19) x(t) = -ax(t) + bx(t-h), a>0, h>0
LT ,
0
(11) V(t,s) = ¢an2+uj 8(:) 2av u> 0
-h

ExCE V9 jeH (1), (i), (iv) 22kl Twib. B,

DEIO)V(t,¢?=-Za¢(O)Z+Zb¢(0)¢(-h)+u{¢(0)2-¢(~h)2}



Th200, COBELE  4(0), o(-h) KEFTHRKEREIALE » &
b2 - (2a-w)u < 0
EAFLE D V(t,0) BAEBEEIRS. u >0 EESICHSTL
Wb, T OEMER
(12) b2 < al FEDL b o< a
THERALNDL. $2bb b 8 (12) 23k TEELLCL>TH
x=0 B—RELZETH 5.

FBEOFET, ZHBRIFER
x(t) = -ax(t)+b(t)x(t-h) a>0, h>0,
X(t) = ‘ax(t)+b(X)X(t—h)+X{t,x(t),X(t—h)).

(ccT X(t,x,y) @ t WELT—RIK x,y CORTERTS 2 )
OFE x=0 & b(t) BEfH |
sup{[b(t)]; te[0,s)} < a
TR TEE, —REBEEETHAC e MAC ENEERD. OB x
HEAFEAR (1) CHLTH, A=A () # t CEERTZOH
FRETNTEOEEE 232 %, B %
TagB + BAy = - (1 BFEEFH)
&I EEREAGE, M, (G=1,...,m) EERAEEEXHTAL L

N
T n (0 T . )
V(t,9) = "0(0)Bs(0)+ ) L¢GQ)M5¢(V]dU"
i=1 J-h. ]
]
B L
DY V(t,8) = -T8(0)(I-M.-... -\ )+7f% Ts(0yBA. 5 (-n.)
4{_1)1/ 9 ¥ t -l 2w “H‘; ~«€=7 ; ‘r\jb j
;E_T
A @(‘hj)wljd) (—h])

=1

Cd

-9 -
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BBOND. LekDT, COBLH 6(0), 6(-h),...,0(-h )  (cH
LTAEE - RERERD2DD0 Mw@w% R HEME, TEDD
'(4) o x=0 W-RBELEEELREILDORIEBEEB L EHEH
k5.
Liapunov WEH THE A LiapunovEH* A TEEHKS FERO
BOFEEr R+ EEL R~ L 5 (KrasovskiY-Razumihiv) .
EH 3. HE#Es FER (2) kLT Ostee, |Xj{<H TgEzHIH
kot (1), (11) a3 ERERE W(t,x) ¥FEET LI

(2) o x=0 J-REETH5.

(i) EEE, #FROEREE a(n), b kFLT
a(lxj) £ Vvit,x) 2 b(Ix]),

(11) &L, ¢€Cy @& Witrf o) < £(W(t,4(0)) (Je[-h,00)
AT ELE, st OLE o EEA (1) OF

x(s;9,t) LT

(13) DTw(t) < O
b, et fled g flrlsr (00) ks
BEHEEE, w(s) = W(s,x(s;6,t)) T Dw(t) REHK
W) o st wYr LEEAGEEEY (wer
right-hand derivative) # 7R3,

S V(e = suptW(eeS, 0 (D) Vel-h, 0D pmm Loslra

A

FLEERTLER LD THAADAS .

B 4. EEHILCRAT, c(r) 2»HEEEEHREKE LT (A3

il

pYw(t) ¢ - [s(0)])

ThkeEbsbhbdabid (2) o x=0 F—RELFEETH

- 10 -



5. ERRKEREMGN S ER

COHTHE, (2) ROED

ft,9) BERBREBED
TH556%F425. $hbb (5) KHBELT

E R H)

. /'O
(14) %H)=ﬂ%)=J

[dn(}) Ix(t+3)
RELDL. COFHAE, SREBRFURHESFES

COBEERBICHB LT, A
CE+2FEX (ch®

(1) oBEEFBREES)
£0
det ( J * Edn{@)}eké’- xI) = 0
-h
O {zh% e (14) OFEAERSE:

VD RERCEE S RE bR L
Twhb. +%b%, ROECEIREDL

sl 5.
S, (14)  og~ T®@§ﬁ®%ﬁ%ﬁ@§t%@c*d
(1°y [-h,0] TERBIN T NTCOXGERZEHE ¢ kXL
T
ﬁxt(qb,to)}} < e @ (t-tg) tzt,

BRI D. 2T X@wﬁ&@i{M) DTS D

K, ® QEOEETS 5.

b

(2% EH20&GY TR Ta%e4+ (14) W+ 5 Liapunov

N Vie) wEETSH. Le2>THE x=0 It —
HEEETH AH.
BICEHES TRNXb N Liapunov WE X Lipschitz OFKHEE L

FTCEBEHLNTRLEDOT, MirEkoZBLbhb.

- 11 -



102

H EHSOREOD ET X(t,s) ¥ t KELT—RIK ¢ KELT

sxrthrrbix (1Y) omsHR
(15) Sc(t) = f(xt) + K(t,xt)

D x=0 A—RELELETD 5.

AV BEHIE>FER
(16) x(t) = Agx () +A x(t-hy)+. . +A x(t-h )

DHEARIE, COEFAFERR

—hlk -h_A

m
i fi A -)\I =
det(A0+;\ e ooLrA e ) 0

1

EhRDT, chiZd@BBFERXNERD, CORIERKICSH 5 (Pontryagin)
BEFEOEE v RHELT Rerzy thbiR » AEAFEETHS.
iz xFER (10) oEAFERE

ca v be o =0
b, thEikd A= aris  (o,8 dEEK, I TEEEAM) K
A LTiE

ible = fara)Ze 8%
R Do . B @20 D& &E

-oh _ SN2 .2

bl > ble™® = Y(ara)®es? 2 ava z a

v

Exb, £ (12) DR ETHERRZRBEOEHE» %324 (10) o
EERHEELACC EHRANS. LaL, coff (12) @ (10)

DEEROERTEIB I XNTEATDIROOULELZGETHAZNR. +45bDb

(11) @o#o Liapunov WEKLGEET L iz (10) o x=0

% T%éi’t&b@dé% HETE xRN

EdEATERX (16) RET %A LHEBR, (14) oFEAFRIKOW

TYEBEOER  KHLT Rer >y LasEAMEBAERETS 5.
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CoCceLhb, EBELCELLONRREE v ¥ LT Hale AER TR
v (14) &z

{&ct) = Ay (t)
(17)

i(t) = £(z,)
CERINBTEERLEY T Al Rek 2y sz (13)
PEAMR * EEBEEIEDTEAMRL S 2ERFACTHY, 2, & C
OEAEM COBEETHE. 2T £00) © C KRU 3% EEDE
AREFNTEEEL S + L VATHE. EEILHNT, C % ¢ 1o
BEDRA TR AROBERLOND (COE 2 EHE3 TR E
X(s50,t)  ELTHC KEEEZR0DBEELACELSE) . 20
C & & Hale Kié%@iﬂ?%’ﬁ%ﬁéﬁl/fméi&etxﬁx&,z (14) &
EEBEE T2 CEERZ2FE2HAE Lty (14) 3203 '(14) D&
HROMBOFTH R ANLCELEE2BEEL LD TRA. A cOBAR (14)
OEEAR (15) k¥ LT Hale RIZZE®EEFECHEF (17) oEE
R LTEEEA FERTEE  EREHFER |

| V() = Ay(E) + Y(t,y(t),z,)

(18) .
¢ xt-zm*th-ﬂ(wcwadf ez,

((s,M €00, x T 1 parameter) m2bns. cot x(t59 g
t=0 DLE ye 2EL (14) oOfF, X(t) & t=0 CRT %
MEER X)) (Jel-h,0D) BB« V=0 TAREH%, ERICLIDOT
EEAEETHEALND (BICRe A >y 253 3 Shws ki X(0) = 1,

*)  "Linear functional-differential equations with constant
coefficients'" (Contr. to 0.E., 2 (1964), 291-317).
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X(H) = 0 (Je[-h,0)) &%B) (14) OFHFEEEDOLTRA.
RE i, ROEEEBOLND.
6. (14) PHEROEREHAET_TAETRE 0 TH D, =K
B0 THEEEROEFEHMORTETNT—RTTH I ERES
A. TDOEE (14) O  x=0 HEE, ARCITXTOREE
RO Z23BBOBECEFAETS® A ) Ths. BC

[x(t, 0| = gt o, Jogﬁﬂt<w
¥Rt ERER ¢(t) K nEEHR (15) OBITNTEHER

Td 5.

4, Control % &tLHEBI> FER
COFTIE control S HEEMHS FER

]

£0
% (1) j [dn(®) 1x (£+) +bE (o (1))
(19) |
Tcx(t)

[}

a(t)

CoWwT%%5 (Halanay) , 2T @) @ (14) THE2bhrh

REGZEE b, ¢ EEHE vectors, f(o) BF&EH
2

(20) kloz < of(0) < kyo (0 <k <k, <k)
AT EREEEL TS,
FfHOoRGF TR &b, (18) RMCRAT v £#H>PKELERN
T -c3hbd z;ﬂ b, ety T ¢ @2 (19)

D % &

t
x (e, ) = xt,to(m+-Jt Xe.gbE(9(s))ds  tlt,
0
- 14 -
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Led>T

t ,
(21) x(t;9,ty) = x(t-ty;9)+ j X(t-s)bf(s(s))ds
¢ .

0

T t2t
Bronsd. coT olt) = cx(t54,t)) Tz, #Hic 0

T tto 1
a(t) = cx(t-to;¢)+ cx(t—to-s)bf(g(s+t0))ds
0
ThEbD o(t) = c(t+t0)&i‘s< &

T tr
(22) p(t) = “cx(t;d)+ j,L cX(t-s)bf(p(s))ds.
0

TTROBE RN .
) BoHER

t
o(t) = u(t) + J v(t-s)f(e(s))ds
0 .

CRAT, o) BHHBE (200 22%L, uvt), v(t) BRALFVE
DECAHTHERLZHAEE I DERER THDOTCHE K,

1 2

ult), u'(t), v(t), vi(t)eL ,vel” LRETH. cD& &

(23) Re [(1+iwq)v(iv)] - £ £ 0  (-w<u<e)

5T EE @0 BEEFTLIAELE o(t)—0, (t—>=) TH 5.
Fic, Ju(t)], |u'(t)] ¢ Ke *F BEAEDER K o Hbnid
R(0) =0 %ADLIEHFEEE RK) kLT,

lo ()] < R(K), t >0

%) Cf. see Dole%al, V,, "An extension of Popov's method for

vector-valued nonlinearities" (choxoclovakii Mat. J., 15 (1965),

436-453) .
- 15 -
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BROTD. T Vg v o Fourier Z#+ibb

T(iw) =}j e 1oty (1yde,
0

COMEBEXPHAATROZEERELNS.
EH 7. 3L (14) oEEBRESRTCTEOEEL 23D, D

50 (e<wsw)

HA

Re [(1+iwg) cX(iw)b] -
PARTER q >0 BEETHELE (20) BEF £(o)
R LT (19) OBREBEIALETHS. 2T X(t) & (18)

THEz2bNEID.
. s (1°)  rbv (22) ResF s x(t;e), X(t)

e x| g xpett xR BEOEK Kpzlel

oy ix(t;qﬁ) <Ky
o (YC%JLL"C%‘«fC LTwhs. LeHFDT

u(t) = Tex(3e), v(t) = Tex(t)b

KZ’

THH500HLHK, u(t), v(t) 18

TX(iw)b
(t—>=) %8B 5. LR

ExE V() =
HOREE TN TEHRLTnA. KK o(t)—0
x(t54,t)]—0 (to=)%85. Hi

oT (21) kKX

N

0 i
[ J L 1ew)| g K5l

BHHCTEDD

AHEE K> 1
at

{x(t;cb,te)i < Klee'
ROTHEIIDT [p(0] SRKLK), t 20 %83. ¥ K—>
0 (Jel=0) THAH:H (21) Ki>T M0)=0 %2HEHFHEK

WK) BB DT
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[x(tse,t0)] < u(jop

BROED. $hbE (19) OBRGEHES TS 2.
X(iw) 2RDTH B L

. 0
X(t) =fk [dnGH IX (t+d)
T 505 1

[o) . © . ﬂ
5 e Mt (t)dt = j e 10t J Cdn(®) IX(t+H dt
\ :

U 0 -
et T Liwt 0 4.c ® it
e X(t) + id e X(t)dt= e dn B 1 e X(t)dt.
0 0 -h 0

i,
-~ 0 s ~
-1 + ieX(iw) = . e Vdn(H 1 X(iw)
Th5bb
~ 0 Loy -1
X(iw) = -( e [dn(P) 1-1iwI)
-h

ERD. ThLLEHIBROISCEERLIL N .

EH 7. 3L (14) DEERETRTCAOERLEH %8 5, 4>
T (0wl ‘141
(24) Re[(1+iwq)lc(J et dn(H1-iwD) DI+£20  (-w<w<w)
_h -

TARTEE a0 BHEESTIELE (20) 4 f(o)

CANLT (19) BENEETS 3.
EERERERESFER X = AX BoEESs FES (14) T L
T,
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IO g
A - I, J M dn(H T - I
-h

FROVCENZNENLOEERFFES L lC+niE, & (20 @I
(HLNTAbEES FERICHT S Popov O(F—) EECEHSHE
ROBEAFFEEES FERORB T AEEAFA TR Eh 2O ED
Twnh.

Halanay  W@EIC, o(t) = ‘ex(t-1) (v > 0) Ok &5 (24)
KRBT HEEERDTAD. Thbb

= H 8. L (14 oEFEIINTEOEKKT 22T, 22D

i . . LT 1wt . - .
Re [{1+iwqg]) ce X{(iw)b]-, 20 (-=<w<=)

1
k

PR TEE q >0 BELEFLELIE (20) %3kt £(9)
CH LT o(t) = lex(t-1) THE2bRTWA (19) OTHE,

EAEETH L.
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