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Friedrichs-Berezin @ B3 & BCS reduced
Hamiltonian @ zx~2 P A B
MPEREEFER = K & &
BEFRS m # & #

§1. 242032

HEIEOCOFAEE (KERFHAFHER15) CrvT, L0
Y8R, TONBCHA DT LHEMEERL DR

{1) F A. Berezin: The method of second quantization, Nauka

- Moscow, 1965 { ¥ ¥ &R ) ; I Academic Press, 1966 Dec.
O~ HLly EOo—F Lk, Lo LEEXHRBEELT, BCS #Hag~
OIEHERSS. |

BB T{LO operator T&Ebh e Hamiltonian (self-adjoint
| Gpeb‘rato:r ) @y‘X'\“ﬁ' brELLRALTER, HEICEARExOH K>
TR LELERESA TR a8, BEREHICHED A $0LBELT,
DD AR RSN R FEAEABTS B . 2)

Berezin W EOET, FEMEMOMS 5% RFLoOPETAOT 2o
WwT, —®REBEW %o Haniltonian % canonical transformation
RIDTHAILTAIEEXRLTwE. COHETHEHW S quadratic
Hamiltonian Q@O AKX DV T, Berezin PERTMNTH LI
20 Friedrichs OEM ) OBEBRROWTRANG. BbOERMA,
BOEFEO Hilbert SMTA~s b v efpsMEE, —EREO
Hilbert ZM TOZNKFZELEC G EE LS TEHESD 5. XE, LD

HRICE, WARLADBWEER DA THADT, EEBEICHhAd ST

I tﬁ

HEbhn, 20T, CCTH, 2O—D0EEREEFR 4, BCS

(r
)
S|
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® reduced Hamiltonian @D RA<NRZ bV 2RKDADCHES .

§2. Berezin omE%

CCR %17z ¥ operator DHAOARZELICEATH. ACR OEA
V. FITCARTELOT, ABRERZTERNT, B2OERE>G
HLEED S .

L% involutory Hilbert space, &, ¥,»»+, A, B,+-- %%QJ:UC
84 4 integral operator & L, unit operator »HEBEICl TE
b 3.

R % *

CCR fa,a ] =1, J[a,a]l = [a ,a ] =0

EABRTIF—RER

¥
DEERPEL A /4= (__ _)0:15 cancnical transfermation @matrix
v o
Eridh ‘ J01
ATA =1 RU  A'IA =1, fHL {\ (z.1)

ik d. B, B_ETILO Hilbert space IC¥!F 5 unitary
operator U BEHELT, a = UL, 2 = vl rmosm, 2
@ canonical transformation % proper TH3 LS u‘
Lemma 2.1, A % proper canonical transformation @
matrix TR A2RDOURTHFEMEL ¥ €8 (Schmidt operator).
G=1{A4;ve 8 |
Gy = {4 ; ¥=01<G

A_ @ real correspondence® % 2 % EERTH B
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= -Im(9-v)
7
L

= Im(e+¥), D = Re(s-v)

rf’) TR EHZE—#Ic canonical transformation

D matrix T En»
¥, AD&Enb :
GBI =1 R BrIf = 1 (2.2)
PEeT. 2
A€EGcmHBer = { B A-D, B+C € 83
A e G=pe Fo={fB ; A=0D, B=-C}
Lemma 2.2
*
i) A, CiELD operatorT, A= A'€RW, C = C
1) F(t) = [§ e e 0T e g
) 1
111)  [Sp F(O)F (£)17 Wt locally summabie
-C AN
e exp {it(_ _/]EG
A C

Theorem 2.1,

o1, +fT Sy,a

H = -2-(a a ) . ( %

/ S T a

i ]
X normal form (T € §), o self-adjoint (T' = T, S = §) TH
HEFT 5.

i) T=7T,5=35 ii) S eg
T

1ii) § (u@positive const)



- tal
-
™
[}
s
H
=N
P e
C
* =
S
"\q
s

S T

1%

a o a T g £l Sy
A%, ( .\m-—»"'” ) D& R ( )._,*, 4’ ]
a;‘/, /Af’ \5 /} 3: _%'“\S T ol Q‘S ‘F/irlz%’ ﬁé‘?f
-5 Ty -1 /-8 -T
(3= (T
T §/ ' T 3 ’
LETAWB, Lemma 2.1. kKro7T
-8 -1
V(t) = exp [it ( )] € G
B, ov(t)o e g, B o eC ODHEEFHCER VAL LN, [

ULz &%, real correspondence 1 = Uob“*i9 Wet) = uv(s)yuTt
. - . -1
EOATwnziE, tWit): ¢ s %5 1€ F ODFERREET L.

o  *B
W(t) = exp {t( 6) 1
-y

a=1Im (S+T), B8 =~Re(S-T)

y=Re (S+T), 6=1In(S-T)

L £ED symmetric operator @ set

N

T=1{7;2 =%, ImZ>0}
Bw  1=14(7;7€% z-i€ §)

2Ex25. 4, 7T c+aB80 operation %

-91-



Bz = (Az+B)(Cz+D) "L | 7 €7
TEETHE, KOCTERENVZ 5.
B E€F, ::4320=ZO fELZ, = i€17

2¢7, BeF=PLET .

we, 7 ofT, Wit) KETAREA2RBL. I(t) = W(t)Z

(e D rHwT, dI(t)/dt = 0 HOREEOEA T HER S H ¢

1

<
(2.3)

®545. L, S=85,T=T b a=6=0250LF>k. %,

FMLEBERL, 8,y >u>0 Thb. cOoFBRO % CBS 28I

T22. Bk, 1,€7 BRED (COFEHKE, 8,y > v RW©
TES BWHEDLDNTWE).

TRE, T =X I e Iy =1 RBIER - =(A B)ﬁp
REECHETET

1 1
> £

1
A=YZ, D=yl pavyZ& cop

(4DH4, X =0 #%#>2T B=20)

BEL®. ftektrd A€c i

L LD tREAE W) TEF,

/4 = A = U-lr-lU =

#
b} P
—~—

%D,
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}_)
et

My, a=Y sl (=vhyl), k-lspa.

§3. F‘riedrichs OHEEw EOER

%7, MEKE TS Berezin DHEHOHEINET S . MEDproper
canonical transformation % A, -vhurBeT, gaftosfe,

RBEF LndkEhbBOBrEDS.

() -7C) () =8()
BELT

0 .
B = (0 D-1> , A, D real (3.1)

OWERE( §2 © L RHEB) +2&

ez 00 - kel )0)

ERAD.MEL S, Treal2BhdbbfFEO%.

alal aplgptl (o) raaBic AD BES (KHALOESE)

u b
:, (V) - U(b*> Xy

H 1(b b*)(0 Q)(b> b¥ab + Lsp @
= = p
z a 0/\p" Lo

%t BeF, »b
C AD' «DA' = A'D=D'A=1 %D Aloples (3.2)

2T, Y=AlD(=v) EBwt, vyy=5 [ (2.3 EAL1%
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ETdlrr v, Mafltostid
11 11 1
D=y Z(YESY ‘7& z (3.3)

CBEA2ONE. HARAOMER (3.2) & (3.3) 0F AD %
KDDL ERBES AR . KO 2 MOBE 52 5.

| 1. . 11111
a) Al - pay? Ly =y 226 0Z, 7 ’
101
Q= Yz y’l’? . {Berezin o )
11 1.1 1 11
A Vi 7 .
b) A= Zv“ , Do=wty 2, BL o= (viay° ?,*' Q2 = w

(Friedrichso g )
° Berezin VHEHERADRISK, Y- 1€ 8§ Thonb,

b enples EH

CAT*-D
oa) & b) HLTOEXESR, Ab0, KBS ALERICIOTEILES
CEBRELDT, MEDA~I b Mk —B+5.

o b) EowTid

1 ‘ 1
) L ‘r? Gl \ , w,szl
R Y R G

LEIB, B, B, dRkCEHE (2.2) 2ERLTYL.

171 -1

-1
A A 7-D
: -1 1 i
o /4, = U BU = ( o )‘
LA N S T U

§4. B HORKRNZ bA R DHEA
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e v > Ty >0 . 820 Tel 0k multiplicity n

(<m)®ﬁx&&¥w%%%i%g@@z«ﬁbwaﬂﬁéﬁﬂfma.

CORERLED K, = [Y?SY?)?— VO KL BEr DR A~ v
EdD, W ORDANI PANB OBLBNTETHHC LB NS, w OF
HIE 0OEEEE~D projection operator % Pp *Rp, = 1-p
L& |

a -1 g
Lemma 4.1. %iﬁ%( ,.\.) = 1 “ﬁl( ) kxb
a

0

= ()0 )- den(] )
= aa = ={fn ( ( )
z s T/\aw/ 7 0 wz) n

1 1 1 1 0 4]

= 5(&.n,) )( }*‘ €£n)( }( )

2711 (0 wz 0 7 c0'g 0 0/ ng

N — - L
B L (;) R pi(‘)} P 5(01 Pi) s i 0,0

. £ b. .
R P L - 1y | 1 sp
T (u) Bu(l) & g, p -0
) 1

0

1

A Pn ‘1{505 dx o
pOz.»@/ )::( m ) , fm@POL@basis

\qm fnafmdx
EBERTHE
1 o2 '
H.= hi‘mbl oy lem +.const co(4.1)
S m= ,

EhA. ibl’pm} = {bf’pm] =.0‘ f@éﬁ;g» (4.1)i §:= §1®40

]

EAMINT, H=H®I, + L®OH . rthscismLtns.

LOEBRE LD B L
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Pl

& (]

*

R
i

b . - “1../3
( 1) =ulp zlplﬁlluk )
b# a®
1
,E _1 a
°) - P8y -
0¥1 N _
T)O ’ a
EE: o DIHUADR~s b ArOTHE u (> 0) 243,
wam'!'puPO (0 <p < 1)
-1 - -1 - e
Sp z v 2‘mg‘{ = B + DZUZY ZPOY
1 1
2272, 7
S, = %(BO+Y) =S + 5 w oy ZPOY
_1 21
1 122 7
Tp = 7(y—sp) =T - 507u7y 7P0Y
CHLOERE, PjL ORITHE n <= hbEDLK,
2 2,4 "3e2 '
i) g 2o /ly A, i) T e S Hexa.

Lemma 4.2, H

itl

b ' . (3
U-lﬁlplﬁzU(b%) * U_lﬁﬂco(ng)

1 To Sp'a
(aa*)( X )
z S T Aa*
o p

(4.2)

(4.3)

(4.4)

b*wpb+const = bfwbl+pub*P b,+const

0°070

b
/L, (b%) B (4.3) EAURTERALAZ. %
' 1
Gwt 0y
By 2 ( | _%_/)c‘:?‘%c‘:
0 (pu)

b 1, - ) a
(bz) - utp ! podallur(a*)
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DT, by, b & by, b OMEREECTR, B, G = 5.9 %

YHFEANT, Ho o= H @I+ &Hy EEPTAL.

i
(e}
©
o
o}
¥

o <= D& g’x(i*) +(§,¢}‘ DE L proper T a

% A unitary operator U 7573‘??%“’:?‘ B. %2 LT, av =0 by
- -l  he =g { = A @A
«VC?@L,%O = U Ty ETE bog =0 . Ek g-ﬁlsgo
- = 5(1),5(0) (1) . (0) -
CHFAT 999 = 297 %007 1% 7 = 0y Polgy” = 0 %D

SEINO) CA4 b e
ogt) L ofD) ko, 1., .ﬁo b —BICEND. COEE,

41 & K ~on®, bt Re (D Bowrnn

.
xﬁf&@iﬁkﬁ. |
Theorem 4.1. Py BHERRTO & %, Lemma 4.1 O H# ﬁ
T self-adjoint K&Z’:Iik%bf, H & ﬁlf‘ self-adjoint

(1) _
T 31% =

L5ETRE.

0, Hy & ‘gOT self-adjoint THEERX~NZ P A% 3D

P;L

1L OEBT, vOBHBERANI PARUKZOMO R~ b LITH T

b b
N . X ac)_ . 1)
5$bﬁﬁ%9§&, iacL U P.L THEDbT. <b§c = ac(bz >
s ) 1
ng _ :
4 = gac‘3 ﬁ's® 5’0

He=H @I, @)+ I, ®H &I + I &I ®H,

g = . = . = L
LL,HaC bk wb, ., H bkub,, H REHE 4.1 kEFELC

—FH, SOMABERIA~NZ PAVICEFT B2EHE~D projection % Q(l),

~3

0 0.

s

2



e 0@ a1 Wer o) - () () - ()

XE>T¥EDLRR Fock space % f—(l) , f_(Z) ET 5.

(4= 40 @ £

Theorem 4.2. HMEBEOLER TET %o0Msss, ko

unitary RV SHEET S

Fac

pv) = 4 | Ry

; 7k = k. VakUk = L%
fVal\z’* = bac s Valv b'ac
viWys - g o ML (1) - asa,
§5 BCS HmBICET 2 reduced Hamiltonian ® X~ b

reduced Hamiltonian 277 ) i

CKV) = Ky (V) + K (V)

BLK (V1= YIS : =1 P ,
LLI\O[V)- st(e(ﬂ()agkasﬂ{, Ky (V)=-5 ﬁ(zkyr(i‘k,u( )ai‘ﬂ(aé‘_kaz_&,alk,.

askﬂ,”:a(’s*ﬁ(' P’iXLf_/ s, }%%ﬁj% E\ BETO ahﬁ'&iiﬂjagion‘ Cféatioﬁ
operator, %?‘@ A¥gliE n’CP’W}i‘v "“iﬁ’?ﬁﬁt@%@&‘?‘@ (sx "l
= r(k', k) g real, BEo ko< Jk[, k'] <k, ygm 0, e(k)

= %:kz -y BEEOESYEA. L Fermi energy.

Bogoliubov %% 4)»5)

= % - )
" T PR 2ok T ARV Rk (U Vi

ERG, u, v EEHCEDD (BREET) . KE oag, of TH

L, '@/ D) Fermion pair. @@J @1* PE 2 RESERE

* %
ik %2ik
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> B*

ke %2k %1k T By - Boson operator %

ry, ofg *3g
ALT, V-+« (L N/V-const YA DTW. 29542 ¢

B(k), B*(k) X5 Fock space TW,® operator T, #52% >)

T, = T + ATy - , , - (5.1)

T, = ZJB*(k)E(k)B(k)mk
T, = -Eg;;gjdkdk'r(k k') {- B*(k)u (&)+B(k)v (&)} \,
x{-B (k' )u (ﬂc')+B”lk')v (k' )}

6 —

24 | k), 1&1 <k,

o ‘ ‘

REL 2 }* 7[1*E(k)], E(k) = {/e (n<)+c (lk),
V R c‘ '

e(ﬂ\) k| > k

Clk) = ’S{iwﬁ,k'JCCk“) dk

CH) g om (5.2)
vtm e:z@ﬁi:gf\ Lfcx 5 R — & — “f%;m(mj r= 1 g, DL, K
@ﬁ%%k < “k‘ < k &Z’BLZ) - “ |

oyerator (5.1) ’&‘?ﬁ?p@%%(ﬁ@%é&. /f’(@l‘oﬁ S, T, S, ¥

PELBCLRARD .

S = 2E(K) - E5133T<k,k'){uz(k)ﬁzck')+vzak)vz(k')}
T - o (k) a0 vE oy e ? goul ) )

(2“ | (5.3)
8 = 2E(k) - (ZAjBFLK,ki)E(ﬁz %%%%%
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Y = 2E(K) - —2—T(k,k')

27)

RZE 5.1 : (5.2) @%ﬁ@ Clk) OFEZRETS.
° TUGK') = y(R)y(Kk'). PELECHEHES

° —RDOBALRDATIHLH 7) THLLA TV,
e 5.2 ¢ rk,k')ES (= TES)

Lemma 5.1 Byy DA~z PAELT, ( X

1, 220
NT R~ —dg 3 ),

DS <2, REL Egcamin BEK) , € 5, Y O@ER~2

0’
P, RIEERANZ PAVOERBRITZW.

i) S <28 © 8, v DEREREDER~, b AKDS. BIC 8
ESs=0 ERRZ AR D.

YE-T ¢ EFCLE,

r(k,k')
VETKY=T VETKT)-1

2EEHELARELE, KOBEEHE A = Aisdgoeee(> 2 = ) BFERTHEMH

1

() B = 209 % 2 < Ey TEL.

EHEHFBREy = AK(1)y  E%b. BL K(z)s

EEEEVD. \EEELAL 20 COEEES 4 e EFBE,

1

2
1’ 21
@ {2; 2 < Ey, 2 # (21&(»'%@%%%#@} TER, BIb,

ZC T resolvent 2. Chdb, i) DEI¥ESEH B . g, A OEH

(8-22)"

ﬁ&%ﬁfﬁoﬁaﬁbnéo o< By T, HEEEEDIAE, R EE
Lk&é;x@ﬁﬂ%ﬁkAjﬁ%ﬁ@%éttktb%%aﬁm,i)@
BFE 1) OHERLLE. yKOWTIARM. 272 85 S = 0 A=

NZMAEIDCLER,  (5.2) Yh ¥ =g=-—Sn €l pgp
k e +C :
@,Emmwwﬁivfrmﬁwwwmw LEBC ERbbBE.

FA il ¢ : ) . S
BE 5.3 : d=1@&é,a@x~p5WQTﬁzgmggg,

]
LA




o T{k,k") = v)v(k) b, CORBERILDITwLZ EEFTE
Lemma 5.2. v > g, sl B, = 0 by DA b AOTFHE

s (5.3} BT, Lemma 5.1 b WL AH.

Inecrern 5,1. e s.1.3 @B ET T (EAEL 2 = 1) € Theo-

Iy
T
v

fis 5.2¢ . HE LB T, TETHLTET L+4.

Theorem 5.2. fi 5.1, 5.2°,5.3®0% £ TT, (x = 1}z Theorem

CHRERTRES

COFOE LW W 5.1, 5.3 SEBLCRIDTRE r@%%m@ﬁ

BEINTwhwy, ${kd rikk') = vy&K)v(&') O¥ 4R Theo-

vem 4.2 HEHEERA. SOk

T;\{t:“*}} = TaC@}Ig@I{} + Iacfg T:sﬁlﬁ + }'a{:@lg @t

kv, T, psEEsAs T,0=1) WTFRERT, B0 TREEETH

CRNE R é}a« ToT,. R’ jf; CETL T, =2

B (KT (k) B (k) dik

L ———

,
E o= 2 VidE T, enerygy gap 2E %r-% 2Ah. A, TOYT I Theo-
L hes ﬂ a0 P

rem 4.2 0 Hy QM BEANS FARED. RO OEBELHE 6)
8) ¢k o Ikl <k, T y(k) = const OHAIOENEEE LT

1
£ v

SHOMER
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o RAREY, TAYV - R EBOFSE accessary variables OHHEE
TEHATHAREE.
o XM 8) THwk asymptotic operator RIHEE, zofEo
B, YORZNOEBHELTR~Ns bA%k L%, etc.
Appendix ACR O%H4&
ACR fa,a*} = 1, {a,a} = {a*,a*} = ¢
{a b @ ‘i/) ‘
ez s —nzn () - Aly,) 2rL 4- (0 L)oo sn
BELD. AWt NE &G
| /0 1y
ATAT =1 RUE 414 =1 {ELI=(10)

1
Z

= (e6M)°U , Udw=2%Yy, r833. (A.1)

(CCR ori, BOLEBHEHNOIDOLLMB). CR 0 BB
A properg\?éﬁ,i?fﬁﬁﬁf G, Gy ¥ERINL.

4 @ real correspondence FWRD &L b :

BouAio (A8 @l u-L()
A = Re(o+y) | B = Im(e-v)
C= -Im(o+y) , D= Re(e-v)

Bp =1 RT g L (A.2)

AE€CS|PBEF = (B ; A-D, B+Ce )

A €G,=pPEF; = (B ; A=D, B=-C}

(A1), (A.2) % (2.1), (2.2) (<{bThHHbHIdK, CCR <
& symﬁlectic group ¥E 220K L, ACR T orthogonal group

TELDTERES.

-102-



Theorem

<= haan (0 7)(0)

i normal form (T€§) %D self-adjoint (T'=-T, S¥=5) - TH 2 &

5.
i) T=1,% =5, ii) [S,T1€ 8§
iii)  S>u>0 ,  (S#T)(S#T)>u>0  (n id positive const)

‘=>'3/4'EG, (:*)3/4(5*) DL
H=b*b + k

2, k i const.

kB, Tl o* 7

T O Berezin DEEOEWE, §3 THLARAORBETAS. HE
® Afl €Gx 4-ulg UE&EAT, B =((‘;‘_1 D‘_}l) , A,D real, ¥
LT, HELORHLE Ber 2ba, DEaps.

(as) =v7'(3) » ()8

E>1T

) 0 -igyxy 0 -iactephy
b= oy | )=—2-'(uv) 1o ( )
iy 0 it lya 0

iy y v

E%%. TCW, v = S+T,8 = S-T =y ( BEEHOLEHENLDL ) Th 5.

-1 -1 1 ,-1

A" 7y™D T = D'UWATT (2 a = Q') EEALISK AD B (WA

feost) x, (V) = v(,) wrox
= 3004 (3 75)(pa) = b*ab - Lspa

Ethb. —F, BEF »b

—1Q3 a-



CAAT = DD = ATA = DD o= 145 a7l leg (A.3)
1, HELOKEE, Y - Al pLT s Yy g,

Y=y hon? ez,

1
Atp = T“I(YY'}X (A.4)
EEB. (A3 (Ad) o280 -
1 1 11
a) A=Y 2, p=Y o 4 oa= ngyzg (Berezin O )

by Altayle,p=1,@mpLw- it L s e =

o Y {X normal opevator
o Berezin WK 1r—oT Y-1€8§ HEEHIDLLATLLILL A €6
;a)&b)wﬁWGO@%%EJOT@%.

e b)Y lEDowTE, CCR DLa2oBosfE%2iodtn.
1}{{» %?‘
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