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§2. Construction of a resolvent density {Proof of Theorem 1).
From now on, we fix an arbitrary bounded domain D  of
RN. The following criterion for a function on D +to be A -

harmonic is easily verified and will be frequently used in
this paper.

B2

Lemma' 1. Let ¢ be positive number. A function

u on D is ¢ -harmonic, if and only if, for each ball B

with closure contained in D, it holds that

ulx) = 5 B (x, y) Wy) 6(ay), x € B,
0B ‘

where dﬂ(dy) is the surface Lebesque measure of a B and

§ |
nS(x, y) = - 5 63(x, y) , x€B, y€ 2 B,
: y

Gg(x, y) being the resolvent density defined by 1.1) for

the Ball B.



For functier;s-ru. and '%r‘f}cm D, let ‘D(u», v} and  (u,
v) be quantities,ﬁ;éf’ined‘ by 1.3) if they have the meaning
anyway.. For éach ‘(}\ > 0, consider the function space Hiy
defined by 1.4). Hy , t:‘onta‘insv the function which is
identically zero on D. Later, wve,‘shallv-show that it con-
tains also non-trivial elements. Let usiﬂ put for u, v € My

*

2.1) Dy(u, v) = D(u, v) + 2d(u, v}.

Lemma 2.2. For each ¢ > O, Hy forms a real Hilbert
) space with the inner product Dy(u, v).  Moreover, any Cauchy

sequence of functions in My with respect to the norm

pf Dj{u, u) converges on D uniformly on any compact subset
of = D.

Proof. Suppose that u € My , =1, 2,..., and

Dy (u n= Woruo- um) —3 0.

n,m—y +po

’

Let K Dbe an& compact subse£ of D. ¥e can choose § > O

such that the closed ball K£ {x) with radius E .centered
. . 2.

at any point x € K 1is contained in D. Applying Lemma<T

to the ¢ -harmonic function u,o-ou, we have

2.2) un'(x) - um(x)

1
- 'T/ZJKE(;@ Naly=xD) (o, (¥) - wp(y))ay,  x €K,

where Va is the volume of K£ (x), ly - x i is the distance
between x and y, and )’{d(r) is a function of real r > O
wvhich depends only on d > 0 and satisfies 0 < Y (r) < 1.

The Schwarz inequality applied to 2.2) 1leads to

i
b
(WS

1



(un(x) - um(x)2§_ —\j—/—g- (un -u, u - um)

5:%7; Dd(un —u o, ou - um) R ‘x € X.
Thus, wu  converges to a function u on D uniformly on
any compact subset of D. By virtue of Lemmgaﬁz u is also
‘& ~harmonic on D and the derivatives of u ~ converge to
those of u uniformly on any compact subset of D. On the
othér hand, 'since u,n = 1, 25..., form a Cauchy sequence
with respect to Dy( *, +) , one can find, for any ¢ > O,

a compact subset K C D  such that

SDi{ jgrad univz(x)dx + 2 J un(x)zdx < £

D-K
uniformly in n. Hence, u € Hjy and D&(un—u, un—-u) I—l——-—;—-ibo
0.
2‘
LemmM‘ Let J > 0O be fixed.
1) For each x € D, there exists a function u(x) € Hy

uniquely such that
2.3) Dy (u(x), v) = 2v(x), for any v € Hy .
(x)

2) u in 1) 1is a unique element of Hy minimizing

the value of the functional —\:}_’ {(u) = Dy(u, u) - 4u(x) on
iy .

Proof. 1). For a fixed x € D, define the linear
mapping § from Hy to r! by .§(v) =2vix), vE€ Hy .

9 1is bounded, because, if v m 0 in lHId s, then,

2
by Lemma’?2, 2vn(x) n—__—__;—w 0.

The Riesz representation theorem implies 1).



- X
2). We have only to notice the equality ¥ (u) = &:(u( ))

+ IDo((u - u(X)7 u - u(X))y u € ﬂﬂd .

Definition 1. For o > 0 and x € D, denote by

RQ(Y) = Ry(x, y), y € D, the function u(x)(y), y € D, determ-

ined by Lemma 3.

Definition 2. Let Gg(x, y) be the resolvent densi-

ty defined by 1.1). Define the function Gd(x, y), d> 0,

x, y €D, by Gd(x, y) = Gg(x, y) + Rd(x, y).

Before examening prperties of Gy(x, y) stated in Theo-
rem 1, we prepare three lemmas.
An exhaustion of D is a sequence of domains Dn’ n=1,

2y+..y such that the closure of D is contained in D
n n+1

and Dn converges monotonically to D. An exhaustion {Dn}

of D is called regular if BI&l are of class c3.
2,
Lemm&¥4. Let o > O be fixed.
1) Any non-negative g -harmonic function on D is either

identically zero on D or strictly positive on D.
2) The function w = 1 - d G% 1 1is strictly positive on

D. Moreover w 1is the unique element in  [Hiy satisfying

2.4) Dd(w, v) = 20d(1, v} for all v € Hiy .
Proof.
2
1) Since Lemma¥1 implies that the value of an o -harmonic

function at any point of D is a weighted volume mean on the
ball centered at the point, 1) is verified in the same

manner as in the case of harmonic functions.



2) It is cvident, by the .QLP’Y‘_QSS:R\M‘LZ} of QGS{ , that
w is 4 =-harmonic and strictly positive on D. In order to

show 2.4), consider a regular exhaustion {Dnll of D.
: n,0 .
Put w = XDn - A TGy XDn , where %Dn is the

n
indicator function of D, nGg %D {(x) = SD Gg(x, y)dy
and nGg(x, y) is the resolvent density defined by 1.1) for
D - L is | --harmonic in D s converges to w monotoni-
cally and (consequently) uniformly on any compact subset of D.
2.
On account of Lemma\"/, the derivatives of w, converge to

those of w on D. Denote by !Dg( ,‘ } the integral 2.1)

. 1
on D . Since w_ belongs to € (])n u o Dn), we can apply
Green's formula to w_  and v € Hy , obtaining ﬂ);l(wn, v) =

20 ¢ XD » V). This equality implies the inequality

, n ’

n v n ,

Do((wny wn)"’ 4(){( an 9 wn) _S_ Dd(vf V) - 401( XDD ’ v)

for all v € ®) . TLetting n tend to infinity and using
Fatou's Lemma, we obtain

Dy{w, v) - 40{('1, w) £ Dd(v, v) - a1, ¥).

Thus, w € Hy , and if we put, instead of v, w + g v

in the inequality above, we arrive at 2.4). Proof of the

uniqueness is straightforward.
2.
Lemmé/& Take an exhaustion {Dn}' of D arbitrarily.

Let "Ry(y). and TGy(x, y), 4>0, x, yE€ D be the func-

tions defined by Definition 1 and Definition 2 for the



domain D . Then, lim HG&(x, y) = 6y(x, ¥), 4> 0,

n n— +
x, YED, x % y. Moreover, for each x € D, the equality
2.5) lim  "Ry(y) = RY(y) , y €D,

n— +4&

holds and the convergence is uniform in Yy on any compact

subset of D.

Proof. Let nGg(x, y) be the resolvent density
defined by 1.1) for the domain Dn. Since nGg(x, y) in-
creases to Gg(x, y), we have only to show 2.5) together with
the uniformity of the convergence.

Let us fix x € D. We can assume that x 1is in D1.
Let us denote by superscript n that we are concerned with

Dn instead of D ; for instance, H“f and D; . It is

clear that, if m < n, the restriction of the function of

W} to D is an element of H_ .
o m ol
If m< n, ve have
m n X m,x n,X myX
m
= D("Ry, "RY) - 2 DQ("RY , "RY) + DQ("RY , "RY).
¥e can apply Lemma to each term of the last expression.
The first term is not greater than Dg(nRﬁ , nRﬁ) = 2nR§(x).

The second and the third terms are equal to —4nR§(x) and
ZmRi(x), respectively. Therefore, for each N, it holds
that

N/n_ x m,X ngx m,X My X n,Xx
2.6) 0 D("Ry - "Ry » Ry -~ Ry < 2(7R (x) - "R (x)).

for any m and n such that N £ ™ < n. 2.6) implies that



n,x . L . . . n,x n
RJ(X) is non-increasing in - n and since k&(x) = ~%— Dy (
x n.x . ! . n.X ’ .

n&x , 1Rd) is non-negative, 1”&§x} converges. Thus, 2.6)

£

2, , x ‘ ,
and Lemm%Y{ show that nR;{y} converges to g o -harmonic

function ﬁ?(y) on D ﬁniféfmly*anvany comp&ct;subseﬁ_gg D,
and for eaéh N, the restrictidnfcf' nRii*ta;fDﬁ”*édnYEfges Lf4‘7;

to that of Ry in the norm mg
Let us prove that ﬁﬁ(y) :?Ri(y), y € D. = Since Ré

v 2
belongs to Hdn’, Lemmiv3d, 2) implies
Dy ("RY , "Ry ) - 4"RY(x) £ DR(R™ , RF ) - 4Rj(x).
Letting n  tend to infinity, we have, for each N,

DR , B - 4B (x) £ Du(RY, RR) - 4R(x).

Let N +tend to infinity, then

Dy (B} , RY) - 4By (x) < Dy(RYy , Ry ) - 4Ry (x).
. ~ 2 :
Thus, we see that Rj € Hy and that, by Lemm®’3, 2), the
inequality above is just the equality and ﬁz(x) = Rz(y), y € D.
24

The proof of Lemma¥5 1is complete.

We have seen in §1 (in the paragraph below the descrip-
tion of Theorem 1} +that, if BDn is of class. 03, nqd(x, y)
is nothing but the Laplace transform of the fundamental solu-

tion of the heat equation with the reflecting barrier boundary

condition for the domain Dn and the latter is a tramsition

density on Dn . Hence, we have ‘
Lemmgegi Let <Dn? ’ {an(x, y)} and {ngd(x, y)}

be those in Lemma 5. If {Dn} is regular, then for each n,

we have,



2.7) Tog(x, ¥) 2 0, k>0, x,y €D, X % ¥-

2-8) < nRO((X,- y) ‘?: O’ &7 01 X,y € Dn'

2.9) dj "G)(x, y)dy £ 1, >0, xED .
. Dn
2.0 Moyl y) - Mgl w) + (4= ) | Peate )%
Z, y)dz = 0, A ’['3 > O, X, € Dl’l, X f N

¥e note that 2.8) follows from 2.7).

Now, let us complete the proof of Theorem 1 by the
following series of lemmas.

Lemmg%{. Rd(x, y) is non-negative for J > O,

X, y €D and ()\SDG&(X, y)y € 1, for >0, x €D,

Gyulx, y) is symmetric in x, y € D and continuous in (x, y)
on D X D off the diagonal. V
2.
Proof. The first part of Lemma 7 is an immediate
2, 2.
consequence of Lemm¥5 and Lemmkfg. It is well known that
Gg(x, y) is symmetric in x, y € D and continuous in (x,
y) €D X D off the diagonal set. Ry(x, y) is symmetric
because Dd(R§ , Rﬁ) = 2R§(y) = 2R§(x), x, v €D.
¥e shall show that Ry(x, y) 1is continuwous in {x, y) € D x D.
o Y

Since Rd(x, y) is o —harmonic in x and in y, applying

2.
Lemmgv{ for any x, y € D and for sufficiently small balls

B? and BZ containing x and y, respectively, we have

R,(x ) = ( B . AT

A\Xy Y} o= hd1(x, z) Rd(z, z') @i2(z, z') 1(dz)6;(
2B, JoB,

dz'), where 6}(dz) and Ka(dz’) are the surface Lebesgue



measures of ¢ B, -and 0 B,, respectively. While, Rd(z; z')

being continuous in z' for each gz, S Rd(z, z'} 6.{(dz")
2B 2
2
is finite and l -harmonic in =z. Thug,
j S Ry(z, 2) 6,(dz) 6,(dz") < + Do .
BB1 0 B,

Since Ry 1is non-negativg, Lebesgue's convergence theorem
implies continuity of Rd(x,y). The proof of the latter half
2 .

of Lemma’ is complete.

We will show (4) of Theorem 1.

24

Lemma¥ 8. Let K1 and K2 be compact subsets of D
such that K1 and the closure of D—K2 are disjoiht.
Then, sup qj(x, ¥) is finite.

xEK1 5 yeD—Kz
Proof. Without loss of generality, we can assume that

S= g(p - KZ) N D is sufficiently regular. Consider an

regular exhaustion {Dn}' of D such that D1 ) Kz. Let x
be fixed in K1. For a fixed n, set D' = Dn - K2 and
uly) = ‘nGd(x, y), yED' U 9 D'. Since So ul{y) = 0,

. y ‘

y € P Dn’ we see by Green's formula that Qé(u,rku} = 0
iy

holds if vECH(D'U 2D') and v =u on §. Hence, the
equality

2.11) D&(u, u) = D& (v, v).u D&(u -V, u - V)

is valid for each v belonging to ;§ = {v; v 1s square
on pL u o b
summabi?{g;/ has'square summable weak~derivativé§fp%¢e ¢(p' U s)

2)
and v = u on’ S} . Set 8 = sup u(y) and u1(y) =
_ vEs



‘ /
-min (uly), 8~), yED U S, Obviously, mé(u, u} 2 Dg

o

holds for v = u

).  But, since u, €F u,

R PEE

u u
1’ u

4
and consequently &1{y§ = u{¥)  on D',

We have proved that if x € K, and y €D -~ K, , Thun
;nG&(x, y) < ;égnad(x, y). Lét;;;'gg—_z;lrigyend' s-,g;‘» infinity,

3, e ; .
we see by virtue of LemméVg,~G&(x}(y} £ sup Gy(x, y), x € K.,

yES
vyED -KZ. Thus,
sup Gd(x, y) < sup G&(x, y) .
x€K, , yen-K2 x€K,, yE8

&
The right hand side above is finite by LemmaY¥7.

Let us show (3) of Theorem 2.

2
Lemméfé‘ The operator Gy defined by 1.6) maps
B(D) into €(D). Moreover, if £ € €(D), 1lim d,Gdf(x) =
A—>+vo
f(x), x € D.
0 : Ly 3)
Proof. ‘We note that G  has the properties of Lemma”9.

For f € B(D), Ry féx) = S R&(x, y)£(y)dy is  -harmonic
I D

°

2, 2,
and bounded on account of Lemgafé and Lemaa(?’ Moreover,
2.
we see by LemméYq/ that for any x € D and sufficiently small

ball B containing x,
ld Ry £(x)| € jaB ho(x, y) |d Byf(y)| ¢ (ay)

< sl ] nRe v gy ——— 0.
x€D 0B A= +bo

2
The proof of Lem@EJg is complete.



The foliowing-lemmas are (2) and (5) of Theorem 1.

fﬂ.:
Lemma T10. Gd(x, y) is a conservative resolvent

density on D. Ry(x, y) 1is strictly positive.

Proof. We must prove that Gd{x, ¥} sétisfies the
conditions G.1) ~ G.4) stated in the beginning of §1 and
the conservativity condition. Gaﬁ), G.2) and G.3) are

: &
already proved in LemmaV7.

Proof of resclvent equation G.4). Take a regular

exhaustion {Dn5 of D. Let f and g be non-negative

continuous functions on D with compact supports. Owing to
2 .

2.10) of LemﬁkTg, we have for sufficiently large n,

o), - (£, "oge), + (d - ) (a1,

n

2.1;) (f, Gpg)n = 0,

where (u, v)n.denotes the integral of wu- v on Dn .

B dB xep XED

and that nGa g converges to Gy g on D (since, nGgg
increases to Gg‘g and nR:(y) converges uniformly on any
compact. subset). Hence, we can delete both superscript and
. . . ) L2
subscript n in 2.12). Owing to Lemma and LemméTg,

the left hand side of G.4) is, for each x € D, continuous

in y €D -{x}, and we can see that G.4) is valid.

Proof of conservativity. If we show that R(iﬁ S

Hiy and that
2.13) Dy(dRg 1, v) = 2d(1, v),

2.
helds for all v € Hy , then, we have, by (2} of LemméTi,

1 -dG)1 = dRy 1 and Gyl = 1.



Let {Dn‘( be .an exhaustion of D. Integrating
Dy (R , RY) = 2Ry(x, ¥y) by dxdy on D X D, ve obtain
2.14) Ry Wy s Ry Xp)=2 | 5 R, (x, y)dy.
m n D D
m n
Here, we have used the Fubini theorem, which is possible,

because, if m < n,

S 5 dxdy § }(gradz Rﬁ(z), grad Rg(z))’ dz
D D : D

m n

< S ( .Jm J P (RY, RY)dxdy
DD
n n

/
= ( ;’ ,VZRO‘(X, x) dx)? < 2 § Rd(x, x)dx X Lebesgue
D, D,
measure of D, the integral in the last expression being
2 2,
finite by Lemméﬂ"{. In view of LemmaV?, Ry(x, y) 2 0 and

) ; Rd‘(x, y)dxdy < —1—- X Lebesgue measure of D.
D /D = & .

Therefore, Ry XD form§ a  Cauchy sequence in Ho( and,
n

by Lefnm%, converges to Ro-( 1 im H!o( . We h.a.ve

Dy(Ry1, By1) = 2(1, Ry1). 1In the same way, 2. 13) is

obtained. Strict positivity of Rd(xgy) follows from Lemma 2.4.
Lemma\%ﬁ. There is a transition demsity P{t, x, y)

on D wuniquely which satisfies the following conditions.
¢ +bo )
~dt .
(1) Gy(x, y) = B e~ % P(t,x,yjdt, d>0.
0

(2) For each t > 0, f € B(D),

kel



S P(t,x,y)f(y)dy 1is continuous in (%t,x) € (0, +p) x D.
D

(3) P(t,x,y) is symmetric in x, y E D and it is con-
servative. -
(4)  Sset Y (t,x,y) = P(t,x,5) - P’(t,x,y), then
—%— j Y(t,x,y)Jdy ———> O uniformly in x on
D t—>0

any compact subset of D.

Proof. First of all, we will show the existence of
a non-negative function Y (t,x,y) continuous in t > O,
satisfying
2.15) Rylx, y) =

+ o
-at
e y(t,x,y)at , 4 >0, x,y €0D.

0
If x+y, Rylx, y) is completely monotonic in d € (0,
+ b ). In fact, by the resolvent equations G. 4) for

Gg. and Gg y we have, if x %y, .

n

2. 16) (- »° Ry(x, y) =n ! [G[§+1](x,y) - (Gg)[:+1](

dd
x, ¥J1, n=0, 1, 2, ceeu., Here G&1J(X, y) = G, (x, ¥)
and G[£+1](x, v} = gD G[gr1](x, z)Gd(z, yldz, n = 1,2,°%-,

(Qg){n] ié similarily defined. Evidently, the right hand
: 2,

side of 2. 16) 1is non-negative and, by LemméTé, finite.

Hence, Ry{x, y) is expressed by a measure on [0, + IO ] as

+ -d s . .
2. 17) RJ(X, v) = J e Ylas, x, y), x+y, d >0.
0]

Take a ball B with closure contained in D. Since Rd(x, y)
. ' .. 2,
is o ~harmonic in x, we see, by Lemm&T/, for any x € B and

any y € D,



2.18)  Rylx, ¥) =53'B hB(x, 2)Ry(z, ¥) ¢ (d2).

Note that hh(x, z) is written in the form

+po _ -
2. 19) n3(x, z) = 5 "% wP(t,x,z)at, x€B, z €

B\(V 1 D 0 0\ oing
where h (x, z) = —5— -—é—n-;— P_B(t,x,z), PE being the
transition density Po for B. Let us put, for t>0,

v v
x €B and y €D,

2. 20) b"r(tv,x,y) = 5 f hB(t—s, x, z)¥lds, z, y)dt g(az).
‘ B /o :

o B,

Owing to 2. 17), 2.18) and 2. 19), ¥{t,x,y) of 2. 20) satis-

fies the desired equation 2. 15). On the other hand, for any

ball B' such as B' U 0 B' C B, the obvious idenity
t

hB(t,x,z) = JB J hB'(t-s, x,i'kz')hB(s.,_,z', z)ds §'(dz’
B‘

0

x €EB', 2z € J B, leads us to
' t

),

2. 21) ¥ (t,x,y) =J J hB’(t—s, x, z') (s, z', yldsg (dz'),
oB' /O - -

t > 0, x EB', y €D, which implies the continuity of ¥ (t, x,

y) in (t,x) € (0, + Do) X B'.

Here, we have used the following estimate which is a comsequence

. 2,
of 2. 17), 2. 20) and Lemmatl 8.
' T
2. 22) sup Yit,x,y) £ C- &7 sup R,(z, y)
0<t<T, x€EB', y&€D , z€ 9B, ye€D

< + , where T is an arbitrary positive number and

C

is a constant determined by T, B and B'. Hence, we see

thaty for any x and y in D, T (t,x,y) defined by 2. 20)

'

S R AT ik i



is independent of the ball B such that x € B and

BU o BC D, because it satisfies 2. 15) and it is continu~

ous in t. It is symmetricvin x; ¥ because of the symmet-
ﬂ‘ ] . ’ .

ricity of Ry(x, y) (Lemmkf4). Henceforce, it is continuous

in y and 2. 21) and 2. 22) imply its cortinuity in (t,x,y)

€ (0, + o) x D x D. In view of 2. 22), we see that

S Y(t,x,y}f(y)dy is continuous in (t,x) € (0, + 0) x D
D .

for each f € B(D).
Now put, for t > O, x, y €D,
0
2. 23) P(tyxyy') =P (tyxyy) + r(tyx,y)‘
Then, P(t,x,y) is continuous in (t,x,y) € (0, + 0 }) X DX D
fivs 9,
and satisfies (1)(2) and¥(3) of Lemmavi1. Particularily,
5DP(t,x,y)dy is continuous in t, and so, the conservativity

of P(t,x,y) follows from that of Ga(x, y). For each

x, ¥y €D, P(t+s, x, y) and SDP(t, x, z)P(s, z, y)gz are

continuous in (t, s) € (0, +Kk) X (0, + D0), and so, they
are identical by virtue of G. 4) for Gyu(x, y). Thus,

P(t, x, y) is a transition density. (4) of Lemma 11 follows
from 2. 21) and the inequality jD’r(t, x, y)dy < 1, t >0,

x € D.
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