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Let _l\G) and 9(C) be absiract properties pertalning to com i

R
™ A

tative semigroups G in the seunse of
to be weaker than or equal to F,(G) and denoted by 2 (8=

o

if and only if, for any commutative semizroup S, P, (G) is sati

vy S (L.2., ElaS) is true) whenever * (&

1 (B)=F,(6) and P,

no
—
&z,
v
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equivalert and denoted by P
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P, 1. Connidi, :1(x} is sadid

ll( ¢) and P,(G) as the same property. Waen 5 is a semigroup walc

is a semllattice of couunutative semigroups S: , fe X, 8 is not
necessarily commutative., However, there is an abstract property

P(G) pertaining to coumutative semigroups & such that aany semig

“whickh is a semilattice of commutative semigroups with 2(G&) is

oommutatlve. Such an abstract property is called a fully c-invariant

&

property (abbrev., f.c.l.~property). For example, it is well-kn

that the property P(G) " G is a group " is an f.c.l.-property.

There is no greatest (i.e., weakest) f.,c.l.-property with respect %o

the ordering relation defined avove, but there is g maximal fecel.-

property. Further, a maximal f.c.i.=-property is not unigue, The
mein purpocse of this paper is to cobtain maxdmal f.c,l.-properties,

and some relevant resulits, All results are given without proofs,

§ 1. Introduction. A commutative idempotent semigroup [ is’

oo

. Define an ordering relation on i as follows

e
) otz=8 if and only if o f=px=§.
3 / 4

o] that» | is.a partially ordered set with Tespect -
E ! Fo
L. IToZ8 end o= O, them.we shall denote 1t byw< S8 . If T

—d
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is a totally ordered set with respect to =, then | is called a
chain. MNow, let {ST s re T} (7: a semilattice) be a collection of

semigroups Sy . Then, each S+ is called the Y —componedat of this

collection. If ¥ is not a minimal element of [ (i.e., if there is

an element xe 7 such that -.<r ), then the corresponding 5, is called

5 multisle-component. Let 5= {8, :v& T }(hereafter, & and +

Jdenote disjoint sum). If ¢ is multizlication in § such that
(Lo 2) S(¢ ) is a semigroup, and each S+ (ryeT ) is embedded in
S(c )y 1aey Xoy=xy for all x,y€8~+ .

and
(1. 3) Sxo 8pC S«g forallx, €T ,

then the resuliting system S(< ) is called & composition of { S+ :T&%T}

{with respect to ). Murther, next we shall generalize this concept
g

as follows ¢ Let { 5; 1 §€ 2’_}( X 2 a set) be a collection of senie
groups 3z . Define multiplication * in A and multiplication » in S =

7 {8zt 5€X} such that X(X) is a semllattice “chain] and S(o ) is
+i 3

: A g - ,. .
a composition of {Sg 3 §€ A(*)] . In this case, 5{(°) is called a

semilattice [linear] composition of {Ss 3 §€X}, Ietis, : reT}

™1

(7: 2 semilatticc) be a collection of commutative semigroups S+ .
Tuen, sometimes there exists a composition S(o ) of {8y : ye T} which

is commutative. In this case, we shall call S(©) a commutative

gomnosition of 8y 3 Y€ T I, Sinilsrly if a semilattice {linear]

t) of commie

B
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composition 3(¢ ) of a collection S, 31 E& X {(>X: a s
A ) - N

g

tative semigroups Sz is comuutative, then S{< ) is called a commuta‘bivg

¢
)
=

-
-

¢ A sen.

. . - - . -~ 5
ilattice ;Iinear ! comnosition of {S¢ : §= X!, In general, for a
L

PR et . .
Y TR0 attice) of semigroups S..

o °
iy LI it
PRI S 1 |

there is not necsssarily a composition of 3, ¢t v e 7 ¢ (gee Vomada [4]
If there exists at least one conmposition of Sy : ¥ & {'"“, then the

. - =7 1 . \ N . .
collection (S : Y& [t is said to be composable. If " is a chain,
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+ is well-known that <18+ ¢ ¥ €7 7 is necessarily composa

. o~ 4 -7 . - % £ I
{Gege, see (Clifford | 11)e For any given collection {3y ¢ 7 &g

- o z - - [ - —~ "3 - 3 PR R
vy& ris (even if 1% exists) not necessarily commutative. This can
pe seen From the following simpie example
[ U A R S 3 5 e Dy newe T vy vl i - N . s
jﬁﬁ@”ﬂﬁa%{%y“F¢“ﬁﬂxT?> he a chain, S a2 commutative

Tet 8 == Su+ Sg , and define multiplication o in 5 gs follows 3
s - L e o
¢ Xy if x,y € 83, 0r =8z,
" o
xoy=1{y if X8, ¥ < Sg,
|
Lo if X€8g, ¥ = Sots

where O is the gero element of Sg . Then $(e ) is a ncn-commutativs

e a cronﬁsitiom,per* ining to commutative semigroups F.  ad

in Cohn[31, P(G) is said o be an abstract propsriy (perveining %

{3}

. 3 x (g 7 P . . N .
commutative semigroups) if and orly if P(G) is Irvariant under 1s0-
morvhism, 1.8.

.

(1, 4) for any commutative semigroups Sl, 32 such that 8122;52

(s

an

[

is isomorphic with 32), ?(S4) is true whenever P(S,) is true

Vice~verssa.

[o )

£ 7(8) is %true for a commutative semigroup 3, then we shall say that

S s

(‘.\')

tisfies P(G). In this case, we aisc say that S is = commutative

semigroup with 2(G). For example, the properties " & is & group "

4o

and " G is cancellative " pertaining to commutative semigroups G are
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[6)]

(ii) Tet MT(JL ) of (2. 1) ve a set of composite factors on JL,

ppen S =2{S, : T €T } becomes a composition S(0) of L by mulsi-

I

s .t 2 3 et Yamp TIPS T30
sition of 4 induced by FLSL).

goroilary 1. Iet JdL={S,:v €7 } (I : a semilatiice) be a
collection cf‘ commutative semigroups S, , and C(JL ) of (2. 1)
a set of composite factors on JL., Then, the composition 5{eo ) of
Sl induced by C(JLL ) is non-commutative if and onmly if th
following condition is satisiied 3

s 3 NS ( &5 . 3
(2, 3} aép’d-ﬁ“’ ::f‘: £ Bref) cor some 2w € So » xLBET

Corollary 2. ILet L= {3, :7&€T} (T : a semilatiice) be 3
collection of commutative semligroups S+ . Then, every coamposition

a ~ 3 5 & 5 "y -

i 2 : g : , 3 s - P co < S K]
£da is commputative L and only if there is ¢ set;, /ol &L ) of
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Lemma 1, For o8&}l with =8, each of 24 EY 1 oand
~ (8,8 ~ 88 .

&"“‘) (=% ') is a translation on Sg .

- . —_ e, .

Lemma 2. For &, 8€] withozs, acf?'“’(ﬁs\"“‘ o Hax) and
(8L — ot ),
o T (ag) = (0w «

2p) = 3

. : ——(gap) J— . ~ /\icg'p).—— 2l
Putting . = ﬁu,ﬁ and  ag = ﬁd,g for L8, we have



the following lemmas
Lemza 3o f, = §aq,«=the inner translation Saw 08 Sy induced
by 8
e - e <
Temma 4. -Elec.f 6pr>.,.—e. 6‘;48,,.&“ 3L AZST, ﬁ= Y .
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"By Lemuas 3 - 6, we obtain the following resul

£

{T : a chain) be a collection of commutative semizroups S+ , (4L

=
]

of {2, 1 et of composite factors ondb. ILet S{ o) be the com-

L
o)
n

sosition of { Sy t Y €T} induced by ML),
Then, there exists a systen o
(24 4) 6(‘!2;)={ ﬁzd“a : g € Sq s A= B, M.FGT}'*"{ 0zu,p: aa€
St s LB oL))BeT’} s where fgd”g and 6}{&,; are mappings of Sg
into S’Jg , suck that

- {1) f)g,d”ﬁ and 6:,,‘;} are translations on Sg,

(2} J%&,d = ﬁ}/z_&,a;ir-‘ the inner transiazticn fz,. induced by a«
fey P f .
WO SRl 6};":‘;"*‘ ﬁﬁﬁ,TJ%dJY s
{1 ¢
A Y r p o =
(43 Hfaw. 8lbeds™ REPLET,
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() A © bg — ‘
A = - o~ (o, ) \ — R
F L b (2 W(fvﬁ,a. (ae) 1f =B,



In general, let Jb={S, : T € T} (T : a chain) be a collectiow

of commutative semigroups S, . Por each pair (a« s.f ), where. Bl EZ by

o< B and &,peT , let f&d,p and faw,p Dbei(not necessarily distinetd o i 1
=
two mappings of Sp into Sg . If B = {Paea,; P A € S s X B,

d,?éT}’;“{ﬁzlx, 2 € Sy, L=, 8> 8€ T} satisfies (T) of (2, 4,

spen (B(JL) is called a factor set of translations on db.,  From this

defirition and the above-mentioned result, we can conclude as follos

s

Tet b ={8y : Y€ T }{( T : a chain) be a collection of commu-ative

sey &) = { fau,5 t 2w €ESu,s xmf, L.pEPTH{ fcg: cvEsa,

i€ 85 o pel}, and o in 5(
Conversely, let @,{JL}-‘: { ﬁm"ﬁ t A € S . XE B ,o@ﬁé?}ﬁ"

{6‘/@)?: aq € S s XZEB a,,pe‘r} (T : a chain} be 2 facto r set

of translations oa a collection JL={s5, :
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semigroups Sy . Then, we can prove that S=31{ 3, : Y€} becozes
a composition of JL by multipl ication o given 2y (E).

Summerizing the results above, we obbtain the following

Theorem 2, ILet JL={ Sy :ve€T I (T : a caain) be 2 collsction

of commutative semigroups Sy . ILet (S(L) of (2, 4) be a Factor sei

[o]

f transiations on b . Then S=9{ Sy : vE€T} tecomes a com-
position S{eo ) of JL DYy the multiplication & defined by (F), Turther

every composition of JL is found in this fashion,
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trapnsiations ondl . Then, the composition S{o ) ofJb induced by

2

In the case where evely ccmpesm%io_n of a collection JLb= { Sy 3
veT}( T : a chain) of comnutative semigroups S+ is commutative,
we have ancother construction theorem for the compositions of JL which
is somewkat simpler fthan Theorem 2 :

Thecrem 3, Iet L ={S.sve€T } (T : a chain) be a collection

= I 3 . s 5 a4
If (5{fL) za%izfies the condition

g i1s a franslation on Sg

r s
\l} ‘Pé.ec_,
(T} (2} Paw,.. = the ilmmer trauslation [, on S« induced by a«,
(3 e = i‘ap ; . < R<
SR, T 43&%,‘5{:@}3}3? ir XE }8::»{9
they S of Ji by the multiplication o definsd




{ 8sy:7veT} (T': a chain) be a collection

JL =
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‘Lenma 9. ILet {§, P} be a system of dlstlnct two translations &, P
on a commutative semigroup § such that 0 f f’é‘“ and €7 l 538 = ,P l S-
Then there exist distinct two elements x,y € S and a prime element
t €S such that (1) za = ya for all a€s and (2) §(f)=2x and P (%)
== Ve )

(Note ¢ An element of S \82 is called prime)

It is easily seen from Lemma § fthat reductiviiy implies gquasi-
reductivity.
Zxample., Let 5={a 32,,..., ‘an} be gz cyclic semigroup of order

n such that n=22, s

(93]
[N

P i 32. Heuce, of course, s not quasi-reduciive.

By using Lemma 9, we can prove the following theorenm :

Theorem 4., P_(G) is the weakest le.Ce.c.=property.

In general, i1 is easy to see that if P(G) and }?l(G) are abstract

properties such that P, (G)<2(G) and if P(G) is anm l.c.e.-property,

then P, (G) is also an l.c.e.-property. For abstract properties Pl(G)

ﬁl

nd Po(&), dencte the property " P;(G) or Py{(G) " by 2y (G)VP2(G).
BV 2,(6).

Now, it is easy %o see that Pp(G)VE, V< P (G). Since PI.(G =
(&

]

t is obvious that ?I(G}g, (;)VPQ{GE and P, (G)<E, (

PI,(G)VPQ(G} and T (\r}__é_f:‘? WV :u({};, we have F_(G)E?P
_Pq(G). Since P,(G) is an l.c.e.~property, each of P,.(G), 2 (G) and
? A{G)\/? (G) is alsc zn l.c.e.~-property. ,

Ehus, ‘we have the following result as a ccorollary to Theorem 4.

Fa

Corolliary. ZEach of reductivity, uwriversality and the property

" reductive or universal!" is an l.c.e.-property.

Remarks. (1) Horeover, the following is obvious from Theorem 4
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Let JL={Sg : §€ X} ((X: =z set) be a collection of commutative

semigroups Sg s where Pa(ng} is true for zll SgeJL « Then, every
linear composition of JL is commutative,

(2) Por a special collection JL= { S+: v&T}( T; a chain) of
commutative semigroups S5y ; every comp tion of «L is commutative

sit
even if there existis a multiple-component S, wkich does not satisiy

order n {(n>2) sucl

see from the above-mentioned example *tha* G( O) is not% true,

ts

However, there is n¢ non-commutative composition of «{w1 s S }-3.

respect to L. !

Hereafter, for any element x of a commutative semigroup S, the
inner translation on S induced by x will be denoted by )OK.

Now, Alet us consider the following abstract property ?ﬂi(G) vertain-
ing to commutative semigroups &

(3. 2‘) There is no system {u,v ; &§,%} of distinct two elements

u,v of G and (not necessarily distinct) translations §,% on G

such that (1) §9=¢§=f, =P, ans (2) §)= §(v) and 7 ()=

rdSoR |

At first, we have
Temma 10. ZLet {u,v ; 5,1} be a system of distinct two elements
u,v of a coumutative semigroup S and ftranslations § 7on Sy Qa+lsff~

ing (1), (2) of (3, 2}, Then, uz=vz for all z €S,

The following lemma was shown by R. Yoshida, though the result is

Iemma 11, P4(G) is equivalent %o P_(&).

)1
\O
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5. Maximzl f.c.i. [lec.i.] —propertie Let F={7r(6) 3
A€ At ve the set of all f.Cel.-properties Pa(G). Thexn is
clearly a partially ordered sei with respect To the ordering
relation = defined by (1. 6). (Recall tnat equivalent two »propertiss
are regarded as the same property). Let J ={P¢(G) 3 T€A,} e any
totally ordered subset of F . Define an abstract property T(G)
as follows 3 T(G, = T\%/AOE«,;(G), i,y T(G)= the property " veing
at least one of {P,(G) : TE Agtr, Hence, a commutative senigroup

~~

properties { P.(G) : T € A}

set) be a collection of commutative semigroups

Sg satisfies (&)

senilattice composition S{

How, let JL={S§: sexXt(Xx: a
| Sg such that every

Suppose that there exists 2 NOn-Ccommy -tive
(o >=2{S§ s e A(* Y} of L., Then

Y

there exist a, b such that 2 € Sy , b € S5, 7,d€X and a°b F

e a,

¥. Then

ST'i' Sg+ Syx& = U

is non-commutative, Since

'd

there exist E,((G} s

o

o]

perty in {Pa.(f:?}, Pp(a), 1
f.

O

el o~p1

-

operty and Py(S+),

~

the semilattice

commutative, Howsver, this
comnutative, Consequently,

be conmutative, Therefore,

T{G)€ F . Since P(d)

oi‘cff.

exists a maximal f.c.l.=-2T

¥

Thus,

propverties is also proved b
Hence, we have

Cleaxly, vothh aob and bea agre contained in Syxs.s

'8(3) and 2¢(G) of {P¢(

composition M(o ) of {8+,

Put

ao{

¥{o) is a subsernigroup of S({° ) and

T{Sy), T(S¢) and T(Syx 4 ) are all irue,

/"‘\!

T\

)} are true. ILet

Pe(®)}.
"?\Sé‘) $

kg

o)

-MS*('*@ } are all

S& s Syxs} must be

is a contradiction since N( 90 ) was non-
every semilattice composition of Sl must
T™(@) is an fecel.=Droverty and hence

?(G¢) for =211 T&€A,, T(G) is a1 upper
an induvetively ordered set. Hence, there
rerty 1n o7 o ZxXdstence of umaxdimal l.cl.i~
v g ginilar method,



Theorem 6., There exist a maximal l.C.l.-property and a maximal

foecele=property.

Corollary. For any f.Ceie [lecei.) —property P(G), there exisis

& maximal f.Cei. [leCels ) =property I ( such that 2(G) £ P_(&).

Y >

In fact, the following three theorems skow that guasi-rsductiviiy
is a maximal l.¢.i.~property and both universality and reductivity
are maximal f.cel.-properties :

Theorem 7. Eq(G) is a maxinmal l.c.l.-property.
Theorem 8, P.(G) is a maximal f.c.il.-property.
Theorem Je Pu(G) is a maximal f.ceil.-property.

From Theorem 9, we alsc have immediately
Corolliary. A semigroup which is a semilaitice of universal

2

coomutative semigroups is universal and commutatives

Remark, Let # [ L] be the set of all f,c.i. [l.c.i.]=proper-
ties. PFor 2y(@), FE(“)€§¢§?{J:], let us define an abstract
property =, (&) A\ P2(G

(4. 1) 2@ A=,

to see that :y\a)/\m\ue? ] for any (&), Ep(G)

N,

) .
(G) = the property " being beth P;(G) and E, (G).

€ F L] and 2, (G)AP,(G) is the greatest lower bound of P, (6) and
P,(G). Further, in fact F [L] is a semilattice with respect to

this operatvion A

Since,Pw(G) and Pﬁ(G) are non-equivalent maximal f.c.i.-propertigs,
it 1s obvious that there is no greatest f.c.l.-property,i.e., there
is no weakest f.c.i.-property PQ(G) in the following sense

(4. 2) Pg(G} = P(G) for any f.c.i.-property P(G). ,;,

owever, the author can not sclve the following two problems and

leaves <them as open problems i-
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?roblem 1. Is there a maximal l.C.i.-properity except Pq{G)

that is : Is P_(G) the greatest (weakest) l.c.i.-property ?

"4

[0

Deternine all of the maximal l.c.l.-properyi

Se
Problem 2. Is there g maxizzl f.c.l.-Droperty exzcept ?u({‘r} and
(G) ? Deternmine gl of the maxinmal I.Cel.-properties.

As a paritial sclution of Problem 1, we obiain the following resulst 3
Let C be an infinite cyclic semigroup : C={a, 82,000y 2%, 000 }.
Tet C- be the adjunction of an identity element to C : Gt = C + { 1}.

Let ,C*z'{P(G) : P(G) is an zbstract property such that P(&) £ L(G

R
a

for some l.Cel.-property L(G) satisfied by C"'}. Then & 3 (@),

P.(3), B, (&), since each of P (1), 2 (¢1) and P (Cl) is true and

3
each of P (v), "u(G} and Pr(G} is an l.Cele~property, Further, olf*
) ofz:y.? (3) ¢+ 2(@) is an l,c.i.-property which is comparable with
Er(g}} or Eu(G}} . In fact, let P(Q) be a troperty ofel . If P(G)<
PI.(G) or gzu(e), then E{G\'éﬁ* sirce sach of E’ (@) and Eu{G) La
an 1,0,1,~property and is satisfied by ¢k, I= E{a}f > I3 or >
Pu{f'}}, then P(Cl) is %rue since each of Pr(Cl) and Eu(cl} is true,

Since P(CY) is true and 2{G) is an l.cei.~property, Z(&) is =l:o

. s o - X " - T e o
contained in Z% In any cases, T(3)€ L ., Thersiore, L T LT .

=1
0
3
]
[e]
e
P
[
A
8
[t
Q
()
-4
-t
0
<
}

ivity, separativity, regularity and the property
" being a commutative semigroup G with 1 " are all cortained in &
How, we have

Theorem 10, PG(G) is the greatest (i.e., weakest) l.ce.i.-property
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