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Asymptotically abelian IIl—factors

Sh6éichir6 SAKAI

1. Introdugtion. Recently, physicists (cf. [2],‘[4],
[51, {7}, I[81, [121, [13], [14]) have introduced the notion
of asymptotic abelianess into the theory of operator algebras
and obfained various interesting results. In the present
paper, we shall extend this notion to finite factors, and by
usiﬁg it, we shall show the existence of a new II_-factor.

1
For type III=factors, we shall discuss in another paper.

2. Theorems. First of all, we shall define

Definition 1. Let M be a finite factor and let 1 be
the unique normalized trace on M. M is called asymptotically
abelian, if there exists a sequence of *-automorphisms {pn}

on M such that 1lim "[pn(a),b]ﬂ’z = 0 for a, b€M, where

n->«

" [x,y] = xy-yx and ﬂx"z = 1(x*x)1/2 for x, ye M.

Let @& be a finite factor, and let 9 be the normalized
trace on g . Let ¥= é é&n with g =4/ be the infinite
C*-tensor product (cf. ?g%), and let y = és prx with ?n =9
be the infinite product trace on 27. Letn=é be the group of

finite permutations of positive integers N, i.e. an element

'8€G is an one-to-one mapping of N onto itself which leaves

all but a finite number of positive integers fixed.
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Then, g will define an *-automorphism, also denoted by
g of g by g(E@an) = Z@ag(n), where a = 1 for all but
a finite number of indices.

For each integer n, we denote by g, the permutation

2 ek if 1<kz<2™?
g (k) = k-27"1 if 2™l <k < zn.
Kk if 2" < k |
Then, we can easily show that lim M[gn(a),b]n =0 fora, b
n

€ g . Clearly, the traceyon g is G-invariant --that is,
¥(g(a)) = ¥(a) for g€G and a€ .
Let {Hw,';w} be the *-representation of ' on a Hilbert

space % constructed via ¢, then there ex1sts an unltary

=1 f
representation g > Ug of G on g“ﬁ such that Ugl\P 1111 or

g€ G and Hw(g(a)) = Ugnw(a)Ug* for a ¢ g, where lw is the
image of 1 in f;w . Let W be the weak closure of Hw(jf)
on-ﬁwﬂ then 9§ 1is a finite factor (cf. [3]). The mapping
X - ngUg*(xgzw) will define a *-automorphism Pg on#.-

Definition 2. The finite factor P is called the
canonical infinite W*-tensor product of finite factors {¢5IJ
and denoted by (§) .@ |

Proposﬂmg 1. .d& is asymptoticaliy abelian. )

Proof. Let T be the normalized trace on .6&

We shall identify g with the image I (ﬁ) Then, T =

on &. Letx,y emn , tshen by Kaplansky's density theorem,

there exist two sequences (x ) and (y ) in & such that

Il 5 Dl Byl < D71 and Ugoxlly = 00 Brgyly = 00 o b,

S——
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where ﬂvllz = at(v*v’)]‘/2 for ve @Wﬂ.
Then

ﬂ[ognCX),y}-[pgn(xm),Ym]Hz

A

< H[ogn(X),y]-[pgn(X),Ym]+[ogn(@,ym]-[ogn(xm),ym]HZ

A

H[pgh(x),y—yh]H2+ﬁ[pgn(x)-ogn(xm),Ym]ﬂz
;Hogn(x)-(Y-ym)u2+H(y-ym)pgn(X)H2+ﬂogn(x-xm)ymﬂ2+ﬂympgn(x-xm)ﬂ2;

<hg CONI-ygl byl ooy GOty Ceomgdly byl

Flyglllog (x-xpl
= 2fxl fly-y Ml p*2ly b be-x I, » 0 (m > =),

Hence, for arbitrary € >0, there exists an m, such that

[tog GOYIl,-log Cry Yoy Tl < € for all .

On the other hand, ﬂ[pgn(xmo),ymo]ﬂ <e fornxn,,
where n, is some integer; hence Il[pg (x),yll < 2e for n > n,
S i 2

This completes the proof.

Now let ¢ be a countably discrete group, and let (%)
be the W*-algebra generated by the left regular representation
of . WE shall show examples of asymptotically abelian
~finite factors. )

Examplé 1. Let 22 be the type Il—factor,‘then clearly
it is‘asymptotically abelian.

Example 2. Let I be the countably discrete group of all
finite permutations on the set of all positive integers,

then the W*-algebra jﬁUI) is a hyperfinite IIl-factor (cf.

[6]1). Since all hyperfinite IIl-factors on separable Hilbert
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spaces are *-isomorphic (cf. [6]), jﬁ(ﬂ) is *-isomorphic to
1ﬁ2,n’ with zz,n = ?jZ’ where gj, is 'the type I,-factor.
Since the asymptotic abelianess is preserved under an *-
isomorphism, by Proposition 1, ﬁﬁ(n) is asymptotically abelian,

Example 3. Let ¢, be the couhtably discrete, free group
with two generators, then the W%-algebra ﬁf(@z) is a IIl-
factor (cf. [6]).

. Let 1‘7811 with @n = ﬁ(@z), then by Proposition 1,
o@ﬂ is asymptotically abelian.

not Now, we shall show examples of finite factors which are
not asymptotically abelian.

Example 4. Let gfp be the type Ip-factor with 2 < p < +o
(p integer), then jfp is not asymptotically abelian.

Proof. Let (bn) be a sequence of *-automorphisms on
jﬁp. Let B(jﬁp) be the Banach algebra of all bounded operators
on ﬁfp,then B(ﬁ%ﬂ is finite-dimensional; therefore there
exists a subsequence (p, ) of (o)) such that “pn_-Tﬂ + 0
(j > »), where T is a bounded operator on gfp. It is easy
to show that T is also a *-automorphisms on gﬁp; hence
: clearly 27p is not asymptotically abelian.

' Example 5. Let ¢, be the countably discrete, free
group with two generators, then ﬁf(@z) is not asymptotically
abelian.

Proof. Suppose that 25(@2) is asymptotically abélian,
and let (pn) be a family of *-automorphisms such that
lipy(a),blll; » 0 (n+ =) for a, b&Z(e,).

Clearly, there exists an unitary element u in jj(@z)

such that t(u) = 0, where t is the normalized trace on j§(¢2).

Then ||[p, (0),bl; = lo, (WIb-bo, (W), = llo, (Wbp, (WI*-bl; » 0

-4 -
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(n > =) for b e(e,).

Since pn(u) is unitary and T(pn(u)) = t(u) = 0, 2%@2)
has the property I'; this is a contradiction (cf. [6]).

Example 6. Let I be the group of all finite permutaticns-
on the set of all positive integers, and leé ¢, be the free
group of two generators, and let ®2 x Il be the direct product
group of ¢, and II. Then, gﬁ(@z x TI) is *-isomorphic to the
W*-tensor product §7(®2)3§ L) of 2?(@2) and (M) {cf.
(61, [91).

In the following considerations, we shall show that

jﬁ(@z x M) is not asymptotically abélian.
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Lemma 1. Let & be a group and let E a subset of ¢

Suppose there exists a subset FCE and two elements gligzéé

such that (i) F(ngngl'= E ; (ii) F, g%ngz and nggél

are contained in E and mutually disjoint. Let f{g) be a

complex valued function on ¢ such that ) ]f(g)f < +®

-1, geod
and () lf(giggil) - f(g)lz)l/2 <e (i=1,2) . Then,

g X
(1 il Ht/?
g€E 2
Proof. v(x) = } |£(g)] for a subset X(C@
g€X

< Ke , where KX does not depend on € and f

Then,

= > (] 1£(g1ee1)-£@1 DY 2 vy rehY2 - vt/
g

Putting v(E)l/Z = s , then

19 e, Felh)-v (B =Iv (g, Fe; 1 Y 2w (B 1/ 2) o |y (g Fg 1y Y/ 2w (1 /2

<. 2se._and" so V(glfgil)xsjv(F) + 2se ;.

&

hence
s < vigFeih) +v(F) < 200 (F) + se)
so that
s2
Since

CI 1£eee)-£@I B2 = (] 18,85 08,2500 -£(25 e ) D)LY
 ged g€o

-6 -
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analogously we have

lv(nggil) - w(F)| < 2se

and
Iv(g; Fe,) - w(B) | < zs€ ;
hence
V(nggil) > V(F) - 2se > %3 - 3se
and

2
v(g,'Fg,) > 53— - 3sc .

Therefore,

- -1, | 3.2 ‘
st = V(E) 2 V(F) + v(g;'Fgy) + vlggFey ) > ys” - Tse

hence
's < lde .

This completes the proof.
Now, let us consider the group ¢, x I . Let kl’ k, be
the generators of the group %, and let ‘Fl be .the set of

elements €9, which when written as a power of kl’ k2 of

-7 -



minimum length end with k? , = 1,42 ..+, Let F = F_x I

and let a; = (kl, e) and a, = (kz, e) , where e 1is the

unit of I .

Then,

Fajl = (i F kLm0 -

a,Fa, KiFiKyH O

and

-1 r1 w11 5
moreover

1 U 1 e mC
FUalFal = (Fl’H)U(kIFlkl 9H) = (fIUlekl aH) = e, 1) 9

where (‘)C is the: complement of (-); F, aélPaz and aZFail
are contained in (e, m® and mutually disjoint. Hence by
Lemma 1, we have

Lemma 2. Suppose that (f,) be a sequence of complex

valued functions on ®, x I such that ( } [fn{a}]z}ljz < +w
' a€o,xI
and
lim( ] |f (a.aall) - £ @52 -0 G =1,2) .
n>© aeq)zxn n 1 1 n )
Then,



Now we shall whow

Theorem 1. gﬁ(@z x NI) is not asymptotically abelian.

Proof. Suppose that ;ﬁ(@z x JI) 1is asymptotically abelian,
and let (pn) be a sequence of *-automdrphisms on jﬂ(@zrx m

such that
1o, ), ¥k, » 0 (0 > =)
for x,y € o, x m

Let € (te ¢, x 1) be the unitary element of ;ﬁ(@z x 1)

such that (gtf)(a) = f(thla) for f€ 22(®2 x TI) and

e

. 2 . ; . PO
x 1 , where ¢ (@2 x M) is the Hilbert space of all

-
a g

com

ol

lex valued square summable functions on ¢, x 1
Since all elements of (¢, x N) are realized as left
convolution operators by elements of a subset of 22(®2 x 1)
(cf. [6]), we shall embed jﬁ(@z x 1) into 22(¢2 x 1) .
Then, xE‘ﬁﬁ(@Z % ﬁ) is a complex valued square summable
function on ¢, x T .

Now let X ,Xp, " +,x
jﬁ(@z x I) . Then,

Ileg(x;)s g5 1, > 0 (0~ =)
1

b be a finite subset of elements of

for i =1,2 and j = 1,2,---,p .

“[pnC*j)$Eg;]ﬂz‘=“°n(xj3€ai'€aion(xj)ﬂz'

12)1/2

- “Eéipn(xj)ﬁai“pp(xj)wz - (aegzxnlpn(xi)caiaagl)-pn(xj)caa

Hence, by Lemma 2 ,




HYZ2 50 s =

(ae%e,n)cx op (x5 (2) |

Put
pp(x5)(a)  if  aé(e,m

fn(xj)(a) =
0 if a&(egn)

,then we can easily show that fn(xj) Gigﬁ(QZ x M) . Let
Z= tala(a) =0 for ak(e,m) and ReF(e, x M} , then
*

is a W-subalgebra of gﬁ(@z x 1) ; moreover put E(h) = g{e,n)

for h €l and %€ P , then the mapping & + 2 is an

*-isomorphism of ¢ onto the IIl-factor ﬁf(ﬂ}; hence ?ﬁ

is a hyperfinite IIl-factor.

For arbitrary € > 0 , there exists a positive integer

ng such that
.1 ooy @B ce for 5 =12,
af(e,) o -
Then,
H\Dno(?{j) - fno(xj)ﬂz <e for j =1,2,-+-,p
Since % is a hyperfinite IIl-factor, there exist a
type In subfactor jﬂn. of 9¢ and elements TysTp, )Ty
P ' p
such that

i fno(xj) - rjﬂz <g for j =1,2,""",p .

- 10 -
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Therefore,

ng "j juz
o . «_ . _o~1.
Slicb pno 115 a automorphism, ﬁxj pno(:j)nz < 2¢
and péo(rj)é pge(gﬁn ). for j =1,2,---,p . pDOCgﬁn ) s

a type T, factor aid gﬁ(@z x ) 1is a IIl—factor on a
separable gilbert space; hence by the result of Muxrray and
von Neumann [6], iﬂ@b x M) is a hyperfinite II,-factor.

On the other hand, by Schwartz's theorem [10], gﬁ(@z x 1)
is not hyperfinite., This is a contradiction and completes the
proof.

Now we shall show the existence of the fifth example of

IT,-factors on separable Hilbert spaces.
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Corollary 1. o8(®,xm) is mot *-.isomorphic to

ACE

Proor. Clearly the asymptotic abelianess is preserved
under *-isomorphisms ; hence Jﬁ(@zxﬂ) is not *-iscmorphic

to @§¢£§n .  This completes therproofg

Proposition 2. o%ﬂ @a(“_’.,(m = agn , where
Asn = 2;(®2) and (-)@?:%) is the W*—tg;ior product of ()
and ()

.Proof. Since 25(@2) is a IIl—factor, there exists a
type I,-factor 2:2 such that 23(@2) = ;52 ] 25% , where
33& is the commutant of 232 in 21(@2) ; hence

1°8n = 1¢82)D®Lé’n , where L =;¢2 and ‘Z’é,n =Zé

Z,n
—— >“’—‘,‘u_
Hence

foed «© - 00
GO ¢ = B = e
@235 - (L, DEB®L, 3L
n=1 " n=1 °’ n=1  “

oo 0
= B ¥ ‘” G

= ""ﬂ;’é n%u' /\i& , T & “an

n=1 n=1

because @@ 222 n and (1) are hyperfinite and so
‘ %2 n® %(H) is also hyperfinite.
This completes the proof.

The following defintion is due to Ching [1]

Definition 2. A finite factor M is said to have property

C , if for each sequence unfn=1;2,«-sj of unitary elements

i n
L i

Li

M with the property that

ffu *xu - xff, » 0 (n + )
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for each x€M , there exists a uniformly *hounded sequence
v, (n=1,2,+-+) of mutually commuting elements in M such that

o v i, = 0 (n =)
Then, Ching [1] proved that ) and &(¢,<1) have

not property C and also there exists a type IIl-factor My

~which has both of properties C and T .

It is not so difficult to see that 95(@2) has property

C , although we do not need it here.

Corollary 2. @1"8“ with o@n = X)(@z) has not
n:

property C .

Let g5 be the element in @I which permutes i and i+1
and leaves all other positive integers fixed, for each 1i=1,2, e+,
Clearly || eg xeg_-x“z +~ 0 for x¢€ %(H) .

i i
Hence )let 1 be the unit of 10811 , then

l1®e* vy 1@ ¢
g4 -1

"%n has the property C , then 98n§ Z)(H) has property C.
n=1 n=1

Let {v,} be a uniformly bounded sequence of mutually

-y, >0 for ye o%né /‘6(1’[‘) . Suppose
n=

commuting elements in "Sné Z @) such that ||1®s:g —Viﬂ >0
n=1 i
(i » =)

Then, since g;g..1 7 £5,18; »

VI=|1@c¢

(gigvi-ﬁl) ®E(gi+1gi)”2 -

1]

l1®e_ 1Q¢ - 18¢ 18c_ |
g 8iv1  8i41 g; 2

A

IGc, -v;) 18e, Il » Ivi@ey, v,

+ || (Vi1 l@sgi+l)vi]|2+ []1®egi+1(vi .@egi)nz-»() (n>e) .

- 13 -
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This is a contradiction and completes the proof.

Proposition 4. There are five examples of Iil-factors
with different algebraical types on separable Hilbert spaces.

Proof. o@n with ¢©n = %(@2)‘# A(M , because
ES(H) can n02=iontain the IIl—factor which is *-isomorphic to.
}5(@2) as a W*-subalgebra (cf. [10]).

Clearly I;@;;Sﬂ # /%(QJZ), because 1@]_1 = l.,@n@,%(n)

has property T ; by Theorem 1 @ Jﬁn # §5(¢2xn) ; by Proposition
oo n=1

3, la@n F M,
n:

This completes the proof.

S 14 -
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