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Characteristic classes for s-,!c‘erical fiber spaces,

by Akihiro Tsuchiya

Department of Mathematics, Kyoto University,

(Comm, by M, J.A 12, 1968 )

1. Statement of results, Let SF = 8G = lim SG(n), SG(n)
n
= {f : Sn___)sn’ degree 1 } s BSF be the classifying space of SF, Our

purpose is to determine H*‘(BSF , Zp) as a Hoph-algebra over Z.p , where p

is an odd prime number Coefficient is always Zp , and we omit it later,
Let @ (8% = 1im N7 s° Then Q (87) has the same homotopy type
0 = Al . 0 py typ
o]
of SF, Let i : QO(S ) e———> SF be the homotopy equivalence . Dyer-Lashof
0 aQ
determined H*(QO(S )) as a algebra over Zp . H*(QO(S )) is a free

commutative algebra generated by xJ , J&H, where H = {_ J = (El, Jl,,_,,gr, Jr)j-

satisfies the following properties : 1) r>1 2) ji= 0, (p-L) 3) ‘jr; 0

{2(p-1)) 4) (p—l)gjlsjzs--.gjr S)EiZO or 1 6) if£i+l:0

then ji/p-l and ji+1/p—l are even parity, if €i+l = 1 then ji/p-l

g
and Jing 0 s

/p-1 are odd parity, There is a continuous map h_ : L, —p i
) , where eie-Hi(Lp) is a generator, i

<0 -
QO\S ), and xJ "ho*(er(p—l)

and x, = X . L = -1 < . .
I C&1y JuyernsEls y=2 gl q. .. .pr-l g Tx , wnere . is
& & Ir o % Sp Jr_pr i, °

1

the extended power operation defined by Dyer-Lashof, We identify
0
H(Qy(87)) and H(SF) by i, asa Z -module and we denote Y=,
0 |
if xC-H*(QO(S . %

)
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Theorem I, H (SF) .is a free commutative algebra generated by ’;r
. 2
JE&EH, Even though i, 1is not a ring homomorphism,
Let Hl be the subset of H consisting of J = (21, jl,.”,gw, jr)'

such that j1 # p-1, and rZ 2, Let H2 ={ (z, p-1, 1, _j)} g H,

T = i = { H_ = . H Y= :
And let H, { JEH, , deg(x ) even,)ﬁ. i }‘ JEH,, deglx, odc}

i=1,2;- Let J ; BSO —_— BSF be the inclusion map, Then by

Peterson-Toda, H*(BSO)/ker j* == Zp L 2132550

] , where deg(z ) = 2j(p-1),
=}

and (z.) = > z . z z =1, Let 2. = j (z,) &H (B_..)>
4 J C4q =4 J]@ jo? 70 3 Jx 3j SF’
J; T30
1 72
Theorem 11. H,(B.) = Z Lz, 7z} ® /%, X, & c
eor el « * POgp’ T p » orer. j JRY. 2 1,0‘ 2;...) *
C, 1is a free commutative algebra generated by ')2} , J & HIU H_
§; H(SF) — H,(B) is suspension, r’?&‘j, m’i} are primitive elements,
and Az = I ’zVJ ® '53' .
jl+32:3 1 2

H*(Bg,) = Z’p Cd;,0,... J& Ada, 4a,..00¢ .

H+
2

et
)
<>

(@]
1
r~‘<4®

/]_((q*?c‘l)*) (%) @ _ F’p C (* ] , where ( )* denote dual elements.
Js-HIUHz
LR 3,

The author wishes to thank Proffesor H, Toda for his suggestions anc
discussions, and Professor M, Adachi for constant encouragement, vetailed
proof will appear elsewhere,
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2. H-structures on QO(SO) . Let SF(n) = if : (S

degree 1 } Then, SG(n), and SF(n) become H-spaces by composition of maps,
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2 -4
Let S¥in) SF(n) —————> SF(2n), SG(n) X SG(n) — -

SG(2n) be tie

map defined by reduced join and join respectively, then these three maps

, A, * , are homotopic in the stable range, Let in : ;;;g s"
n n . . . L O
{3, 8 =SF(n) be the map defined by i (£) = (i VE) , and i : Q.S
“~ L n n 9]
~—>S8F be the limit of i

1
n

Proposition 2-1, The following deagram is homotopy commutative,

QOSO X %SO ——> 8F X SF ————— SF < QOSO

A
/' Pt ' P
[ ax4 fv
i
0 ; ¢}
(as’x asOxias’x as? —> as’x ashxca s a s%-—a % a%° |
° 0 idXTX id 0 0 °

VXA
0, o c e . 0. 0 0
where \/ : QOS X QOS be loop multiplication, and A : QOS X QOS — QOS
be the map defined by reduced join,

If K is a CW-complex, we put Q(X) = lim_[) "s"K
n
g+ W)%Q(K)p—————) Q(X) be the map defined by Dyer-Lashof,
F

— QKAL)

.

Let Q(K)X QL)
be the map defined by reduced join

Proposition 2-2, The following deagram is homotopy fqummutative,

P .
K WX QL)Y) ——— QK A
A(K) x (¢ 'TI;'O‘( =) idx g QK) X (L) A QKA L)
{ ~
§ yal
v oo Y
. N P
WX (QK)x QLY )
P

: P o b
14X X i)” )<TTF( QKX a@)) iW—' w,}l akA Lf |
P

Q ~n.n
Let h : L =W/ —>Q(S) = 1lim .S be the map defined b
p ’Tp Q = p y

V)
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\\-/’
‘./7)\%
/—\/"
. » i ) . .0, 6 .0, LU
nocoL = Woap > Y WNL—— W L QLS Y Q(S T, WG4 (5
. 0. -p.d> _ .0,
b L —3q 5 p"d?gogs )

Proposition 2-3. The following diagram is homotopy commutative,

o x o. A\ 0
k) X L M QK) X A8 —— QK A S = Q)

?
: ~
(T I~
M T
L. X QK) ~=e—————> WX Q(K?ﬁﬁ Q(K)
P -n“, &

T
W%

3. Proof of Theorem I, We introduce a filtration into H%(QOLS )
0 .
= > i 1 i ties ] G, = K ]
H*(QO(S ) GO'_>__ Gl‘ G2 sat}sfy following properties, 1) 1 <er £

0 . . - ~
& H*(QO(S ))—> Zp is the augumentation, 2) Gi® Gj — Ui’f’j
3) XJC‘Gpr—l where J=(¢,, Jl""’gr’ Jr) & H, and XJ¢Gpr'l+l

0
Proposition 3-1, There exsists unique filtration in H*(QO'\S_ »

PN ¢ -
satisfying the properties 1), 2), 3), and for x&H*\QOkS ¥y, if xé:Grj

> - * [ L

N .
and Sx=1Nx+x®1+72 x' ¥ x'", them x', x

celong G,
4

0
Proposition 3-2, Let EOH*(QO(S )) be the algebra assoclated to tie
. . P 0 .0 . . )
above filtration, Then H*\QO(S )) and EOH*(QO\S )) are isomorphuc as

algebras,

J

Proposition 3-3, A,&x® » €& Gpij , if x &G and y &G, .

Then Theorem 1 follows from Prop.2-1, Prop3-1, Prop3-2, and Prop3-3,

4., H - structu n B Let S —>B be the universal
P cture on Sgp- ¢ n SG(n)
. n-1 . .
oriented spherical fiber space with fiber S . Zp denotes the

4
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cermutation groop of - p-element, szp = Zp’““‘ );,Zp denote m-tn join of . |
‘ 5}
\“) ( . - . . =~ -
Let d’rr) -—-—-}BSG,H)\p) be exterior p-th Whiteney join ol Jtn. Let
EY N

T
“p

ma d:_")-—)!j

{(p) , ‘ . ) , ‘ , -
xBSG(n) dencle e AL AL ‘F‘;be)ﬂlng af d—/ép} by

o T nSTPX B sa(-y({’;) — 3 5&(7;’[;}

Proposition 4-1, There exists a spherical fibring P(d’r)

@'\; |

AT RN

da‘y

L . Pn-1 - 5
) .7
with fiber S , and bundle map q ;,2({11)—7’ P((n)

e S el
%S px B J°3

SG(n) p'-;f BSG(n)
: “p

They satisfy following commutative diagram, VD“E Zp

- T
Ty T Wy
a %

Z" i
P

w |
o0 { [ . 0
I 25X Byathy ,, » I 2pX Bsag\
l )/ : /]'\3(‘3

R
I /EFBSG(n) ,

ci‘}’k;g,

Le ESG(n)—_? BSG(n) be the princepal fibering associated with rh’
i E =it . ori d fib
i.e, SG(n) { : D' — Ln ; oriente iber map }

¥ ——3 B
Bsa(n)
) m (p) . . .

Pf)—> 7 B - y  where
0 d’n Trp 1)%_? SG(n) denote restricted fibering of P(')/n , wne -U‘p

denote cyclic group of order P.
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“\i\é‘
= m ¢on ) L
SRR . B {/ B be ti 1 ifying map oi © (
= J- P%’ SG(h) ___)DSG(pn) be the classifying map o 3 d;) .
P mx‘}
) ¥ .= L P 5 e & ? 3
: g — x —_— B ’ 3
As the map E J ”P/T['p u‘TTp ‘ﬁ';e\’)) uTT'p# SG(ny ——> 5G.pns

‘ eO GBSG(n‘) , 1s induced by the n-times of the reguler representation

Trp -——> S0(pn) —> SG(pn) , by the result of Kambe, we may suppose
the above map is homotopic to constant map for suitabie m, and =n. And we
i may take m, sufficiently large for a suitablly sufficient large =, Sa

):eofB

i we may assume 2 T
I Yy S (VAN T SG(pn)

PAT

i

We define a map . I —28G(pn) in the following way, We
Tfp g

-4

N _ Loy oo _ .
identify SG(n) = (ESG(n))eO =TI “(e), and SG(pn) = (ESG(pn)) =1 (e,

R 3 7 i i . - 3 t Y
respectively, We fix ln:é (ESG(n))eO and for w & Jn-p N f (w)

represents -a. following map,

n

— . opn-1 m ~ (p) _
Poo T — o ivrprn =T —p ) —r [
/ A s n 3

*

¥ T,

m (p) ) m {py ¥
—_— —
T X Bsgn) I ;r?f}, 56y ™56 (om)

<

We define F/’: J;,rjr'n X (p)

p ESG(n) _—_}ESG(pn) be the following commutative

4 m (p) 3/
diagram, for (w,fl,,,,,fp)G—JT{pX ESG(n)f , G, fl”"'fp)



ori-i -1 _m )
el 5 T ————— o X&) — ),
£ (w £ x kg ) P q
1 P \L J/

Y N I (p) ~m s J
* —>J 5B —3 B

7 2 IR Bsa(n) Tro"ﬂ‘P 5G{n’ SG{pn)
Proposition 4-2, 9/ is TT.-equivariant, we oobtain following

i

commutative diagram,

6:Jn-;TpX E (p)

% Csemy 7 56 (pn)
| ]
. l
‘ | L
m (p)
: N
U 45,‘*? Bse(n) Bsa(pn)

sap n )’ 20¢ G w,t,...,10)

s m (p)
And J <SG < E
nd f ¢ T, ,;lpsa(n) ) (pn) < .

B = -1 . m (p)
= P« W *.x fp) f 7, for any (w,fl,,,,,fp>e—JTrp%§.Fsscn)

5. Decomposition of 9 . Let /l =

Py

J = (21,...,Ep>,- gi = 0 or l)l. ,

fJg’ = number of{ﬁi:l,J:(El,,_,,Ep)} R TFFoperates on/l

by permutation, We introduce in /1 an total ordering by the lexicograpnic

order, for example (o, 1, ) (1,...) . Let /1 = /] f . We define
» *
P

the map /I._TT__,.A_, by Tr( {Jj ) = the first element in {J}

A.O denote Fhe image of ” . For each element Joé/j’_o , we define /ZJO :
1.n 1)@/&(? 1 1
n-1_n- - ~1
(.QO S ~——3> G(pn) as follows, where G(pn) = { f Spn_‘} st } s

n-1 n-1 n-1
f, 5 —5, Vs,



Tor Q . ,)2 )€ (_QH-LSn-l)p s 7 \‘( e, ) represents iollowing
1 o 0 Ty 1

n-1 n-i n-1 -1 o a=1

S SURY S A * > (S VvV s, Tox =~ (8~

}‘(Jo El Ip (fz* ,kﬁaz 0 1 v

L .
Spn—l \/ sgn—x
€3] aP J B}
JeA

@ is the map as follows, @js : SJ~—>S represents, a) 0¥ * 0, if
T

J.F G'JO for any peﬂf, 0 :
JEed,m (8,8
pn-1. _ _n-1
‘\n = ES
d SJ SE

g/
o]

We define

as §§ (w,_el, ..
o]

g0 . i
) for some. O €], where JZL = id ,,e:

m ~An=-1
J'rrpx (—Qo S

0

n-1

8§ —s™?

L) =P w7, Z,..

P —=>G(pn), for each - J.-

1

..Qp)}(w)'

. ’ m -1 -1
Proposition 5-1, G'J [ p)( (Jlg s” )p —3G(pn) , is
4]

o 45 *Iff’ it

Ut
[}

’ A -] -1
Tt -equivariant, therefore it define a following map 5 : J‘?}l‘ ,Xr([zn tghmhy?P
. JO D > 0

—3>G{pn)

Let i G(pn) —=

»

Proposition 5-2,

{pn-5)~skelton as a map J%;)% (1L

loop multiplication on

For J, e/lo , ‘VJOJ # 0, p, we define hj

fof wg J‘[n'f'p y

+ +1
_ngn lspn be the inclusion
i 9 and . ; Z/L i QJ are homotopic on
0 0 0
n-1

> 0

~ pn+l_pn+l
44 8

6] P

~1
s” )p___‘;qug-rlézﬁ-l , where Y/ dengte

T~ G(pn) as follows,
e



4 ¢ N gpn-1 ?(w'):,‘”;\ SPH—M > \,/ Spn_l
Ry a8 ' sql %
U L L@
pn-1 }f(UJ) pn-1
S G S
- -1 U
where @ [S : Sém l-—~—/» sP? represents aj ox *0 , if J.#FoJ .,
J .
for any g\en‘p . ) idpn—l » if J =5 J,, for some il 5 hvo

is well defined,

Propaesition 5-3,  For /1,8 Iy = (€ 1reeea€ p) ' 0§‘ﬂ§ p, the

following diagram is homotopy comutative,

m s n-1_n-1 (p)
Zl(r(—Qo S ) *—.—-—QGO(pn)

m . n-1_n-1 >
JTf'pAr X2 s idX 4 LU
P P P
1 Zp .
; ¢ N— ok
h /(1 ) () \}, o
0
G(pn) X Go(pn) — GO(an)
*
3 -1 n- v
where ( ) lx... *( )Ep _Q_g lgn-1 > G{pn) 1is the map defined
2 <
oy § s DT x@) P
. . .m n-l_n-1.p -~
We define @; : JTrp)r(rP(.QO S )j > G(pn) by & p(w"al""’ﬁp)
=P G, L) £ ot
P
Proposition 54, a'p = 9 0,...,{> ; homotopic,

I
T

6. Proof of Theorem II. @ : J= X SFP— sr, §: 3% x 8P -3
S 6 ”pfﬁ? 9 Wpér SF S

are the maps corresponding to y : J';m'[p % SG(n)p—-—-?SG(pn)
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I p We Gefs
6 LJ B — for large m and n, We define
M5 & P36(n) Bsgipn) T g
F

Qj H (SF)— H_(SF) , Qj CH(Bgp) —»H (Bo) , §=1,2,...,
by the Qj(X) = *(ej%ﬁ}, for x&H_(SF), or éH*(BSF)
Proposition &-1, In the homology spectral sequence associated with
followi fiberi SF —>E _——> B 2 —u (B, YEJH, _(SF)
foliowing fibering SF ? Bgp . o Hy (Bgp %
If x& E2 is transgresive ¥ & E2 T = ¢ vy { then we obtain
on,0 . 0,2n-1 ’ RN O
the‘ following relations {'I:E (x)} = {'C (xp)} = { Q. (y)}
: 0 p-1
. 2np { p-1 - e . ~2n{p-1)
in EO,an—-l , and T.x" By } = | Qp_z(y) nEy onp-2
- m
iti 6-2 L = . )
Proposition . et hl h(l,O,,_O) va/_n_ —> G(pn) , N
p
— -1 -1 —_—
and Hl : J-rn;p/ X gP? ———3»5pn be the representative of h1 . Then
Tp

in H_ (€= ) ,P J(s) and APJ(S) are non zero, where sern»l(cw_ =z
*"H i, p

is a generator, and 1= j<<m-1 / 2(p-1) .

Proposition 6-3. If X €H,(SF) belongs to G4 » 3 Z1, vhere TEH,

then Q;'_z(xl), Qp—l(xI) belong to Gpj+l -, and as elements of Gpj+1/Gpj+l+l+deC°mp :
th i id ith ( (x_) i
Key coincide wi Bpr—l xI), Qp X respectively,

This proposition is prouved by using the following lemmas,

Let . : Joer —_— G(Q) = ~h f: SW——-——).S”} , represent

T
1 p/n..p
_ . . o 'E'l C (-p-id)) -
n, : Ju. j~—>G(pn) for large m, n, And h Y —G (X)) ————> Q s~
1 pm-r 1,0 -Trp/n-p ol 0
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T 6- 1 { ) = ex, - x', ¢ 0, x& G, ,
Lemma 6-1, nl,O*\eBi(p—l)' ex, c # o
o = ¢ xtt ' o, x'' G, . This proposition is pr
hl,O*(ezi(p—l)—l) CBpXi "‘ , ¢c'# 0, & 2 prop Prouved :
by using prop. 6-2,
Lemma 6-2 In H_(SF) , we obtain the following relations,

<Ej L O@g >0, <px L e > #0, for x€G, , <x, glAa> = 3

<%, wap> =0 ‘ ' !

> bwma 6-3 @ 45 _
Lemma 6-4, For any x €65 , IcH, g, (e 8 xi’)éap.ﬂ . And

J

as an element of Gpj+l/ GpJ*1+l + decop. it coincide with Qi\xl)

Lemma 6-5 3 j 1 ‘:; < p
emma. . For any xIerd , I€H, j> 1. g (1,_,_,1)&6‘1% xI)

]
i
|

belongs Gpj+l+1 , if ifp-—l,

3or—>__.

¥e consider j, :/\H*(SF), by Peterson-Toda, H, (S0)/ker j*:_z_-,-/_]_(yl,yz....)

degly,) = 2i(p-1)-1. Let Sr\i'eH*(SF), be  j,{y.)

Proposition 6-4, H_(SF) is a free commutative algebra generated

~ ~— -~ + T — — -_ -
b X .3 =1,2 I S I ;
y i Y5, 9 12, X, Iedl\JH2 , Qp_l "'Qp_l‘ I), l&-H VH, , |
!
‘Q—p-z operate on x  k-times, k 2 0, q—zq_p-l"“Qp-l =, &R VS |
o - —_ ~ . J—
Qp_2 operates on Qp—l' "Qp—~l (){I) e:factly one times, and Qp-l operates

on %, k-times, k& 0,

This proposition is proaved by using prop, 6-3, and structure of H_(SF) as

an-algebra, Then Theorem Il follows. from prop. 6-1, prop, 6-4 and tie

comparision. theorem for spectral sequehce. )
@mmé-S , If Ted ) wrd. 1T to0,4,p, HRen, fn oy
L€ hh (LR lz&(}fg, TEN, &g, 4(e: %If)s(,lﬁqﬂ

I
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