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Solution of Quasi-Linear Parabolic Equations

with Discontinuous Coefficients

by Yoshiaki Ikeda

§1. Introduction.

This paper is concerned with weak solutions of a quasi-linear parabolic

differential equation

{I. 1) Lu-= ut - div/\o {x, t, u, ux) + B(x, t, u, ux) =0

under the conditions

| A 6 & P < E}p;a-l + cfx, t)(uia’.'l + e(x, t)
| B(x, t, u, p)) < blx, t)ip)a-l + d(x, z);u,“'l Fi(x, t)

i p"é(xl t, u, P) 2 a’p‘u = d(x’ t)lu‘a - g(X, th

where a > 2, p is any n-dimensional real vector, a and a are positive

constants, b, c,*v*, ¢ are positive functions of (x, t} belonging to some Lebesgue

classes. ,& (x, t, u, ux) is a given vector function of (x, t, u, ux), B(x, t, u, u
2 given scalar function of the same variables, and u_ ={ du/ axl, sev, du/ axn).

Also div ,é in (1. 1) in refers to the divergence of the variables (xl, e, xn).
Cur aim is to derive the local behavior of solutions ; local boundedness

and the Hdlder continuity of solutions.

In 1964, J. Moser [3] proved the boundedness of solutions and the Harnack

inequality for the lirnear parabolic equation
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where a.j = aLJ.i are bounded and measurable and
1

2 2
x]g[ f_zaijgigj < Mg for some constants A, M.
J. Serrin [4] proved these results for the quasi-linear elliptic equation

- div /A(x, u, ux) + B(x, u, ux) =0

under the condition
a-1 o,-l
JAG u PY|< ap ~ te(x)uy toe(x),
a-1 a-1

[ B(x, u, P} < b{x)yp)y ~ +dlx)u)] ~ + i(x),

prAGG w P > e - A - gx),
where a 1is a positive constant and if 1< a< n,

(@17 °

C'. e eLn/ eLn/(l-s)' d, f, gELn/(a—e)"
and if @ =n
Ll dl 1]
c, eeLn/(n_1)+£, be Ln+s b geLH_e
and if a>n
’ ’ » 4, 1, L..
c eeLa/(a-l) beL‘1 ) gely

These results are extended by J. Serrin and D, G. Aronson [1] to the quasi-

linear parabolic equation
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w, = div A(x, t, u, ux) + B(x, t, u, ux}.

where
PrAGL tow p) Zalpt'Z - bzlu)z - fz.
B(x, t, u, p) <cip} tdju|tg,
A=t ou, p) <ajp)*euj+h

Here a and a are positive constants, while the coefficients b, ¢, -+, h are

non-negative functions of (x, t) and each coefficient is contained in some space

LP q(ﬂ), where

P>2  and <'£1' for b, ¢, e i, h,

and

Pp>1 and ’én;+gl<l for d, g.

Also J. Serrin and D. G. Aronson [1l] proved the maximum principle for

the non-linear parabolic equation (1. 1) under the conditions

pr A tow P zap® - b w® -0,

[3(x, t, u, p|< c,p|°‘-1 + da"l!u}a-1 + gu—l

where a, b,*++, g are non-negative constants.

By similar methods as in [2], we can easily obtain the maximum principle
£

or the equatioa (l. 1) even if the coefficients b, ¢,***, g are measurable

functions of (=, t).



29

We shall prove boundedness of solutions in §3, {4 and § 5 arc devoted to

prove the Hdlder continuity of solutions.

§ 2. Fundamental inequalities.

Let x= (XL' e, xn) denote points in n-dimensional Euclidean space ok
(n>1) and t denote pcints on the real line. Let @ be a bounded domain in
En, and consider the space-time cylinder Q =QX (0, T) for some fixed T > 0.

For (x, t)eQ we consider the quasilinear parabolic equation
2. Lu = u, - div A(x, t, u, ux) + Bl{x, t, u, ux),

where Alix, t, u, ux) is a given vector function of (x, t, u, ux) and B{x, t u,
ux) a given scalar function of the same variables.

Throughout this paper we shall assume that 4 (x, t, u, p}) and B{x, t, u, p)
are defiﬁed and measurable for all (x, t)eQ and for all values of u and p,

and satisfy inequalities of the form
114 (5 tew P S';p,“'l + e(x t);u)‘"l + e(x, t),
(2. 2) |B(x, t uw p)[< blx, t)lp]Q-l + d(x, t);u;“’1 + £(x, t),
PrA( 6w P Zap® -dx 0 - gx o)

for any n-dimensional real vector p and ¢q > 2, where a and a are positive

constants. Moreover, we assume that



30

Die
.

fa =1 <
@D, a5 ger [0, T;LC

+ r
beL [0, T;L" %), c e el Jo, T:LY

(2. 3) and if n<a

Q
——{1+¢)
+2, -

ber [0, T; L% 2g)), ¢, e 170, T LT (g,

© +
4 f ger”o, T ;L%

(2)] for a sufficiently small € >0
and that
(2. 4) Iol+ey+idi+heltifl+lgys M

for a positive constant M, where [ +|| denotes the norm in respective space.
Let Lq[O. T ; Lp(ﬂ)] be the space of functicns ¢(x, t) with the following

properties :

{1) ¢ 1is defined and measurablein Q=Q X ({0, TV,
(i) for almostall te(0, T), o(x, t} ¢ L@,

(i) Joy (t) e LYo, 1.

L) 1

’ .-
Here ![ e p (B)= (‘\) olx, t)pcx)‘ .
L) Q
In the following secticns we shall derive yarious bounds for weak sclutions
cf the equation (2. 1}« The material of the present section is basic for this
purpose.

We say that u is a weak solution of the equation (2. 1) in Q if u¢ Lm{O.

a a. l,a . .. - :
T;L (;2)],-\1_, {0, T;H' ()] and satisfies the following

@]
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(2. 5) 5& {-ue + (f)xA(X, t, u, uX) + ¢ B(x, t, u, ux)}dxdt =0
uQ L

for any ¢ ¢ CJ(")(Q).

. Le

First we consider a less general class of weak solutions, namely uwed ~ [0,
l,a

T; La(gz)](\La(_O. T; H’ (2)]. The weak form (2. 5) of the equation (2. 1)
can then be replaced by

{ + . + & - ! = !
(2. 6) 33 {¢ut ¢ Al t, u, ux) ¢°B(x, t, u u ) dxdt = 0

YQ

1

for any ¢ e CO(Q).

Loy

It is easy to see that (2. 6) is not only valid for any functions in CO

1
'6(32)] with compact support in Q.

. . a
but also for any functions in L [0, T ; H
Now we derive some inequalities which are required in the following seciicns.

Put U =max (0, u) + k for some constant k> 0 and define the function

P-1® for co<u<t-k
F(u) =
PrE o for 1-k<u<o,

where B8 =aq-a+*+l withany q>1 and £ is an arbitrary number larger
than k.

Let ¢ = ¢(x, t) be a piecewise srmooth non-negative function vanishing
in a neighborhood of the parabolic boundary set I = {saxt0o, DIV {ax(t=0}
and let x(t; T) be the characteristic function of the open interval (0, T), (0<
T< T), We set ¢(x, t)= qaa F(u)X{t ; Y. Since ¢°x(t ; 7)) has compact
support in Q and F(ue LQ{O, T Hl'a(m], the function 4¢(x, t) may be a

test function. Thus we have



(2. 7) ‘)3 {d“ut + ¢X~A(X, t, u, ux) + ¢+B(x, t, u, ux)]d.\:dt =0,
Q
On the set where ¢ > 0 we aave necessarily u> C, and consequently

u_= u_ and u<u. Therefore on this set, using the condition (2. 2)
- o

¢u té A0 6w w)+ ¢ Bkt u ou)

1}

¢u + (qpanF' + a¢x¢“'lr)~ /3 +o%FB

nv

- — — -1 -1 —a-l
cf~ut + (p.aF'{a)ux]Q - dlula - g} - u’cpxlqpa F{a[uxia + c)ulo'

te) - ¢°F{b{§x[°-1+ ame s .

Put
+ - +
51_+-i {-ﬁﬁ 1. ({3+I)kﬁu+ﬁk6 1} for -~®<u<? -k
H{u) =
: 1,8+1-2 T g+l g-1 ptl
22 u -ku+—""‘6+1(;3k -3 2 } for 2 -k<u<op-.
Then H7(u) = F(u). Hence we see
—_a‘—zu,__ﬂ‘lv.
¢ut- @ l“(u)ut (¢ rI)t ay vtri(a)-
Since I“<=GB and kf__ﬁ. we have

— — -1
(2. 8)  (¢%E) +ap® F(WT “<ou +é -4 +¢ B+ (aale jo

+1 - a- ta- - -1
# b T 0 + Gk 0 0T 4 R B+ K 0T o H (W),

) ~ a-1 . a l-a a-1 l-a. a
where Go(x, t? = Q,Clq)x\'(p + de¢ +ak e}g.vx\ga + k i

The inequality (2. 8) has been proved to hold only in the set where ¢ > 0.

a =

When ¢ =0 and t< T, wehave either ¢ =0 or u< 0 and T =0. In

either case, (2. 8) clearly remains valid ; thus in fact (2. 8) holds throughout
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QX {0, 7). Integrating (2. 8} over 21X (0, 7), we have
o . { e — Q.
¢ Fl dx t a \\¢al~ ‘lu | dxdt
) X

i — a-1 q,—-ﬁ"‘l——- a-1 N 3 —{3+a-l
3{(m(¢xgw +be hu” fu ] PG G tu

w/
s

Q- i ~1
+ gza.'r"(d + k g)ua] dxdt + o.j ('»‘ (pc' 1, Hdxdt.

J

At this stage it is possible to let the parameter { tend to infinitv. Since

¥’ and H are non-decreasing functions of I, that is

. —3+1 B g+1 1 3+l
lim H = {u - (B+DX7T + gk’ T < T
j—w  BY1 P =g+l
lim F°= g0},
l—~w

by applying the monotone convergence theorem, we obtain for almost all values

r in (0, T)

1 —B+1 B, .. B11 S
{2. 9 B"'l:) e {u - (B+DK’T + k" '} dx T 8’650\,"9 u iuX]cqut

32 t
: - 1 a- +a-
< W tamie e + 00235 )0 1+ a7 ana
= du b4 1
a M oa-l B+l .
+_—6+1§‘S¢ if,ot)u dxdt,

where Gi(x, t) = G (% t) + pde® + gk %z,

The inequality (2. 9) will be used in §3. In §4 and §5 another variant
of (2. 9) will be required.

Suppose that u is non-negative and locally bouaded in Q. Weput u=utk

a-2
a

(g = 0.

and define F(u) =Ti8, where B =eq-atl for g2>1! or gc<
Ve take ¢{x, t) = <p°'(x, tYE(uix(t.; T) as a test function, where ¢ and

X are as before.
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By a similar calculation we have

Is+1tf‘” ot odx] ras .S-},‘.""Qge-l) w7 exds
< 53{(@3{90;(1 (pa—l + b:pa \ES{EX\‘I'I + C-:(:-:, t)IBm—I‘zdxdt
+ lB(:if:\ 3 q’a_lwt;'& L ixat
if gz, thatis B> 0, where G

L 0 =Glx, )+l plde® +]8Ik “ge” .

-

i
[
Nej
A
Q

, then g+1< 0. Of course £< 0. So we have
a

q—f-—- — —B8-l a a-1—-8 a—B
te s Até-BEeuu ti 4+ C A+
dut ¢x ¢*B=¢ u ut {Bu u ¢ ag ¢ u’) A ¢ u B
1 ae—8*1 a a-l—-R+1 —8-1 a, — a —a
S ; o —— ’ - ; . -d
-é; J'_”(SP u )t B'*'lwt“ Bu~ ¢ aju | u

\ 'g)

3

~l—8 —— g-1 — a-1 —_ - a-1 —a-1
+ a{cpx)qoa uB(alux\a +cu ety e) + gaaus(blux\a + ducL

+ 6,
Integrating this inequality over 12X (0, T), we see that (2. 10) is alsc valid
a-2
when < .
K a
Xemark.

The inequalities {2. 9) and (2. 10) are also valid for a weak

solution ue L°[0, T ; LY2)]ALY0, T g

{2)] of the equation (2. 1).
(cf. [1]).

At the end of this section, we state three lemmas which will be often used

in the latter.

Lemma 2. 1 (cf. [4]). I ¢{x)e Hé'“(ﬂ) for

a < n, then

i

Q |ra

1 1
LT N B e e Ea”

where the constant S depends only on q and n.
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i,a .
Lemma 2. 2. I Ux) e HO' for (a2n), then for any ¢ >0,

Q.(H’E)‘n
< ) ha({lte)
KNS ITT RE] :
£
. a(l + ¢ = naf{lte) v, . s .
Proof. Since e tallta) using Lemma 2.1, we see
allte) € (nallte) }* e
’ + o ta (1t (1+
N I T L
2 heY]
nafl+e) neta{l+te) 1 a{lte}-n

ne+g(l+e) dx na({l+e)

) na(lte)

nA

< s\ (v sl 1) % an®ial
- 512[ x ‘SQ x!
1

Lemma 2. 3. If f(x, t) belongs to L°[0, T; LYQ)] and if max(} 1£]%xn?

0<I<T “Q

<M for q>p>1, then {{x, t}) can be written in the form f(x, t) = £7{x, t) *

£°(x, t)y, where max (3 lf”}pdx)p < m and scvi;p(f’{ < K(n) forany n>0
t Q -

and for a positive function K(n) of n. Moreover K(n} may be taken as the
i

- ——

value c(M)n q-p. where c(M) is a constant depending only on M, p and gq.

{cf. [6]).

§ 3. Local boundedness.
Let (X, t) be a fixed point in the basic set Q =2X (0, T). We denote

‘by R{(p) the open cube in E® of edge length p centered at X, and define

Q(P) = R(PX(T - p%, D).

We denote by (I *J] . the Lp'q norm of a function over the Q(p). Then

? 4

we have the following theorem :

Theorem 3. 1. Let u be a weak solution of (2. 1) in Q. Suppose that
- 10 -
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Q(3P) is contained in Q. Then almost everywhere in Q(p)

max ufx, t) < C{iul +k0)m
Q(P) n.a.ZP

for some constant m depending only on a, 1, Where1 C 1is a constant depending
1

on P and the structure (2. 1), and ko = (flell+ HfH)a.l + ”g{‘a .

Prcoof. In the fundamental inequality (2. 9), we set v =-1-1-q for q 2 1,

where u = max (0, u) + k.. Then we see

0

1 (" a—p*l - 1 . ('
(3. 1) ;;_—an“{uﬁ -t T T ax + apq aSSch‘vx}adxdt

Y _ -1 1_ -1 .
, §35[(aaf¢x|¢°‘ +be™)q °v1vxi° * Gy(x, t)v®] dxdt

+ -B-E;-l S 3 qpo'-licpt[ﬁ'ﬁ%ldxdt.

Using Lemmas 2.1, 2.2 and 2.3, we shall estimate each term of the ine-
quality (3. 1).

First we assume that o< n. By Young's inequality
(3. 2) S'S.‘a?]qo wa_lql_uv(v )Q-ldxdt< wq-agl}(pv “0' + c ﬁi-o’ilcp v ;a
I x = x'a,a 0 x Ha,q

for arbitrary 7> 0, where c_ 1is a constant depending only on 2, n and a,

0
which we denote by CO(E. T ale

Using Lemma 2. 3, we see

l-¢ -1 l-a {",,. w -1
q 0.5 bcpuv,v}! @ dx = q 0’5 (b + b )¢ Ve v )a dx
Q Q

(-

1- : -1 1- -1
q amaxtb‘l‘gq)v[:pv)éa dx + g ajb”(qav){qavx]a' dx

uAn

1- (a-l e, . ' -1,
q “Bn,ngavnam-n<pvxni (M +q %lb N0 pev s (s Yo vil x

uAn

- 11 -



.a a -a e 1-aq a-1 -
< + e - 1 (£Y= St 3
$eB eVl () FBa Trgev (0 F g TaTev (o Sile v (1)
- ).
”(pvx;[a( )
n
Py -1 -1 e
Here weput n" =35 B8ng

.  Then we may take B _ = C()M) X(5 3rng
no- '
Using Young's inequality again, we see
an

-1
<58 9 EH <ov]|2(t) +3n3 uwv g 1t) + mBq “q’ vu (1),

where cz = cz(n, a, N, €, S5, M)'.

Integrating by t, we have
an

I-a{"{, a a-1 . -1 (e a -a
(3. 3) q S‘szp vlvx' dxﬁt; cz(s q) U:pv”ma + 318¢q ”cpvx”;’:

+gq e Vi

Next we consider

{ l-a a-l a ,1-a
,)(c+k0 e)]qoxlqv v dx<:([c+xo

T

-1
eff , (e vy (-l eV ()

a-1
. -1 a-1
<2 s%- | ot
< (Mfl)n‘va;la(t) (e Vn {ty T}sﬂvxg,a\’ﬂ
<ec qa(a-l)Bl-o.ﬂ(P v/[a(t) _i_an-o, v 1%t
= 4 x 'a il X”o.\ !
where c4 = c4(n, as N0, S, M.
Thus we have
(" a-l_a a{a-1) l-q a -a a
(3. 4) 5§(c+1\ e)(gox) @ v dxdtg c4q B };«va” wa + mBag //c;vx)]

Next clearly

‘\) {{s+Dd + x %1+ 51<5°g‘x¢°‘ viax = (3 +n L (d + K

+ T X
o

T -
e
a
Y

- 12 -
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i LTy o2 - a ,,
< \BYI)Dn,t!#V”a(t) t (g +n (I¢VNG &8

uAhA

a a - -
(B+DD_Jovil (1) +27S7(8+n (e v

1 -
Here we put n° = (Z‘°' s¢ (8 +1)) Bq @ n  for any

[} a
L ’““‘*"’XVQ“”-

n> 0. Then we may take
noo.z . n.n
Dh, = c(M)(2%s%(p +1))Q£3 at ¢ 1 €%, Thus we get
o 2 n
(3.5 (L {e+na+ k% + 8k % gl ¢® v ax
vJ 0

o gt v®dxdr < cs{(gﬂ)e'l}“ g

v vl g e v
where ¢

cs(n, as 0, €, S, M).

Finally, by Young's inequality, we see

(3. &) TP (3+1)k5u+ 51:5 lgé B¥L ﬁkgﬂ.
From (3. 1) (3. &) we obtain

1 (' a—8+1 - foge
2(g +1) 5“’{1“6 _]t=1- dx +gq *(a - 571)55}«9 vx)“dxdt

-1 5]
7 p‘gjvn(goa-i- [(prx)dxdt+6+153 as Igot]ua dxdt ﬁ——{

1)7
_ an 2 n
p—max(e -1, (a-l),,;:-'*-l).

tiN

where

Therefore, putting n = 1?;} and noting the fact that

+ ( q—8+
kg 1dxdi: 5;1-35 o5 ldxdt. we have

1-(1("(' a
+ = 1
t= dx >4 )‘jlrpv} dxdt

- +1 Al
Scpuke dx < lgs (pa
0 -7

(3. 7 (" o8l

1 .
- 2V dxj
2aq ‘)_’2

L o et

e yaP\ Vet o trexar + e o9 P axan
= "3 1)

for any Te (0, T), where C8 = cs(n, Gs Ty €5 S, M, 2, al.

- 13 -
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ILet p =p(1+2-v), T =pa and denote
v

Q =Q( )Y=R(p ) (t-7 ,7).

v v v v

(v) {(v)

We choose the function ¢ (x, t) such that ¢ (x, t) = L{;l {x) - 4:2 {t), where
v v
0 if X -x > P
- v
P - (x-3)
(v) v . -
| = —_— > x - x>
¥ (%) o b . if PV x >.__pv+l,
v vl
1 if x-x< pv £’
and
0 if T-t>r ,
v
T -(t-t)
{v) v . ST
= ———— -t>
442 (t) S if Tv t t__'rvﬂ,
v v+l
> -t>
1 if Tvﬂ t-t>0,
Then, noting that
a _ ' -q < _ '(1< ) -a g
¢ S(P_=p ) s 9 < ('rv Tv+1) < (Pv P+ and
-a
Tosle,mR )
we get
3+
S‘g o, v, “dxdt< C e —p e {35 vadxdt+((§ v®dxdt) 29},
v =0 v vtl J
3. 8 Q’v Q Q
(3. 8) v . v g+1
I _ A+ + - ' . T . - AN
max | o aP 1dxﬁ Clqp 1(p -P ) a{‘w v¥dxdt -H\ ‘\ v3dxdty ¥4
t ‘JR(P ) v = v v Q PV VQ
v v v

where C, and C_ are constants dependingonlyon n, o, 0, €, S, M, a2 and a.
1 2 !

Using the Holder inequality and Lemma 2.1, we see from (3. 8),

- 14 -



= a“<“\n
S O.q{l+ (O." Vi PRy + a
3.9 A\, = P9 axdr< VL (@9 AP0 axat
\)Jr\ - JJQ v v
R a* . ya* ,{ a=—@f*tl, \n .
< ._\J {‘})q)yv; dx} \‘B ¢ u dx} dt
i - Tl
< 5% (max \rpc"uB ldx)n\j l<p vio v ladxdt
= t 4V vJnq Ve v X
v g+l 1+
pta -a, | a aq.
[Coa™ (o -0 1) (jjh v dxdt) ]
< v a
= . {(1+2)
pta -ay i ..@ n
[ Czq (pv_ovﬂ) ‘)‘)Q v dxdt]
v
nt 2 1 -
Put ¢ =(BTQ‘)V'§‘+(1-E) and Y '—*1+;((,,-‘1
Vv v v—x
v
and g =q .Y C 9 oY Y Tt T J}Tl ¥;
Define .
1
it T aq aq
¢ = (o (nTe) \5 Vdxdt) Y
v v g
v

Then from (3. 9),
[C,a" %0 /(o -p N /o "¢
qu+1 IZqV pv v pv""l' v vtl v
> . <
T k (c.a® % / D% /o )" e
' ¢ qu F’)v pv pvﬂ pv Pl

where f =aq -qtl
(2

n But,
4

aq

1A%

From the above we see immediately

1
; +a aq, 4
¢v+l<: ﬁ_[Czqs (pv/(ov - OVH”Q('OV /pvﬂ)n] v
where s = v il or L .
vooeSn Y, 41
By iter: .iun we have
v
= ! (pta) 1
) 5=anj+l v ad,y v ) 1/(1’._*‘1 )
R L N (o TT q, T B S y
: =0’ j=0 757 P5n



4i

7 . . E -
Since (1+:-)J~:~ q.‘§;11+g‘)‘) foc j=1,2,++-,we see - L <
a = = n 1= @S5 T
M i , (pta) C‘ J
1Y 2 -+l 0%+ 2 — RRSES]
= P2 {11‘;‘, b ”i;r—;-., Hence CE 7 (: CZO', ] Q‘J 4 <=
¢ =0 - 3=0
PT‘—' ‘1_‘](1'.‘;) {1 pta n 2
a ‘2
(1+ %) <1+ ,
n = n
and
1
- v n j+l n <n 2
. 22y (— ——) (=
AN M % B = R AR ey aeenley
7 (= ) <2 < '
j=0 %y 7 %m 3
n n "j+l n
0. - >
( ] \@ nt+2 < 22(1(n+._,)'
°j+1 =
We note that
+ & + &
(1 n) ! n _ a -2 -1 . a - 2 1
'YL T e ez Chmrae) ™ G 7
L T j ‘ j
j
Thus we have
14
a 2{a - 2} 2{e -2} _. -1 a-2
1+ — < 1+ ————1< ——= ¥ g, < .
= , 5
. 4 -2
that is, . m = (1+§)s.§ et .

Consequently we can let v tend to infinity in (3. 12} to cbtain’

max u< cnai™

Qlp) 0.:0.'29,

irom which we have Theorem 3.1 fcr a < n, since a similar result can be obtained

for -u.

Using

Next we assume that @ > n. Using Lemmas 2.2 arnd 2.3, we shall estimate

each term of (3. 1).

Consider



f= ¥
[ g%}

l-q -1 1-q -
o a \\bva vlv ,a dx = q a \(b” + b,wa viv ]o. 1'\;:{
J X J ps

i- . -1
@ " sup (571 (jev L (0 oV ST

[TaY

1 1

L PPN T L1se) y B flev )27

+

nA

1- - .
c)8 * B VS (0 + mea® (o v ||S (0 + @ s (e vif_(8

+” ¢V Ha (tH - “(p VX!( Z-l(t),

aflte)-n

. - na(l+e) P .

where S, = S|Q] I+ ¢ Here we put n° = 31 q B8n. Then we may put
-1 -1 e
Bq’ = C(M)(sl q 87 . Thus using Young's inequality again and integrating
by t, we get a 1+ ) a(lte)
. l-a{{ . a a-1, £

(3. 3 q ‘B‘) be v]vx( dxdt < czﬂ q !¢v;(°'

+3 ~a _— + paq @ a
n8q “le xna..a‘ 9 n‘pr”O.rQ

Next we cen get
\(c+k1“1e)1cp ¢ 1 dx < uc+kl'° el e v llev)®
o 0 o Sa 0 . 195Vl ¢ (1+a

L 0+o) oS

e+ Dlle ) 020787 e 1270 Hlo g 127

< c (1+ﬁl-a o.(a.'l)) 0 ' Oty + naq e @

= 3 9 N Xv!lq, nsq “ vx“a\
Therefore we obtain

(3. 4)° q\'\ !c+k e){qa \¢ -1vadxdt§_ c (1+,el'° ala: I’W |
: : JJ =3 % aa

tneq © e v ‘:’a .

Similarly



i 1—
R R ST Sy
J 9

(arlyi\(d+ k;_cf-&-k- 2 % v ax

< (r’»ﬂ)d <pVIl (t)y # (8 +1 1719”\/{( 1+ , (v
£

S BFLD L |levi[S (0 + (217285 (e V|

- - a

0 e v i G,
[ x g
Now we put ‘

= (a+n 205 @

% . Then we may take D__‘, =

1+e ‘
_—E—- .

c(M) (B +1) 2 %5 %8q %0}

. Thus we sece
(3. 5)° 5& (GRALED RS ek(;ag} @ v dxdt
1_+_§_+1 I+e l+¢

£ € 0.(_
< + a -a a4 a0 a
< c4(3 B 8 q (l«ﬁvt{c’a n8g | q;xv:)ma n8q Hevell 4,
From (3. 2), (3. 3)%, (3. 4} and (3. 5 we obtain (3. 8), where p =
& Is+£’ +1. k
Using Lemma 2.2 and (3. 8), we obtain
. a-2. 1
e a.Qll + ( ———\} ‘ o 1+¢
S( m “ U4 Taxap e (L (v¢) ELARC S L
ct.-)Q = )u
+1 Qv
v
allte) _e !
o Fe (_p4 +
E 5(3‘\’«7*' PS e Tt R e
= v J v
1

x
+1 1
Pta a, {{ @ Bu e ((
[C,q (p -p ) ()5 v dxdt) ] if \ v dxdt<l,
2 1 Q J./Q
< \'4 1 v
= + _ oy +i-'_*-_-; fo
[C.q P Q(p “p o) % B\ v* dxdt) ] if “)\ v*dxdt > 1.
2 v 1 v-)Q Jo -
v : v
. ' 1 v, 2 a
P =1+ — —-) + )
utting qv (1 l+s) (a)

by same methods as before, we have
Theorem 3.1 when

n<ac,.
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j4. idlicer continuity.

- [ . . - .
Moser [2] proved the Holder continuity cf solutions for

{or lincar parabolic

equaticns frem the Harnack inequality. In this secticn we shall derive the.

Helder continuity in the same manner as in [ 3] by using the following Lemma.

Main L.emmmma. Let u be a non-nepative weak solution of (2, 1) in O, and

let ({37}

n

is contained in Q. Thexn there exists a constant m deonending only

on n and g such that

-(nt
{4. 1) max u< C(p (ata)

lu+ ko eﬂ
Qim a

)m(min u+ kp% for o<1
Q(P)

sCQs Q( s Q)

where C is a constant depending only on the structu]re of (2. 1Y, g
. 1
i . -1 a

small constant with 0< g<1 ani k={ e + ¢ )%+ g ¢+ 1.

Here max

and min meceen the essentisl maximum and the essential minimum respectively.
We shall prove Main Lemma in the next section.
Using Main Lemma 2rnd the following Lemma 4.1, we immediately obtain

the following:

Theorem 4. 1. Let u be a weak sduticn of {2. 1) in Q. Then u is

(essentially) H&lder continuous in Q.
Lemma 4. 1. Suppose that fcr 0< q<1 and 0< g< ],
(4. 2)  w(p) < mw(3P) + kp Oy
- 2

where w(p) means the osciliation of u on QP and k 1is 2 constant. Then

u is Hclder continuous.

‘U
"
o
o}
*,

f.  We define constants M and O by means of

- 19 -

g 1is a sufficiently



P ¥
(]

n = 3™ 6= Min (A, 0/2).
Then
-6 )
w(p)< 3 {w(3p) tko ;

+
and by iteration

- ,6 _ _
w(3 Vo)< 37 Y {w(3ey + [1+ 3078 L. gvi® 6’}1&09\,

3—9/2)-1 8,

-8
<3 Vi{iw(3py + (1 - kp t.

Since the oscillation of u on Q(p) tends to zeroc as Q(p) shrinks, it follows

that u is H8lder continuous.

Proof of Theorem 4. 1, Since solutions of (2. 1) are locally bounded
functions by Theorem 3,1, we may assume that u< L in Q. Let M(p) and
m{p)} be‘ respectively the essential maximum and the essential minimum of u
in Qfp}. Let w denote §ither M(3p)-u or wu-m{3p). Then since Mizp)< L
and m(3p) < L, it is easily verified that w is s non-negative weak solution of

the equation

i

w, - div 4 (x, t. w, wx) + Blx, t, w, wx) 0,
where
- — a'i — Q"l —_ — -— —
Alx, t, w, p) <apl + cjw +% <¢©=2""¢, e=%¢L + e

and so forth., Thus we may apply Main Lemma to w 2nd we obtain

M(39) - m(p) < C7(M(3p) - M(p) + Ko &,

- 20 -



4y

~
— 3

M(P) - m(3P) < C7(m(P) - m(3P} + ko ).

1
—
Q=i

1
Here C”=CRL+X™ and k= (fel+iTn @

+llgh +1. Addin

Csd

wo preced-

gQ

ing inequalities, we have
. 07
©(3P) + w(P) < C”lw(3P) - w(p) +2p kI,
Thus

C” -1 2C7 — g,
+ 1
ST @R F e ke

w(p) <
from which Lemma 4.1 implies that u is Hdlder continuous.

Remark. We can choose C’ to be independent of p for p<1.

§ 5. Proof of Main Lemma.
In this section, we consider a non-negative weak solution u of (2. 1} in

Q. First, we take two lemmas which are needed to prove Main Lemma.

Lemma 5. 1. There exists a constant m depending only on @ and n
such that

mo(n+a)/°~ -m
5.1 cha < min T,
(5w o ® feacen T 50

- €
where u=u+kpG for 0< 0« 2
ntea

, and CO is a constant depending only

on the structure of (2. 1). Here it is assumed that p < 1.

Proof. In the fundamental estimate (2. 10) we put v = g4 (g = 0).

Put kl = kpe. Then

I

1 _{ a=ptl . -a a a .
<+
‘3{,’7 a ]t=Tcx alfq Ijj:p [Vl dxdt

8 +7]

(5. 2)

- 21 -



i — a-1, . 1- -1 i a -1 2- .
i‘)& [eale o™ " +oeMaqV® viv PTG, (% 0v® *\?f{l“a [¢ )k, ¢ v*laxat,

where

_ a-l , a l-aq a-l , ,l-a,a, _.-a_a
Gz(x, t)-ac]rpx]q: +(1+(p[)de -*'flkl e |¢ +xl f¢ *’;B!n’l g9 .

We estimate each term of (5. 2) by using Lemmas 2.1, 2.2 and 2. 3..

(I' We suppose that a < n. Using Young's inequality, we have

L

1-a (| -1 -1 - 1-
(5. 3) {q{ @ 55 a?\cpx\cpa v]vx\"‘ dxdt < n|Rg a[ “‘vanz,a + Coi B{ a”(va‘l!:,,a

‘where CO = Co(a. M @)e

Now it is seen that

1- -1 1- -1
[q °]‘Sb¢°wvx)° dx<lq B ev - ev o Tm

a-

l1-a . 1
Hla Y ate v 0 nev 2T

1- - l-g
<Cle] "B Bevi S * nBa ® e (e +Slaj © n7Cp ) (9

R -1
Hev p () X eV 2T,
n

-1 - . -1 -1 ¢
Here, weput n°=8§ |B8q 1[. Then, we may put Bn, = c(M)(S [8q |) €.

Thus, we have

all an
l-a ({, a a-l tave e -a c
(5. 4) || 3‘) be vIv_| dxdt < CZ\B( 191 Jlevy e + 3n|8q [ ”gva”a'a
-a a
+7n|8q | ”‘va”a,a'
Next



7y . O 1_ -1
carT el T ey e vl e evi® iy
z o a a*®
a-1 N
1-a)8 . -lia-l -1 L
<:cu’( ) (M+1)'H¢xv”a{t)'za 5% (e v DZ (t) +H¢Vxﬁz S
1-a ala-1), a(l-q)0 -
C O AT et e v D00 sty gev i (0

Therefore, we get

- ' l-a e-l a, . e ite ala ), all-a}d a
(5. 5) .f.;.-)o.(ci-}\l e3!<px!<p v dxdt < C3(n~/(3, 19 Yp I qJXV”a.a.
*lea S fevld

where C, = Cilas m M, S)

Finally it is verified that

- - _ -a0 1- -
{1+ (a1)a + ki “f+,3;kl°gj- #*v®dax < (1+181)e @O g+ ™+ x ¢ g)dx
v . N

-ad -af

< (L+iape © DoVl () + (+ae T eviil o

Y - s a

<1+ ae Dn,“';w}f:(t) + 2% 5%+ e © Clivyv (0 +quvxjj§(t)),
o . “Q| ;53 @ ~a @ -1 - .
We put n”= nj8q |[(2757(1+18p ) « Then we may put rn,v

U2 n

c(M) mq(® %28 s+ e ®H%, and we obtain

(5. 6) | \'{(1+ B()d + R Bk, % g ) o® v® dxdt
A tas sy ! 1Blx, g
1+.n_ o n _ae(l.}._r_.“_)
a [v% € [o} ~Qa [o8
< C HqaD Fmp g as hevi_  tnira v

-a a
Fofda T evLllg,a

From (5. 2), (5. 3), (5. 4), (5. 5 and (5. 6) we get



- 1 - a—ftl, o -a AR a L.
(5. 7) [B*”l\"? % t:TGA‘}Bq !(a-o.,)‘}‘jg-/ (Vx, dxdt
) o.00 en PR S T
l-a ’ € l-a ala-l} ., T ac Tas €
s Clm T s lal  FIB1 9y FATEY 3l qe) Tl
. =8a(lt—)
Vi €a o -%a(q-1) a -6(a-2} a-! a 5.
\ + + »
(J‘)(P gt e ] * e ¢ e v dxdr),
-2
Let g< a—a““ . Then 8< -1. If qg< -1, then £ <1-2a, and Kaq =
l-a la-f8 l-a_ ala-1) oy cae f : |
- - - €
jRT T +pt AT TR A N (S N T 30! 181 *f1q) 1< Cq , where

¢ is a constant depending only on a, If

v

-2
-1< g« 2 , then K < C,
atn Bg

Let »p =p(1+2_ Yo v =0 and Q =Q(p ) =R{o ) {t-1 , 1) as before.
v v v v v

v v

We choose the function ¢ (x, t) as in § 3.
v

-a -a
) §<ov ovﬂ) and

(5. 7) yields

(5. 8 v

i —g+1
max |\ o 58 dx x k. (p
\ ' YR{p)V
Y Diq-l

where if q< -1, K = Ciq( . K, =Claj

,-6ala-l) , -0(a-2) |

) V+1 U\JQ
v

Then, noting that ©Oa(l+ %) < a,

» Wwe see that the inequality

cq - -1y a
)] e o 6afa-1) v dxdt,

1

-0} "90((4'1) i i '
“o ) P W daat

J..)Q

K, - C (C is a constant depending only on the structure of (2. i}).

2
_la-2(nta)

qO = Za(2n+a) and define

Put

nta 3—2\’

a
=14+ v -
a (1+5-) {qO = i(a

o ad

Define ¢ - {p
v v

- 24

-{nt+a){ — v v . -
\‘} a axdt) . Then from (5. 8},
L)



. +
, Q]qvﬂl -{(nta){ { e . ={nta) 0/2—611 ! a, 20 ,
& = p \ u éxdt < p | ‘B (v ¢ ) (u @) dxdt
vl vl Jia = Tyfl JQ v v v
vl .
ata
- -(r}*’ﬂ.) a G./ G*( -— Vv 1 2
< on 5{jfv @ |T ax} 5( ydx dt
n+ta 1 1
+ == L =
-(ata) 2 BT 5 2 |
< d dx)
g e [T ) R () o 40
1 nta a
— — +-.——
< gixin -(ote) )c.(l 22 -0a(a-D(1+-2)
= 172 v Pyt
n a Q
Zt(nt L +-2y
D Hata) 1+ ) jagl (1F52)
p ¢
v
_9
where v =u % B8 =aq -atl], and is a constant depending only on the
v v v
structure of (2. 1). Hence we obtain
(1+ ) 22 - et ;ql |
ISy - - - a
. 2n {(nta) 2 v+l
<{[ K - a
¢v‘5‘1= {{ v(ov /(ov o 41 ! (pv /‘o"_‘Ll o, . 7y
1 Q ’
1+
X ¢ Wy 27,
where
T+a (T+a)y
< (1+ 2 if < -1
lqvl . ( ( Zn) ) h qv
K =
v -~
(a -2Y(n+2)
+_g___ i -1< < m——,
(1 Zn) if 1 gv Za(Znta)
By iteration, we have
1 (+_L)V i+l (nta) (1+_Q_)V J
v . ajq i 2n ald 4y 2n
¢V+1<:J_ETO\L K.(oj /(pj-pjﬂ\) ] {o0 /o N
v )
T __l__(1+-£"—r-\
X ot T
0
2 -ea(a-nt s
Here we used the fact that p = o < 2

for a suificiently small -
v

. (n=-a)
§, that is, for 6< (nnl)(§n+u)'
: ala -



. es a_ .. N a ;.
ioting tha 14+ —y > v {1 — for =
Noting that ( Ln) qJ > (‘O( Zn) G . 2 ,
a v-j+
(1+ 2—) 1 R v o
P = i_—(l'*' 'g'—)') anag z (l’f‘/_) Y < A; —
(qv_ﬂl &“O n =0 2 n
Thus
-j+] i 2q+
R T~
T CQ e < afg " 29
j=0 )
and
1 1 v-jtl .
+ 1 -
v aleye 2n (F+arz—(1+-2 ™
V'HI a [ Xe] 2n
T K < (1+2) 0 <1+
j=0 7 B 2n =
ov vtl 'QV
Since 2 +2 and V< 2, we get
p "~ ) =
v vtl . v+l .
..1_(1+ 1 )"'J+1 _..1_ ; (j+2)(1+£"\ J
v p. S 2n 45 i5p 2n ‘
mi(—+—" <2 <
j=0 P Pfin
u+a -1 -j-1
(]—)(1.,__0..)" J — ‘f (1+__,) J 1
v . 2 2 2
Py : *99j=0 @S
0 —= <2 <2
j=0 Puhl

where C6 Gces not depend on v.

Here, letting v tend to infinity, we have

(5. 9 maxE-I‘:LC ¢gn, m_ = TT(1+——“—)-—1——-

0 0o .
Qe j=0
Since

e
Zn)

Doy

€ qu

1 qf{Z2nta)

3
4n

2nta

2n



a

[
I W)

0
m,, , .» ad, aq
{ . -{n+ — .
¢, "= 2oyt &y (\ T Cdxdt}
dQ(ZP) m
0
3
< {(ZP)'MM)U 7% dxdt } ¢,
- YYO(2e)
we get
m,(n+aG)
—_ -m
- a — -
C’ I(ZP) I3 f) 0 < min u.
0 Q»Q'Q(Zp) = o~
Gl
ne(l + +
(II'':. We suppose that a Zn. Let y= —mefle) Then gﬂ_s__i_}, = y*,

neta(l+e)

First clearly

l-a ., -1 1
]q’ \)w'av[vx’a dx<: lq

-G

Q a-l
Bn,llq:‘v!/a(t) K vau (t)

Tla (l-a “’”""’XHz-lm SNl g0

1- - . 1l-a . -1
S <glB( T BYAevY 0 Hpa nilev, 1010+ Spla i T lev, )27

(”(vaua(t) +”(va,(g,(t))' {cf. Lemma 2.1).

-1, 1

ine Then we rnay put BTI' = C(I‘JI)(Sl_liﬁq-Lf 7. Thus, we get

Lo 2(td a(itd

€ £

g ltev)

B , l-al{i{’ 1. ..
(597 faf 1 Botvpy, P axdt < ¢ g o

Fnle " el BT IR g g

Next we have

l.a -la. o(l- l-a _ -1
i\a(c-ﬁ-l-z, e);¢x,¢° v“ax<_p( ,a)ag(c*f-k eifo_yw* v*dx

%1-a) i-a

A

alfetic “efl - )‘¢7>;v]{a<t)‘“cpvui;l(t)

A
3
a-i

H{l-a)
a

1

uA

-1 g- -1 -1
(:y{+1),‘)<ﬁxvlfa(‘»)'2a '°§ “"Px"”z (ﬂ+”wx”z )
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} l-a (¢-1) -a Qo
T T T I T E T G R L O NI A E

T e fm et L ol-a)ia-l _ sa-l o i
Here we used the fact that o S <S5 . Therefore, integrating oy ¢,

we obtain

r Vv
. 1 ¢

. . 1- -1 1- {a-1}
(5. 5) VS‘SQ(ka ae))‘/’xN’a v“dxdt<: C2(1+[B( O-\Qlaa )” N ”Z’a

talpa {(evilg, g -

Finally we see

Jnerene + 107+ k0 plade® v axg o g (el e KT g% VS e

-ad -
< o e EnD_ e 0 + 00 fepa vl (0

a9, -agp . 4
< 0D llev S0 + 2% 0T ST (L BN (o v (IS (0 + lfev |

().

-2 6
Now we put 1% =1{ 2® S;’ (1+

1+e

-1 -
(BH} a|8q o ( Then we may take D , =
Lt | "
¢ € - £
c(zMy{2%3(1+18NY  (neq ) .  Thus, we have

[ ATEN > - -
(5. 6)7 {\{(1+[shd + RAL PR % 31ete® v® axdt
o 1 1 =

1+e 1re  a(l*e)d
a8, == -7 3 o
<cgp {1F(p) |8( jaf pevi o
-a a . -a . .G
PS8, g, * B T 19

From (5. 2), (5. 3), (5. 4% (5. 5)° and (5. &7, e obtain

| v dxdt < X {p =-»p ) ol 18 % dxadt
‘)‘\)Q ,(fv X) = 1( v V+l J‘)Q
(5. T v v
—3+1 - - =~9a | .
max | ag8 Ix< K, lp -p +1) G " “‘ 2 dxdt
t /R(p ) v < v v o



2 )
3.v, a-2+ ,a-2 . - \ L
a =(3) ‘g,-— '+ ‘a. , we have (5. 1) by the same metheds

fcre, wiaere g, = .
as beicre, 5 i e
Remark. The constant C, in {5. 1) does not depend on p (< 1L

Lemma 5. 2. There exists 3 constant m, depending cnlyon g and n
-

suci that

‘m,(ﬂ'*'c.)/o. _omy
(5. 10) raaxu< p c. el * .
= 1 va.Q{2p
Qe) a0, Q(2P)
where uw=u+ kp8 and C1 is a constant depending only on the structure of

Since the proof is quite similar to that of Theorem 3.1, we may omit it.

Proof of Main Lemma. Combining the inequalities (5. 1) and (5. 10),

we s¢ee

nta)

- m. +tm.)) m_. +tm
a 0 "1 -1 — 0 . —
max u< p <, CllluH min Q.

Q(p) e Q(2P) ()

Here, putting m = m, + m,, we have the lemma.
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