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On the Stone- Weierstrass theorem of‘C*ealgebras
ShGichiro  Sakai |
1. Introduction. Let A be the C*~algebra of all complex valued
continuous functions vanishing‘at infinity on a locally compact space.
The Stone—Weierstrass theorem gives the conditions under which
a C*—subéigeﬁravB.coincides with A. - A plausible non-commutative
extension of'the Stone-Weierstrass theorem is
Conjecture. Let 0L Be a.C*—algebra and 1et‘z§ be a C*—subalge-
bra of (] . Let P(JL ) be the set of all pure states of JL and
let O be the identically zero function on al . Suppose that
- separates P(J ) U (0), then (7 = A

Kaplansky [9] proved a theorem equivalent to the conjecture for

GCR C*—algebras ( equivalently, type I C*—algébras (61, [13]).
Glimm [5], Ringrose[1l0] and Akemann [1] gave some considerations
related to this conjectgre.

The purpose of this paper is to present another consideration
to the conjéoture. : Unfdrtunately, we can not solve the problem
completely ; but the author\feels that thé results obtained here

indicate strongly that the conjecture will be true for all separable

*

C -algebras. Throughout the present paper, we shall deal with
* . .

separable C -algebras only. The main tool to attack the problem -

is the reduction theory. As corollaries of our results, we shall

show : (1) Let (Jl be a separable ¢"-algebra and let - be a
uniformly hyperfinite C*—subalgebra of 6Q . Suppose that ;EL
separates P( 7 ) U (0), then Jl = ,,Z?—_
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]
5 (2) A new proof of Xaplansky s theorem in the separable case §
. . o
(3) Let ﬁz be a separable C —-algebra and let aairbe a C*-—subalgebra
of 01 . Suppose that there exists a *-representation { 7T , é }
of (7 such that T (b~ ) g TT(Cl) and the commutant of 7T (B )
is hyperfinite, where T7Ce ) is the weak closure of IT( * ).
fhen , G- can not separate P(J7) U (0) ; (4) TLet (7 be a
* *

separable C -algebra and let OZL be a C -subalgebra of O7 .

suprose that there exists a *-representation { 77 , é} of UL
such that T (02 ) 1is a finite W*-algebra and m) gﬁ(@l )
, where JT ( » ) is the weak closure of J7( « ).
Thezil, ,;23)\ can not separa'hye P 07 ) U (0).
2. Theorems. Let [J1 bve a C*—algebra and le?t OZ‘; be a C*—
: » Pure
subalggbra of 0L . Let P(J/) be the set of all/\sta’ces of L1 -
and let O be the identically zero function on 07 .
Throughout this section, we shall assume that - Qf;» sepafate_s 2(00)
U (0) 7—’namely, for lan.y two different ¢ , % 206 )v(0),
there exists an element b such that ¢;:(b) £ Sg(b).
If .UZ has not the unit, we shall consider the C*—algeb:.-a 0l =
07 + A 1 and the subé,l»‘vebra ,Z'}i =;(,1'+ A lsobtained rbyr adjoining
. the unit 1, where )\ are complex humbers . Any pure state P on
(1 can ve uniquely extended to a pure state 53/ on OU;y ; therefore
PS 0L +x1 ) = Pr(\U/Z ) AP, , where ¥, is the pure state of Jlg
| such that ?o (fL ) = 0.  Then, clearly C’Zii separates P( 07, ) U (0)

j ‘therefore it is enough to assume that 07 has the unit 1.
|

Lemma 1. ‘,2;— contains the unit 1.

Proof. Suppose that 1 £ 0 . Then § b+ 1 I Z 1 for b e Sy~



in fact, if )] b + 1)i<l, - b is invertible and (- b)ﬁla ,,C— ; hence
1l e X;— . Therefore, there exists a bounded linear functional f 7
on (7 such that f(of-) = 0 and g = £(1) =1 ; hence f is a
state ( ef. [ 4], [11] ). Let ;9 ={ x | f(x*x) =0, x e 0L}
then ,J is a closed left ideal of UL and o & ,9.
Tet l: be a maximal left ideal of (7 such that J C QC, , then there
exists a pure state ¢ on (! such lhat ,{/ ={ x| SD(X%X> = 0,
x € 0L } ( ef. (41,[8]) ; this implies that A~ can not éeparatm
? and O. This is a contradiction and comvletes the proqf.
Ilenceforward, we shall assume that (L has the unit and so L~
contains the unit. In this case, the separation of P(,C;L) u (0) |
by b is equivalent to the separation of P({Z) by > . v
Definition 1. A W -algebra M is said to be atomic, if it is a
direct sum of type I-factors. |

.3 -
Definition 2. Let A be a C -algebra »=7 let { 77, zg} ve a

*-representation of A on a Hilbert spacc /S By (A ), we
‘shall denote the weak closure of 77T ( A ) on § . The representa-

tion { 7T ,é } is called to be atomic, if the Wi-algebra T (4) is
atorr_xic. '

Definition 3. Let @ be a state on a C -algebra 4, {u?, ,o:,?} |
the *-representatipn of A on a Hilbert space ’§5a ~constructed via
¢ % is called to be atomic , if the representation {T{}. ,55,}
is atomic.

Lemna 2. Let $ , ¥, be two states on 1 such that the
restriction @, F e, 7'; | G- on S are atomic.



suppose that § = ¢ on L., then ® = % on CC

I?roof. Put 3‘7 = —ip—':zt& and consider the *—representation
(1 5pt of UL Tet §(x) = <iMg(x)y , X5 forxe 0L ,
where <, > is the innier product of é’q), and E is a vector
in ’§§2 , and let e' be the projection of é)? onto the closed
subspace [ Tfyb(a(} )5 1 generated by TTg( )% hen the
representation b —> TT?(b)e' (be f~) is atomic. Let z be
the central envelope of e in the commutant TI;,( Ij»)' of 7@ ( & ),

' P T 1
then the mapping yz — ye of ‘ll}(a&)z onto ngj(,@- Je is a

#-isomorphism ; hence TL}(,@) contains a direct summand of an atomic

. ' ) ” 1
w*—algjebra. Let p be a minimal projection in ‘T"\;G}( L—) , then
1
p=> T (o)p (Dbe L~ ) is irreducible. Take % (hzll = 1)
! ,
€D 7550 and consider a state ')LD (x) =< TT?(X) 7 » % > for xe oL .

Then, ¥, I~ is pure ; we shall show that yéis pure on [

et [T ={Wl ¥="% on f ,\states on (L {, then [/ is
a 0 ( oL , 0L ) = compact convex set in O7F , whnere C’Z* isbthe dual
Banach space of [{ . Arbitrary extreme point in P is also
extreme in the state space of [iL 5 ‘hence it is bure.
IT 77 contains two points, therevare two different pure states
Y, o ’}ll on (fl such that ¥, = ¥, on L ; hence |7 consists
of only one point and it is pure.

fTow suppose that p'/;;a g C TT?(O‘L )7 1, and let V be the ortho-
complement gf p'ég) in [ ~((‘9,(02 )7 1. Lett g'l( £ 0) € p‘ o ?
?2_( #6) e Vand Y, +%, Il=1. Then, gp(x) = <TTS>(X)(§‘ +3, ),

(5, +1,) > and gy(x) =< T ()(5, =5, )y (§ -§, ) forxe 0T
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are pure stales of [l and g = g, on ,,Zi '. Hence gl = g2 on (7
Since the restriction of TTj, (g7 ) on [ ’IT?(O'Z_)% ] is irreducibdble,
3+ 5, = A 5 - §2) for some couplex number A ( | Al =1).
This is a contradiction ; hence [“ﬁjj,([jz )?]A = [ TTg,(é@ ) ?] and
1 1
S0 p € Trjb( 6L . Let ¢ be the greatest central projection of
1 1
TTf( A=) such that Tl},(o@) c is atomic ; then any non-zero pro-
jection of TT?,(;(}_)'C is a sum of mutually orthogonal minimal
!
projections ; hence ¢ e TT?( 6L ) .

‘Since fe Cé?' [ Te(lL) 81 & céosp ; hence cé?= ésp
and so ¢ = 1,3‘7) , wh?re 1/3>?_, is t‘t"le identity operator on ,{;9, ;
therefore Tf?( L) < ‘(T?( 6l ) and so 779,(,@ ) = 777>( ).
Since ¢, P, £ 2@ , there exists vector's ’71 s 7, such that

CPI (x) =< TT?(X) Z: » %: > and 90_2 (x) = <_ﬁ_c}(x) 71 ’ 72 > for
x e OL . For a € (1 , there exists a direct set { T (b & )}
(by & L~ ) such that ‘Tr?(bo() - TT?(a) ( strongly) ; hence So)(bd)
- QZ(a) and ?;(bx)~% 9 (@) 5§ () =% (b)) implies ¢ (a) =

j"l(a) . This completes the proof.
Lemma 3. Let 931 y ¥, be two states on (7’7,‘ and supposge that |
one of them is atomic and ¥ = ¢, on VZ;. , then & = ¢ on (L
Proof. Supypose that yl is atomie. Consider the *-represen-

- !
tation | 'ﬂ’?‘ , 7/3)% } of Gl , then T@,}( (1) is atomic 5 hence,
there exists a family ot mutually orthogonal minimal projections
1 1 1
(e; ;i=1,2,c00nn. ) in  Te( (L) such ihat Ze; = lgg -
: ! T
Let ¢, (x) = < ngi(x) E/ , § > , then g)l (x) = % <779-,‘(X)ei ¥, ey &>

€5 e’s
= 2 e, "y Tx) — , ==
i3 E" lie gy e, s\

.
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/ /
Since <T§,'(X)- _%“ , @gﬁ} is pure, its restriction on g~ is also
pure ( cf. the proof of Lemma 2 ) 3 hence §>‘ IO@ 1s atomic and
so by Lemma 2, & = ¢ on (L . This completes the proof.
Now we shall explanate some results of the reduction fheory (
cf. [31, (111, ([12]1). Let M be a type I W*—-algebra on a sepa~
rable Hilbert space, M, the predual of M. Then, M = _Z @ Mi ,

. =11
H*
where Mi is a homogenuous type Ini W -algebra ( nié &o .
Tﬁor?over, Mi = Bi :
Y
Zs £5 the center of Mi . Let Bi* be the predual of Bi’ then we

@ Z; , where B, is a type I -factor, and i=b

can consider the weak *-topology & (Bi s Bi*) on Bi'
. . 00 - N
Then, we have the realization B, ® 2Z; = L (B, Q. , S ),
where (_(Z; ,/JL ) is a measure space with a-probability measure/,(;
* ' :
and LDO( Bi’ Q; ,/«li) is the W -algebra of all essentially bounded
Bi—valued weakly*-measurable functions on (2, .

for a ¢ By @ Z; , the corresponding element of Lw(Bi, Q. ,/LL)

is denoted by _f a(t) , then Il a 1] = ess.ts%g. ha(t) ! and
' cA2
a) + a, = f al(t), + az(t) y Xag = J/)Lal(t) y aja, = fal(t)a2(t)
* .
and a; = '(al(t)* for a; , a, € By ® N anel A ave Com}a&—x nuwmbers |

Moreover the predual of Lw(Bi, L2, Y ) = L:L(Bi*, 2., /J»L‘ )
1
where L (Bi* y {2/ ,/JL‘ ) is the Banach space of all Bi* -valued

Bochner integrable functions f on _QL' with the norm NI £l =

ji{ £(t) lld/l—,ﬁt) . Therefore, we have the realization
M.y = I‘i(B,i* y L, P ) For g e M,y , the corresponding element
. 4 '
in L (Bi* , {1, » i ) is denoted by f g(t). Then we have

,

ten =J HaOnd(e) ey + ey = Jeg(8) ¢ gy(8), Az = [Ae(v)
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, and if § is a state on M; o, 7‘ (t) is a state on B, for almost all %
j; moreover let 00 be a separable C*—subalgebra of Mi , then we can
choose a null set Q; such that d — d(t) (d e ) ) is a *-homomor-
phism of A  into By for all % e 2. - Q; ; moreover, if the

*
W -subalgebra (,,Z) , Zi) of Mi generated by .O and Zi coincides

‘with M; , the weak closure ) (%) = B; for all t e (2; -Q, ,
where O (t) = { a(t) 14 e ) } and :_O (t) is the weak closure

of L) (t).
o
Since M = ZIGD M, , by considering the direct sum ( 0 =vu0,,
= .

J=1

A= 2 B M ) of the measure spaces ( _Qﬁ', /,l(') , M can be realized
=

*
as the W -algebra of vector valued functions f x(t) such that

bo
X; € L (Bi’ [OR ,IU,;), I x Il = sup. |l X5 Il » where X5 is the rest-
riction of x on .O_‘- . This realization will be denoted by M
[13%)
) so *
= Zl &P L (Bi’ 2, ,/LL'). Wow let € be a separable C -subalgebr
1:_

of M such that the W*—subalgebra of M generated by g and Z coincides
with M, where 72 is the center of WM. Then gzi and Zi generate
Mi’ where Z 4 is the identity of Mi 5 hence there exists a null set :
G in {) such that a —> a(t) (a e & ) is a a"—homomorphism and

¢ (%) =B, for all t e (1 - q and all i. 3

Henceforward, the algebra (J/ will be assumed to be separable.

Let { 1T, /—5 } be a *-representation of (JZ on a separable Hilbert
space}g . Put UZD = T (0l ) and OZJQD = T (A~ ) and let ['7,0/
( resp. ﬁo/) be the commutant of (7, ( resp. oéo ). Let C be
a maximal abelian ¥-subalgebra of 020/ , then the W*—algebra ‘
( 020, C) generated by ézo" and C is of type I and C is the cen‘teri
of (DZO, C), because (020 , C)' = 02,,//\ ¢ = C.

By putting ( 020 , C) =M, we can apply the reduction theory.
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Theorem 1. Let T be a linear mapping of (7, into (0L, , ©)
such that (o) NT(x)ll< uxu for x e (7,; (B) Ty) =y
for y € %0 . Then, T(x) = x for X ¢ ﬂg .

Proof. . Suppose that T(XO) # x_ for some X, € oc, .

o)
Then, there exists a normal state 7Y of ((Z,, C) such that
. f o
b2
Y £ Y. (L, 0 =3 @ 1By, Do, K
' *
How let D be the C -subalgebra of ((ﬂp, C) generated by 020 and
T(xo), then D is separable.

By the previous considerations, we can assume that x — x(%)

( x € D) is a *-homomorphism of D into'Bi and 07,(t) = B; for all

te (2, =Pl withp (2 ) =0, wnere (1 (t) = { x(t) | x e 00, }.
et Y= JY() , then  Y(x) = § P (8)(x () d e () ana
Yo(P(x,)) = ]’V (£) (2(x,) (£)) ol pe (5). ‘Since Y (x,) #

¥ (T(}:O)), there exist a set J7L with Mo ) > 0 such that
V() (x (£)) # Y (£)(T(x,) (%)) for all t e J7L .

Therefore, there exists a t_ such that '}L(to) is a positive

linear functional on By, and Y (v )(x (t,)) # Y (500 2(x ) (%)),

O ——

N ‘( = . "- ‘x.——v .s . . . 5 )
X~ x(to) (x € D) is a *-homomorphism of D into B,, and [’Zo(to)

L= DB, . Now we shall define a linear functional y on (L
10 , 1

as follows : '\fi(a) = y(to)( TT(a)(to)) for a ¢ (1

Then, .’Yl is an 4&tomic state on A7 . Let x = ’n’(ao) for

some a_ € O'ZA)' we shall define a linear functional 7&‘/ o"n

/
b+ A a, ( )\ complex numbers ) as follows : ’}éb(b + A ao) =
8% (t,)( W(b){[;}%- A T(XoXi;))for be b5 . - Then,
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[0 + Xa) T 1¥G ) Im(m) + 1 T(x )l =
I e T () +Am(a ) UL 0Y (s )N IT (o) + AT (a ) I
= DY)l b+ xa il .
Therefore, '\/2/ is well-defined and bounded. Let ’)’o be a

o~

linear functional on (// such that Ill/l// II'BQ/H and /}fz = ”}/;z/ on
A +Aa, . ~ Since ¥, (1) =%/(1) Iy (s )1 ¥, is
positive and clearly V, = ’)ZL on o@ o Therefore by Lemna 3,
Y, = Kon 0L 5 mence ¥, (a) =¥ (5.0 (a)(t)) =

Y o(t) (x,(8)) = ¥ (ag) = Y () (0(x,)(5,)). |

This is a contradiction and completes the proof.

*
Let B(/‘g) be the W -algebra of all bounded operators on /g .
74
Tor any w € B(é ), let XK(w) be the weakly closed convex subset of
*
B(é ) generated by { u wu | u e Cy, }  where C, is the set of all
unitary elements in C. A family of weakly continuous linear
*
mappings { w— u wu | u e Cy } on B( fg ) is commutative ; lhence
by the theorem of Kakutani-Markoff (cf. [2]), ¥(w) contains at
*x
least one fixed point Wo o= namely, u WU = W for all u e Cu 5
!

hence W o€ C = (()Zo , C ). Therefore, there exists a projection
P with norm one of B( /g ) onto ( Ol,, C) ( cf. [141).

Now we shall show

Theorem 2. For x € @ZO , let [7 (x) be the weakly closed

1% t ' /

convex subset of B(/g'). generated by { u xu | ue Oﬁo,u.}’ where

/ / .

Zio g 1s the set of all unitary elements of the commutant Oﬁo ofpceo',

Then, P(r) = x for all T € T7(X) .
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Proof. TLet L(B(74 3 )) be the algebra of all bounded operators
of B({g ) into B( ;). Then, L(B(/§ )) is the dual of B({g)é%’BQ€;Z$)
where 2 1is the greatest cross norm and B( é;)*.is the predual of
B({g) (ef. [71). We shall consider the weak *-topology
(£ . z
o (L(B( } )y B(é)@ B( ;g&) on L(B(é ).

Then, the unit
sphere S of L(B({f )) is compact.  The linear mapping V'

LR

1]
w —> u wu (we B(C§ )) belongs to S 5 let S be th e ‘weakly

1

¥~closed convex subset of S generated by {vV | Y / att}, then

for arbitrary r e I7 (x), there exists a € o ;uch that V(x) =
-)Ptv(d)) (AT o) 0f Cly <nfe (o, C) —Uren
Now, consider a linear mapping d A P(V(y)) = P(y) =y for

y e XL, ; hence by Theorem 1, P(V(x)) = P(r) =
This completes the proof.

Corollary 1. Let $@~0 be the weak closure of ééLé , then

Jw-=-1r Il = llw-x]|l for w e.ia;and re |7 (x), waere x ¢ CZD .
Proof. Tor u'e gia’ ﬂaw - u:iu'%:f: I u’*wu'—~x I =
iw - x Il ; therefore hw - élﬁﬁui Xu; I<hw = x M , where
Az 0 and‘gl‘AJ =1, ui' £ dﬁéfu ; hence lw-rlUShw=-x I .

On the other hand, if llwo - r011<nW0 - x )l for some W, o€ 5@0
Cand T 6317(x) , then P(wo - ro)jl = | w, - P(rO)H§70wO -1 i ;
But, W, o= P(ro) =W, - X . This is a contradiction and
completes the proof. |
~ Corollary 2. v -zl >lv-x [ forve &L, ©)
and r e |7 (x), where x ¢ 0L, . |
The proof 1is quite similar with the second part bf’the proof of

Corollary 1.
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%. Applications. We shall show some applications of the
results in the section 2.

Definition 4. Let M be a W*—algebra. M is called to be
hyperfinite, if there exists an increasing sequence of type I

, Confaincng. the unit of M o
-factors | Mib\( n; <+ ) in M such that U/ M

(=

. =M
i ’

where ( o ) 1is the weak closure of ( ¢ ).
*

Proposition 1. Let (1l be a separable C -algebra and -
a C%—subalgebra of (L . Suppose that there exists a *-repre-
sentation { T ,<§ } of Ol such that T (o~ ) gf'ﬂ“(cz )

/

and the commutant T ( &) of T7(J-) is hyperfinite.
Then, J>- can not separate (L) U (o).

Proof. Suppose that (Qﬁ separates P( (L) U (0).
Put 6@7=‘ﬂ'(02 ) and dﬁb = Tr(cz;). By the result of Schwartz
( cf. [14]), T7(x) N dﬁo # ( ¢ ) for x e 020 ; hence by
Corollary 1, inf—j)x - w {] = 0 and s0 x € 5y - This is a

WE Lo

contradiction and completes the proof.

Definition 5.  TLet A be a C -algebra. A is called to be
uniformly hyperfinite, if there exists an increasing sequence of

Containing the untt ofA
type I, —faifors { Ai}A( ng < +r° ) in A such that the uniform
closure of U A, = A.
L=l * >
‘Proposition 2. Let L ve a separable C -algebra and let dé—:
¥
be a uniformly hyperfinite C -subalgebra of ([ . Suppose that
- separates P((OL ) U (0), then Ol = L .
Proof. Suppose that (]? i?ﬁz and let f be a bounded selfadjoint

1inear functional on Cﬁ, such that f(,4-) = 0 and £ # O. 3
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Lét f = f+ - £ be the orthogonal decomposition such that f+, f‘_g 0
, and I £+Wl + £ g= Ifu . Put ?’z f+ + f and take the

¥ representatlou {179, {g?} of JL as the {717, /p } 1n.§2 .

Then, éf 5; OZ . Since &ﬁb is uniformly aynerLlnlte tneLe‘

exists an increasing sequence of type I .—factors (B ) ( ny < Fvo )

in dﬁw such that the uniform closure of Lﬂ B = Czao .

We can easily find a projection Qi with nogm 1 of B(ff%) onto Bi,

because Bbé}) = B; & Bi' . Let Q be an accumulate noinf‘of

the set { Qs | i =1,2,.... } ‘in L(B(fi?;) Wlth(r(b(u(/()), D ))Q§ g;)%)
y for y e Jﬁo ; moreover 0([7 ) C ( CZiBl)

= &ﬁo C ( LYM C) ; hence by Theorem 1, Q(x) = x for x ¢ O,

i

, then clearly Q(y)

and SO 020 C'<xﬁo . This is a contradiction and completes
the proof.
Proposition 3. Let (L ve a separable C -algebra and let QZ;

*
be-a C -subalgebra of oL . Suppose that thero exmots a

*-representation { T, {g } of (7 such that T (OZ ) is a finite
i —alrebra and 1T ( &5 ) C”"T(CQ.) Then, of~ can not separate

2(0L) U (0). '

Proof., Suppose that 55- separates P((LL ) U (0). By the

result of Unmeraki (cf. [15]), there exists a pmojection Q with

norm 1 of T ({1 ) dnto T(L). On the ofher hand, by Theorem 1,
Q( TT(a)) = 7 (a) fora e (I ; uence W((L) =T (&) .

This is a contradiction and comnletes the proof.

Proposition 4( Kaplansky [9]). Tet (7 be a separable

* * ’
- C -algebra and let - be a type I C -subalgebra of oL .
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Suppose that J~ separates P(5L) U (0), then (I = 052.

Proof. Suppose that 5? 0l . Tate a *-representation
{‘IT’,é}ofD'Z_ such that "ZT(OZ);T(%)
Since o~ is a type I C*-algebra, TT(éﬁ-) is a type I W*—algebra.
By the theorem of Kakutani-Markoff, the siructure theorem of type I
”falgebfau and the considerations of Scﬁyégtz'( cf. [14]), we can
easily see that T7(x)/7 d;o # (‘#)%T,zienc; by Corollary 1, x e Jﬁo .

This is a contradiction and completes the proof.
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