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Electron transport in the Frenkel-Kontorova (FK) model is studied. The survival probability
and, in particular, the dependence of the survival probability on the system size, is investigated.
Based on these results, we obtain an approximate phase diagram of the FK model. The FK
model is either Harper-like or Fibonacci-like, and there is a critical point separating these two
states. It seems that this point corresponds to the breaking of analyticity transition critical
point in the classical FK model.

Much effort has been devoted to the study of electron transport in 1D tight-binding models such as the disordered
model, the Harper model, the Fibonacci chain and the Frenkel-Kontorova (FK) model. The Schrédinger equation
describing these models is given by:

dipn ()
dt

where 1,,(t) is the wave function at the nth site. The nearest-neighbor hopping integral is set to 1. V,, is the
external potential defining different models. For the Harper model [1], V;, = Acos(2mon); the Fibonacci model [2],
Vn = abaababa....(A = § — 1); the FK model (3], V,, = Acos(z~), where z, is the configuration of an incommensurate
ground state. The electron transport behavior is determined by the external potential, whose periodicity and strength
are two important parameters. These models exhibit a variety of behaviors such as ballistic motion, diffusion, and
localization. Various quantities have been introduced to characterize the dynamics of a wave packet, for example, the
variance [4], the front shape [5], the temporal correlation functions [6], and the survival probability [7]. The survival
probability is an important tool to investigate a wave packet localized initially inside an open system for classical [8]
and quantum systems [9]. Recently it has been applied to the Harper model and the Fibonacci model [7]. In this
paper, the survival probability and, in particular, the dependence of the survival probability on the system size in the
electronic FK model will be investigated.
The equation of motion of the electronic FK model is described by

i

= Ypp1(t) + V1 (B) + Vatb, (), (1)

dip,, (1)
dt

i

= Y1 (t) + Y1 (2) + Acos(mzn )iy, (¢) (2)
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A is the strength of the external potential and H,,, a real symmetric three band matrix. z, is determined by the
ground state of the corresponding classical FK model:

H=Y" %(znﬂ — wn = o) + KV (zn), 3)

where Iy is the natural length of the spring, V(z,) = (1 — cos(%32)), a the periodicity, and K the strength of the

external potential. Here g = 2.0, a = @

The numerical simulation proceeds as follow: (1) The time-dependent Schrédinger equation is integrated numerically
by using a Cayley scheme [10]. (2) The initial wave function at one end of the boundaries is ¥,,(t = 0) = 6,1. (3)
Attach 20 additional sites at the ends when the boundary 1,,(t) is larger than 1071%. Eq. (2) then becomes
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FIG. 1: Log-log plot of the survival probability P(t) at K = 0.15 and various A (a) A = 1.3; (b) A =2.2; (c) A =2.3.
In Fig. 1(d), P(N) ~ N* for different X at time t ~ 2 x 105. The inset of Fig. 1(d) shows B()).

(1+ %iH&t)w(t +ot)=(1— ém&)w(t). (@)

The Cayley scheme is accurate to second-order in time and it is unitary. Moreover, it’s stable for the time-dependent
Schrsdinger equation. In this paper, we use a time step §t = 0.1, which is comparable to 6t ~ 0.0005 in the fourth-

order Runge-Kutta method. Thus a faster simulation speed can be used to study the long-time dynamical behavior.
The survival probability P is defined as

N
Pty =" ¥i(t), (5)
n=1

where N is the size of an open system. In the paper, N = 2* (i = 6....17), K € [0,0.4], and X € [0,10].

The simulation results are reported in Figs. 1 and 2 for two typical cases: K = 0.15 and 0.3, respectively. Figs.
1(a) - (c) show the survival probability P(t) for K = 0.15. In Fig. 1(a), A = 1.3, the curves P(t) are parallel lines
and show the power-law behavior P(t) ~ t~! for all system sizes. So the system is in a purely ballistic state. In Fig.
1(b), A = 2.1, the curves P(t) converge to a line which is parallel to the z-axis for the smallest size (N = 26). For
large system sizes, the curves converge to different values, the larger the system size the larger the converged value. It
shows that the system is in a localized state for a fixed system size. But the details of the localized states are different
for different system sizes. In Fig. 1(c), A = 2.3, all curves converge to a line which is parallels to the z-axis for all
system sizes. So the system is in a purely localized state. Fig. 1(d) shows the curves P(N) at t ~ 2.0 x 105. The
inset of Fig. 1(d) shows B(A). When A < 1.65, the system is in a purely extended state. When A 2 1.65, the system
becomes a semi-localized (or semi-extended ) state. When A 2 2.25, the system becomes a purely localized state. It
seems that there is a metal-insulator transition at A ~ 1.65. Figs. 2(a) - (c) show the survival probability P(¢) at
K = 0.3. For each A and all system sizes, the curves P(t) are parallel and display a power-law behavior P ~ t#, In
the simulation, 8 decreases from 1 to 0 as X increases, and @ = 0 for A > 3.5. Fig. 2(d) shows the curves P(N) at
t ~ 2.0 x 10°. The inset of Fig. 2(d) shows B(\). When A < 3.53, the system is in an anomalously diffused state.
The diffusion exponent is a slowly decreasing function of A. When A 2> 3.53, the system is in a purely localized state.
It seems that no metal-insulator transition exists in this parameter range. The system’s behavior is similar to that of
the Fibonacci model.

By studying other values of K, an approximate phase diagram of the FK model is given in Fig. 3. The insets (1)
and (2) show B(A) for K = 0.19, 0.2, respectively. The line connecting the points is to guide the eyes only. From
the insets, it suggests that the purely extended state will disappear at K € [0.19,2.0]. It suggests that there is a
transition at K, € [0.19,2.0], and K, corresponds to the critical point of the breaking of analyticity transition in the
classical FK model. The phase diagram is divided into three parts: a purely localized state, an extended state, and
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FIG. 2: Log-log plot of the survival probability P(t) at K = 0.3 and various A (a) A =0.5; (b) A = 1.5; (c) A =3.75.
In Fig. 2(d), P(N) ~ N? for different X at time t ~ 2 x 10°. The inset of Fig. 2(d) shows G(\).
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FIG. 3: An approximate phase diagram of the FK model. The insets (1) and (2) show 8()) at K = 0.19 and 0.21,

respectively.
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a Fibonacci-like state. The curve between the extended state and Fibonacci state suggests the possible existence of
a phase transition. The dotted curve between the Fibonacci state and the localized state does not imply a phase
transition; it only shows that the region above the line is in the purely localized state. Therefore, in the quantum
electronic FK model, the classical FK model’s critical point K. controls whether the system is Harper-like (K < K)
or Fibonacci-like (K > K.).
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