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                        Synopsis 

   As the fundamental research for the stability analysis in the embankment 

design, the stress distribution and the character of pore pressures in earth em-

bankments are investigated in this paper.  In the author's stability analysis, 

the residual strength reserved in the embankment at the natural state is esti-

mated, and then the externally applied forces and the internally acting pore 

pressures are computed. Thus, the stability of the earth embankment is check-
ed by comparing these forces with each other. 

   Part I is described concerning the stress distribution in earth embankments. 

First, scrutinizing several conventional studies ever presented, it is pointed 

out that there exist some inaccuracies or contradictions in the substantial pro-

blem of determining the stability of the structure, although they have the re-

markable importance partially. Then, in order to modify these inconsistencies 

and to develop their substances, the author introduces the concept of the 

residual strength in the embankment and designates  the stress distribution at 

rest as the function of compaction. Therefore, the coefficient of earth pressure 

at rest or of compaction is treated as a factor of importance to estimate the 

stress distribution in this analytical solution. 

   The character of pore pressures in earth embankments is studied in Part 

II, to investigate their effects on the stability of the structure. In this part of 

the paper, stability analyses during the  fill construction and for rapid-drawdown 

of the reservoir are described, illustrating some numerical calculations, respec-

tively. The failure of the earth embankment due to these pore pressures is still 

considered as progressive one. In the result, it is shown that such pore pres-

sures have a serious effect on the stability of the earth embankment, where-

upon the method of reasonable design should be established.
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   Part I Stress Distribution in Earth Embankments 

                    1. Introduction 

   In the stress analysis in the earth embankment having a considerable 

length, the phenomenon can be treated as a plane-strain problem in the plane 

perpendicular to the axis of the embankment. Many studies have been pre-
sented concerning such a kind of analysis, and some of them are remarkable 

ones which are deduced under the consideration of mechanical properties of soil 

in the actual embankment. In general, however, analytical methods of stress 
using the theory of elasticity have been very controversial against their appli-

cation and obliged to make large  modifications°. Accordingly, common analyses 

are performed using the condition for plastic equilibrium of soil constituting 

the earth embankment, besides two equations of stress equilibrium of soil 

element respecting the two-dimensional stress components in the embankment. 

As this  condition  is reperesented in the form of the equation of second order 

respecting to the stress components, two solutions are obtained, corresponding 

to the active and passive limiting states, and there may be the stress distribu-

tion of the actual state between these two solutions. 

   In the present part of this paper, the author introduces the equation of 

the residual strength in the embankment, instead of the condition for plastic 

equilibrium. The failure of the earth embankment is,  therefore, considered as 

a progressive one caused by the encroachment on the reserve strength in the 

embankment, with the increase of the shearing stress by external forces acting 

on it. Then, using the equation of stress equilibrium at rest in terms of the 

coefficient of compaction of the embankment material, a calculating method is 

proposed to obtain the solution of stress distribution in earth embankments 
corresponding to the arbitrary degree of compaction, and the result is compared 

with the experimental study with sand models. 

          2. Scrutiny of Conventional Studies 

(1)  Anzo's method and Jonson's method. 

   The analytical method of stress in the wedge-shaped embankment made of 

the granular material which has been presented by Anzo2) has an interesting
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originality in such a point, that he has introduced a concept of "influenced 

region" and of "influenced  angles" According to his method, some assump-

tions were skillfully made that the influenced region is composed of many small 

  Influexed angle                                   elementary wedges as shown in  Fig. 

 • 

                                  1, in each of which the stress varia- 

              2( ,f 'tion may be expressed by the linear     
• 
one<16,,:.functions of  x andy, and that at 

 rzt" \•  ."  Influenced  R.  iinfia-,_77cedR  • the limiting state of the equilibrium 
                                 the maximum obliquity of stress at 

 Fig. 1 Rankine regions and the influent 
the point on divided boundaries 

   ed region of embankment in  Anzo's 
 mothod. becomes equal to the angle of in-

                                  ternal friction of the material. 

    The stress function and the stress components in this analysis are express-

ed in the following form, when the tensile stresses are taken as positive sign , 
for each elementary wedges in Fig. 1 : 

                  Aix3  +  Bix2y  Cixy2 Ayr)            xt=rs( 6 

                     2 

                          2  6  ), 

 62)h 
 Caul= axe—rsY=rsCAtx+(.131-1)y), 

       CT.Ypt= —a2xi=—rs(Bix+Cryi (1) 

 62xt  Ca.)i=  a—y,  --rs(Cix+Dly), 

where  rs  i3 the unit weight of the earth material and  At,  Bt,  Ci,  Di are the 
coefficients having constant values in each wedges, respectively. These coeffi-
cients are determined from the condition of stress continuity and of plastic 
equilibrium of the embankment material on each divided boundaries, the latter 
being written in the following equation. 

 Ca,)t—  (ax)  /12  +  4Crxy)  t2  sin240{  Cay)t  +  Ca.)  l}2,  (2) 

where  9 is the angle of internal friction of the material. 
   Solving the above equations in accordance with the boundary conditions, 

the influenced angle  ao is given in the following form  : 

     For the active state : ao 

                            = 

 (3) 

                        4     For the passive state :ao2—,I 

         —
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wherein  0 or  0' is the angle of the axis of stress ellipse in the outest Rankine 

region to the vertical line, and is shown as follows  : 

       tan  20 or tan 20'  —2 (rx,)E  (4  ) 
                                      Lay)R—Ccrx)R. 

in which, suffix R is referred to Rankine region. 

   In the above Anzo's method, although the more number of the division of 

region is taken, the higher the precision of the analysis becomes, it is very 

tedious to solve the simultaneous equation, because the number of boundary 

conditions also increases proportionally. 

 Jonsono has made an analysis using the polar co-ordinate for the similar 

problem. In his method, it seems to be somewhat rough theoretically, because 
he did not consider the distinction between the "Rankine region" and the "in-

fluenced region", but he considered an embankment as a whole. But this is 

an analytical method of progressive approximation as well as Anzo's one in 

the same idea, that the condition for plastic equilibrium should be satisfied on 

several lines passing the crest of the embankment. 

   In these two methods, two equations of stress equilibrium of soil element 

in the direction of the axis of co-ordinates and a condition for plastic equili-

brium of soil mass were used in order to determine the stress components  ax, 

 (70 or  ar,  ao,  rr3. As this condition is, however, written in the form of 

Eq. (2) for cohesionless soils, two limiting values corresponding to the active 

and passive states are computed as the stress  components, and there is a destin-

ed contradiction that the embankment should collapse as a whole at these limit-

ing states of equilibrium. 

   The cause of this contradiction consists in a constraint that Eq. (2) should 

 be satisfied at every point in the embankment. As is already described, the 

more number of lines passing the crest on which Eq. (2) is held is taken, the 

higher the precision of these analyses becomes, but this means that the degree 

of constraint is increasing at the same time, whereas a collapse of the actual 

embankment will never take place at once everywhere. It is more rational to 

consider that the greater part of an embankment remains in the natural state 

even when the limiting state of plastic equilibrium has been reached partly, 

and that this partial limiting state will spread over the other part of natural 

state progressively. 

(2)  Glover-Cornwell's method.
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   Glover and  Cornwell') are the first introducers of this idea for earth em-

bankments. In the solution of their analytical method, adding to two equations 

of stress equilibrium, it is required that the stresses satisfy the following com-

patibility equation in those regions where the relation between stresses is such 
as will not permit grains to change their relative positions (i. e. in "elastic 

region") : 

                    63,„02ax2a2z-z,   (5) 
 6x2 63)2axay 

and in the regions where this condition is not met, it is assumed that the rela-

tion between the principal stresses is such as to make slippage imminent on 

the planes of least resistance (i. e. in "plastic region"). Defining the "reserve 

strength" 

 C  a.  tan  So-r,  (6) 

they distinguished an embankment into two kinds, one of which is the "plastic 

region" where  R=  0, and another is the "elastic region"  where  R$0. In the 

former region Eq. (2) should be held for cohesionless soils, and in the latter 

Eq. (5) will be applicable by their  definition. The division of an embankment 

into elastic and plastic regions offers an interesting approach to the analytical 

problem, and the concept of the reserve strength R is valuable. But they 
divided these regions too mechanically, and did not prove as to establish the 

compatibility equation (5) in the elastic region. Moreover they found Rankine's 

state of stress in the plastic region, whereas the truth would be a natural state 

with "at rest" presssure as  Benscoterb) pointed out in his discussion. 

   The following conclusion is obtained, precisely comparing  Glover-Cornwell's 

method with Anzo's one already mentioned, that in the regional sense of divi-

sion, the "plastic" and "elastic" regions in the former are  nothing else but the 
"Rankine region" and the "influenced region" in the latter

, respectively. And 
so the difference between these two analytical methods consists in  a point, that 

Anzo divided the influenced region into many elementary wedges by the straight 

lines passing the crest of the embankment, and made an effort to  satisfy the 

condition for plastic equilibrium Eq. (2) in each divided wedges , whereas 
Glover-Cornwell did not make such divisions. Consequently , as  Krynine 
discussed, as soon as the stresses at the boundaries of the plastic regions at a 

certain elevation are computed, the stresses in the elastic regions at the 

same elevation may be found simply by tracing straight lines , since the equality
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of stress across a boundary is postulated. Therefore, there has no significance of 

the stress representation in the elastic regions which they assumed in their in-

troduction of the analytical method. And, instead of a unique solution of natural 

state, two solutions corresponding to the active and passive limiting states are 

obtained, respecting the stress distribution in the plastic regions as well as 

Anzo's method. 

   As is seen from the above description, though Glover-Cornwell have pro-

posed a valuable approach to the progressive failure of the earth embankment, 
introducing a concept of "reserve strength" R expressed in Eq. (6), their 

deduction still lacks the theoretical rigorousness, resulting that their treatment 

is noting else but the simplest one which has been calculated by Anzo. This 

Glover-Cornwell's method is used in "Treatise on Dams", published by U. S. 

Department of the Interior Bureau of Reclamation, but some criticism should 

be remained as to the above-mentioned theoretical inaccuracies. 

(3) Brahtz's method. 

   There is another rigorous solution of stress analysis in the earth embank-

ment adopted in "Treatise on Dams", Brahtz's  method'' The character con-

sists in considering the critical pore pressure  pe instead of the "reserve 

strength" R which has been described in the preceding Glover-Cornwell's 

method. It is necessary to introduce the pore pressure as a part of stresses in 

the stability computation of earth  embankments. If we start from excluding the 

pore pressure among the applied forces, as Brahtz has tried,  the reserve strength 
should be expressed as a function of allowable critical value of the pore pres-

sure. The difference is no more than what  pe is expressed in terms of the 

normal stress, whereas R is the shearing stress. 

   Brahtz's method of stress analysis uses Mohr's criterion of failure in which 

the above critical pore pressure  pc is considered as follows, besides the equa-

tions of stress equilibrium of soil element  : 

 (cri+o-2  2P,,) sin  co  +2C cos  yo  1  (7) 
 a2 

Solving this equation for  pe, it follows  : 

           pe—(72(1 +sin (p)-61(1 - sin co)+2Ccosyo                          2 sin co 

where the principal stresses  al and  ch in Eqs. (7) and (8) are given in the
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next equation  : 

 all _ 1                     {(0-.±a,)±-1/(o.—0'02 +47-,2).  (9)             cr2 f — 2 

   The procedure should be to determine a set of stresses which satisfy the 

differential equation of stress equilibrium and the given boundary conditions, 

and then compute by Eq. (8) the permissible or critical pore pressures  Po, 

and compare these with the actual pore pressures which may exist in the soil 

mass. If the former are sufficiently above the latter, the structure may be 

considered safe. The stability problem thus becomes twofold, namely  ; 

1) The determination of the critical or permissible pore pressures. 

2) The determination of the actual or maximum pore pressures which exist 

  under given conditions. 

   For the latter ones, the author describes his own method of estimation in 

Part II precisely, and so Brahtz's method, in which a set of stresses to be sub-

stituted in Eq. (8) in order to obtain the critical pore pressure is determined, 

 will be discussed in the following. 

   Let it be considered that the embankment forms a wedge with  downstream 

slope tan  al, and upstream slope tan  a2. As is shown in Fig. 2, each  half of  

I    x 

                         ,-\               d2 ,, 
                              .6,// 

             j,:.-6  1\'  '  "^:. 

                  ,6.1-.                      1.,'.5  Zone  3 
                                    '' 

 1 

  ,,  Zone  3\                                                   \        5  s:  \ 
 Zone  2 ,'  \ Zone  / 

^ i 
 xy  Y 

              Fig. 2 Division of the embankment in Brahtz's method. 

the embankment is divided into two zones by a straight line originating from 

the vertex of the embankment,  x= tan  jei.y or x  =tanth.y. This angle  131 or 

 182 is one of the unknowns to be determined by the stress condition at boun-

daries. In each zone, the stresses are assumed to vary linearly. The unknowns 

in the stress equations are determined from the two equations of equilibrium 

and Mohr's criterion of failure. The latter is satisfied along the center line of 

the embankment and along the  48-lines. The stress magnitudes put into Eq.
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(9) are determined by assuming that the slopes of the embankment are the 
natural slopes of the material, and that the cohesion is equal to zero. 

Thus, in order to establish a critical pore pressure system at which the struc-

ture will just fail, it is often considered to be possible  from the geometry of 

the structure and the boundary conditions, to determine a minimum value of 

the effective or fictitious angle of friction  c5, under which the boundary regions 

of structure would just be stable. With this value of  -0, a set of stresses is 

then determined such that the entire structure is just stable, assuming no in-

ternal pore pressures to exist. The permissible or critical pore pressures  p, 

are then computed by using this set of stresses in Eq. (8), but with the real 

physical value of the angle of friction  co as determined by field or laboratory 
tests. As the criterion of failure along the center line, Brahtz used the boun-

dary condition  az=Kau, and he gave various values for K, as  K=0.3, 0.5,  0.7, 

etc. 

   According to his method, the equation of  J3-line which divides the domain 

of stress in the embankment is given as follows  : 

 tan"/3  (tan20  -1)  -  2 tan  a  tan3J3  {tan20 (1  +K)  -  (1-  K)} 

 +tan2J3{tan2a  tan20 (1  +K)2- tan2a  (1  -  K)2  +2K(1 - 2K-  tan20)} 

 +2K  tan  a  tan  {tan2co  (1  +K)-  (1  -K)}  +K2(tan20  1)  0.  (10) 

K in the above equation is the ratio of horizontal to vertical stress at the cen-

ter line of the embankment, and it represents the degree of compaction of the 

earth embankment. As Eq. (10) is the equation of fourth order in respect of 

tan  R, it has two positive values for tan  18. The larger value gives the state 

of stress from which the critical pore pressures may be determined. 

   It is understood from the above description, that  Brahtz's method has ap-

proached toward the unique solution of stress distribution in an earth embank-
ment, by using the principal stress ratio K at the center of the embankment 

and the fictitious angle of friction  0, in order to diminish the contradiction 

caused by two limiting values of the active and passive states of stress, as we 

have seen in the preceding discussion. His method, however, does not explain 

the physical meaning of  19-line and the fictitious angle  0 at all, which have 

been used in the deduction of his solution. As to  J3-line, Eq. (10) is so com-

plicated form to compute the numerical value that the practical treatment will 
be of less significance. Only the introduction of the  coefficient of compaction 

K has a unique importance, of which the precise discussion will be succeeded
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as follows. 

(4) Ohde's method. 

   An outstanding study for establishing the theory of stress distribution in 

the earth embankment has been performed by  Ohdes', in which the effect of 

fill compaction and the rigidity of embankment foundation have been accounted. 

In this method, in contrast with what the limiting condition for plastic equili-

brium of soil constituting the embankment was used in all of the preceding 

methods, the stresses in the embankment at the natural state are objected from 

the beginning of analysis. It is considered, therefore, that the above-mentioned 

limiting state appears only when a particular condition of compaction and of 

foundation behavior is reached. An assumption is made that each of the stress 

    Um" weightycomponents is given as the sum of  
•Iza0 two trigonometric functions appro- 

     A—7—0'        /4i6
ximately, in the coefficients of which 

                                is included the effect of compacting 

                                the fill material, to obtain the  solu-
trz-101—a, 

      ty                                   Lion satisfying the necessary  boun-

     o-                                     dary conditions . 

          OEFor a symmetrical wedge-shap- 
                                  ed embankment shown in Fig. 3, 

                                                                    oil14E,,--CIE Care the normal stress  a, on a horizontal   
                •I 

 diisection is expressed as the sum of 

 Fig. 3 Representation of the symmetrical next sine function in this method. 
    embankment in Ohde's method. 

             X) 
                   a,=ai sin                         21 -i-az*sin (3n x                       2  1 1,  (11) 

where  al*,  az* are unknown functions. Using K1=4E,,/75-42) which is the 
coefficient of lateral earth pressure at the surface of slope, the following equa-

tions are deduced respecting  al*,  az*, from the condition for equilibrium of 

vertical forces in the left half of the embankment section and in the prismatic 

element around the point A on the surface of slope  : 

                 1— 
      *—

3211                        47 (1 +Ki tan20)p-sh,                9 

                            3   az*—-{ 43n. (1+K1  tan2O)32  n-}rsh,
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wherein 0  is the slope angle of the embankment. On the other hand, from 

 the condition for equilibrium of the moment of forces acting on the left half 

of the section about the point A, the following linear relationship exists be-

tween the coefficient of lateral earth pressure at the center of the embankment 

K=E/n—2h2and the coefficient at the surface of slope  Kl: 

           K (2-  7  + 8 )cot20 + Ki 
                                   7r33- 

 =  0.02984 cot20+0.25801  K1.  (12) 

   The values of these coefficients of lateral earth pressure depend on various 
factors such as physical properties of soil, the compaction condition of the em-
bankment and the rigidity of the foundation. And their limiting values are  pro-
vided-as follows ; the minimum value of the lateral earth pressure at the center of 
the embankment is the active pressure  (K>Ka), and the lateral pressure at the 
surface of slope cannot exceed the passive earth pressure  (K1'�-Kp). Accord-
ing to an example that Ohde has presented for the condition of  C=0, tan  co 

 =0.5  (co  =26°34') and tan 0=0.4  (0  =  21°48'), one obtains  K,,=  0.312,  Kp=1.49 
by his theory of earth  pressure'', and so by Eq. (12)  K1=0.48-1.49, whose 
mean value is For the embankment having a considerable rigid foun-

                               dation, he has also defined the  coeffi-
 Table 1 Coefficient of earth pressure at cient of earth pressure at rest  Ko 

   rest  Ko in relation to  K1.  =c7x/ap at the center of the  embank-
  K1 1.15  ! 1.3 

   ox 0.4445 0.483 0.522                                   ment, and has given a  numerical ex- 
   fry 0.810 0.802 0.795                                    ample for the above-mentioned con- 

  Ko 0.549  I 0.602 0.658 dition, shown in Table 1. 
                                    As to the horizontal compressive 

stress  ax and the shearing stress  rx,, the following equations are used  : 

          ax =a1 sin ( 7r2 12  1X) +a2sin ( 3n x (13) 
 Fri=    4( 2 Ki-F3K)rsh,                            7r 

 =12 Kh 
               n)'s' 

                         x 

           Txvr1 sin--1+r2 sin (27rx ),  (14) 
                   11
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                    7rt
an 4Lan  u•r 

                               7r 
 r2= ——4K/Itan  0-rgh• 

                         7r 

  As is clear from Eqs. (11),  ash  i 

(12), (13) and (14), every co-

                                                          - 

          71 efficient which determines stress0.  6z 6                                                                                      .Y 
components depends only on the                            06 

coefficient of earth pressure at                            05 

the surface of slope K1, which                                        0.4 

is the function of the compac-                                          —  A;=zo 

tion condition of the embank-                   0.2 /1f,= /.3 

ment and the rigidity of the 

foundation. For example, the 
     .4 

rigid foundation has larger K1-2 4 

value than that of the flexible                                                 -0.2 - 
                                  Fig. 4 Distribution of the stress components in 

one, resulting larger value of  the symmetrical embankment of 1 2.5—slope] 
stress components. Fig. 4 shows for  K1=1.0 and  1.3, respectively. 

 Ysh 
 10-

                   —  tan  0  =  0.333 
 tan0  =0400 

               -71D =0500 
                                                                 3 

                                                                          IC=/ 0 

                                                                               ,=1.3             0 6 - 

 04 

 02 

       0 

     -7
4 

          Fig. 5  Distribution of the stress components in the symmetrical 

             embankments of various slopes for  =1.0 and 1.3, respectively.
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a comparison of this character with  K1=1.0 and 1.3, in the case of the slope 

of tan  0=0.40.  0.40. Fig. 5 is the result of computing the stress distribution with 

K1= 1.0 and 1.3, when the slope of embankment is tan 0=0.50, 0.40 and 0.333, 

respectively. From this figure, the distribution of the ratio  a¢/a, and  ailai on 

a  horizontal section of embankments is obtained as shown in Fig. 6. It is seen 

 <z 
 ----  tan  e  =  0.333 

 —.....  -  .. -- tang =0,¢00  --4.                                                     ____.fang =0.500             /0 --Z .e.4z 
                               -----t, **-,                                                     -..,,                                          .- ..,--,,,,---..               --- ---.4„. 

                                            4°.... ,.... --.....„,---..,                                                                                 --...,                                  --- K el, 3 
                                 ------..,--- -...--- A,- /0 
                                                      --- ...--c/c.a7 

                                                                        ....-____--..c____                                                                        - 
                                    , ---.---------7---- - --'. #C-e0 

                       y=-.-------7---.-""---__-:-^-•-----           c:74 -6  _.---_- 
 ...--- 

                   --- 

 0.2  
o 1.4  %E  3/  .4/                                        r4 

           Fig. 6 Distribution of  o-z/cry and  o-y/a). on a horizontal section of 
              embankments. 

that these ratios have larger value, if the slope of embankment is flatter and 

the coefficient K1 is larger. 

   As is described above, in Ohde's method, the stress distribution in the em-

bankment can be determined by the coefficient of earth pressure at the surface 

of slope K1, which is designated as the degree of compaction of the fill material, 

being relative to the rigidity of  'the foundation. In this method, however, the 

assumption is finitely involved that each of stress components is expressed as 

the sum of two trigonometric functions. The affirmation should be checked by 

experiment. 

     3. Residual Strength in Author's Analytical Method 

   Accepting the significance of the "reserve strength" R in Eq. (6) which 

has been suggested by Glover-Cornwell, and in order to determine its distribu-
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tion in the earth embankment, the author wishes to clear the  relationship be-

tween the stress distribution in the natural state and the reserve strength by 

                                 Fig. 7, excluding the mechanical 

                                 division of regions as explained in 

 R                                  the preceding article. Let it be          Alip.4-‘    c ofir                                    assumed that the stresses in the 
 ailqv8 IAC. 

 q-.0  VIVA  6' earth mass in the natural state are 
                                shown by a point P in this figure. 

                                 The abscissa OA of P represents 

                                    the vertical compressive stress  ay, 
 Fig. 7 Mohr's stress circles and the 

                                   and  6.= OB  is the horizontal com-     residual strength R . 

                                    pressive stress. Conjugate shearing 
stresses  rz,1= PA,  r,x= QB have a same magnitude in their absolute values. If 

the stresses  az,  ay, and  rxv=ryx at a point are under equilibrium, the  ends of 

the vectors representing these values are located at a Mohr's circle  Co. On the 

other hand, the shearing resistance of soil is generally represented by a line 

01M passing through the origin  01, from the result of the triaxial compres-

sion test. If  ax is being reduced gradually while  ay is unchanged, the Mohr's 

circle  Co shifts to the left from the original position until it touches the straight 

line of rupture 01M (circle CA). At this condition, the earth mass is under 

the active state, namely under the lateral stretching  (ay>ax). And if  az is 

being increased adversely, circle  Co shifts to the right until it touches again the 

line 01M (circle  Cr). This is the passive state, and the earth mass is under 

the lateral compression  (a  y<cix)• 

   Representing Eq. (6) using three stress components  ax,  ay and  rzy, the 

following equation is obtained  :                      

1             R =C+tanC'2±a' 2  
cos coV(ax602+4 rzyg  .  (15) 

The author calls R in Eq. (15) the "residual shearing resistance", or the "re-

sidual strength" When the earth mass is at the limiting condition of either 

active or passive state above-mentioned, it can be easily understood that the 

mass is under the condition for plastic equilibrium, as R in Eq. (15) is equal 

to zero. Graphically, the "reserve strength" in Eq. (6) is the vertical distance 

between different points of Mohr's circle  Co and the line  01M, and its mini-

mum value, that is the "residual shearing resistance" in Eq. (15), is the ver-
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 tical distance between parallel lines 01M and  01'  M  '  , the latter being tangent 

to the circle  Co. Through this graphical explanation, it will be recognized that 

a rupture of the earth mass happens progressively by the encroachment on the 

reserve resistance R in Eq. (6) or Eq. (15), with the increase of the shearing 

stress by external forces acting on it. 

   As is described in 2. (3), the concept of the critical pore pressure in 

Brahtz's method is no more than representation of the above residual shearing 

resistance R in the form of the normal stress. The shearing strength of soil 

in which the internal pore pressure w exists is  represented in the following 

equation, generally  : 

 =C+  w)  tan  co.  (16) 

Showing this equation by Mohr's stress circle, the left circle in Fig. 8, the 

center of which is moved to the left equal to w from the original position, is 

 erawn. Putting  w  =  Pe and  pc tan  co=R in Eq. (16), we obtain Eq. (6). 

   The distribution of the residual strength R in the embankment  defined in 

Eq. (15) is shown in Table 2 and Fig. 9 for  co  =26°34' and  C=0, using the 

                                          0.2 

                  R = u.r tan y 
 Tota  /  sh-esurs  t 

                         a / 
                     6;1  a  MIROF 

                                0 

                                  0  ozs  oso 073 / [ZS!30 /75  2  Effective slierses 1-  141 J 

Fig. 8 Mohr's stress circles in terms of Fig . 9 Distribution of the residual strength 
   total stresses and of effective  stresses. in the embankment of 1  : 2.5—slope for 

 K1=1.0 and 1.3, respectively. 

result of Fig. 4. As is seen by Fig. 9, a large amount of the residual strength 

is reserved at the central portion of the earth embankment. Comparing the 

case of  K1= 1.0 with  K1=1.3, it is seen that the latter case has larger residual 

strength, and therefore, the effect of compaction is remarkable for the stability 

of earth  embankments. 

        Table 2 Distribution of the residual strength R in the embankment. 

 x// 0.125 0.25 0.375 0.5 0.625 0.75 0.875 1.0 

 K1=1.0 0.0097 0.0216 0.0296 0.0499 0.0690 0.0892 0.1039 0.1096 

   K1=1.3 0.0079 0.0181 0.0387 0.0698 0.1049 0.1408 0.1687 0.1773
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            4. Solution by Polar Co-Ordinate 

   The equation of stress equilibrium of a small soil element in the plane-

strain problem is represented as follows, using the polar co-ordinate when the 

tensile stress is refered positive sign : 

              acr 1 acre -1-ar—do  O
rr a0                          +rs cos 8=0,  1

(17) 

              

1  ale ,arre,21-re                  -r-r  Ys sin  0=  0 ,  r  60  ar 

where  rs is the unit weight of soil. If the stress components are represented 

in the following form using a stress function F, they satisfy Eq. (17)  : 

              1 82F 1  8F2  r
sr  cos  0  ,              Cir =r2602 + r Or3 

               a2F  (18) 
           60=w 

                  a ( 1 O-F'
rsr sin 0 .                         r7.3=               Orr ae ) 

   Stresses in an embankment should satisfy the next equation at every point, 

according to the condition of limiting equilibrium where the residual strength 

  is considered. 

 G=ar'  0-0'2  —  2  (1+2  tan2co)  owe  ±  4  (  1  +tan2s0)  rr92  ±7j2  =  0  ,  (19) 

where  ca is the angle of internal friction of the fill material and  7,-2 is a vari-

able which has positive sign in its ordinary state, although it reaches zero at 

the limiting state of failure. 

   The stress function F in Eq. (18) must be chosen so as to satisfy the 

above function G and boundary conditions. Assuming  that f is a continuous 

function of 0, F is represented in the following Fourier's series  : 

 F=rm+2 f(0) 

 =r74+2T  {An cos  nO+Bn sin  n6}  ,  (20) 
                                          n = 0 

wherein  A. and Bn : constants, m : a number refered to the stress condition at 

boundaries, and n : a positive integer. Substituting Eq. (20) into Eq . (18), 
stress components at the arbitrary point in an embankment are given as 

follows  :



 11 

                                2 
 ar,.=  r4(m  +2-n2)  T  {A.  cos  210+Bn sin  n0} -  r  sr  cos  0. 

 n=0 

 Ot9,n=  rm(M+2)(111+1)T  {A, cos  nO+Bn  sin  n0}  .  (  (21) 
 n=0 

                                 1 

                ) 

    rrs,n = r'n(m +1)n T {11, sin n0- B. cos  n0}+-3--rer sin  0. 
                               n=0 

   For example, when such a case is treated that a symmetrical embankment 

which has a triangular section of 1 : 2.5-slope is subjected to its own weight, 

 m=1 and  n=1, 2,   . 5 are chosen.  Then, 

 ar=r(2A1 cos 0-A2 cos  20-6A3 cos  30-13114 cos 40 

                                   2                                  -22A5  cos 50-—3rs  cos  0)  , 

 60=  r(6A1 cos 0+6A2 cos 20+6A3 cos 30+6A4 cos  40  +6A5 cos 50)  , (22) 

 zre=r(2,41 sin  0  +4A2 sin  20+6A3 sin 30+8A4 sin 40 

                                    1 

                                                                            ' 

 +10A5 sin 50+3rsin 0). 

   The boundary conditions at the slope  (0  =68°12') are  o-r=  co  =  rre=  O. They 

are put into Eq. (22) to vanish constants  Al, A2, A3, and new constants  A'4= 

 A4/rs and  A'5=A5/rs are designated. Let it be assumed that tan  co  =0.5 and 

 1;2�0 in Eq. (19), we obtain 

 G=  ar2  +a02  -  &w/o  +51-,0250.  (23) 

                            A,4 

 r,  6.6730' 

 ..I \sy  0.33405" 

                                   III ' ',..                                  ' •-, ,t9.22.:Yo' \     Ilk 
      1111.A  00  iit1141/4,0.•-• 

                                                69-4.5.•--':-. 

                           \\'..„-'-:,-- 
                                                    --

---",-
...„,,-.....                                                                     0./t/.5''^.."-,,,,,,----..-...4._`.,                                                                                                                                                   .------ ....,.? 

                                   .-., . , 

             Fig. 10 Correlation between the parameters  A  I  , and  A  '  s  .
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Then the above  dr, do,  pro are put into Eq. (23), and  0=0% 11°15',  22°30', 
 33°45', 45°, 56°15' and 67°30' are calculated to obtain domains where Eq. (23) 

is held. The result is shown in Fig. 10, where the inner part of every ellipse 
accords with this condition. As is seen from Fig. 10, we can assume that  A'5 

 ^'0. When this assumption is accepted, stress components at the center of the 
embankment are given by the following equations  : 

                                           4A  Cay/rP30x=0=  (ar/r  sr),9=0-  (a) A;  =  00  io16 
 =  —  10.838A  '4+  0.922,  A  5  =  0  6,y  /all 

 Cdx/rsY)z=0  =  Cao/r  sr),9.0 ...- ---  -05 
 =22.986A'4+0.060.  15x 

A,C  ----"•"4"1"ililiggillillill  0 
00540  (b) A; =0.020 -/0 
004 X5=0  6:y _,„,„„„4111 

 003-  -  6  _0.5 

002 
                                _-^1101111111111111111111111111111.1.1^--  0 

 00/r                                                   A 

  ,=0.302A.p.z6.2 (C) A 4=0.02.5/0 
 a                       A'.5= 0 6.Y /NO 

 05a, /52.0  2  5  ' I( 

  Fig. 11 Correlation between the  para-  
_.__,___,......................giiiiiiiiie  11:1  11111^-_  .9..5 

    meter  A.'4 and the coefficient K. 

   Assuming K is the ratio  Ccr.Dx=c)  /111111/11  c• 

 /Cay)x.o, which represents the degree s'A  (d) A'=0030              4•.-10 of compaction of the embankment,   A's  =O „„ailli 
we  obtain?  

-as 
 Ka<K<K,, 

 1—sin co^IIigIIIIIIIIMN^ o 
where  Ka=-  1  +sin  co } (24) 

                                                      A 

       go (e) 4;. 0040    Kn.-. 1  +sin 1—sin go, ...4041.....'s'V  ki=  0  , The range of K is  0.382�K�2.62, 
_,..0000000001 'WI .4411-45 and the relationship between K and 

 A'4 is shown in Fig. 11. The author  0 
                                     Fig. 12 Solutions of the stress distribution h

as calculated the stress components                                           in the embankment of  1  :  2.5-slope by 
in the embankment from Eq. (22), polar co-ordinate.
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using values in  the range of  A'4, and they have been transformed into the rec-

tangular co-ordinate system as shown in Fig. 12. It is clear that Fig. 12 (a) 

is nearly equal to the active state and Fig. 12 (e) is the passive state, 

comparing with the solution by Anzo's method shown by the dotted lines. 

According to Fig. 11, the behavior of the stress distribution in the earth 

embankment is greatly influenced by the coefficient of compaction K. When 

this value is obtained experimentally, we can designate the value of  A'4 in 

Fig. 10 as a function of compaction. 

   In the analytical method described in this article, the choice of n in Eq. 

(21) is arbitrary, and the more number of terms of series is taken, the more 

precise the solution becomes. According to Jonson's investigation described in 
2. (1), however, it is shown that the choice of parameter in n=4 or 5 does 

not largely influence to the result. 

         5. Solution by Rectangular Co-Ordinate 

   The equation of limiting equilibrium where the residual strength R' is 

considered is represented in the following form, referring Fig. 13 by the rec-

tangular co-ordinate  : 

         G' —/ (6' 2dz/2+ Tyy2+R'66-4-6' sinco-0.  (25) 

                                  reProvided  al is one of the prin- 
                    lcrl/C cipal stresses and  Kai (K>0)  () 

 or& is another of them, R' in Eq. 

                                  (25) is written in the next            6-4116 tr, ation as shown in Fig.  13: 

 6 

            61 IF R' = 1 +K)sin co 
 Fig. 13 Mohr's stress circle at rest and  the  —(1—K)}. (26) 
   residual strength 

                                   When K>1, the substitution of 

K'  =1/K in Eq. (26) is adopted. On the other hand, the relationship be-

tween the principal stress and stress components is 

         ai_ GryCrx +1 (as     22  (27)
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Putting Eq. (27) into Eq. (25), the following equation is obtained. 

 G= (cry— cr.)2+4r.,2 — A2(cry +ax)2= 0 , 

                             1—  (28)           where A=                            1 -I-KK                                     -=sin 

   The equation of limiting equilibrium with the residual strength is, there-

fore, represented in a very simple form as Eq. (28), using the virtual angle 

of resistance Co instead of the angle of internal friction -co at failure. The 

virtual angle of resistance is the friction angle corresponding to the mobilized 

part of the internal friction of the fill  material"), and it has not a unique value 
for whole embankment but varies with the location by the author's analysis. 

K in Eq. (26) and Eq. (28) is the coefficient of lateral earth pressure or 

the coefficient of earth pressure at rest, as is already shown in the preceding 

article, which is a function of the degree of compaction of the embankment, 

and it exists between next two limiting values. 

                  1                 <K<N 
    N  (29) 

             where  N,=tan2(45°+ 

   In the author's method, the assumption that stress components may be ex-

pressed by the linear function of x and y in each of elementary wedges as 
the same as Anzo's method is accepted. Then, at the adjacent part of slope  : 

 Cay)s  =  rsCAsx  +  (B,  —  1)yj  =  —r.(x tan  0—y)(Ds  tan20  1) , 
 —  r  sCBsx  +Csyp=  —  rs(x tan  0—y)D, tan 5,  (30) 

 Caas=rsCCsx  -FD  syD=  —  r  s(x tan  0—y)Ds. 

   The physical meaning of coefficients  As,  Bs,  Cs,  Ds is cleared by Fig. 
14, and when the coefficient of lateral earth pressure at the slope  Ds is as-

sumed, the others are determined dependently. In  Anzo's method, as the 
value corresponding to the limiting state, 

                          cos 5RVcos20 — cos2co       D
R ,max = —  COO  61 - -  (31)  rain cos 0±  Vcos25—  cos2co 

is treated.  In the author's method, however, the coefficient  D s from Eq. 

(29)  : 

 DR'„,1„<D,<DR,  (32)
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                               is adopted instead of  D1. The value 

                              of  Ds has a close relationship with 

      ;,-kik the  degree of compaction of the earth 

 .1'embankment ; thegreater the effect 
 s  i of compaction is, the larger the abso-

                                 lute value of  Ds becomes. This rela-  "1111111111
114tion is found definitely through a sim- 

            s 

              Nom ple model experiment described in 

                               the following article. 
 s D

etermining the coefficients of 

                                  via                                earth pressure near  the slope of the     [0.1,
embankment, then the condition of 

 Fig. 14 Distribution of the stress corn- stress continuity and of limiting equi-
   ponents in the adjacent part of slope.                               librium with residual strength can be 

used on the boundaries of arbitrarily divided wedges, just similarly to Anzo's 

 method  ;  i, e. at  x/y=tan at  : 

 CcrOi=  C6  01+1,  axypi  =  Crxy)  t+i,  Cdx)1  =  x)  1+  1, 

       {Ctiy)i - CazJiI2 + 4 Crxy) /2 - sin2i-((ay)t + Ca.,)0-2 = 0 . (33) 

   The virtual angle of resistance Cot in Eq. (33) is determined  experimen-

tally from Eq. (28), as a function of compaction of the earth embankment, 

and  (Tot<co so long as the embankment is under stable at rest. By solving 

these equations simultaneously, the coefficients of earth pressure  A1,  B1,  Ci,  D  1 

which are proper for each divided wedges are obtained. Three or four 

divisions of domain are adequate for a half of embankment. 

   Let it be taken as a calculating example that has been presented in the 

                                preceding article ; the  stress  distribu-
              2e730 .* tion in a  symmetrical embankment 

                     4500' 
    S7/1 tr6e./2                                  with a triangular section of 1 :  2.5-

 Fig. 15 Division of embankment into                                slope subjected to its own weight 
   small wedges. 

                               only. As is shown in Fig. 15, a half 

of the symmetrical embankment is divided into three wedges, and suffixes I, 

II and S are given for them, respectively. Taking tan  co=0.5 again, from 

Eq. (31) and Eq. (32), 

                      -0 ,4975.�D,..� -1.493 ,
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Therefore.  D8= —1.0 can be taken. In this  case,  As=0.464,  Bs= —0.16 and 

 C,  =  0.4. The ratio of increment of  a., to  cr, at the slope region is 

            Ks— aCaxiOCa =rsCs=  0  862  .  /  Ox  ax  rsAs 
Therefore,  Ds=  —1.0 corresponds to the coefficient of earth pressure in the 

case of the ratio  Kg  =0.862. For the embankment which is compacted as 

greater as  Ks=  1.0, the coefficient is  Ds= —1.19. The approximate value of 
this ratio  K, is known by the simple experiment described later. The coeffi-

cient of earth pressure at rest K at the center of the embankment can be also 

taken as  K=0.8 experimentally. Then, A in Eq. (28) becomes  A=sin 
 =0.111. In this example, thus designated, Eq. (33) results in the following 

equations. 

  a) at x/y=0  : 

 Crx  01=0  C1=0, 

 G=0  (13,—  1-1),),2+4C,2—  0.0123(137—  1+1)1)2=0, 

 b) at  x/y  =0.4142  : 

 Ca  0  =  Ca07.7  0.4142(A7—A77)-1-(B7—B11)=0, 

 Cr.  01=  Cix011  0.4142(/37—B71)+(CI—C77)=  0,  •••(34) 

 CasDi=  CaxDil  .  0.4142(C7—C71)-1-(DI—D11)=0, 

 c) at  x/y=  1.0  : 

 Cay)//=Cdy)s  (A11—  0.464)+  (B11+0.16)=0, 

 Crx  071=  Crr  s  (B77+0.16)±(G71-0.4)  =0, 

 Co-x)  II=  CaxDs  (C11-0.4)+(Dll  ±  1.0)=0. 

   As there exist eight equations in Eq. (34) for eight unknowns  441.1,  B1, 

 C1,  DI,  ALI,  B17,  C17 and  D71, it is possible to solve the simultaneous equa-

tion. Solving these equations, the representation of the stress distribution for 

        Table 3 Stress distribution for each divided region in the embankment.  

I  st-reg  ion  I  Ind-region S-region 

 0<x/y<  0.4142  0.4142  <x/y<1.0  1.0  <x/y  <2 .5 

 cry/Ts  0.0413x-0.7532y  0.0687x-0.7637y  0.464x-1.16y 

 —'77.//73  0.2468x  0.2363x  +  0.0047y  —0.16x+  0.4y 

 ffx/Ts  —0.6027y  0.0047x-0.6047y  0.4x  —1.0y
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each wedge-shaped domain in the embankment is shown in Table 3. 

                                      The result of numerical calcu-
                           is'A lation is given in Fig .  16, which 

                                is similar to Fig. 12(c) described 

 5 in the preceding article. The 
                                   distribution of the normal stress 

 0 ratio  as/ay and the principal stress 
 2s  /0/,0.4.12                   uk

ey ratio 02/01 is also shown in Fig. 
                                 16. It is clear that the assump-                 6

z/6; 
                                   tion used in the calculation are                                          _as 

                                fully satisfied and that the be-
 Fig. 16 Solution of the stress distribution 

   in the  embankment of 1  2.5-slope byhavior of the distribution of stress  
• rectangular  co-ordinate. components can be accepted rea-

                                     sonably. 

             6. Experiment by Sand Models 

   The author has performed some experimental investigation using sand 

 n  n  n  n  n  17:7                             11 1 11  II 
                                  II  I •C), 

                                                   ,4                         i 

       

i II                        iIII,  I
I I !It I I  

 , 

 u 

 -Steel  strips 

 Plan  

 -  h  a I I Elk,^) a -a-  -  

                           15321  /2  co  00=960'''''  

 Elevation  
                       Fig. 17 Experimental apparatus.
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models, in order to know the stress distribution in the  earth embankment, 
and to ascertain the above-mentioned theories. In these models, measurements 
of the vertical compressive stress  a, and the horizontal stress  ax are performed 
by using thin strips of steel  installed at the place as shown in Fig. 17. A row 
of strips is placed horizontally for measuring  6,, and the other is placed ver-
tically for  ax. After making up the model the  steel strips are pulled out, and 
the forces required to make them move are measured. The air-dried uniform 
sand of which the average diameter is about 0.2 mm is used for the embank-
ment material, and the slope and the degree of compaction is varied in three 

 kinds, respectively. 
   For  example, Fig. 18 shows the result of test in the case of  1  : 2.5-slope, 

stresses being given in terms of  ay/rgh and  az/rsh,  respectively, wherein h is 
the height of the model embankment. 

                   %4/1as-  4A             th°5515-v7o 
                ,s=z74lb. . Si1 op (27  Dense776x;

\\
\11:5-0 

                                     - 

                                                      0.6 
                                4 
 0  5 

 0  0.4- F
ig.  18  Stress  distribution  in  the  embank-

   ment  of  1  :  2.5-slope  in  terms  of  com-  03  - 
    pactness. 

                                                  0 2 - 
                                                           o—o te2n69.0.500    Fig . 19 is the stress distribution for 

                              /- 0--•tan(9=0.40.9 
the medium compaction  (r,  =1.73  -1.74tan 67_ 333 

                                                                          

' x 

g/cm3), when the abscissa is given in A 0 cto                               catcat 
the form of  x/1. According to this  fig-

                                         Fig. 19 Stress distribution in the  em-
ure, although  ay does not vary so largely bankment of medium compaction in 

with the slope of the embankment,  ax terms of  slope. 

varies in a wide range. It is easily seen from Fig . 18 that as the degree of 
compaction increases  ax becomes larger for the embankment of the same slope , 
whereas  ay does not vary so remarkably . The ratio  axlcry on a horizontal sec-

tion in the embankment is large when the slope is flatter, as shown in Fig . 
20. The coefficient of compaction K at the center of the embankment is in 

the range of 0.6-0.85. Provided that the rigidity of foundation is small, K 
will decrease to its lowest value of the active pressure . 

   In any circumstances, if we know the approximate value of the coefficient
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                                    of compaction K experimentally, 

 bn9=0  333 for the various states of  embank-
/2 -  eg=atroo me

nt material, the  stress distri-       • 
an0=0.500  b

ution can be calculated easily 

oo • - by the theoretical equations 
 Dense • - --- --- which have been deduced by 

 Q45  x  •           o Loose                                         the author . 
 05 o 

 (sr.)  7
. Conclusion 

 Fig. 20 Distribution of the ratio of  o4o-y in 
   the embankments of various slopes and 

 compactnesses.Although the Swedish slip 
                                   circle method in the stability 

analysis of earth embankments is so practical in the application that the disad-

vantage of very tedious iteration of the trial calculation might be partly cover-

ed, the degree of safety against the progressive failure cannot be estimated 

quantitatively. The author has stood on the more analytical view-point and 
studied of the relation between the stress distribution and the degree of com-

paction of the earth embankment, theoretically and experimentally.  In the 

theoretical stress analysis, the equation of limiting equilibrium with the resi-

dual strength has been used, in order to be free from the inconsistency in-

volved in conventional studies. Then, the reasonability of the author's analysis 

has been ascertained throughout the model experiment. 

   Examples of the theoretical analysis and the model experiment illustrated 

in this paper are the results for very simple case of stress conditions, for the 

sake of facilitating the understanding. However, they can be applied broadly 

to more complex problems.
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  Part II Effect of the Pore Pressure on the Stability 

             of Earth Embankments 

                     1. Introduction 

   The stability analyses of an earth embankment with respect to the pore 

pressure consist of the following items  ; 
1) Stability analyses of the dam and the foundation, respectively, during con-

 struction (due to the non-steady pore pressure). 

2)  Stability analysis of the dam for rapid-drawdown of the reservoir (due to 

  the transient pore pressure). 

3) Stability analyses of the dam and the foundation, respectively, for full re-

 servoir (due to the steady seepage pressure). 

   For the last item, the analyses can be easily performed by drawing a 

flow-net for the steady stream flow, and finding the statical head at each point 

in the figure. The author has pointed out, through the experimental studies 

of percolating flow using sand models, that the  local failure near the upper 

portion of the surface of seepage is predominant, in the case of the water-
retaining embankment which consists of cohesionless materials. In these stu-

dies, performing the theoretical investigations concerning these experimental 

results, a proposed equation which gives the critical hydraulic gradient has 

been deduced for this kind of local failure, whereby the mechanism of the 

actual failure of embankments can be  analysed" Further experimental re-

search has been succeeded towards the disaster preventive methods of  em-

bankment design, and a reasonable criterion has been given  adequately12' 

   Among the first item, the author has made a theoretical study for the 

stability analysis of the dam foundation during and just after construction, in 

connection with the execution control of fill  work"' In this study, starting 

from the fundamental theoretical equation of the two-dimensional consolidation, 

the distribution of the pore pressure in the embankment foundation has been 

studied theoretically. Next, by using the above solutions, the plasticity load 

in the foundation where the pore pressure exists has been obtained through-

out the numerical calculation. 

   Thus the remaining problems, the pore pressure coming into existence in
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the earth embankment due to the consolidation of the fill material during con-

struction, and the residual pore pressure after rapid-drawdown of the reser-

voir, are treated as the second part of this paper. 

        2. Distribution of Pore Pressure during or 

                  Just after Construction 

(1) General consideration. 

   In the embankment composed of relatively impervious materials as the 

earth dam, the pore pressure occurs in itself due to the consolidation of soil 

during  construction").  It seems somewhat difficult to estimate the distribution 

of the pore pressure theoretically, comparing with that of the embankment 

foundation which has been tried in the preceding paper. The reason is, that 

the geometry of the surface of earth fill where the boundary conditions should 

be given varies with the construction process, and that it is not easy to obtain 

the solution of two-dimensional consolidation, even if the shape of embank-

ment is very simple. As in some conventional studies for estimating the pore 

pressure during construction of the earth embankment, bold assumptions have 
been used to simplify the complicated problem, these theoretical solutions are 

not always satisfactory when compared with the measured data observed in the 

 field"'") 

   In the author's method, the consolidation process is treated as a heaping 

phenomenon by the sedimentation of unsaturated soils, and he applies the 
approximate solution using a parabolic pressure curve, which has been  proposed 

by  Terzaghi-FrOhlich17) for the mechanism of consolidation of a clay layer 

whose thickness varies with time. Though more rigorous solution has been 

deduced for the mechanism of consolidation of a clay  layerl", it is not neces-

sary to be so rigorous as this in practice. 

   In the solution which has been proposed by  Terzaghi-FrOhlich for the 

consolidation of sedimentary clay layer, the following fundamental assumptions 

are involved  : 

1) one-dimensional consolidation only upwards vertically is treated, 

2) coefficient of consolidation  c=k/rwm, is constant during the sedimentary 

 period, 
3) velocity of sedimentation is constant,
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4) pores of clay layer are fully saturated, as the sedimentation in water is con-

 sidered, and 

5) excess pore pressure curve is assumed as a parabola approximately. 

   Because of these assumptions, it is not possible to apply the above  soiution 

directly to the consolidation of earth fill during construction without some  modi-

fications. Assumptions 2), 3) and 5) are satisfied in this case, whereas it is 

clear that the first assumption of one-dimensional consolidation and the fourth 

of fully  saturation are not established in the construction of embankment.  In 

the author's method, therefore, to modify these assumptions, he considers the 

compressibility of containing air in the soil mass due to the unsaturation and the 

effect of compacting action represented by the  coefficient of earth pressure at 

rest due to the unisotropy of stresses in the earth fill, during one-dimensional 

consolidation until the completion of filling. For the behavior of dissipation 

of the pore pressure after the completion of embankment, it is possible to com-

pute the distribution of the pore pressure in the embankment by the approxi-
mate step-by-step method, transforming the 

fundamental equation of the  two-dimension-                           ..• 1%. ' 
al consolidation into the finite differential 

equation. 

(2) Application of  Terzaghi-FrOhlich's 
  theory. 

   Applying the approximate solution using 

a parabolic pressure curve, which has been 

proposed by  Terzaghi-FrOhlich, to a clay 
layer having the initial trigonometric excess 

pressure, whose apex is on the upper per- Fig. 1 Parabolic pore pressure                                                 curve to a clay layer of initial 
meable boundary, the following solutions are trigonometric excess pressure in 

obtained, referring Fig.  I.  Terzaghi—FrOhlich  's theory. 

                 1 h2           1)  0�t<  .  0�y�(h-1/6ct):                6 c 

 w(Y'  t)-  Yh  q°' 

         2) 0.t�  c h2   (h-V6ct)�y�h  :.......(1)              6 '
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             w(y, 1) =4,4(1_2((h6ct)—32() 
          V )' 

           1 h          3)
6 c2 <t<co'0-�y�h :              —— 

         w(y,  t)= 2 _h2 
                     q2°(hh-31f)21exp—(3ct21 )!_  )1. 

   In the consolidation of sedimentary clay layer, theinitial distribution of 

pore pressure can be regarded as a triangle, whereby the above—mentioned solu-
tion is applicable. The depth of layer h is, however, not constant but increases 

with time, being represented as  ht. On the other hand, the tangential point C 

on the pressure curve in Fig. 1 rises upwards with time, and the vertical com-

ponent of its velocity is 

                v dhe =/3c         dtV —
2t ,  (2) 

and the constant velocity of sedimentation is 

                    dht         =const.  (3) 

The difference of these two values divides the mechanism of consolidation. As 
is seen from Eq. (2), the velocity of consolidation  ye is independent of the 
thickness of clay layer ;  ye is infinite  when  t=  0, and decreases with time. 
From Eq. (1) it can be seen that Eq. (2) holds only when 0�t- 6—1h2t•So 

                                                   c the minimum  vc is 

                          3c            V c ,min= —h
e-  (4) 

   From the above consideration, it is concluded that, when  vs>vc,,,“n there 

is no effect of increasing thickness of layer on the consolidation. In other 

words the conclusion is that, there is a definite relation between the velocity of 

sedimentation  vs  (cm/sec) and the coefficient of consolidation c  Ccm2/secD, 

where in  vs>3c/ht, the increase of thickness of the layer has no effect on the 

consolidation, and in the initial state of  vs<3c/ht, the both interact each other. 

Investigating this relationship between sedimentation and consolidation,  Terzaghi— 

FrOhlich have shown, from the character of the parabolic pressure curve, that 

the time t2 after which the mutual interference diminishes is  : 

 12—  1.41 ti = 1.41-3— (5) 
                                             v;?.
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  The author draws Fig. 2 to  t,  he 

facilitate  oar understanding of 
//5rr 

the above-mentioned relation- 

ship. The figure illustrates the 

relation between time : t, height I t of sedimentation :  ht, height of  6 ,                                                14=ado8t/ t 
 point  C  :  he,  velocity  of  sedimen- 4_  1  It:  dt 

tation  :  v5,  velocity  of  consoli-  glAc-- coast 
dation :  ve,  Ve,mtn, and inter- 

                                                                                                       = granular pressure :  pt. As des-l7,hr                                             V  lie 
cribed above, at the initial state  vs; 
of sedimentation, as the velocity Fig. 2 Correlation between several variables 

                                      duringand just after construction of em- of consolidation  v  c is greater                                               bankment. 
than that of sedimentation  v„ 

the both interfere with each other till t2 which is given in Eq. (5), and only 

in the case of  t>t2, the increase of the depth of layer has no effect on the 

consolidation of soils. Consequently, in order to make  the computation of con-

solidation more precisely, it is necessary to make the modification to the time 

factor as large as  41  =  0.41  t1. 

(3) Pore pressure during construction. 

 Neverthless, it seems to be of little use to apply this consideration to the 

consolidation of fill material of the actual embankment. The reason is that, 

in the construction of the earth embankment, as the speed of filling  vs is pretty 

large, compared with the coefficient of consolidation c, in contrary  to the geolo-

gical sedimentation of earth ground, the time  t2 given by Eq. (5) is very small, 
accordingly the modification of the time factor is still small in practice. For 

example, on  Fresno Dam (in U.S.A.) to which the author tries numerical cal-

culation, whose height  hr  =  15 m, construction  period  tr  =3 months, speed of 

filling  vs  =  15m/3 months  =  1.93  x  10-4 cm/sec, and coefficient of consolidation 

c  =lx  10-3 cm2/sec (assuming this value from the dam material of clay gravel), 

we obtain from Eq. (5)  t2=  1.14  X  106  sec  =  31.6  hr, being very small compared 

with the whole construction period of  tr  =  3 months, and  Lit  =0.41  ti  =  3 .30  x  101 
 sec  =  9.16  hr only. 

   Fig. 3 (a) shows the result of calculating the distribution of pore pressure 

in Fresno Dam just  after completion of 3 months' construction, under the
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            Fig. 3 Distribution of pore pressure in the embankment of 
              1  : 3—slope ; (a) just after 3—months' construction and 

              (b) after 1—year from completion. 

above-mentioned consideration. At the calculation, the left half of the sym-

metrical dam is divided into 24  x 8 lattices, and the pore pressure at every 

nodal point just after dam construction is obtained, using Eq. (1) to each 

vertical column thus divided. Values marked beside each nodal point represent 

the pore pressure, using the dam height as the measuring unit. In this figure 

the time factor is 

                -zit)c(ti-0 .41 ti)       -=3 .44x 10-3.        h2h2 

   Provided that the overall pore pressure coefficient B, which has been intro-

duced by Skempton-Bishop,  i. e. 

         zlw  
 daJaa)           —=13=B-(1- (1- A)(1- -7 ,t  (6)    l aal 

is adopted for clay gravel, considering the unsaturation of fill material 

and the unisotropy of stresses in the embankment as explained later, and assum-

ing the  unit weight of  fill material  rs=  1.7  g/cm3, equi-pressure lines in Fig. 

3(a) are shown in piezometric height, whereas the measured data in the field
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are given in Fig. 4(a). 
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       Fig. 4 Measured data of the distribution of pore pressure in Fresno Dam 
         due to  construction ; (a) just after 3-months'  construction and (b) after 
          1-year from completion. 

(4) Pore pressure after construction. 

   When the distribution of pore pressure in the embankment just after com-

pletion has obtained as above, then the behavior of dissipation of the pore 

pressure is known as follows ; the fundamental differential equation of two-
dimensional consolidation 

 a  w(a2wi _
ay2a2w)         at - cax2') (7) 

is transformed into the following finite differential equation  : 

 wo(t+  di)  =  18(w  1  +  w  2+  w3  +  w  4  -  4w  0)  ±  wo(t)  , 

         where                 ,c. at         ' (8h)-,  ax=ay=ah (8) 

The smaller the distance between nodal points of lattices Oh and also the time 

interval  at are taken, the more precise the solution of this equation  becomes"' 

   To know the distribution of residual pore pressure in Fresno Dam after 

one year from completion (i. e. after fifteen months from starting of the con-

struction), the numerical calculation is performed. Using  ah=hr/8=  187.5 cm,
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 81  =  1  month  =  2.59  x  106sec, i. e.  13  =c  •  at/  (a  h)2  =  0.0737, the approximate step-
by-step method of twelve reiteration has been succeeded for all 108 nodal 

points. The result is given in Fig. 3(b) and the observation in the field is 
shown in Fig. 4(b). Comparing with each figure, owing to the existence of 
some permeable stratum adjacent to the dam base in the latter, the dissipation 
of pore pressure is sooner than the former. 

   As is seen by Fig.  .3 and Fig. 4, the high pore pressure remains in the 
embankment just after completion or for a considerable period after that. The 
author has tried a theoretical study on the execution control of  fill work on a 
soft foundation, as summarized in 1., but it is also necessary to study the same 
consideration even when the fill material consolidates itself. Though the above 
Fresno Dam was finished in three months actually, if the construction would 
last over one year slowly, the distribution of pore pressure is shown in Fig. 5 

(a) for just after completion and in Fig. 5(b) for three months after (i. e. 
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      Fig. 5 Distribution of pore pressure in the embankment of 1  : 3—slope  ; 
         (a) just after 1—year's construction and (b) after 3—months from 

          completion. 

after fifteen months from starting of the construction), in which the pore pres-

sure is pretty  .small except in the central part of the embankment.  In this 

virtual case, the speed of filling is  vs  =15  m/1  year  =4.74  x  10-5  cm/sec, and the



time factor at the completion is  T„=1.36  x  10-2 At the calculation of Fig. 5 

(b),  R=0.0737 is used as the same as in Fig. 3(b). 

   As is described in the preceding  part of this paper, the large amount of 

residual strength is reserved in the central part of the wedge-shaped embank-

ment. As in the slope regions, however, the reserve is very small, in the case 

of slow dissipation of pore pressure due to the high speed of filling, it is nec-

essary  that the execution speed is lowered to decrease the pore pressure, as 

is shown in the above numerical calculations. 

(5) Determination of pore pressure coefficient. 

    Pore pressures coming into existence during construction under considera-

tion and after rapid-drawdown of the reservoir described later, occur by the 

change of the principal stresses in the earth embankment.  Skempton2°) has 

given next representation of this relationship. 

 dw=B(46s+A(dai—da3)),  (9) 

wherein A, B are the pore pressure coefficients. As is shown in Fig . 6, the 

       pj  461  4_49  p+46,1 

 +  
40; 

 d 

 Undrained  Test  dk/a"  dWd  4W=4 14;4-44/d 

 Drained  Test  dVa  dVd  4  V  =  d  Ver  -1-ad 

                  Fig. 6 Pore pressures in the triaxial test. 

change of pore pressure  4w can be considered as the sum of the pore pres-

sures by the change  of ambient stress  463 and of deviator stress  (Jai—  da3) . 
Thus Eq. (9) is  : 

 4w=t1wa+dwd,  (10) 

and the pore pressure coefficients are  : 

 B=ziwa  4
63' 

 A•B— zlw,, (11)  d
al—  das 

   In computing the pore pressure during the fill construction or after rapid-

drawdown of the reservoir, Eq. (9) is conveniently transformed into Eq . (6) 
by  Bishop21)  B in this equation is called the overall pore pressure coefficient .
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Generally the  coefficient A is smaller than unity and in many cases is nearly 

equal to zero. As  ztas<dryi in the earth embankment under construction, the 

overall coefficient B is smaller than the coefficient B. 

   The author has measured the overall pore pressure coefficient B, using the 

triaxial compression apparatus for three kinds of soil ; coarse sand, silty sand 

and disturbed clay. In the measurement, the applied stress has been increased 

in two stages so as to use Eq. (9). The procedure is that, as is shown in 

Fig. 6, in the first stage, the specimen is consolidated under the all-round 

effective pressure  p and then the change of the pore pressure  dwa accompani-

ed with the application of the change of the ambient  pressure  ders under the 

undrained condition is measured. In the second stage, the change of deviator 

stress  (dal-  da3) is given to the  specimen, and the corresponding change of 

the pore pressure  dic,i is measured. The measurement of the pore pressure 

has been performed by the porous pilot installed in the middle height of the 

specimen, which has been led to the manometer of no-flow type. The result 

is tabulated in Table 1. 

             Table 1 Pore pressure coefficient measured by triaxial tests. 

 p(kg/cm2)  do-3(kg/cm2)  zlwa(kg/cm2) B  zIcri(kg/cm2)  divd(kg/cm2) B 

 Coarse sand 2.0 0.2 0.10 0.50 0.50 0.08  0.36 

 Silty sand 2.0 0.2 0.03  X0.15 0.40 0.02  0.1251 
 Clay  (disturbed.) 2.0 0.5 0.45 0.90 0.95 0.20  0.681 

   The overall pore pressure coefficient B is much larger in clay than in 
sandy soil. For the clay,  B=0.68 has been obtained in the remolded state. 
This specimen is the  .pure  clay from Osaka alluvial stratum. As the fill mate-
rial in the actual embankment is considered to have greater permeability,  B=0.6 
has been adopted  in the preceding numerical calculations. 

(6) Stability computation. 

   The  author has performed the stability computation for an earth embank-
ment just after construction, which has a symmetrical section of 1 : 3-slope, 
shown in Fig. 3. Fig. 7(a) shows the distribution of pore pressure in the 
embankment, which is drawn from Fig. 3(a), taking the overall pore pressure 
coefficient  B  =  0,6  as is described  above. Assuming the  mechanical properties
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        Fig. 7 Distribution of (a) actual pore pressure, (b) permissible pore 

          pressure and (c) factor of safety in the embankment of 1  • 3—slope 
           just after construction. 

of the fill material as  Ki  =1.0, tan  yo=0.5  (co  =  26°34') and  C=O, the permis-
sible or critical pore pressure is shown in Fig. 7(b), calculating from the resid-
ual shearing resistance explained in the preceding part of this paper. The 
ratio of the permissible pore pressure (Fig. 7(b)) to the actual pore pressure 
(Fig. 7(a)) gives a factor of safety of the embankment  jilst after construction, 
with respect to the failure due to pore pressure. Fig.  7(e) shows this value, 
where it is known that, in spite of the great magnitude of residual strength in 
the central part of the embankment, the factor of safety is small in this part, 

because  the pore pressure occuring during construction has a considerable 

value.
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   In this calculating example, in order to compare with the measured  data 

on Fresno Dam, the construction period is assumed three months for which 

Fig. 3(a) is applicable. But the larger period of construction gives higher 

factor of safety than that of Fig. 7(c). 

     3. Distribution of Residual Pore Pressure after Rapid-

               Drawdown of the Reservoir 

(1) Pore pressure and residual strength after  rapid-drawdown. 

   Among the various data of earth dam failure, sloughing of upstream slope 

due to rapid-drawdown of the reservoir  is one of the most predominant causes, 

whereof many old-typed French earth dams have been  destroyed22). This 

type of failure  'is not disastrous generally, but it is costly for restoration. 

 In this case, the reason why  the earth embankment becomes unstable is 

that, in consequence of  having discharged the water load, the residual strength 

is being decreased remarkably, by the decrease of total normal stresses and of 

the insufficient decrease of the pore pressure that should be accompanied with 

that of the former. 

   The author draws Fig. 8 to explain the mechanism of this earth dam 

                                      RfR
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                                                ^ 
     .44111                           cS t Q' a. cs,',) a- a,  

                               144,  
              ur  

         Fig. 8 Mohr's stress circles and residual strengths in the embankment 
           before and after drawdown. 

failure. This figure shows Mohr's circles at any point in a soil element near 

the upstrem slope, from which the position of stress circle and the residual 

strength just after drawdown and in the following period are cleared, referring 

Table 2. 

   As is shown in Fig. 8, at the instance of rapid-drawdown, it is known 
that the residual strength in the embankment decreases, resulting that the struc-
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       Table 2  "Relation between stresses, pore pressure and residual strength in 
         the earth embankment before and after drawdown. 

                     Before drawdown Just  of  ter drawdown  Af  ter lapse 

  Total stresses  0'10,  0-30  al,  0'3 

 Pore pressure  wo  w  TV—.0 

 Effective stresses  0-10  0'30'  0-1  "0-1,  0-3 

  Residual strength  Ro  R(  <Ro) 

ture approaches to its dangerous state. 

   Though the intensity of the residual pore pressure is variable by the ge-

ometry of the embankment, physical properties of the material and the degree 

of compaction, it is possible to express these factors by a unique coefficient. 

The residual pore pressure just after rapid-drawdown is given in the following 

form, referring Fig. 9 : 

                                                  , 

            PhreaDcfine 

        ETru,-potent'alI 115 
 before  drawdown 

 /A  'A  An  It  /A  /A  /A  /A  /A  IA  /  AA 

                    Fig. 9  hs,  hw and  h' before  drawdown. 

 W  =  rw{h,  +h.(1  —  B)  —h'}  (12) 

   As is seen from Eq. (12), the smaller the value of the overall pore pressure 

coefficient  B is, the larger the pore pressure w remains, and the embankment 

becomes unstable, whereas from Eq. (6) when  A  =1,  B  =  B  =1 and for  A<1 , 
 BBB, resulting B>1. As a safe side, taking  B=1 follows  : 

 w  =  rw(hs  —  h')  (13) 

This gives the residual pore pressure of the worst case. It should be noted 

that in this case, B is less than unity but, as its magnitude depends on the 

sign of the change in stress, the values of A and B measured in the conven-

tional undrained test with increasing principal stresses as is described in 2.  (5) 
are not applicable. 

   In order to estimate the residual pore pressure after rapid-drawdown of 

 the reservoir from Eq. (13), the potential drop h'  iri Fig. 9 should be  known
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at each situation in the earth embankment, drawing the  flow-ner  of steady see-

page flow at full reservoir. There are various means of establishing the flow-
net in the embankment, among which the author applies the relaxation method, 

which has been developed by  Southwell23', to Fresno Dam described in the 

preceding article. Fig. 10 illustrates the distribution of residual pore pressure 
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     Fig. 10 Distribution of residual pore pressure in the upstream region of the 
       embankment of 1 3—slope just after rapid—drawdown. 

in the upstream region just after rapid-drawdown calculated by Eq. (13). In 

the figure, equi-potential lines and equi-pressure lines before drawdown and 

equi-potential lines after drawdown are marked, in connection with equi-pres-

sure lines after drawdown under consideration. 

   From the above calculation it is known that, at the instance just after 

rapid-drawdown of the reservoir, in spite of the remarkable decrease of total 

normal stresses in the upstream region, pretty large amount of the residual 

pore pressure exists, making the reserve strength in the embankment extremely 
small. To prevent the dam failure by this effect, it can be known that, as 

well as the installation of an adequate filter-drain at the toe of upstream slope 

to decrease the pore pressure, the definition of a permissible speed of the draw-

down of the water level, or the limitation of partial discharge instead of in-

tegral discharge is an important factor in the design and the hydraulic treat-

ment of the earth embankment24) 

(2) Stability computation. 

   For example, the stability computation after rapid-drawdown of the reser-
voir for an earth embankment is performed, which has a symmetrical section 

of  1  : 3-slope shown in Fig. 3. From the above-mentioned consideration, the 

overall pore pressure coefficient B corresponding to the stress change of draw-

down is adopted  B=1 for the sake of safety. Fig. 11(a), (b) shows the dis-
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        Fig. 13 Distribution of factor of safety in the embankment of 
          1 3-slope ; (a) at full reservoir and (b) just after drawdown. 

tribution of the pore pressure before and just after drawdown, respectively, 

copying from Fig. 10. Fig. 12(a), (b) is the distribution of the permissible 

pore pressure calculated from the residual shearing resistance, using tan  5o=0.5 
 (co  =26°34') and C=0 (K=1.0 for (a) and K=0.7 for (b)). In Fig. 13(a), 

(b), the factor of safety of the embankment before and after drawdown is 
shown, respectively, which represents the ratio of the permissible pore pressure 

in Fig. 12 to the actual pore pressure in Fig. 11. 

   As is seen from calculating example, the factor of safety at the upstream 

toe just after drawdown decreases extremely,  'resulting the danger of sloughing 

to be approached. Therefore, the stability of the embankment against rapid-

drawdown should be established by the installation of the filter-drain at this 

part, or by the reasonable treatment of discharging the reservoir. 

                      4. Conclusion 

   In the present part of this paper, among the effects of the pore pressure 

on the stability of earth embankments, an analytical study is performed for the 

pore pressure coming into existence due to the consolidation of fill material 
during construction, and for the residual pore pressure after rapid-drawdown
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of the reservoir, respectively. In the result, it is known that such pore pres-

sures have a serious effect on the stability of the earth embankment, according 

to the numerical calculations for the above both criteria. And the conclusion 

is that, as well as the design of the adequate drainage to accelerate the dissi-

pation of the pore pressure, the critical permissible pore pressure must be 

checked in the execution control of earth embankment and the treatment of 

drawdown of the reservoir. 
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