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Synopsis

As the fundamental research for the stability analysis in the embankment
design, the stress distribution and the character of pore pressures in earth em-
bankments are investigated in this paper. In the author’s stability analysis,
the residual strength reserved in the embankment at the natural state is esti-
mated, and then the externally applied forces and the internally acting pore
pressures are computed. Thus, the stability of the earth embankment is check-
ed by comparing these forces with each other.

Part I is described concerning the stress distribution in earth embankments.
First, scrutinizing several conventional studies ever presented, it is pointed
out that there exist some inaccuracies or contradictions in the substantial pro-
blem of determining the stability of the structure, although they have the re-
markable importance partially. Then, in order to modify these inconsistencies
and to develop their substances, the author introduces the concept of the
residual strength in the embankment and designates the: stress distribution at
rest as the function of compaction. Therefore, the coefficient of earth pressure
at rest or of compaction is treated as a factor of importance to estimate the
stress distribution in this analytical solution.

The character of pore pressures in earth embankments is studied in Part
II, to investigate their effects on the stability of the structure. In this part of
the paper, stability analyses during the fill construction and for rapid-drawdown
of the reservoir are described, illustrating some numerical calculations, respec-
tively. The failure of the earth embankment due to these pore pressures is still
considered as progressive one. In the result, it is shown that such pore pres-
sures have a serious effect on the stability of the earth embankment, where-

upon the method of reasonable design should be established.



Part I Stress Distribution in Earth Embankments

1. Introduction

In the stress analysis in the earth embankment having a considerable
length, the phenomenon can be treated as a plane-strain problem in the plane
perpendicular to the axis of the embankment. Many studies have been pre-
sented concerning such a kind of analysis, and some of them are remarkable
ones which are deduced under the consideration of mechanical properties of soil
in the actual embankment. In general, however, analytical methods of stress
using the theory of elasticity have been very controversial against their appli-
cation and obliged to make large modifications”’. Accordingly, common analyses
are performed using the condition for plastic equilibrium of soil constituting
the earth embankment, besides two equations of stress equilibrium of soil
element respecting the two-dimensional stress components in the embankment.
As this condition is reperesented in the form of the equation of second order
respecting to the stress components, two solutions are obtained, corresponding
to the active and passive limiting states, and there may be the stress distribu-
tion of the actual state between these two solutions.

In the present part of this paper, the author introduces the equation of
the residual strength in the embankment, instead of the condition for plastic
equilibrium. The failure of the earth embankment is, therefore, considered as
a progressive one caused by the encroachment on the reserve strength in the
embankment, with the increase of the shearing stress by external forces acting
on it. Then, using the equation of stress equilibrium at rest in terms of the
coefficient of compaction of the embankment material, a calculating method is
proposed to obtain the solution of stress distribution in earth embankments
corresponding to the arbitrary degree of compaction, and the result is compared
with the experimental study with sand models.

2. Scrutiny of Conventional Studies

(1) Anzo’s method and Jonson’s method.

The analytical method of stress in the wedge-shaped embankment made of

the granular material which has been presented by Anzo? has an Interesting
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originality in such a point, that he has introduced a concept of *‘influenced
region” and of “influenced angles” According to his method, some assump-
tions were skillfully made that the influenced region is composed of many small

elementary wedges as shown in Fig.
ST 1, in each of which the stress varia-

tion may be expressed by the linear

Influenced angle

functions of ¥ and ¥, and that at

7 Influenced R. 1 7 N the limiting state of the equilibrium
the maximum obliquity of stress at

Fig. 1 Rankine regions and the influenc- . .. .
ed region of embankment in Anzo’s the point on  divided boundaries
mothod. becomes equal to the angle of in-

ternal friction of the material.
The stress function and the stress components in this analysis are express-
ed in the following form, when the tensile stresses are taken as positive sign,

for each elementary wedges in F ig. 1:

__ (Ax3 | Bixy | Cixy* | Dy
xL—Ts[6+ 9 + 3 +6l

2 .
Copdi= 667’; —1sy=1s(Aix+(B,—1) y),

(reydi= — 66%3: = —7s(Bix+Ciy),
Coudi= 5t =1l Cux+Diz),

where 75 15 the unit weight of the earth material and 4, B, Ci D are the
coeflicients having constant values in each wedges, respectively. These coeffi-
cients are determined from the condition of stress continuity and of plastic

equilibrium of the embankment material on each divided boundaries, the latter

being written in the following equation.
{Co0)i— (o) }* +4(zey)i® =sin?p{ (i (02 ) 1}2, soovreeeerenerenns 2

where ¢ is the angle of internal friction of the material.
Solving the above equations in accordance with the boundary conditions,

the influenced angle ao is given in the following form :
i : =T @ _
For the active state : a= 5 &, l
T

For the passive state : =~y +_§0_ -,
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wherein ¢ or ¢’ is the angle of the axis of stress ellipse in the outest Rankine

region to the vertical line, and is shown as follows :

tan 2¢ or tan 2¢’= — [(1?![77215:2]' .................. (4)
yJR— z IR

in which, suffix R is referred to Rankine region.

In the above Anzo’s method, although the more number of the division of
region is taken, the higher the precision of the analysis becomes, it is very
tedious to solve the simultaneous equation, because the number of boundary
conditions also increases proportionally.

Jonson®” has made an analysis using the polar co-ordinate for the similar
problem. -In his method, it seems to be somewhat rough theoretically, because

1134

he did not consider the distinction between the “Rankine region” and the “in-
fluenced region”, but he considered an embankment as a whole. But this is
an analytical method of progressive approximation as well as Anzo’s one in
the same idea, that the condition for plastic equilibrium should be satisfied on
several lines passing the crest of the embankment.

In these two methods, two equations of stress equilibrium of soil element
in the direction of the axis of co-ordinates and a condition for plastic equili-
brium of soil mass were used in order to determine the stress components oz,
Jys Tey OT dr, g6, Trg- As this condition is, however, written in the form of
Eq. (2) for cohesionless soils, two limiting values corresponding to the active
and passive states are computed ‘as the stress components, and there is a destin-
ed contradiction that the embankment should collapse as a whole at these limit-
ing states of equilibrium.

The cause of this contradiction consists in a constraint that Eq. (2) should
he satisfied at every point in the embankment. As is already described, the
more number of lines passing the crest on which Eq. (2) is held is taken, the
higher the precision of these analyses becomes, but this means that the degree
of constraint is increasing at the same time, whereas a collapse of the actual
embankment will never take place at once everywhere. It is more rational to
consider that the greater part of an embankment remains in the natural state
even when the limiting state of plastic equilibrium has been reached partly,
and that this partial limiting state will spread over the other part of natural

state progressively.

(2) Glover-Cornwell’s method.



Glover and Cornwell? are the first introducers of this idea for earth em-
bankments. In the solution of their analytical method, adding to two equations
of stress equilibrium, it is required that the stresses satisfy the following com-
patibility equation in those regions where the relation between stresses is such
as will not permit grains to change their relative positions (i.e. in “elastic

region”) :

Fay | Por _oPray _g (5)

o2 oy "2 Gxoy =

and in the regions where this condition is not met, it is assumed that the rela-
tion between the principal stresses is such as to make slippage imminent on

.

the planes of least resistance (i. e. in ‘‘plastic region”). Defining the ‘‘reserve
P P g g

strength”
R= C+0’n tan o—7, e (6)

they distinguished an embankment into two kinds, one of which is the “‘plastic
region” where R=0, and another is the ‘‘elastic region””where Rx0. In the
former region Eq. (2) should be held for cohesionless soils, and in the latter
Eq. (5) will be applicable by their defiaition. The division of an embankment
into elastic and plastic regions offers an interesting approach to the analytical
problem, and the concept of the reserve strength R is valuable. But they
divided these regions too mechanically, and did not prove as to establish the
compatibility equation (5) in the elastic region. Moreover they found Rankine’s
state of stress in the plastic region, whereas the truth would be a natural state
with ‘‘at rest” presssure as Benscoter® pointed out in his discussion.

The following conclusion is obtained, precisely comparing Glover-Cornwell’s
method with Anzo’s one already mentioned, that in the regional sense of divi-
sion, the “plastic” and “elastic”” regions in the former are nothing else but the
““Rankine region” and the “influenced region” in the latter, respectively. And
so the difference between these two analytical methods consists in a point, that
Anzo divided the influenced region into many elementary wedges by the straight
lines passing the crest of the embankment, and made an effort to satisfy the
condition for plastic equilibrium Eq. (2) in each divided wedges, whereas
Glover-Cornwell did not make such divisions. Cdnsequently, as Krynine®
discussed, as soon as the stresses at the boundaries of the plastic regions at a
certain elevation are computed, the stresses in the elastic regions at the

same elevation may be found simply by tracing straight lines, since the equality



of stress across a boundary is postulated. Therefore, there has no significance of
the stress representation in the elastic regions which they assumed in their in-
troduction of the analytical method. And, instead of a unique solution of natural
state, two solutions corresponding to the active and passive limiting states are
obtained, respecting the stress distribution in the plastic regions as well as
Anzo’s method.

As is seen from the above description, though Glover-Cornwell have pro-
posed a valuable approach to the progressive failure of the earth embankment,
introducing a concept of “‘reserve strength” R expressed in Eq. (6), their
deduction still lacks the theoretical rigorousness, resulting that their treatment
is noting else but the simplest one which has been calculated by Anzo. This
Glover-Cornwell’s method is used in “Treatise on Dams”, published by U. S.
Department of the Interior Bureau of Reclamation, but some criticism should

be remained as to the above-mentioned theoretical inaccuracies.

(3) Brahtz’s method.

There is another rigorous solution of stress analysis in the earth embank-
ment adopted in “Treatise on Dams”, Brahtz’s method” The character con-
sists in considering the critical pore pressure p. instead of the ‘‘reserve
strength” R which has been described in the preceding Glover-Cornwell’s
method. It is necessary to introduce the pore pressure as a part of stresses in
the stability computation of earth embankments. If we start from excluding the
pore pressure among the applied forces, as Brahtz has tried, the reserve strength
should be expressed as a function of allowable critical value of the pore pres-
sure. The difference is no more than what p. is expressed in terms of the
normal stress, whereas R is the shearing stress.

Brahtz’s method of stress analysis uses Mohr’s criterion of failure in which
the above critical pore pressure p. is considered as follows, besides the equa-
tions of stress equilibrium of soil element :

(g1+02—2pe) sin p+2C cos ¢ _
g1—02

T e (7)

Solving this equation for pe, it follows :

_ o2a(1+sin ) —:(1 —sin ) +2Ccos ¢

be 2 sin @

, e (8)

where the principal stresses o1 and ¢z in Eqgs. (7) and (8) are given in the



next equation :

a1)

(G T SV e o) R e (9)

The procedure should be to determine a set of stresses which satisfy the
differential equation of stress equilibrium and the given boundary conditions,
and then compute by Eq. (8) the permissible or ecritical pore pressures 2,
and compare these with the actual pore pressures which .may exist in the soil
mass. If the former are sufficiently above the lattef, the structure may be
considered safe. The stability problém thus becomes twofold, namely ; '

1) The determination of the critical or permissible pore pressures.
2) The determination of the actual or maximum pore pressures which exist
under given conditions.

For the latter ones, the author describes his own method of estimation in
Part II precisely, and so Brahtz’s method, in which a set of stresses to be sub-
stituted in Eq. (8) in order to obtain the critical pore pressure is determined,
will be discussed in the following.

Let it be considered that the embankment forms a wedge with downstream
slope tan a1, and upstream slope tan az. As is shown in Fig. 2, each half of

Fig. 2 Division of the embankment in Brahtz’s method.

the embankment is divided into two zones by a straight line originating from
the vertex of the embankment, x =tan £;-y or x=tanfB-y. This angle B or
Bz is one of the unknowns to be determined by the stress condition at boun-
daries. In each zone, the stresses are assumed to vary linearly. The unknowns
in the stress equations are determined from the two equations of equilibrium
and Mohr’s criterion of failure. The latter is satisfied albng the center line of

the embankment and along the S-lines. The stress magnitudes .put into Eq.
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(9) are determined by assuming that the slopes of the embankment are the
natural slopes of the material, and that the cohesion is equal to zero.
Thus, in order to establish a critical pore pressure system at which the struc-
ture will just fail, it is often considered to be possible from the geometry of
the structure and the boundary conditions, to determine a minimum value of
the effective or fictitious angle of friction @, under which the boundary regions
of structure would just be stable. With this value of @, a set of stresses is
then determined such that the entire structure is just stable, assuming no in-
ternal pore pressures to exist. The permissible or critical pore pressures pe
are then computed by using this set of stresses in Eq. (8), but with the real
physical value of the angle of friction ¢ as determined by field or laboratory
tests. As the criterion of failure along the center line, Brahtz used the boun-
dary condition ¢.= Koy, and he gave various values for K, as K=0.3, 0.5, 0.7,
etc.

According to his method, the equation of S-line which divides the domain

of stress in the embankment is given as follows :

tantB (tan%p — 1) —2 tan a tan3f {tan?p (1+K)— (1 - K)}
+tan?B{tan%a tan%p (1 + K)%2—tan%a (1 - K)2+2K (1 - 2K —tan%p)}
42K tan a tan B{tan%p (1 4+K) - (1 -K)}+ K2(tan2p—1)=0. --------- Q1))

K in the above equation is the ratio of horizontal to vertical stress at the cen-
ter line of the embankment, and it represents the degree of compaction of the
earth embankment. As Eq. (10) is the equation of fourth order in respect of
tan 8, it has two positive values for tan 8. The larger value gives the state
of stress from which the critical pore pressures may be determined.

It is understood from the above description, that Brahtz’s method has ap-
proached toward the unique solution of stress distribution in an earth embank-
ment, by using the principal stress ratio K at the center of the embankment
and the fictitious angle of friction @, ‘in order to diminish the contradiction
caused by two limiting values of the active and passive states of stress, as we
have seen in the preceding discussion. His method, however, does not explain
the physical meaning of S-line and the fictitious angle @ at all, which have
been used in the deduction of his solution. As to S-line, Eq. (10) is so com-
plicated form to compute the numerical value that the practi¢al treatment will
be of less significance. Only the introduction of the coefficient of compaction

K has a unique importance, of which the precise discussion will be succeeded
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as follows.
(4) Ohde’s mathod.

An outstanding study for establishing the theory of stress distribution in
the earth embankment has been performed by Ohde®, in which the effect of
fill compaction and the rigidity of embankment foundation have been accounted.
In this method, in contrast with what the limiting condition for plastic equili-
brium of soil constituting the embankment was used in all of the preceding
methods, the stresses in the embankment at the natural state are objected from
the beginning of analysis. It is considered, therefore, that the above-mentioned
limiting state appears only when a particular condition of compaction and of
foundation behavior is reached. An assumption is made that each of the stress

Ui m,,j# % - components is given as the sum of

=0 tanl two trigonometric functions appro-

ximately, in the coefficients of which

is included the effect of compacting

the All material, to obtain the solu-

tion satisfying the necessary boun-
dary conditions.

For a symmetrical wedge-shap-
ed embankment shown in Fig. 3,
the normal stress o, on a horizontal

section is expressed as the sum of

Fig. 3 Representation of the symmetrical next sine function in this method.
embankment in Ohde’s method.
—ovrsin (5~ X ) dotsin (P F) s
ay=ar*sin{ o ) +oz sm( 5 "1 )’ ~(11)

where g1*, g2* are unknown functions. Using K1=AE,,/73(—4;—)2 which is the

coefficient of lateral earth pressure at the surface of slope, the following equa-
tions are deduced respecting o1*, a2*, from the condition for equilibrium of
vertical forces in the left half of the embankment section and in the Pprismatic
element around the point A on the surface of slope :

1
32 - E (1 +K1 tanzﬂ)}nh,
3

19
13
{ . (1+K, tan?@) — % T }rsh,
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wherein @ is the slope angle of the embankment. On the other hand, from
the condition for equilibrium of the moment of forces acting on the left half
of the section about the point A, the following linear relationship exists be-

tween the coefficient of lateral earth pressure at the center of the embankment

K=E/rs }12; and the coefficient at the surface of slope K; :

7
KE=(2- —+ %)cotzﬂﬂ—”—%Kl

3

=0.02084 cot?0-+0.25801 Ky eeeeeeenenns (12)

The values of these coefficients of lateral earth pressure depend on various
factors such as physical properties of soil, the compaction condition of the em-
bankment and the rigidity of the foundation. And their limiting values are pro-
vided-as follows ; the minimum value of the lateral earth pressure at the center of
the embankment is the active pressure (K>K,), and the lateral pressure at the
surface of slope cannot exceed the passive earth pressure (Ki=K,). Accord-
ing to an example that Ohde has presented for the condition of C=0, tan¢
=0.5 (¢ =26°34") and tan §=0.4 (§=21°48"), one obtains K,=0.312, K,=149
by his theory of earth pressure?, and so by Eq. (12) K;=048~149, whose
mean value is K;~1.0. For the embankment having a considerable rigid foun-

dation, he has also defined the coefli-

Table 1 Coefficient of earth pressure at cient of earth pressure at rest K,

rest Ko in relation to Kj.

=g/, at the center of the embank-

K 1.0 1.15 | 1.3 ) .
' ment, and has given a numerical ex-
oz 0.4445 0.483 0.522

| — 1 “
o 0.810 0.802 | 0.795 ample for the above-mentioned con
dition, showa in Table 1.

Ko 0.549 | 0.602 0.658

As to the horizontal compressive

stress g, and the shearing stress .y, the following equations are used :

0z =01 sin(% il) +3a2 sin (32—” —’E-), ............... 13)
G1= %(% K1_+3K)‘r;h,
5= (2 Ki-Kre,

Tay= T18in (7r —;r—\/\-l—fz Sin(Zn ;;—), ------ RETRPPRNY QL))
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T1= —Z—Ktan O-1sh,

T = ( 17? - %K)tan G-1sh.

As is clear from Egs. (11), LA
(12), (13) and (14), every co- ag

efficient which determines stress az
06 1

as
o4

components depends only on the
coefficient of earth pressure at
the surface of slope Ki, which

is the function of the compac- o3

tion condition of the embank- oz

ment and the rigidity of the

foundation. For example, the 00 7723 NS 2 A%
rigid foundation has larger K- " ’ Ty == ’
-Qz

value than that of the flexible

. Fig. 4 Distribution of the stress components in
one, resulting larger value of
?

thep symmetrical embankment of 1  2.5-slope

stress components. Fig. 4 shows for K;=1.0 and 1.3, respectively.
Kk
/01
— fan@ =0333
—- fan@ =0400 K210
0o — 7an8 =0500 =

06

o4 / S

az

Ed

Fig. 5 Distribution of the stress components in the symmetrical
embankments of various slopes for K;=1.0 and 1.3, respectively.
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a comparison of this character with K;=1.0 and 1.3, in the case of the slope
of tan #=0.40. Fig. 5 is the result of computing the stress distribution with
K;=1.0 and 1.3, when the slope of embankment is tan §=0.50, 0.40 and 0.333,
respectively. From this figure, the distribution of the ratio oz/0y and g2/51 on

a horizontal section of embankments is obtained as shown in Fig. 6. It is seen

4
- fan6 = 0.333
——= fan 8 = 0400
01 5 e— Tan€ =0.500
7
¥
08 - K3
e
06 — L m T
T KO
5, — T T e
Y| === =
oa 8| .=
-""/
2, P % Py
4 a
%
Fig. 6 Distribution of ¢z/0y and ¢3/01 on a horizontal section of
embankments.

that these ratios have larger value, if the slope of embankment is flatter and
the coeflicient K is larger.

As is described above, in Ohde’s method, the stress distribution in the em-
bankment can be determined by the coefficient of earth pressure at the surface
of slope K;, which is designated as the degree of compaction of the fill material,
being relative to the rigidity of the foundation. In this method, however, the
assumption is finitely involved that each of stress components is expressed as
the sum of two trigonometric functions. The affirmation should be checked by

experiment.
3. Residual Strength in Author's Analytical Method

Accepting the significance of the “reserve strength” R in Eq. (6) which

has been suggested by Glover-Cornwell, and in order to determine its distribu-
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tion in the earth embankment, the author wishes to clear the relationship be-
tween the stress distribution in the natural state and the reserve strength by
Fig. 7, excluding the mechanical

+ - division of regions as explained in

R /b the preceding article. Let it be

2 o Ty assumed that the stresses in the
oo ,: SAAHc - earth mass in the natural state are
shown by a point P in this figure.

2 5 The abscissa OA of P represents

the vertical compressive stress oy,
Fig. 7 Mohr’s stress circles and the

residual strength R and ¢, =OB is the horizontal com-

pressive stress.  Conjugate shearing
stresses tzy=PA, tyo=QB have a same magnitude in their absolute values. If
the stresses gz, 0y, and Tey=7y. at a point are under ejuilibrium, the ends of
the vectors representing these values are located at a Mohr’s circle Co. On the
other hand, the shearing resistance of soil is generally represented by a line
O M passing through the origin O, from the result of the triaxial compres-
sion test. If . is being reduced gradually while o, is unchanged, the Mohr’s
circle Co shifts to the left from the original position until it touches the straight
line of rupture O:M (circle C4). At this condition, the earth mass is under
the active state, namely under the lateral stretching (o,>>0:). And if o is
being increased adversely, circle C, shifts to the right until it touches again the
line O:M (circle Cz). This is the passive state, and the earth mass is under
the lateral compression (¢,<loz)-.
Representing Eq. (6) using three stress components ¢., gy and 7.y, the
following equation is obtained :

R=Cttmo®F % | G oytan,y. (15)

The author calls R in Eq. (15) the “residual shearing resistance”, or the “re-
sidual strength” ~ When the earth mass is at the limiting condition of either
active or passive state above-mentioned, it can be eaéily understobd that the
mass is under the condition for plastic e-quilibrium, as R in Eq. (15) is equal
to zero. Graphically, the “reserve strength” in Eq. (6) is the vertical distance
belween different points of Moht’s circle C, and the line O;M, and its mini-

mum value, that is the “residual shearing resistance” in Eq. (15), is the ver-
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tical distance between parallel lines O and O:'M’, the latter being tangent
to the circle Co. Through this graphical explanation, it will be recognized that
a rupture of the earth mass happens progressively by the encroachment on the
reserve resistance R in Eq. (6) or Eq. (15), with the increase of the shearing
stress by external forces acting on it.

As is described in 2. (8), the concept of the critical pore pressure in
Brahtz’s method is no more than representation of the above residual shearing
resistance R in the form of the normal stress. The shearing strength of soil
in which the internal pore pressure w exists is represented in the following

equation, generally :
t=CH(on—wWltan @.  cereeeereereennn (16)

Showing this equation by Mohr’s stress circle, the left circle in Fig. 8, the
center of which is moved to the left equal to w from the original position, is
¢rawn. Putting w=pc and pctan o=R in Eq. (16), we obtain Eq. (6).

The distribution of the residual strength R in the embankment defined in
Eq. (15) is shown in Table 2 and Fig. 9 for ¢=26°34" and C=0, using the
o2

%

Ffective shhsses Lo L] 0 25 0% 075 I 125 130 175 2

— %
Fig. 8 Mohr’s stress circles in terms of Fig. 9 Distribution of the residual strength
total stresses and of effective stresses. in the embankment of 1 : 2.5-slope for

K;=1.0 and 1.3, respectively.

result of Fig. 4. As is seen by Fig. 9, a large amount of the residual strength
is reserved at the central portion of the earth embankment. Comparing the
case of K;=1.0 with K,=1.3, it is seen that the latter case has larger residual
strength, and therefore, the effect of compaction is remarkable for the stability
of earth embankments.

Table 2 Distribution of the residual strength R in the embankment.

x/l 0.125 ‘ 0.25 0.375] 0.5 0.625 | 0.75 0.875 | 1.0

0.0216 | 0.0296
0.0181 | 0.0387

0.0499 | 0.0690 | 0.0892 | 0.1039 | 0.1096
0.0698 | 0.1049 | 0.1408 | 0.1687 | 0.1773

K;=1.0 0.0097
K;=1.3 0.0079
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4. Solution by Polar Co-Ordinate

The equation of stress equilibrium of a small soil element in the plane-
strain problem is represented as follows, using the ‘polar co-ordinate when the

tensile stress is refered positive sign :

Oor 1 0rre , 6r—00 -0

o7 +7_ 90 + +7scos =0, 1

L3 5 S et an
- Yos , OTr6 | 4778 . - g

y 86 T or Ty Tesind=0, I

where 75 is the unit weight of soil. If the stress components are represented

in the following form using a stress function F, they satisfy Eq. (17) :
10:F,  10F 2

U= T o 5y 3 Ts¥cos g,
0°F

R I (18)
o e(lery, 1

o= — o (7 0 )—!— 3 Ts7sin .

Stresses in an embankment should satisfy the next equation at every point,
according to the condition of limiting equilibrium where the residual strength

%% is considered.
G=0"+0¢"—2 (142 tan?p) gro6+4 (1 +tanp) t,e2+%2 =0, «+coereeens a9

where ¢ is the angle of internal friction of the fill material and 7% is a vari-
able which has positive sign in its ordinary state, although it reaches zero at
the limiting state of failure.

The stress function F in Eq. (18) must be chosen so as to satisfy the
above function G and boundary conditions. Assuming that f is a continuous

function of @, F' is represented in the following Fourier’s series :
F=rm2f(6)
—7™23 {An cos nf+ By sin 76) L, e, (20)

n=i

wherein A, and B, : constants, 7 : a number refered to the stress condition at
boundaries, and # : a positive integer. Substituting Eq. (20) into Eq. (18),
stress components at the arbitrary point in an embankment are given as

follows :
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Orn=r"(m+2-n%) f} {Ay cos nf+ B sin nf} — %nr cos f. 7

n=0 )
UG,n=rm(m+2)(m+1)§;O{An cos 7+ By sin nf} . L 21
Tr,n=7"(m+1)n Eo{A” sin #6 — B, cos nf} + —;—nr sin §. J

For example, when such a case is treated that a symmetrical embankment
which has a triangular section of 1 : 2.5-slope is subjected to its own weight,

m=1 and =1, 2, +++--- . 5 are chosen. Then,

or=7(2A; cos §— Az cos 20 —6A3 cos 30— 134, cos 44
—22A5 cos 56— %Ts cos ),
09=7(6A1 cos §+6As cos 20-+6As cos 39+6A, cos 40-+6A5 cos 56) , ) (22)
tre=7(2A; sin §+4A; sin 20+6As sin 36+8A, sin 46
+10As sin 56+ %Ts sin ).
The boundary conditions at the slope (§=68°12") are or=0s=7,5=0. They
are put into Eq. (22) to vanish constants A, Az, As, and new constants A4's=

A,/rs and A's=As/rs are designated. Let it be assumed that tan ¢=0.5 and
720 in Eq. (19), we obtain

G=arz+aaz—3araa+5‘rra?‘§0. .................. (23)

Fig. 10 Correlation between the parameters A’, and A's.
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Then the above oy, 0o, 7-¢ are put into Eq. (23), and §=0°, 11°15/, 22°30’,
33°45', 45°, 56°15' and 67°30" are calculated to obtain domains where Eq. (23)
is held. The result is shown in Fig. 10, where the inner part of every ellipse
accords with this condition. As is seen from Fig. 10, we can assume that A’;

~(0. When this assumption is accepted, stress components at the center of the

embankment are given by the following equations :

. LA
[dll/Tsyjz=o= [Ur/Tsrj9=0 ) A; =00/0 I—lo
= - 10.83814’4"‘0.922, A _’,— =0
Edz/Tsyjz=o = Eaa/Ts7’]9=o a5
=22.986A4',+0.060. =
Ay Lo
i LA
Q05 (b) A;:OO?O Fxo
o3 J a3
oz KE
L0
Qo/-r , f s
Ua=0307 ko262 (€©) Ay=0025 ’(/.0
0 T T T T T L ’ -
o5 Qo 5 20 25 K As=0 %
Fig. 11 Correlation between the para- lo5
meter A/, and the coefficient K.
Tx
Assuming K is the ratio [oz)z—o - Lo
/CoyJz=o, WI?ich represents the degree @ Al =0030 /,’;io
of compaction of the embankment, As=0 5
we obtain ~
a5
K1§K§Kﬂv TX
_l-sing Lo
where Ko = 1y (24) o
K= 1+sin ¢ 1o
7 1—sin ¢
The range of K is 0.382<K<2.62, il
and the relationship between K and
o

A’y is shown in Fig. 11. The author

Fig. 12 Solutions of the stress distribution
has calculated the stress components

in the embankment of 1: 2.5-slope by
in the embankment from Eq. (22), polar co-ordinate.
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using values in -the range of A's, and they have been transformed into the rec-
tangular co-ordinate system as shown in Fig. 12. It is clear that Fig. 12 (a)
is nearly equal to the active state and Fig. 12 (e) is the passive state,
comparing with the solution by Anzo’s method shown by the dotted lines.
According to Fig. 11, the behavior of the stress distribution in the earth
embankment is greatly influenced by the coefficient of compaction K. When
this value is obtained experimentally, we can designate the value of A’y in
Fig. 10 as a function of compaction.

In the analytical method described in this article, the choice of # in Eq.
(21) is arbitrary, and the more number of terms of series is taken, the more
precise the solution becomes, According to Jonson’s investigation described in
2. (1), however, it is shown that the choice of parameter in #=4 or 5 does
not largely influence to the result.

5. Solution by Rectangular Co-Ordinate

The equation of limiting equilibrium where the residual strength R’ is
considered is represented in the following form, referring Fig. 13 by the rec-
tangular co-ordinate :

G’=]/('7”2;%)2+TZV2+R'—Q-”—;—‘I—$5ing9=0. .................. (25)
Jee Provided o1 is one of the prin-
7 p rUV‘ - cipal stresses and Ko (K>>0)
une— R 2" is another of them, R' in Eq.
//,/”,T (25) is written in the next equ-

1% xel 7 5, \o ation as shown in Fig. 13:

; & 0
R'= ‘;—1{(1+K)singo

Fig. 13 Mohr’s stress circle at rest and the -1 ‘K)} """""" (26)

residual strength R/

When K>1, the substitution of
K'=1/K in Eq. (260) is adopted. On the other hand, the relationship be-

tween the principal stress and stress components is

ayta: gy —az\®
gi= ”2 +]/( 7/2"> Frm? e @n
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Putting Eq. (27) into Eq. (25), the following equation is obtained.

G=(0y—02)?+41e* — Aoy +0:)?=0, ]
here Ao %Ig=sin i [ .................. (28)
The equation of limiting equilibrium with the residual strength is, there-
fore, represented in a very simple form as Eq. (28), using the virtual angle
of resistance & instead of the angle of intemal friction @ at failure. The
virtual angle of resistance is the friction angle corresponding to the mobilized
part of the internal friction of the fill material!®, and it has not a unique value
for whole embankment but varies with the location by the author’s analysis.
K in Eq. (26) and Eq. (28) is the coefficient of lateral earth pressure or
the coefficient of earth pressure at rest, as is already shown in the preceding
article, which is a function of the degree of compaction of the embankment,

and it exists between next two limiting values.

N, SESNes (29)

where N,= tan'~’(45° + (’ZL)

In the author’s method, the assumption that stress components may be ex-
pressed by the linear function of x and y in each of elementary wedges as

the same as Anzo’s method is accepted. Then, at the adjacent part of slope :

EUZ/]s:TsEAsx"'(Bs - 1)3’] = —Ts(x tan 6‘3’)(D5 tanzﬁ—al) y 1
(ray)s= —1:(Bsx +Csy) = —7(x tan §—»)D; tan 6,
(o:)s=7s(Csx +Dsy) = — r(% tan 6-3D;. }

The physical meaning of coefficients A;, B;, C,;, D is cleared by Fig.

14, and when the coefficient of lateral earth pressure at the slope D; is as-

sumed, the others are determined dependently. In Anzo’s method, as the
value corresponding to the limiting state,

2C0s 8F Vc@ﬁi—fcfoﬁs‘?_g_é

Dromge= — cO5 U7 COSTUZCOS™0 e,
Remar= TS o5 0+ V'cos?f — costep GD

is treated. In the author’s method, however, the coefficient D; from Eq.
@29 :
Drmn<D<Dg'mg.  eeeems e (32)
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is adopted instead of Dr. The value
of D, has a close relationship with

the degree of compaction of the earth

embankment ; the greater the effect

of compaction is, the larger the abso-

: lute value of D; becomes. This rela-
WM ’ 43 tion is found definitely through a sim-
s - N @
! / L N ple model experiment described in
3 .

the following article.

‘W
[Gl]‘,”‘lmmn

Fig. 14 Distribution of the stress com-

Determining the coefficients of

earth pressure near the slope of the

B ah
or
Glsal

embankment, then the condition of
! stress continuity and of limiting equi-
ponents in the adjacent part of slope. "o . .

librjum with residual strength can be
used on the boundaries of arbitrarily divided wedges, just similarly to Anzo’s

method ; i. e. at x/y=tan a; :

Coydi=Coydert, (repdi=(reydess, Coedi=(0z)is1,
{Coydi— (o)}t +4(r2y )2 — sin?@i{ {0y )i+ (02):}2 =0

The virtual angle of resistance @: in Eq. (33) is determined experimen-
tally from Eq. (28), as a function of compaction of the earth embankment,
and @<l so long as the embankment is under stable at rest. By solving
these equations simultaneously, the coefficients of earth pressure A, Bi Ci, Dy
which are proper for each divided wedges are obtained. Three or four
divisions of domain are adequate for a half of embankment.

Let it be taken as a calculating example that has been presented in the

preceding article ; the stress distribu-
/ .ﬁi-iof < tion in a symmetrical embankment
- AT/ e8727

with a triangular section of 1 : 2.5-

Fig. 15 Division of embankment into

slope subjected to its own weight
small wedges.

only. As is shown in Fig. 15, a half
of the symmetrical embankment is divided into three wedges, and suffixes I,
IT and S are given for them, respectively. Taking tan ¢=0.5 again, from
Eq. (31) and Eq. (32),

~0,4975>D,= - 1.493 ,
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Therefore. D= —1.0 can be taken. In this case, A;=0.464, B;= —0.16 and
C;=0.4. The ratio of increment of g. to ¢, at the slope region is
K= aég—;l‘/%j—% = TG 0862

Therefore, D;= —1.0 corresponds to the coefficient of earth pressure in the
case of the ratio K;=0.862. For the embankment which is compacted as
greater as K;=1.0, the coefficient is Ds=—1.19. The approximate value of
this ratio K, is known by the simple experiment described later. The coefhi-
cient of earth pressure at rest K at the center of the embankment can be also
taken as K=0.8 experimentally. Then, A in Eq. (28) becomes A=sinp
=0.111. In this example, thus designated, Eq. (33) results in the following

equations.

a) at x/y=0: \
(t24J1=0 C;=0,
G=0 (B:—1-D;)2+4C,*-0.0123(B; -1+ D)% =0,
b) at x/y=0.4142 :
Coy)r=Coylas 0.4142(A:— A1)+ (B:r— Byp) =0,
(toylr=(tzylzz 0.4142(B;— B;1) +(C: - C11) =0, ;o (34
Cozdr="C02]1z . 0.4142(C;—=Cr1)+(Ds—Dyp) =0,
¢) at x/y=1.0 :
Coydrr=Cay)e (A7;—0.464) +(B::+0.16) =0,
(tey)zz=(t2y)s (Brr+0.16)+(Cr7-0.4) =0,
Cozdrr="(ocls (C11-0.4)+ (D1 +1.0) =0,

As there exist eight equations in Eq. (34) for eight unknowns A;, B;,
Cy, Dy, Ag1, Bz, Cir and Dyy, it is possible to solve the simultaneous equa-

tion. Solving these equations, the representation of the stress distribution for

Table 3 Stress distribution for each divided region in the embankment.

Ist-region IInd-region S-region
0<x/y<0.4142 0.4142<x/y<1.0 1.0<x/y<2.5
ay/vs 0.0413x—0.7532y 0.0687x —0.7637y 0.464x—1.16y
—Tay/vs 0.2468x 0.2363x +0.0047y —0.16x+0.4y
vz/7s —0.6027y 0.0047x —0.6047y 0.4x —1.0y
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each wedge-shaped domain in the embankment is shown in Table 3.

A
A 10

o

25 L0

08
O/,

a5

Fig. 16 Solution of the stress distribution
in the embankment of 1
- rectangular co-ordinate.

2.5-slope by

6. Experiment

The author has performed some

The resuit of numerical calcu-
lation is given in Fig. 16, which
is similar to Fig. 12(c) described
The

distribution of the normal stress

in the preceding article.

ratio ¢z/a, and the principal stress
ratio gz/01 is also shown in Fig.
16. It is clear that the assump-
tion used in the calculation are
fully satisfied and that the be-
havior of the distribution of stress
components can be accepted rea-

sonably.
by Sand Models

experimental investigation using sand

—
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Fig. 17 Experimental apparatus.
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models, in order to know the stress distribution in the earth embankment,
and to ascertain the abbve-mentioned theories. In these models, measurements
of the vertical compressive stress o, and the horizontal stress o, are performed
by using thin strips of steel installed at the place-as shown in Fig. 17. A row
of strips is placed horizontally for measuring ¢,, and the other is placed ver-
tically for .. After making 'up the model the sieel strips are pulled out, and
the forces required to make them move are measured. The air-dried uniform
sand of which the average diameter is about 0.2 mm is used for the embank-
ment material, and the slope and the degree of compaction is varied in three
kinds, respectively.

For example, Fig. 18 shows the result of test in the case of 1: 2.5-slope,
stresses being given in terms of a,/1sh and oo/7sh, respectively, wherein 4 is
the height of the model embankment.

Lovse K170 7 kh 0’98‘ &A
Medium $5=/.74 " 7
Dense 177" S Ox % a7 G
P = ===
061
Y,
0.5
~ o
ad
Fig. 18 Stress distribution in the embank-
ment of 1 : 2.5-slope in terms of com- a3
pactness.
2% 706
. .. .. . o—o nO=0 500
Fig. 19 is the stress distribution for o] e N O 400
the medium compaction (r;=1.73~1.74 s n8-0333
. . . . o T |
g/em®), when the abscissa is given in 7.0 o w0 %
()
the form of x/l. According to this fig-
/ ding is fig Fig. 19 Stress distribution in the em-
ure, although 4, does not vary so largely bankment of medium compaction in
with the slope of the embankment, o, terms of slope.

varies in a wide range. It is easily seen from Fig. 18 that as the degree of
compaction increases g. becomes larger for the embankment of the same slope,
whereas g, does not vary so remarkably. The ratio ¢./a, on a horizontal sec-
tion in the embankment is large when the slope is flatter, as shown in Fig.
20. The coefficient of compaction K at the center of the embankment is in
the range of 0.6~0.85. Provided that the rigidity of foundation is small, K
will decrease to its lowest value of the active pressure.

In any circumstances, if we know the approximate value of the coefficient
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of compaction K experimentally,
for the various states of embank-
ment material, the stress distri-
bution can be calculated easily
by the theoretical equations
which have been deduced by
the author,

7. Conclusion

Fig. 20 Distribution of the ratio of cz/oy in
the embankments of various slopes and

Although the Swedish slip
circle method in the stability

compactnesses.

analysis of earth embankments is so practical in the application that the disad-
vantage of very tedious iteration of the trial calculation might be partly cover-
ed, the degree of safety against the progressive failure cannot be estimated
quantitatively. "The author has stood on the more analytical view-point and
studied of the relation between the stress distribution and the degree of com-
paction of the earth embankment, theoretically and experimentally. In the
theoretical stress analysis, the equation of limiting equilibrium with the resi-
dual strength has been used, in order to be free from the inconsistency in-
volved in conventional studies. Then, the reasonability of the author’s analysis
has been ascertained throughout the model experiment.

Examples of the theoretical analysis and the model experiment illustrated
in this paper are the results for very simple case of stress conditions, for the
sake of facilitating the understanding. However, they can be applied broadly
to more complex problems.
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Part II Effect of the Pore Pressure on the Stability
of Earth Embankments

1. Introduction

The stability analyses of an earth embankment with respect to the pore
pressure consist of the following items ;

1) Stability analyses of the dam and the foundation, respectively, during con-
struction (due to the non-steady pore pressure).

2) Stabitity analysis of the dam for rapid-drawdown of the reservoir (due to
the transient pore pressure).

3) Stability analyses of the dam and the foundation, respectively, for full re-
servoir (due to the steady seepage pressure),

For the last item, the analyses can be easily performed by drawing a
flow-net for the steady stream flow, and finding the statical head at each point
in the figure. The author has pointed out, through the experimental studies
of percolating flow using sand models, that the iocal failure near the upper
portion of the surface of seepage is predominant, in the case of the water-
retaining embankment which consists of cohesionless materials. In these stu-
dies, performing the theoretical investigations concerning these experimental
results, a proposed equation which gives the critical hydraulic gradient has
been deduced for this kind of local failure, whereby the mechanism of the
actual failure of embankments can be analysed'"’ Further experimental re-
search has been succeeded towards the disaster preventive methods of em-
bankment design, and a reasonable criterion has been given adequately'?

Among the first item, the author has made a theoretical study for the
stability analysis of the dam foundation during and just after comstruction, in
connection with the execution control of fill work!'® In this study, starting
from the fundamental theoretical equation of the two-dimensional consolidation,
the distribution of the pore pressure in the embankment foundation has been
studied theoretically. Next, by using the above solutions, the plasticity load
in the foundation where the pore pressure exists has been obtained through-
out the numerical calculation.

Thus the remaining problems, the pore pressure coming into existence in
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the earth embankment due to the consolidation of the fill material during con-
struction, and the residual pore pressure after rapid-drawdown of the reser-

voir, are treated as the second part of this paper.

2. Distribution of Pore Pressure during or

Just after Construction

(1) General consideration.

In the embankment composed of relatively impervious materials as the
earth dam, the pore pressure occurs in itself due to the consolidation of soil
during construction'’. It seems somewhat difficult to estimate the distribution
of the pore pressure theoretically, comparing with that of the embankment
foundation which has been tried in the preceding paper. The reason is, that
the geometry of the surface of earth fill where the boundary conditions should
be given varies with the construction process, and that it is not easy to obtain
the solution of two-dimensional consolidation, even if the shape of embank-
ment is very simple. As in some conventional studies for estimating the pore
pressure during construction of the earth embankment, bold assumptions have
been used to simplify the complicated problem, these theoretical solutions are
not always satisfactory when compared with the measured data observed in the
field1e)16

In the author’s method, the consolidation process is treated as a heaping
pPhenomenon by the sedimentation of unsaturated soils, and he applies the
approximate solution using a parabolic pressure curve, which has been proposed
by Terzaghi-Frohlich!” for the mechanism of consolidation of a clay layer
whose thickness varies with time. Though more rigorous solution has been
deduced for the mechanism of consolidation of a clay layer'®, it is not neces-
sary to be so rigorous as this in practice.

In- the solution which has been proposed by Terzaghi-Frohlich for the
consolidation of ‘sedimentary clay layer, the following fundamental assumptions
are involved :

1) one-dimensional consolidation only upwards vertically is treated,

2) coefficient of consolidation ¢=Z%/7.,m, is constant during the sedimentary
period,

3) velocity of sedimentation is constant,



28

4) pores of clay layer are fully saturated, as the sedimentation in water is con-
sidered, and
5) excess pore pressure curve is assumed as a parabola approximately.

Because of these assumptions, it is not possible to apply the above soiution
directly to the consolidation of earth fill during construction without some modi-
fications. Assumptions 2), 3) and 5) are satisfied in this case, whereas it is
clear that the first assumption of one-dimensional consolidation and the fourth
of fully saturation are not established in the construction of embankment. In
the author’s method, therefore, to modify these assumptions, he considers the
compressibility of containing air in the soil mass due to the unsaturation and the
effect of compacting action represented by the coefficient of earth pressure at
rest due to the unisotropy of stresses in the earth fill, during one-dimensional
consolidation until the completion of filling. For the behavior of dissipation
of the pore pressure after the completion of embankment, it is possible to com-
pute the distribution of the pore pressure in the embankment by the approxi-
mate step-by-step method, transforming the

fundamental equation of the two-dimension-

al consolidation into the finite differential

equation. N
s = : C
(2) Application of Terzaghi-Fréhlich’s g A
theory. B
! Y
o o
Applying the approximate solution using %

a parabolic pressure curve, which has b h
P P > €en I T TITIIT T T THITTTTITINTITT

proposed by Terzaghi-Frohlich, to a clay Wh ¢

layer having the initial trigonometric excess 7 .
Fig. 1 Paraholic pore pressure
curve to a clay layer of initial
trigonometric excess pressure in

obtained, referring Fig. 1. Terzaghi~Frohlich’s theory.

pressure, whose apex is on the upper per-

meable boundary, the following solutions are

2
D oostsg M 0sy=(h-yeet

w(y, )= il’— q.,

2) 0=t _(17 _.}éi (h—176c—t)§y§h A (D

L}



29

w(y, t)=qd[1— —}7 %_t{“r%iﬁﬂ

1 R

3) 5, St=eo, 0=y=h:
h_ 2 ’ 3t 1 .
wt5, D=1 5 onl (- )

In the consolidation of sedimentary clay layer, the initial distribution of
pore pressure can be regarded as a triangle, whereby the above-mentioned solu-
tion is applicable. The depth of layer % is, however, not constant but increases
with time, being represented as 4c. On the other hand, the tangential point C
on the pressure curve in Fig. 1 rises upwards with time, and the vertical com-

ponent of its velocity is

_dhe_ /3¢
Ve= at = 2—t, .................. (2)

and the constant velocity of sedimentation is
dh
Ve= d—tt =const. = eeeereecesieseinn (3)

The difference of these two values divides the mechanism of consolidation. As
is seen from Eq. (2), the velocity of consolidation ve is independent of the
thickness of clay layer ; ve is infinite when £=0, and decreases with time.
From Eq. (1) it can be seen that Eq. (2) holds only when Oétg%}?. So

the minimum v; is

Ve,min = i—i .................. (4)

From the above consideration, it is concluded that, when ¥ >Vc'mum there
is no effect of increasing thickness of layer on the consolidation. In other
words the conclusion is that, there is a definite relation between the velocity of
sedimentation ¥; (cm/sec] and the coeflicient of consolidation ¢ (cm?/sec],
where in v;>3c/h:, the increase of thickness of the layer has no effect on the
consolidation, and in the initial state of <3¢ /A, the both interact each other.
Investigating this relationship between sedimentation and consolidation, Terzaghi-
Frohlich have shown, from the character of the parabolic pressure curve, that

the time £, after which the mutual interference diminishes is :

3¢
tz=1.4'1 t]_=1,4-1—v3z .................. (5)




The author draws Fig. 2 to At he
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point C: ke, velocity of sedimen-

tation : s, velocity of consoli- A
. const.
dation : ¥e, Vemm, and inter-
1 S : i, As des
granular pressure : p: %
cribed above, at the initial state Vi, min
of sedimentation, as the velocity Fig. 2 Correlation between several variables

of consolidation . is greater during and just after construction of em-
. bankment.

than that of sedimentation s,

the both interfere with each other till £ which is given in Eq. (5), and only

in the case of =%, the increase of the depth of layer has no effect on the

consolidation of soils, Consequently, in order to make the computation of con-

solidation more precisely, it is necessary to make the modification to the time

factor as large as 4¢=0.41%.

(8) Pore pressure during construction.

Neverthless, it seems to be of little use to apply this consideration to the
consolidation of fill material of the actual embankment. The reason is that,
in the construction of the earth embankment, as the speed of filling v, is pretty
large, compared with the coefficient of consolidation ¢, in contrary to the geolo-
gical sedimentation of earth ground, the time # given by Eq. (5) is very small,
accordingly the modification of the time factor is still small in practice. For
example, on Fresno Dam (in U.S.A.) to which the author tries numerical cal-
culation, whose height %;=15m, construction period #r=3 months, speed of
filling v,=15m/3 months=1.93%X10-*¢cm/sec, and coefficient of consolidation
¢=1x10-?cm?/sec (assuming this value from the dam material of clay gravel),
we obtain from Eq. (5) £2=1.14%x105sec=31.6 hr, being very small compared
with the whole construction period of £y =3 months, and 4¢=0.41 ¢, =3.30x 10*
sec=9.16 hr only.

Fig. 3 (a) shows the result of calculating the distribution of pore pressure

in Fresno Dam just after completion of 3 months’ construction, under the
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Fig. 3 Distribution of pore pressure in the embankment of
1 : 3-slope ; (a) just after 3~months’ construction and
(b) after 1-year from completion.

above-mentioned consideration. At the calculation, the left half of the sym-
metrical dam is divided into 248 lattices, and the pore pressure at every
nodal point just after dam construction is obtained, using Eq. (1) to each
vertical column thus divided. Values marked beside each nodal point represent
the pore pressure, using the dam height as the measuring unit. In this figure
the time factor is

c(ty—dt) _c(ty—04114)

e = 7 =3.44x10-3,

T,=

Provided that the overall pore pressure coefficient B, which has been intro-

duced by Skempton-Bishop, i

daos\|
T W _B-Bl 1 (1- A)(l—*)J .................. (6)
is adopted B~0.6 for clay gravel, considering the unsaturation of fill material
and the unisotropy of stresses in the embankment as explained later, and assum-
ing the unit weight of fill material r.=1.7 g/cm?, equi-pressure lines in Fig.
3(a) are shown in piezometric height, whereas the measured data in the field
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are given in Fig. 4(a).

@) Just affer constraction

Grave! F.15 oF dam

4 e 4 y .
and clay 77, /.;.45’/Cur-di trench

b After /apse

Impervous maferials: ...

Fig. 4 Measured data of the distribution of pore pressure in Fresno Dam
due to construction ; (a) just after 3-months’ construction and (b) after
1-year from completion.

(4) Pore pressure after construction.

When the distribution of pore pressure in the embankment just after com-
pletion has obtained as above, then the behavior of dissipation of the pore
pressure is known as follows ; the fundamental differential equation of two-
dimensional consolidation

ow 0w | 0w
W=C(5}‘2+ayz) ........... e (7)
is transformed into the following finite differential equation :
wo(t+02) = Bw: +w: +ws+w, — dwo) +wo(E) , \|
_ceot o PR (8)
where B= ol 0x=0y=20h J

The smaller the distance between nodal points of lattices 6% and also the time
interval o0f are taken, the more precise the solution of this equation becomes!'®’

To know the distribution of residual pore pressure in Fresno Dam after
one year from completion (i. e. after fifteen months from starting of the con-

struction), the numerical calculation is performed. Using 6k =h,/8=187.5 cm,
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0t=1 month=2.59x 10%sec, i. e. B=c-06t/(dh)*=0.0737, the approximate step-
by-step method of twelve reiteration "has been succeeded for all 108 nodal
points. The result is given in Fig. 3(b) and the observation in the field is
shown in Fig. 4(b). Comparing with each figure, owing to the existence of
some permeable stratum adjacent to the dam base in the latter, the dissipation
of pore pressure is sooner than the former.

As is seen by Fig. 3 and Fig. 4, the high pore pressure remains in the
embankment just after completion or for a considerable period after that. The
author has tried a theoretical study on the execution control of fill work on a
soft foundation, as summarized in 1., but it is also necessary to study the same
consideration even when the fill material consolidates itself. Though the above
Fresno Dam was finished in three months actually, if the construction would
last over one year slowly, the distribution of pore pressure is shown in Fig. 5

(a) for just after completion and in Fig. 5(b) for three months after (i. e.
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Fig. 5 Distribution of pore pressure in the embankment of 1 : 3-slope ;
‘(a) just after 1-year’s comstruction and (b) after 3-months from

completion.

after fifteen months from starting of the construction), in which the pore pres-
sure is pretty small except in the central part of the embankment. In this

virtual case, the speed of filling is vs=15m/1 year=4.74x 105 cm/sec, and the
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time factor at the completion is 7,=1.36x10-2 At the calculation of Fig. 5
(b), 8=0.0737 is used as the same as in Fig. 3(b).

As is described in the preceding part of this paper, the large amount of
residual strength is reserved in the central part of the wedge-shaped embank-
ment. As in the slope regions, however, the reserve is very small, in the case
of slow dissipation of pore pressure due to the high speed of filling, it is nec-
essary’ that the execution speed is lowered to decrease the pore pressure, as

is shown in the above numerical calculations.
(6) Determination of pore pressure coefficient.

Pore pressures coming into existence during construction under considera-
tion and after rapid-drawdown of the reservoir described later, occur by the
change of the principal stresses in the earth embankment. Skempton®’ has

given next representation of this relationship.
dw=B(dgs+A(do1—4da3)), = e 9)

wherein A, B are the pore pressure coefficients. As is shown in F ig. 6, the

P| AG\ AG—A@( ' Prag,|
- 4 -— + = .
P 46, P40y
Undrained Test B 2 Wy AW =4 UWa+d wy
Drarined Test 4Va avd aV =4V +aV4

Fig. 6 Pore pressures in the triaxial test.

change of pore pressure 4w can be considered as the sum of the pore pres-
sures by the change of ambient stress dos and of deviator stress (doi—das).
Thus Eq. (9) is :

dw=dw, +dw,, e, (10)

and the pore pressure coefficients are :

_ dw, w
dav’ e, (1D
A.B- AW« /
dor—4dos

In computing the pore pressure during the fill construction or after rapid-
drawdown of the reservoir, Eq. (9) is conveniently transformed into Eq. (6)

by Bishop®” B in this equation is called the overall pore pressure coefficient.



35

Generally the coefficient A is smaller than unity and in many cases is nearly
equal to zero. As 4¢s<do; in the earth embankment under construction, the
overall coefficient B is smaller than the coefficient B.

The author has measured the overall pore pressure coeflicient B, using the
triaxial compression apparatus for three kinds of soil ; coarse sand, silty sand
and disturbed clay. In the measurement, the applied stress has been increased
in two stages so as to use Eq. (9). The procedure is that, as is shown in
Fig. 6, in the first stage, the specimen is consolidated under the all-round
effective pressure p and then the change of the pore pressure 4w, accompani-
ed with the application of the change of the ambient pressure 4os under the
undrained condition is measured. In the second stage, the change of deviator
stress (do1—do3) is given to the specimen, and the corresponding change of
the pore pressure 4w, is measured. The measurement of the pore pressure
has been performed by the porous pilot installed in the middle height of the
specimen, which has been led to the manometer of no-flow type. The result
is tabulated in Table 1.

Table 1 Pore pressure coefficient measured by triaxial tests.

Bkg/om®)| dos(kg/cm) diwaicg ) B | doy(kgfem®d| dweChg/em®)| B |
| ||
Coarse sand 2.0 0.2 0.10 0.50 0.50 ‘ 0.08 | 0.36 f
\
Silty sand 2.0 02 | 0.03 015 0.40 , 0.2 0.125
Clay (disturbed)‘ 2.0 0.5 } 0.45 1‘0.90 0.95 | 0.20 ! 0. 68‘1

The overall pore pressure coefficient B is much larger in clay than in
sandy soil. For the clay, B=0.68 has been obtained in the remolded state.
This specimen is the .pure clay from Osaka alluvial stratum. As the fill mate-
rial in the actual embankment is considered to have greater permeability, B=0.6

has been adopted in the preceding numerical calculations.
(6) Stability computation.

The auther has performed the stability computation for an earth embank-
ment just after construction, which has a symmetrical section of 1 : 3-slope,
shown in Fig. 3. Fig. 7(a) shows the distribution of pore pressure in the
embankment, which is drawn from Fig. 3(a), taking the overall pore pressure
coeffictent B=0,6 as is described above, Assuming the mechanical properties



36

] 75l

@ Actual pore pressure

VA Ve s, V]

/ﬁ
K72, W 2AVe 7 7 Vo V77 VI o1 V7. 2. Voo Vi
S\l A 25| y= 747)7 ko
// v B
24750\ 75 kaanazs)
LT 75| Foliodlurol 2 B7R 5%
ﬁi}_glaj w712 \es szl 7oA LA 32\ ese e, Lasw 557

by Permissible pore pressure

27055V 8| 5702
V7 AVAr4 276 N/44
»ﬁ’(; A2 2d\ 212V S2op\ass

: SA22\2 34 22| 252] ﬂﬁ.ﬂz
#lesalze |zl s i 2%7, 52 |7 H

©) Faclor of safely B 2T
(572524571
/4242‘ 5 2]
4@ $7 |45 71059 257 K S| 4 5l 35 | £ SALB 71457
// .
Lon Fd 25 Vv A VRS VoAV AV A e AP Y4 274 T AT d %74
/7‘ sAwsels2less Vs sl s s 7|es 2 Y5 7 74374
2o\ oples s 2l s 7 msles 7l s Az e ss s 7 s e sslestles7|
Ba A PPV B\ 52|05 | (P N1 272 20\ P 22 V22 1 2 « 7.4

Fig. 7 Distribution of (a) actual pore pressure, (b) permissible pore
pressure and (c) factor of safety in the embankment of 1 - 3-slope
just after construction.

of the fill material as Ki=1.0, tan ¢ =0.5 (¢=26°34") and C=0, the permis-
sible or critical pore pressure is shown in Fig. 7(b), calculating from the resid-
ual shearing resistance explained in the preceding part of this paper. The
ratio of the permissible pore pressure (Fig. 7(b)) to the actual pore pressure
(Fig. 7(a)) gives a factor of safety of the embankment just after construction,
with respect to the failure due to pore pressure. Fig. 7(¢) shows this value,
where it is known that, in spite of the great magnitude of residual strength in
the central part of the embankment, the factor of safety is small in this part,
because the pore pressure occuring during construction has a considerable

value,
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In this calculating example, in order to compare with the measured data
on Fresno Dam, the construction period is assumed three months for which
Fig. 3(a) is applicable. But the larger period of construction gives higher
factor of safety than that of Fig. 7(c).

3. Distribution of Residual Pore Pressure after Rapid-

Drawdown of the Reservoir

(1) Pore pressure and residual strength after rapid-drawdown.

Among the various data of earth dam failure, sloughing of upstream slope
due to rapid-drawdown of the reservoir is one of the most predominant causes,
whereof many old-typed French earth dams have been destroyed??. This
type of failure is not disastrous generally, but it is costly for restoration.

In this case, the reason why the earth embankment becomes unstable is
that, in consequence of having discharged the water load, the residual strength
is being decreased remarkably, by the decrease of total normal stresses and of
the insufficient decrease of the pore pressure that should be accompanied with
that of the former.

The author draws Fig. 8 to explain the mechanism of this earth dam

T

’ R,
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Fig. 8 Mohr’s stress circles and residual strengths in the embankment
before and after drawdown.

failure. This figure shows Mohr’s circles at any point in a soil element near
the upstrem slope, from which the position of stress circle and the residual
strength just after drawdown and in the following period are cleared, referring
Table 2.

As is shown in Fig. 8, at the instance of rapid-drawdown, it is known

that the residual strength in the embankment decreases, resulting that the struc-
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Table 2 Relation beiween stresses, pore pressure and residual strength in
the earth embankment before and after drawdown.

[
Before drawdown| Just after drawdown After lapse
Total stresses o0 080 o1 o3 28 a3
Pore pressure wo w w—0
, . ,
Effective stresses 610"y 030 o1’ o3 o1'—0o1,  a3’—o3
Residual strength Ro R(<Ro) R—R;

ture approaches to its dangerous state.

Though the intensity of the residual pore pressure is variable by the ge-
ometry of the embankment, physical properties of the material and the degree
of compaction, it is possible to express these factors by a unique coefficient.
The residual pore pressure just after rapid-drawdown is given in the following

form, referring Fig. 9 :

-

Phre/a'f/'j line N I,
. /\ | s
E@ut‘-pﬂf?}rﬁ'ﬂ/ {ine N | |
before drawdown
* * * 7 g x 3 x 7

Fig. 9 ks, Ay and A’ before drawdown.
W=Tw{hs+hW(1 —B) _h,}

As is seen from Eq. (12), the smaller the value of the overall pore pressure
coefficient B is, the larger the pore pressure % remains, and the embankment
becomes unstable, whereas from Eq. (6) when A=1, B=B=1 and for A<,
B>B, resulting B>1. As a safe side, taking B=1 follows :

w =Tw(hs—hy) -

This gives the residual pore pressure of the worst case. It should be noted
that in this case, B is less than unity but, as its magnitude depends on the
sign of the change in stress, the values of A and B measured in the conven-
tional undrained test with increasing principal stresses as is described in 2. (5)
are not applicable.

In order to estimate the residual pore pressure after rapid-drawdown of
the reservoir from Eq. (13), the Potential droP W in Fig. 9 should be known
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at each situation in the earth embankment, drawing the flow-net"of steady see-
page flow at full reservoir. There are various means of establishing the flow-
net in the embankment, among which the author applies the relaxation method,
which has been developed by Southwell?®, to Fresno Dam described in the
preceding article. Fig. 10 illustrates the distribution of residual pore pressure

before drwdown

£?ai-/=ofenﬂﬂl line o~ Egut- poTential (ine
offer rapld-dnaudown before drnwdown

Fig. 10 Distribution of residual pore pressure in the upstream region of the
embankment of 1  3-slope just after rapid—drawdown.

in the upstream region just after rapid-drawdown calculated by Eq. (13). In
the figure, equi-potential lines and equi-pressure lines before drawdown and
equi-potential lines after drawdown are marked, in connection with equi-pres-
sure lines after drawdown under consideration.

From the above calculation it is known that, at the instance just after
rapid-drawdown of the reservoir, in spite of the remarkable decrease of total
normal stresses in the upstream region, pretty large amount of the residual
pore pressure exists, making the reserve strength in the embankment extremely
small. To prevent the dam failure by this effect, it can be known that, as
well as the installation of an adequate filter-drain at the toe of upstream slope
to decrease the pore pressure, the defmition of a permissible speed of the draw-
down of the water level, or the limitation of partial discharge instead of in-
tegral discharge is an important factor in the design and the hydraulic treat-
ment of the earth embankment??

(2) Stability computation.

For example, the stability computation after rapid-drawdown of the reser-
voir for an earth embankment is performed, which has a symmetrical section
of 1: 3-slope shown in Fig. 3. From the above-mentioned consideration, the
overall pore pressure coefficient B corresponding to the stress change of draw-
down is adopted B=1 for the sake of safety. Fig. 11(a), (b) shows the dis-
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Fig. 11 Distribution of actual pore pressure in the embankment of
1 3-slope ; (a) at full reservoir and (b) just after drawdown.
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Fig. 12 Distribution of permissible pore pressure in the embank-
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tribution of the pore pressure before and just after drawdown, respectively,
copying from Fig. 10. Fig. 12(a), (b) is the distribution of the permissible
pore pressure calculated from the residual shearing resistance, using tan ¢ =0.5
(9=26°34") and C=0 (K=1.0 for (a) and K=0.7 for (b)). In Fig. 13(a),
(b), the factor of safety of the embankment before and after drawdown is
shown, respectively, which represents the ratio of the permissible pore pressure
in Fig. 12 to the actual pore pressure in Fig. 11.

As is seen from calculating example, the factor of safety at the upstream
toe just after drawdown decreases extremely, ‘resulting the danger of sloughing
to be approached. Therefore, the stability of the embankment against rapid-
drawdown should be established by the installation of the filter-drain at this
part, or by the reasonable treatment of discharging the reservoir.

4, Conclusion

In the present part of this paper, among the effects of the pore pressure
on the stability of earth embankments, an analytical study is performed for the
pore pressure coming into existence due to the consolidation of fill material

during construction, and for the residual pore pressure after rapid-drawdown
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of the reservoir, respectively. In the result, it is known that such pore pres-
sures have a serious effect on the stability of the earth embankment, according
to the numerical calculations for the above both criteria. And the conclusion
is that, as well as the design of the adequate drainage to accelerate the dissi-
pation of the pore pressure, the critical permissible pore pressure must be
checked in the execution control of earth embankment and the treatment of

drawdown of the reservoir.
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