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Abstract

The most important problem in the earthquake response analysis of a structure is to
suppose reasonable earthquake excitations depending on the seismicity and the dynamic
characteristics of ground at the site of the structure.

In this paper, as one of the basic studies related to the supposition of random earth-
quake excitations for the dynamic aseismic design of structures, the authors will deal
with the analytical expressions of the one-dimensional wave-transfer functions of a general
class of linear visco-elastic, horizontally multi-layered half-space to vertically incident
plane waves at the bottom boundary of the layered media through the half-space, and
also discuss the properties of such wave-transfer functions in the complex plane.

Both the one-dimensional wave-transfer functions and the associate characteristic equa-
tion are expressed in the successive product forms involving some kind of symbolic operator,
which are suitable for finding out the properties of those functions in the complex plane
as well as for discussing the eigen-value problems of such layered media and also for
carrying out the numerical calculation of the wave-transfer functions.

For the usually encountered linear visco-elastic layered half-space including the purely
elastic case, it is found that the singular points of the wave-transfer functions consist of
a finite number of branch points and a denumerably infinite number of poles having posi-
tive immaginary parts, which are zeros of the characteristic equation. And also, it is
found that the wave-transfer functions are finite in the neighbourhood of the branch points
and vanish in exponential order at infinity as far as the inner points of the layered media
are concerned. These properties of the one-dimensional wave-transfer functions may
guarantee the validity of the residue theorem in estimating the impulsive responses as
well as the variances and co-variances of the random responses of the linear visco-elastic
multi-layered half-space.

1. Introduction

One of the most important problems in estimating the response characteris-
tics of a structure subjected to strong earthquakes is to suppose reasonable
earthquake excitations according to the seismicity and the dynamic charac-
teristics of ground at the site of the structure. As a rule the characteristics
of an earthquake at a particular site are determined depending upon the
properties of shocks at the origin and of the propagation pass of seismic
waves. However, it has been pointed out by many investigators that the
spectral characteristics of earthquakes at a site are remarkably influenced
by the dynamic characteristics of the ground near the surface, which are
determined by the ground structure and the physical properties of the
media.b~®
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Usually, in Japan, the ground structure at the site of structures is very
complicated and it is likely to consist of a large number of alluvial and/or
deluvial layers. And, the physical properties of the medium of each layer
are also complex and different from each other. From the viewpoint of
earthquake engineering, however, it is worthwhile to note that the ground
structures are usually of a horizontally multi-layered type and that the veloci-
ties of bodily waves in the layers near the ground surface are sufficiently
small compared with those in the depths of the crust and that they increase
macroscopically with the depth, hence the direction of the propagation of
seismic waves in the layers near the ground surface is considered to be
approximately vertical. Taking account of the above-mentioned facts as well
as the fact that the most destructive portion of seismic waves to structures
is composed of the SH components of the seismic waves, the dynamic model
of ground structure through which seismic waves propagate may be primarily
considered as an elastic or a linear visco-elastic, horizontally multi-layered
half-space subjected to vertically incident distortional waves at the bottom
boundary adjacent to the half-space, as introduced by K. Sezawa and K.
Kanai.!»9~1®

When studying the dynamic characteristics of such a ground structure, it is
important to consider a layered half-space in which the diffusion of wave
energies in the strata to the subjacent half-space can occur. Hence, such a
model of ground structure has damping characteristics even in the case of a
perfectly elastic stratum on a half-space.®'® As to the actual ground, there
may exist various internal damping mechanisms in addition to the above-
mentioned diffusive damping, although it is very difficult to describe them in
explicit forms because cf their variety and complexity. By assuming the
Voigt type visco-elastic media K. Kanai obtained the amplitude magnification
factor at the ground surface to the incident harmonic waves, namely the
absolute value of the one-dimensional wave-transfer function at the ground
surface to the vertically incident distortional waves in the case of one and
two layered half-space.!:'"

In relation to the dynamic aseismic design of structures, it may be reason-
able to suppose earthquake excitations as a stochastic ensemble in the future.
As one of the most convenient and practical models of such a stochastic
ensemble the quasi-stationary random process which is defined as the product
of a deterministic function of time and an ergodic stationary random process
was intreduced by V. V. Bolotin.'”¥ And, the general characteristics of the
non-stationary responses of linear systems to the quasi-stationary random
excitations and the simulation techniques to produce such excitations have
been studied by several investigators including the authors.'¥~'* Concerning
the problem of how to suppose such a quasi-stationary random process depend-
ing upon the seismicity and the dynamic characteristics of the ground at the
site of a structure, knowledge of the stationary and non-stationary random
responses of the linear visco-elastic multi-layered media excited by a random
incident waves propagated through the linear visco-¢lastic half-space seems to
be useful for suggesting the spectral density or the auto-correlation function
associated with the stationary random process and the deterministic function
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of time giving the envelope of the quasi-stationary random process.*):15,18,20
For this purpose, of course, it is desirable to express the dynamic characteris-
tics of such ground in the form of the wave-transfer function of each part in
the multi-layered media to the incident waves through the half-space.

In connexion with the above-mentioned problem, I. Herrera and E. Rosen-
blueth have already obtained the general expressions of the one-dimensional
wave-transfer functions of the linear visco-elastic horizontally multi-layered
half-space to the vertically incident waves at the bottom boundary adjacent
to the half-space in the matrix forms for the case of an arbitrary number of
layers and arbitrary linear visco-elasticity of each layer, and they have also
presented an approximate formula in the integral form to evaluate the average
values of the so-called pseudo-velocity response spectra of the movements at
the ground surface of such a layered half-space excited by random incident
waves.2! In this paper, the authors also deal with the similar problem as
treated by I. Herrera and E. Rosenblueth, namely, the analytical expressions
of the one-dimensional wave-transfer functions of a general class of the linear
visco-¢lastic multi-layered half-space to incident waves to the layered media,
and also study the properties of the one-dimensional wave-transfer functions
in the complex plane. The main difference between the wave-transfer func-
tions obtained by I. Herrera and E. Rosenblueth and those of the present
paper is in their formal expressions, that is, in the former the wave-transfer
functions were expressed in the matrix forms, while in the latter they are
expressed in the successive product forms in terms of the scalar quantities
including some kind of symbolic operator, which may be more suitable for
finding out the properties of the wave-transfer functions in the complex plane
as well as for discussing the associated eigen-value problem and also for
carrying out the numerical evaluation of the wave-transfer functions than the
matrix forms.

2. Fundamental equations and basic wave-transfer characteristics in the linear
visco-elastic media

It is well-known that the fundamental equation of the wave propagation in
a homogeneous isotropic linear visco-elastic medium is expressed as

K 2
Ao L Frwrrmo
in which u is a displacement vector, 7 is time and x(8/87) and 2(8/0r) are the
generalized Lamé’s constants represented by the rational function type dif-
ferential operator, with respect to 7, having constant cocfficients. And, o is
the density, F is a body force vector, the symbol - designates the scalar pro-
duct, and y means the gradient operator defined as

o} 9 8

y= e+ BX2 e+ 6953

B, 2] ~(2.2)

where x; and e; denote the ith Cartesian co-ordinate and its associate unit
vector, respectively. The strain and stress tensors may be expressed in the
following forms :
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e= 5 (3Qu-+u%d) (@2.3)
a=2ﬂ(—6‘i~)e+z(- D Vr-uk (2.4)

in which E is the 3x3 unit matrix and 8 denotes a vector differential operator
with respect to spatial co-ordinates and the symbols 0@u and u&é in eq.
(2. 3) mean respectively the following 3x3 matrices :

+(2.5)

Dy N
U3 = ()= g | = (G@WY", i, j=1,2,3
oxy J
where #; is the ith component of the displacement vector and 7 means the
transposed matrix. The boundary conditions prescribed on the surface S
enclosing the medium are given by the following forms according to the force
and displacement types of boundary conditions, respectively :
force type; on=p on Si, SiNS:=0
- (2.6)
displacement type; u=g¢q on S,, S,US:=S

where n is the unit vector of the outward normal on the sub-surface S, of S,
and p and g are the prescribed distributed force vector and displacement
vector on the sub-surfaces S, and S,, respectively. To obtain the unique solu-
tion of the general dynamic problems, the initial conditions are to be given
at all points of the medium including the boundary surface S as follows:

u=d and —aar—uzv at T=1, in VS (2.1
in which d and v are the initial displacement and velocity at =z, respec-
tively and V represents the medium inside S. However, in determining the
transfer functions by using the Fourier or Laplace transformations, it is not
necessary to prescribe explicitly the initial conditions, otherwise they can be
set to zero for all points of the medium.

By applying the Fourier transforms with respect to 7 to egs. (2.1, (2.3),
(2.4) and (2.6), we obtain

#(jw)V'Vﬁ+(X(J'w)+/1(jw))VV-ﬂ+pw‘ZzI+ﬁ=0 - (2.8)
o= 1 (aQU+TD) (2.9
o=2p(jw)é+(jo)y -GE —--(2.10)
and
an=p on S, =g on S, < (2.1D
in which
&—Cu' §CS, 5C0' (2.12)

bCp, §Cq --(2.13)
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GCu(2=), dGH(-2), j=v=T @10

and o denotes the frequency parameter. In the above equations, both u(jw)
and A(jw) are the rational functions with respect to jw and represent the pro-
perties of the linear visco-elastic medium. It is well-known that (jw)~'u(jw)
or (jw)'A(jw) and (Jop(Jw))™' or (Jwl(jw))~' are the operators related to the
stress relaxation and to the creep, respectively.

Introducing a scalar potential ¢ and a vector potential ¢ and denoting their
Fourier transforms as ¢ and ¢, respectively, the Fourier transform of the
displacement vector u is expressed by

U=p@+7xp +(2.15)

where the symbol X denotes the vector product. Similarly representing the
Fourier transform of the body force vector ¥ in the form

F=pF4+pxF, -(2.16)

and, substituting egs. (2.15) and (2.16) in eqs. (2.8)-(2.10), we obtain the
following set of equations:

7LQGW) +2u( o)V 75+ po*+ F)

+7 X (o) -7+ paw*d + Fy) =0 e (2.17)

and
é=—;~<a®(7¢+7x¢)+(17¢+17><¢7)®a> (2.18)
G=2u(jw)e+A(j)y -F3E ~(2.19)

By applying the operators ¢+ and Fx to eq. (2.17) and taking account of
the relations

VPp=r-il, PXPXI=Fxi -(2.20)
prF=p-F pxpxP=pxF ~(2.21)

we obtain the fundamental equations concerning the dilatational and rotational
waves as follows :

QU @) +2p(F)IP -7 (7 +8) + p* (7 - &) +7 - F=0 (2.22)
w(JIV -7 (7 XE) +pw (7 X @)+ X F=0 (2.23)
And also, corresponding to the above two equations, we obtain
Q@) +2u(jw)F -7 g+ pw?p+ Fs=0 (2.24)
1(jOI7 PP+ 0w P+ Fo= 0 -(2.25)

As found from egs. (2.15) and (2.20) particularly confining the displacement
vector u to either of the elements Fp and FX¢ in egs. (2. 17)-(2.19), we ob-
tain directly the fundamental equations of the irrotational waves and of the
equivolumental waves, respectively.

Taking x,- and #- axis in a horizontal plane and x;- axis downward in the
vertical direction, and confining ourselves to the two-dimensional problem in
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which no quantities depend on x, the components, Pr=gie +¢sey and Pr=yne,
of the vector potential ¢ are concerned with the so-called SH and SV waves,
respectively. The scalar potential ¢, of course, is concerned with P waves.
Consequently, the following sets of equations are obtained for the three kinds
of waves, namely

(G @) +2u(Gw))F -7 + 0w )p+ Fo=
i= 5 (OQVF+IFRD) -(2.26)
&=2;z(jw)§+2(jw)17-!7¢E for P waves

Eu(iw)7-47+pw‘]{ g;} 4 5 - { }
= 1R X (fer + i) +7 X (Fuer+ o)D) (2.21)
G=2p(jw)é& for SH waves

and

(u(J)7 -7 +p@® e+ Frp=0
§=—1§-(6®V X o+ 7 X f20:08) -+(2.28)
F=2p(jw)E for SV waves

In what follows, we will consider the one-dimensional case where the de-
pendence on the co-ordinate arises only with respect to the xg-axis. And, for
the sake of simplicity, neglecting the body foce vector F and rewritting x; by
z, the sets of egs. (2.26)-(2.28) reduce to the following forms:

QCjw) +2u( Jo))i'? + pwtid=0

e=1.'", d=Q(Jo)+2u(jw))u," --(2.29)
where A=, for P waves
and
2 J@)i'? + pw?i =0
f= g, G (i) +(2.30)
where d=g, " for SH waves
d=—Jpc'V for SV waves

In the above equations, .‘?" designates the ith derivative with respect to z.
Hence, we have the following fundamental equations in the frequency domain
for the one-dimensional wave propagation in the homogeneous, isotropic, linear
visco-elastic medium :

p(Jw)is'? o, 2)+pwti(jo, 2) =0 (2.3
i(jw, 2)=p(jo)i:" (G, 2) L (2+32)

in which p(jw) stands for either 2(jw)+2p(jw) or p(jw).
Now, supposing the linear visco-elastic N-layered half-space as shown in
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Fig. 1 Model of an N-layered half-space.

displacement and stress are express

33

Fig. 1, the Fourier transform of the one-
dimensional wave equation in the #n-th
homogeneous isotropic medium is express-
ed as follows:

Ir(J0)inz,'? (Jw, 24)

+ 02@*n (F 0, 2,)=0 --+(2.33)
ﬁn(jw; zn)cuﬂ.(TI zﬂ)’
n=1, 2, SN, N+1  (2.34)
Hngznz_oy n:I’ 2, """ 5 N;
0 >2x1 =20 <-(2.35)

In the above equations, z, is the co-ordinate
associated with the nth mediaum, which has
its origin at the (#—1)th boundary and is
measured downward as shown in Fig. 1.
And, #.(t, z.,) denotes the displacement of
the point z,, and H, is the thickness of
the nth layer.

The boundary conditions in the frequen-
cy domain which represent the condition
of the free surface and the continuity of
ed as follows:

#12,'" (jw, 0)=0 +(2.36)
#(Jw, Hn)=ﬁn+l(jw; 0 --(2.37)
pn(jw)iznln“)(jwy Hﬂ>=pn+l<jw)ﬂn+l zn‘l(l)(]'a), 0)
n=1,2,---- , N --(2.38)
The fundamental system of solutions of eq. (2.33) is given by
Tn'(Jw, 2n) =eXP(— JKnZn)
. ‘ -(2.39)
& (Jw, 2n) =exp(Jkn2n)
where
= Pn_ ;
Vi werm) Rkn) +7 I(kn) (2.40)
and
wR (k) >0, T(xn)Z0 for I(w)=0 --(2.41)

in which R and I designate the real and immaginary parts, respectively.

It

is noticed that for a rational function type p(jw), the real part R(x,) is an
even function of w while the immaginary part I(x,) is an odd function of @

and also that for the actual media,

I(xn) may always be chosen non-positive

for all real w by taking either of the two different branches of £, according

to the sign of w.

Since the general solution of eq. (2.33) is expressed as
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ﬁn(j(!), 271)=An( jw)anl(jw» 2“)+Bn(jw)ﬁn2(jw’ zﬂ) (242)

the original general solution in the time domain is given by

Un(z, 20 = | (AU, T, 20+ Bu(i)-Un(jo, 7, 2} do

2r
--(2.43)
in which
TUn(Gw, T, 22) =" (Jo, zZz)exp(Jot)=exp(J(wT —kn2n))
= exp{jR(/c,,) (—Ré’;jr —z,,) } exp{I(xn)zn} <~(2.44)
U jw, T, 2n) =2 (Jo, 2,)exp(jor) =exp(J(wT +£n2n))
= exp{jR(/c,,) (T(a;")—f + Zn) }exp{ — I(ky)zn} --(2.45)
By putting
vn=R—8£ ) and li=—T(xn) -+ (2.46)

the above two quantities v, and [, for real o represent the wave velocity and
the attenuation constant in the nth medium, respectively. As found from egs.
(2.44) and (2.45), +Un(jw, 7, 2.) and _U,(Jo, 7, 2,) are the forward and back-
ward complex harmonic waves, respectively, both of which have the unit
amplitude at the origin of the nth co-ordinate. The two constants A.(jw)
and B.(jw) in eqs. (2.42) and (2.43) are to be determined according to the
boundary conditions.

In the following, we will consider the basic wave-transfer characteristics of
the one-dimensional waves in the linear visco-elastic media. At first, by tak-
ing into consideration eq. (2.39), the general solution in the frequency domain
given by eq. (2.42) is expressed as

Tn(Jw, 27) =+t (Jw, Zn) + -8n(J®, Zn) - (2.47)
in which
+12n(jcu, Zn) =An(j(l))e}(p(—]'lCnZn)C+un(T, Zn)
--(2.48)
_tn(j®, 22) =Bu(jw)exp( jrnzn) C-tn(T, 2n)

and +#.(7, 2,) and -u.(7, z,) represent the forward and backward waves,
respectively. Hence the wave-transfer function associated with the wave
propagation in the nth medium is obtained as follows :

+ﬁn<jw) zn/) _ —ﬂn(jwl zn) _ . ;
T j, ) T, 2y XL TR =) o (2A49)

where

H7ngn/gzn2.0 for N_Zﬂ_\él
~(2.50)
002>z, 22,220 for n=N+1

The quantity given by eq. (2.49) is a complex-valued function of the real
and its absolute value and argument represent the amplitude and phase charac-
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teristics, respectively.

Next, adopting the (z+1)th co-ordinate for both the nth and (n+1)th media,
the Fourier transform of the incident waves +#,(7, 2,+,) to the »th boundary
through the nth medium, that of the reflected waves -1#,(7, z,+) to the nth
medium and of the refracted waves +#,+1(7, Zo+1) in the (n+1)th medium are
expressed as follows:

4B (Jw, Znsy) = An(Jw)EXP(— JKnZn+1)
Ay (Jw, Zn+1) = Bn(Jw)exp(jhn2Zns1) --+(2.51)
+12,,+1(j(0, z,,+1)=A,,+1(jw)exp( _]'Kn+]2n+l)

Taking account of egs. (2.47) and (2.51) together with B,+ (jw) =0, the bound-
ary conditions given by egs. (2.37) and (2. 38) take the forms

A;.(](D) + Bn(](D) =An+l(].(1)>
a’n<An(]lw) _Bn(jw)) =An+1(]'w)

(2.52)

where

o Dn(j@)n __ oukwnr _ [ onPa(jw) _ _ :
= Prnr (W) Kn i1 On+1Kn \/ OnesPrer (J®) LECORSRICY 2.59

Rla)>0 for I(w)=0 ---(2.54)
The quantity defined by eq. (2.53) is called the impedance ratio, which is

generally a complex-valued function of the real w, and its real part is express-
ed as

R(an) =2 [Rone) B 5=) = 1o 1)) (2.55)
Since from eq. (2.41), it is found that R(k.+)R(1/k.)>0 and T (#a+) 1(1/k2)
<0 for the real w, the real part R(a,) of the impedance ratio should be posi-
tive for the real w.

By solving eq. (2.52), the wave-transfer functions associated with the reflect-
ed and refracted waves to the mnormally incident plane waves at the nth

boundary through the nth medium are obtained as follows :

—#(jw, 0) _ B.(jw) —1

=b(ja)=b,= 32—
e 0) T Ay ~er=t=rmn (2.56)
and
+72n+1(ja’.»i)___4n+x<j(!{)__ i Zanm_
(o, 0~ AnGe) T ith=al= (2.57)

Similarly, considering the incident waves at the nth boundary through the
(n+1)th medium, the wave-transfer functions of the refiected and refracted
waves to the normally incident plane waves are determined as

(0,0 __y p_ 1-ay
~Han(jw, 0) bn=bn' = an+1 (2.58)
and
(o, © 2

-++(2.59)

G, 0 1T bi=a=- "1
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In particular, for the free surface the wave-transfer function associated with
the reflected waves to the normally incident plane waves is given as follows :

+?21(j(1), 0) oy
RSN ki (2.60)

3. One-dimensional wave-transfer functions of the linear visco-elastic multi-
layered half-space

Supposing the linear visco-elastic horizontally N-layered half-space as shown
in Fig. 1 and taking the vertically incident plane displacement waves

w(r)=-tna (7, ODW(jo) ~--(3.1)

at the Nth boundary through the half-space as an input and the displacement
vector of the boundaries

{u"(r)}={u,,+,(r, 0)}:){7;)7(](0))’ n=0! 1) """ ’ N (32)

as an output vector, we will consider the one-dimensional wave-transfer func-
tions of the linear visco-elastic multi-layered half-space to the incident waves
at the bottom boundary adjacent to the half-space.

By making use of the basic wave-transfer function associated with the one-
dimensional wave propagation and those of the reflected and refracted waves
to the normally incident plane waves, which are obtained in the preceding
section, the following vector-matrix relation among the Fourier transforms of
the displacement components due to the forward and backward waves in the
(n—1)th, nth and (n+1)th media is obtained:

[nLj{nU}={nH}) n=1! 2’ """ > N ”'(3-3)
in which
;a’,._l bln-l fl 0 O 0 )
‘ 0 1 0 —exp(—jr.H,) 0 0 |
. 0 0  exp(—Jjr.Hy) 0 -1 0 .
GL=| 4 o 0 1 ~b,  —a, TGP
0 1 1 0 0 |
0 0 0 1 1 0,
and
| +ﬁn-l(jw, Hn—l) H 0
G, 0) | 0
_,l +72n(jws O) . =,5 0
LU= ‘ o, Ha) (3.5), {H}=" 0 (3.6)
s, (jo, Hy) " (jw)
'l (Jo, 0) b Lar(jw)

In the above equations, particularly for the cases of =1 and n=N the follow-
ing equations are to be used:

ay’ =0, —ﬁ,v+1(jW, O)=1Z)(ja)) (3.7

For an arbitrary number of layers N, the one-dimensional wave-transfer func-
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tion associated with the nth boundary displacement u#*(r) to the incident dis-

placement waves w(r) at the bottom boundary adjacent to the half-space is
defined as

ne g P E(B’l =0 T . eess P
By making use of egs. (3. 3)-(3. 6), the following vector-matrix equation related

to the above-defined wave-transfer functions G%’s is obtained for an arbitrary
N:

(ANG}={F} 3.9

in which {G} denotes the (N+1)x1 column vector composed of G%, Gy, -, G¥,
and the (N+1) X (N+1) matrix (4) and the (N+1)x1 column vector {F} are
expressed in terms of the determinant .4 of the coefficient matrix (L) in eq.

(3.3) and its Ath order minor determinate 2473 1 withr espect to the i-,

nig-1)
13-,-, -th rows and j,-, je-,---Jr-th columns and the wave-transfer function ax
associated with the refracted waves to incident waves at the bottom bundary
through the half-space, namely

(aga? ........................... 0
| Oa;a;O ........................ 0 ‘
[A]== D coeeerirenns 0@ @ @hy, 0 e 0 +@.10)
L e 0 a¥_ak
and
Y £
Vo f! N
@@=, (31D, {(Fy=) ~++(3.12)
% G}‘S-l | [,f""“
LGy LY

For the case where N>3, the elements of the matrix [A) and the column
vector {F} are determined as follows:

2.
oo OB+

0__ =
a=1, ai=-— T
i
143 M 43
R ¥ S
—1_ _1C8% _ -
' s 247 o4
Y S S Y S Y
N ad _—— = T +l_—_7
ot nA ’ " nd n+ld ’ 7 n-HA
(3 04 4 (2) 408
" xdag T v deg N _
avo,=— P , ay=1 3.13)
6

and

T2 40 4 (2] e
Fomflmnens —fN-1=0, f¥= @@%ﬂg\*ﬂﬁ - (3.14)
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For the case where N=2, the similar expressions as in egs. (3.13) and (3. 14
are obtained. However, in this case the elements a! and 4 in eq. (3.13)
should be replaced by the following equations:

2] 4 2] 463
a'=1— s | s an__ﬂ_‘L.a_ -(3.15)

= R .
' iy algt 034

Hence, for the case where N2, denoting the determinant of the coefficient
matrix (A} in eq. (3.9) and its co-factor with respect to the (N+1)th row and
the (n+1)th column as 4y and 4y 2%, respectively, the one-dimensional wave-
transfer functions G}'. can be expressed as follows:

Gy=T"UAEL 0, 1,0, N ~(3.16)
N

In particular, for =0, the wave-transfer function associated with the ground
surface to incident waves is given by

-
I _ (_I)Nf’,vn[zoa;u
Ay dn

For the case where N=1, the following equations are obtained instead of
eqs. (3.13) and (3.14):

Gi= <+(3.17

B=1, a'=0, ai=1 -+ (3.18)
and

o, (R g1e 4 @) e ) ay (184 4 ) fros
f0= _ l( ] fg{dw 1 bN) , fl = l( 1 [.';?Am 1 504) (3 19)
1488 14h8

Hence, in this case, the one-dimensional wave-transfer functions G%; are ex-
pressed as

Gi=L =pn n=0,1 +(3.20)

Since the expressions of the one-dimensional wave-transfer functions of the
boundary displacements to incident waves, which are given by eq. (3.16) or
eq. (3. 20), contain the determinant of the matrices (,L), n=1, 2,---, N and their
co-factors and higher order minor determinants, the numerical evaluation of
them may be complicated and tedious for the case of a large N.

In what follows, it is verified that the one-dimensjonal wave-transfer func-
tions G’ associated with the boundary displacements to the incident displace-
ment waves are uniformly expressed in the following successive product forms
for an arbitrary number of layers N>1 and any number of boundaries N>n

=0:

Ay ~
=6y 11 Xind!
i=n _ _i=n+l

~de ’

n_ .
N

n=0, 1, , N -(3.21)

where

2dd = 1ﬁl°(1 +5i—]bi—l5ibr‘Xt2)°<1 - 5n—1bn-1Xn2) ol (322)
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vde=1 Qoa +0imbin 0ibi X %) el ~(3.23)

and
X;=exp(—jx:H) -(3.24)
In the above equations, the complex wave number £, i=1, 2,.---- , N+1 and the
wave-transfer function b;, i=1, 2,--+--- , N associated with the reflected waves at

the ith boundary to the incident waves through the ith medium are given in
eqs. (2.40) and (2.56), respectively. As for b, it is assumed that

bo=-1 ---(3.25)

As found from eq. (2.49), the quantity Xi, i=1, 2, , N in eq. (3.24) means
the transfer function associated with the one-dimensional wave propagation in
the ith medium along the thickness H; of the ith layer.

The symbols 8, t=—1, 0, L,-++: - , N, appearing in eqs. (3.22) and (3.23)
denote the symbolic operators associated with the non-commutative multiplica-
tion denoted by the mark o, and the operational conventions with respect to
the o marked multiplication and the conventional multiplication between the
symbols 8;’s and the scalar quantities, ¢ and d, are defined as follows:

Cb\c=§iC
cod=doc=cd
di0di=b,2 - (3.26)
codiod=cd
coddjed=cd, j=i+1, i, j=0,1,---- Y
In particular, §-, which appears by substituting n=0 in eq. (3.22) is defined
as

0-1=0 --(3.27)

And also, the product symbol fql having the smaller upper limit ¢ than the
t=p

lower limit p is assumed to be unity for both the o marked multiplication and
the conventional multiplication, namely

NC=1, 1l+Dwel=1 for g<p -(3.28)
i=p i=p

The proof of the validity of eqs. (3.21)-(3.23) can be made by the so-called
method of mathematical induction. At first, in the case where N=1 the follow-
ing expressions which are consistent with eqs. (3.21)-(3.23) are obtained by
making use of egs. (3.4), (3.19) and (3. 20).

Gio 20-BX, o (A=BYA+XD.
ldc 1[}:

de=1-5X,* ---(3.30)

+(3.29)

Secondly, assuming the validity of the expressions given by eqs. (3. 21)-(3. 23)
for G% and G¥, we will show the validity of the expressions for G%.,. When
the number of layers increases from N to N+, we consider the feed-back
system as shown in Fig. 2, in which the input and the output are taken as
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the incident waves to the (N+1)th bound-
ary through the half-space and the incident 0

waves arriving at the Nth boundary through  (N) =
the (N+1)th medium, respectively. Thus, T G“_Il
considering the forward and backward gains N
which are obtained respectively by making
use of the basic wave-transfer functions

Xyt Xna

(N+) |-ban bmlT l

associated with the one-dimensional wave | ]rJ\
propagation, the reflected and refracted T-Dust
waves to incident waves in the forms 1 F
A=(1—=bye) Xwer, A= (1= bra) Xnat
_ b1 Xnat N - b+ Xus N_
" . . . O_ A __ (I-bvuXns
the one-dimensional wave-transfer function 1 T-AB l+bNuX§H(|"GN)

G%,, is expressed in terms of G% and GY as
Fig. 2 Formation of a feed-back system.

follows :
0_ G)Dv(l '—bl\’-H)XN-H .
o= Ut by Xy A= O @3
Taking into consideration the following expressions
271 (1—b) M1 X
— Ut 1 /
Gomimt e ey (A=bwwde (3.33)

~nde ’ ~de
and

Nl
vde— (1 —bN)NAc/ =1 ‘[_71 °(1 +5i—lbi—18ibiX12) ° (bN + On- le-lXN2> ol
=;\'Ac61vb;\r°1 (334)
yerde=nAdc(L+Onbndnerbaya X v ol=nde(L+xbabye 1 X xidol

which are obtained from eqs. (3.21)-(3.23) and (3.26)-(3.28) the one-dimen-
sional wave-transfer function G%,, given by eq. (3. 32) takes the form obtained
by substituting »=0 and replacing N by N¥N+1 in eq. (3.2D).

Finally, in order to complete the proof of the validity of egs. (3.21)-(3.23),
it suffices to show the validity of these equations for the one-dimensional wave-
transfer function G;*' under the assumption that egs. (3.21)-(3.23) are valid
for all G’; in which i<n. In generzl, in the case where N>2 and N—-1>n=>0
the following recurrence formula is obtained from egs. (3.9)-(3.14):

nt+d 7a;:; n— i”:ﬁ n
Gy = —[52= Gy +-3:—Gz) (3.35)
The numerators and denominators of the coefficients in the above equation
which are given by eq. (3. 13) for the case where N>3 and by eqgs. (3. 13) and
(3.15) for the case of N=2, respectively, are expressed in terms of b,’s and
X.'s as follows :

2X
a°_.=0, a3=1, a?=——];}é—12, 0,1,=0
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2 2
for n=0, 1
and
P e 'h). ¢ a:_XXw—b n( X2 — X 1) —

A-b)(1-XD(A— Xn“)
for N—1=>n2>2

X

ann= _f:_XLJ -+ (3.37)
Hence, for the case where #=0 and »n=1, the one-dimensional wave-transfer
functions G and G; are obtained respectively in the following forms by using
the first equation of (3.33) and by substituting eq. (3. 36) in eq. (3.35):

2T A=) X:  IT(1—8) T X1+ XD
i=1 i=1 o =1 i=2 e

LG~ 1+ X2 P
Gs @ VT T2X, ~de B ~de @.38)
for n=0
N N
. 2
Ge _—av}ﬁG[} Xl Xg b Xl b X2+1 LI) (1——bl)t=172Xl(1+Xl )
a (- b)(1+X12)X2 nde
H(l—b,) HXi(l—b|X12—b1X22+X12X22)
_ =2 i=3 — (339)
for n=1

And for the case where N—1>#n>2, by making use of egs. (3.21), (3.22),
(3.35) and (3. 37) the one-dimensional wave-transfer function G3*'is expressed
by

(L4+b) X (1= X3 11]_51 b)ﬂX v

G<_+ 1
A

T A=) X (1-X0D NAC
_XnZXnHi* bn(Xn2 n+2) 1 i=n (1 b )z IZ—HXMAC
(A=) A= XaDXon wde
77 a1- bl) H X17 o (14 8;-1b1-16:0:X:%)
== A ...(3‘40)
Ndc

o(14+bno1bnXn?—b,.X ;3 — b1 X2 X 13
+ 67!—2b71—2Xn—‘lz (bn—l +bﬂX7l2_ bn—lann-é? - Xﬂ2Xn+?>]

By taking into consideration eqs. (3.22) and (3.26), it is found that all the
expressions in eqs. (8.38), (3.39) and (3.40) are reducible to the form given
by eq. (3.21).

Hence from the above discussions, the validity of the successive product
forms of the one-dimensional wave-transfer functions G3’s which are given by
egs. (3.21)-(3.28) is verified for the general cases where N>1 and N=>n=0.
By using these formal expressions, for instance, the one-dimensional wave-
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transfer functions for the cases of N=1, 2, 3 are determined as follows:

o 20 =bDXiod!  ~_ (A=bOrde
Gi= s , Gl= i (3.41)
G 2= A=) X Xood! oy (1=bDA=b) Xa14¢
: 2Ac ’ ! 2[14:
Gl= (=b0)24 --(3.42)
2de
Go— 20 =00 =b)A=b) X1 XoXsode'  y_ (A=b) A=) (1 =b) X, X5, 4
: sde ’ : ade
_ (A=) A=) Xs2d!  ~y_ (1—be)add
Gi= . , Gi= v @43
in which
ldc=1_b1X12, 2A0=1_b1X12+blb2X22_b2X12X22
EAO=1‘_lelz“'blbzX'z?"'bzbaXag—b2X|2X22+b1b3X22X32
_b)bzblengz—b3X12X22X32 (344)
and

OAC/=1, 1A£l=1+X12, QAC/'—“l—b[(XlQ'{'XgZ) +X12X22
SA':'=1_b1X12+blb2X22_bzX;;Z—blengz—bIngng
+0:15: X2 X2 + X2 X2 X +-(3.45)

By making use of eqs. (3.21) and (3.28) the transfer function associated
with the displacement of the nth boundary to that of the Nth boundary which
is the bottom boundary of the N-layered media is expressed as

N-1 N
Gn [7 (1_'b!) n -Xi 2de
G/"_ N __ i=n i=nr+1 ﬂ=0, 1'

n_
YGY vde! ’

It is noted that the transfer functions defined by the above equation do not
depend on the property of the linear visco-elastic half-space in spite of the use
of the wave-transfer functions associated with the linear visco-elastic multi-
layered half-space. In general, the ratio of the wave-transfer function of the
nth boundary to that of the mth boundary is given by

...... N -(3.46)

T A=) 1T Xind
GN" i=n(—i> ‘inc

Gr= Crn = mAj/ for m=n=>0 --(8.47)
SN for n2=m=0 (3.48)
IA-=5b) 1T X;nd.'
f=m T=m+1

which is also obtained as the ratio between G’% and G’% defined by eq.
(3.46). As found from eq. (3.46) the quantities given by eqgs. (3.47) and
(3.48) are the transfer function associated with the wm-layered media excited
at the bottom boundary and the inverse of such a transfer function associated
with the #n-layered media, respectively, neither of which depends on the pro-
perties of the media having numbers greater than the maximum of » and m.
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This is, of course, a property peculiar to the one-dimensional wave propaga-
tion in the linear visco-elastic media having the free surface.

Although it is difficult to find precisely the physical meaning of the symbolic
operators appearing in eqs. (3.22) and (3.23), a meaning of such operators
may be interpreted by eliminating x4. from the second equation of (3.33) and
the first equation of (3.34) as follows:

wdesnel=de(-FF L) --(3.49)

il

The above quantity in parentheses means the ratio of the Fourier transform
of the outgoing waves from the Nth boundary in the (N-+1)th medium to that
of the reflected waves at the Nth boundary to the (N+1Dth medium. Similarly,
the symbolic quantities —dybyel and by(1—3dx)el, which are multiplied by ~4.,
mean the wave-transfer function of the outgoing waves from the Nth boundary
in the (N+1)th medium and that of the refracted waves at the Nth boundary
to the (N+1)th medium subjected to the incident waves at the Nth boundary
through the (N+1)th medium, respectively. In the above explanation, the Nth
boundary does not necessarily mean the bottom boundary of the multi-layered
half-space, but is considered as an arbitrary boundary. Hence, in eq. (3.49)
N may be replaced by an arbitrary integer .

Comparing the relation obtained by substituting eq. (3.49) in the first equa-
tion of (3.34)

vde— (U =bw)ndd =y-14Lby + XA —=G¥2D) =+(3.50)

with the equivalent expression determined by using egs. (3.23) and the first
equation of (3.34) as

Ndcsl\’bNol =N—1A¢E°5~b~°1 +8)v—|bN.-|5NbN°5NbNXN2°13 (3 . 51)

it is found that the following relations associated with the o marked multiplica-
tion are to be valid:

5N°5N=b1v_2, 1°5N°1=1 (352)
and
1oddy-100yel =1 for i<N—2
or Ox-ro0n=1 ---(3.53)

The operational rules shown in eq. (3.52) are the same as the conventions
associated with the o marked multiplication of the symbolic operator é;, which
are given by the third and the fourth equation in (3.26), whereas the opera-
tional rule shown in eq. (3.53) corresponds to the set of operational conven-
tions related to the o marked and ordinary multiplications between the symbolic
operators d;’s and the scalar quantities which are given by the first, second and
fifth equations in (3.26).

In the following we will compare the one-dimensional wave-transfer functions
of the multi-layered half-space subjected to the incident waves propagated
through the half-space and the transfer functions of the multi-layered media
excited at the bottom boundary, which are given by eq. (3.21) and eq. (3. 46),
respectively, with the corresponding transfer functions which are expressed in
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the following successive product matrices forms based on the techniques used
by I. Herrera and E. Rosenblueth :20

0_ 2
= T =Ty ToT e ToT\ ) (3.56)
n_ 2{1 O}TnTn:! """ TQTI'{:,} 15
Ci= T T Tl "L N @.55)
and
Jo_ 1
Ci= {LOYTyT -1 ToT () (3.56)
In__ {1 O}TnTn—l """ Tle-{(!‘} 10 .
Gy =TT T gy "= Li2e N 35D
in which

s

{  cosk.H,  sing.t,

T,= --(3.58)

| —ansin k.H,. o cos ko

In the above matrix concerned with the #nth layer, x» and «a» are defined by
eqs. (2.40) and (2.53), respectively, and H, denotes the thickness of the nth
layer.

Taking into consideration b,=—1 and ,4.’=1, and substituting »=0 in egs.
(8.21) and (8. 46) we obtain

N
201 (1-b)X,
_ i=1

Gp=—> — _ ---(3.59)

2{;'1 A=) X,
=1
(1 _bN)NA/c

Comparing each of the above equations with eq. (3.54) and eg. (3. 56), respec-
tively, the following relations are obtained :

G o ++(3.60)

NAC={}};(1—bi)X¢{1 A TwTwore - ToTo {3} - (3.61)
ndd = 1—2bv él(l—bi)Xi{l O}TNTN-I """ Tle{tl'} -+(3.62)

and by using the above equations, the following eguations are obtained corre-
sponding to the first equation of (3.34) and eq. (3.49).

A:—— (1 —bN) ,vAI,; - _ {1 j}TI\'TN-l """ TZTl{tll}
Ndc {1 —j}TN N—p ot Tle{é}

By comparing the transfer functions expressed in the successive product
forms including the symbolic operators ;s which are given by egs. (3.21)-
(3.28) and (3. 46) and those expressed in the successive product forms in terms
of matrices as in egs. (3.54)-(3.58), it is found that the former expressions
are simpler in carrying out the numerical calculations than the latter.

Finally, it is shown that the one-dimensional wave-transfer function of the

Snbyol =2 =1-GY --(3.63)
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Ath and p th derivative, with respect to the time and spatial co-ordinate, respec-
tively, of the displacement of an arbitraray point in the linear visco-elastic N-
layered half-space subjected to the incident displacement waves at the bottom
boundary can be expressed in terms of the one-dimensional wave-transfer func-
tions of the boundaries G3s.

By making use of egs. (2.47) and (2. 48) concerned with the nth medium or
the wave-transfer function associated with the wave propagation in the nth
medium given by eq. (2.49) we obtain

#n(Jw, 22) = 4w, 0)exp(— jnzn)
+ -t (jw, Ha)exp(—j(za—Ha)) - (3.64)
Defining the one-dimensional wave-transfer function as

W' (J, 2a)

. i@
Gy e (Jw, 2n) = —= B(Gw)

. A+up=0,1,2 +(3.65)

the following expressions are obtained by using egs. (3.3)-(3.8) and (3. 24).
(DAt X,

Gy'*(jo, 20) = 13 X,2 (exp(jmz) + (= Drexp(—jr1z) IGR
Yy A+ Ag u
= (DI (oxp(ma) + (= Drexp(—je)IGE (3.66)
et ()Aragryan . . . ot
Gy 4 (jw, 2.) = S P A ({ X 2exp (Jnzn) — (— 1) #exp(— J&az:) }GF

—Xn{exp(jlfnzn) - (_ l)ﬂexp('jfcnzn)}cl\’nj, 1’l=2, 39 """ s N (3 . 67)

GaP M u(ju, zyve) = (D et ey ((— D#exp(—jennzne)GY
+exp(fevrizne) — (—Drexp(—jeveiznr)) - (3.68)

In the successive product form in terms of matrices, the above one-dimen-
sional wave-transfer functions are written as follows:

) Y 2{coskiz, sinmz Y[ 23)"{}}
Gy (jw, 2) = (k) TURET)Y % g T;Tl{é} (36.9)

, . Z{COS-‘EnZn Sinﬁnzn}[—? })]uTn-l“'Tl{tll}
n A —_ Aende 1
G (jw, 2.) = () '@k a Y % S T T\ {3}
n=2, 3, , N, N+1 --(3.70)

For the case where A=u=0, for example, the one-dimensional wave-transfer
functions given by eq. (3.67) or eq. (3.70) for n=2, 3,--+-- , N are also expressed
in the following form:

Gr(Jw, 2.) =G5 COS ka2
+ (cosec knH G — cot knHaGE™*) sin ka2, n=2,3,, N (3.7

4. Singular points of the one-dimensional wave-transfer functions and their
properties in the complex plane

In order to evaluate the impulsive responses of the linear visco-elastic multi-
layered half-space and the co-variances or the spectral densities of such a
dynamic system subjected to stationary or non-stationary random excitations
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including the so-called quasi-stationary random excitations, not to mention the
general characteristics of the ome-dimensional wave-transfer functions, it is
useful to study the properties of the singular points of the transfer functions
and their behaviour at these points and infinity in the complex plane.

As found from eqgs. (3.21)-(3.28) the singular points of the one-dimensional
wave-transfer functions G’ consist of the poles which are zeros of the denomi-
nator y4. of eq. (3.21) and the branch points appearing in the transfer func-
tions b,'s associated with the reflected waves to incident waves, which are
given by eq. (2.56) together with egs. (2.53) and (2.54), and the complex
wave numbers k.'s given by eqs. (2.40) and (2.41). Of course, in the case of
the perfectly elastic media, both &6, and £, contain no branch points and all
by s reduce to real-valued constants and all x,’s are real numbers for a real
frequency parameter . Hence, in this case, the singular points of the one-
dimensional wave-transfer functions are only poles. If the differential operators
p(w), n=1,2,--, N, N+1, which represent the visco-elastic properties of the
media, are of the rational function type, the branch points arising from «, and
b. consist of the poles and zeros of the operator p.(jw). Hence, in general,
the branch points of the wave-transfer functions are the complex numbers.
However, for the usually encountered stable visco-elastic operators, the branch
points may have positive immaginary parts.

As regards the poles of the wave-transfer functions, namely, the zeros of the
denominator of eg. (3.21), vd:, which are also generally the complex numbers
having positive immaginary parts for the stable visco-elastic operators, the so-
called eigen-value problems associated with the relevant dynamic systems may
be closely related to these singular points.

The eigen-value problem associated with the linear visco-elastic multi-layered
half-space is prescribed by the homogeneous equation of (3.9) tegether with
eqgs. (3.10) and (3.11). The characteristic equation is given by

dv—=det(A)=0 for N>2 (4.1

On the other hand, the following relation exists between 4y and ~x4. given by
eq. (3.23):

4 (=D x4, £ -
N=v N1 or N=2 < (4.2)
_1_71 A-=-50A+X» 1_72 A=XD A +bxXa®

Since there is no common factor between the numerator and denominator of
the above equation and since the denominator is finite in the complex plane,
at least except infinity, because of egs. (3.24), (2.40), (2.53) and (2.56), it is
found that eq. (4.1) is equivalent to

wde=0 < (4.3)

where the explicit form of »4. is given by eq. (3.23) or eq. (3.61).

In the following, at first, it is shown that the zeros of y4. do not exist on
the real axis. Taking into consideration eq. (2.54) the following inequality is
obtained from eq. (2.56) :

o= 2R () +1

|(,r,,|2-?-ZT(an)—|—1_<1 for I{w)=0 (4.4)

|6x] =
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On the other hand, from the second inequality in eq. (2.41) and eq. (3.24),
the following inequality is obtained :

| Xl =X <l for T(w)=0 (4.5)

where ¢ is an arbitrary positive real number. Then, by making use of the
method of mathematical induction it can be verified that eqg. (4.3) has no real
zeros. At first, for the case where N=1, the characteristic equation given by
eq. (3. 30) has no zeros on the real axis, because if such zeros exist, the equa-
tion
[6:1]] X2 =1 --(4.6)
should be valid, which contradicts eqs. (4.4) and (4.5).
Next, to prove the above-mentioned statement, it suffices to show that ws+i4c

has no zeros on the real axis under the assumption of its validity for x4..
Based on the identity

N+zdc=)\'ﬁc[1+bN+1XN+?(1—GR:)] (47)

which is obtained by using eqs. (3.23), (3.26) and (3.49), it can be shown
that if ~4. has no real zeros and if y+14. has such zeros, the following equation
should be valid :

[bye )| Xwall]1=Gal=1  for I(w)=0 - (4.8)
Considering eqs. (4.4) and (4.5) the above equation requires
|[1-G¥>1 for I{(w)=0 --(4.9)

In terms of the Fourier transform of the incident waves, -#wv+(Jow, 0), at the
Nth boundary through the half-space and that of the Qdivergent waves, +fy+;
(jw, 0), from the Nth boundary to the half-space, eq. (4.9) is rewritten as

sty (Jw, 0) | —
TG 0 ‘>1 for I(w)=0 4.10)
Considering the energy fluces of the incident and divergent waves at the Nth
boundary, the above inequality means

ON+ 1) N+)0)

5 B o, O <y Y (o, O
for I(w)=0 ---(4.11)

This is a contradiction compared with the physical fact that whether the
dynamic system is perfectly elastic or visco-elastic the energy flux of incident
waves can not be smaller than that of divergent waves for a stationary state.
Hence, instead of eq. (4.9) the following inequality is valid on the real axis:

1-G¥<l  for I(w)=0 - (4.12)

Therefore, all the zeros of v4., namely, all the eigen-values associated with the
multi-layered half-space should have non-zero immaginary parts for an arbitrary
number of layers N.

It is noted that for the continuous dynamic system having discontinuous
boundary surfaces as considered here, there exists a denumerably infinite
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number of complex eigen-values {,w} and the corresponding complex eigen-
functions {,o~x(2)} in which z is the common spatial co-ordinate to the multi-
layered half-space measured downward from the free surface, namely

2= H, 4z, n=1, 2 N, N+1 -(4.13)
i=1

where the summation symbol QE having the smaller upper limit g than the
f=p

lower limit p is assumed to be zero.
NC=0 for g<p -(4.14)
i=p

Taking into account egs. (3.66), (3.67) and (3.68) in which the terms con-
cerning the incident waves are neglected, the eigen-function ,¢~(2) correspond-
ing to the eigen-value ,w is expressed in terms of the complex eigen-vector
{ o~} which is determined as a non-trivial vector solution of the homogeneous
equation related to eq. (3.9) which has the singular coefficient matrix (4]
associated with the eigen-value ,w'¥:?»-?®, For instance, in the case where
the multiplicity of the eigen-value .o is one, the complex eigen-vector {,ps"}
is expressed in the following form :

{vq)Nﬂ}={£”A1V.¢¢§(jvw)}r n=0’ 1,'“» N
CANIHGww) =0

in which ™4y (juw) denotes the co-factor with respect to the (N+1)th row
and the (n+4+LDth column of the matrix (A4) substituted by the eigen-value ,w.
Then, the eigen-function ,p~(z) associated with the displacement of the linear
visco-elastic N-layered half-space is obtained by substituting 2=p=0, o=,
and eq. (4.13) in egs. (3.66), (3.67) and (3.68), neglecting the terms due to
the incident waves and replacing {G}} by {,0»"} as follows:

-(4.15)

VX . .
von (2) = ;X)'Z'TH Cexp(J,r12) +exp(—7.6:2) Juon'

=%EeXp( Jukr12) +exp(—7ki2) Jyen®
for H,>z>0 <(4.16)

won(2) = VX:TIE{VX,.%XP( —jméH 1) eXD (J,kn2)

n=-1

—exp(Jukn Z'.l/‘fi)exp(—jmnz) Foonm!
n=1
—vXn{exp(—J,kn ngL)exp(j»x,,z)
n-1
—exp(jven 33 H)exp(— jusnd) hon™)

N
for n=2,3,------ , N, namely, > H;z2z=>H, ---(4.17)
i=1

N N
von(2) = exp(Jukn+ 21 H)exp(—jaena2)on” for z=> ngl - (4.18)

=
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in which .k, and ,X, denote the values of egs. (2.40) and (3.24) when sub-
stituting by w=,w, respectively, namely,

=] 5 sy Knmexp(—ueaty) - (4.19)

It is noted that for the stable multi-layered half-space the eigen-values are
complex numbers with positive immaginary parts and that the system of eigen-
vectors, or that of eigen-functions, may be of a type of complex generalized
orthogonal system even in the case of perfectly elastic media, not to mention
visco-elastic media, because of the presence of the diffusive energy to the half-
space in addition to the energy dissipation due to viscosity.!¥,22-29 For in-
stance, in the case where the multiplicity is one for all the eigen-values, the
following generalized ortho-normal condition may be valid for the system of
the complex eigen-vectors :!¢),29,25)

Coadwatn, {uon™ v ={2dnn}n CA(<]]TZ)>)]2:E‘;1‘§D];:UD {son"In=28,>  --(4.20)

In particular, for A=x=vy, the above equation means
(4" Guw)]
2/

In eqs. (4.20) and (4.21), the symbol 8, denotes Kronecker’s delta, the sub-
script IV outside parentheses indicates a normalized eigen-vector, {(A4,.” (j,w))
represents the value of the pth derivative of the matrix (A), which is defined
by eq. (3.10), with respect to jw when substituting by w=,0, and the row
vector {,¢yn} denotes the adjoint eigen-vector of the column eigen-vector {,px"},
which are defined as a set of the non-trivial vector solutions of the following

homogeneous equations :

(AG) Hopw™} ={0}, {1dn}(AG)I={0}, u=0,1, N --(4.22)

Under the assumption “4y¥11(J,@) =0, a solution of the first equation of (4.22)
is given by eq. (4.15) and a solution of the second equation is expressed as

{pn} ={PVAnT5 G}, VARH() %0, 2=0, 1, N -(4.23)

By using the set of complex eigen-vectors which are given by egq. (4.15) and
(4. 23), respectively, the operator defined by the first and second terms in eq.
(4. 21) takes the form

Hwnds Lo ={Pdx TG}, {P4riti (o))

(8] N+17 7 .
= ANNH(]:«;U;Z’)NM(“(]VCU) 0 - (4.24)

{ogantns (ontn)={vun}n {vox"tn=1 - (4.21)

Then, the set of the two complex normalized eigen-vectors, {,ox"}x and {tban}tn,
associated with the simple eigen-value ,@ can be expressed as follows:

L _ (O Ay 310}
ben by = Lo 7~ T a R G}, Odn st Gayyre 420

{ ¢nn} {Mdp 33w} -(4.26)

W= o T = TP Iy T 7)), {Od 177137
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in which the square root means either of the two branches.

Next, we will show that for a set of visco-elastic operators p.(8/0r), n=1, 2,
------ , N, N+1, all of which have real coefficients, there exists a pair of zeros,
w«w and -,@, which are symmetric with respect to the immaginary axis. Since
all the coefficients of y4. expressed as a function of jw are real numbers, the
following equations are valid for the eigen-value ,w.

NAC*(juw)=NAC(_jvw*)=0 (4.27)

where the superscript * denotes the complex-conjugate. The above equations
show that a set of eigen-values (,w, -,®) exists both of which have the same
absolute value |.@w| and are expressed in the following forms :

v(U':R(v(U) +]I(va))
w=—,0*=—-R(w)+j1(w), I(w)*0

From egs. (4.25), (4.26) and (4.28) it is found that the two sets of normalized
eigen-vectors which correspond to the eigen-values ,0 and -.w, respectively,
constitute the following two pairs of complex-conjugate vectors :

---(4.28)

{vox"}y for .o and {Lox™*}y for

(+++4.29)
{wwn)n for . and {,gx*}y for @
By making use of eq. (3.16) and the expression
_ (-t A-Xa®
LA 0 5 % +(4.30)

the impulsive response {g} of the multi-layered half-space to the incident waves
at the bottom boundary through the half-space is expressed as

= {Vdn i)

{g}:%g {G}exp(;wz)dm—z Sm?exp(jm)dcu -+ (4.3D)

where

4y _ (=D)**1y54

TAN———
7 ha-earxmia-xo 4.3

As shown in the later part in this section, the so-called residue theorem may
be applicable to evaluation of the infinite integral in eq. (4.31). Therefore,
assuming that all the eigen-values are simple and taking into consideration eqs.
(4.15), (4.25), (4.28) and (4.29), the impulsive response {g} may be expressed
in terms of a set of complex eigen-vectors and that of complex eigen-values
as follows:

{@}=i( &+ EIRG.))exp(jwn) = —2 ST R(G ) Yexp ()

SiCE + ER(LAEGO} e e

v=—to  y=1 rAn(Grw)

=3+ 5 U} o Gam =2 5 R(— Lo exp(jian)
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co 2\ 1/2
=2 EIR(-[(’f A iju{)”é'}’fw}; {von™}tn exp(juwf)) -+(4.33)

in which R(G(j,w)) denotes the residue of a function G(jw) at w=,w. From
egs. (4.28) and (4.33), it is found that for the stable multi-layered half-space,
all the eigen-values shold be complex numbers having positive immaginary
parts.

In the case of the linear visco-elastic multi-layered media excited at the
bottom boundary, the fundamental equation governing the transfer functions
G'¥s, n=0,1,- , N-1, is given by

(ANG"Y={F"} - (4.34)
in which for N>2
aga?o ........................ 0
0 a:a; Qeereennee L, 0
(4= 0 ovvvriniiianas 0ar_,arare,0-ooeemeene (435)
O «vremvainnnns i 0 ai::'lla%:}
and
G, 0
G/}v W { Q l
(G} = -(4.36),  {F}= < (4.3D)
G'i 0
G- G'E=1 fru-t) [Vt = —ait

The eigen-value problem associated with the homogeneous equation of (4.34)
is, of course, concerned with the one-dimensional dynamic problem of the linear
visco-elastic multi-layered plate. As in the case of a multi-layered half-space,
the characteristic equation given by det(A’}=0 is identical to the equation

»dd/=0 ---(4.38)
in which x4 is contained as the denominator in eq. (3. 46) giving the explicit
expressions G'#', for n=0, 1, , N and N>1, and is defined by eq. (3.22) and

egs. (3.24)-(3.28).
By making use of egs. (3.22), (3.23) and (3. 49), y4. is written in the follow-
ing form:
nde' = n-1d{1 = X1 -GEZD), N=2 -+ (4.39)

Substituting the second equation of (3.33) in eq. (4.39) and equating the pa-
rentheses to zero, we have

1= X (= Gimty = (= XaDneset A=bu-d) Xatwmsdle _ e _ 4 40y

N—ldc N"IAC

The above equation means that the displacement at the bottom of the multi-
layered media is zero, because Xy(G§i-1) and X! represent the transfer
function of the arriving waves and of the emitting waves at the bottom boun-
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dary when considering the incident waves at the (N—1)th boundary through
the Nth medium as the input. From eq. (3.50) substituted by the second
equation of (3.33) and eq. (4.40) the following simultaneous recurrence for-
mulae for x4. and ~4. are obtained:

whde= A +by X D) n-1de— by —bp-DXn*nu-14"¢
NA/c= (1 —XNZ)N—ldc+ (1 _bN—l)XNzﬁ—IA'c

for N=>1 --(4.41)

in which
bo=—1, ode=od’ =1 ---(4.42)
Although it is shown that y4. has no zeros on the real axis, y4’c may have
real zeros in the case of the perfectly elastic media. In fact, for the case
where N=1, the characteristic equation of a perfectly elastic single-layered
medium

1 — — Z(AHi . - p— /T .
40 =1+Xt=1+exp( - . )_o, v=y/ 2 (4.43)
has the following set of a2 denumerably infinite number of real zeros:
{yw’}={ (21'}_11)&}, y=0, +1, £2,--- . (4.44)
. 1 :
or
' N _(_2"—1_)”0' — (2.?.’___1)71'_”' = .
(', oy = {1 T -(4.45)

In the case where internal damping due to viscosity exists, however, all the
zeros of y4’. are complex numbers, because in eq. (4.40) both inequalities,
[1-G¥73 <1 and |Xy*|<1 are valid for any real o except zero, and because
zero can neither be a zero of y4. nor xy4’c. The latter reason is easily found
from eq. (4.4) and the following equations which are valid for w=0.

N N -1 N -1
~4:0) =£|(1 —b), nd'(0)= G D =2_171(1 —by --(4.46)

and
GL0) =2, G'3(0) =1 - (4.47)

As found from eqs. (3.16) and (3.46), the transfer functions G’}'. of the
multi-layered media subjected to the excitations at the bottom boundary are
expressed in terms of the co-factors of the matrix (A4) given by eq. (3.10) as
follows :

sam Dy =0 1o N 4.4
N 1)AN1‘\\,;+)) n=u, 1, ) '”( - 8)

in which 4511 is equal to the determinant of the matrix (A’) given by eq.
(4. 35).

As in the eigen-value problem associated with eq. (3.9), the eigen-vectors
{v¢’s"} corresponding to the eigen-value ,w’, which is a zero of y4'c, is written
as
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{0 W ={Pan " ¥ (G@)), n=0, 1, N—1
DdnyInGaw) %0,

and the eigen-function ,¢'y(2) is expressed in terms of {,¢'x"} as follows :

-~ (4.49)

X
wo' n(2) = X'2+1 (exp(/it'2) +exp(—Fu’2) Jutp’ wt
= Z-EeXp(jufn’z) +exp(—J.k1'2) 1’ &°
for H;>z>0 ---(4.50)
1 . ral R
y(D/N(Z) =WE{vXn,2“p(_]vxn/’2 Hw) GXP(]yIEn/z)
V. n =]
. n-1 .
—exp(Juen’ EHD exp(—Jukn’2) b/ w"!
n—1
—.X/{exp( —juc,.’fZH,-) exp(Juka'2)
=1
n-t
—exp(Juka’ E)Ht) exp(—7uka’2) hoo' ™)
for n=2, 3, , N, namely, %‘,Hfgz_z__Hl -(4,51)
i=}
in which
wo' aV =0 -+ (4.52)
and
/= e/
v’ =, }/ p,.(jya)) v X' =exp(—j k' Hz) (4.53)

As easily found by comparing eq. (4.15) with eq. (4. 48), the complex eigen-
vector {,¢x"} normalized by the condition, ,ox"=1 can be obtained by sub-
stituting the complex eigen-value ,» in the expression of G’} given by eq.
(3. 46) or eq. (4.48). Similarly, the eigen-vector {,¢’y"} normalized by the con-
dition, ,¢’x"-'=1 is obtained by substituting the eigen-value ,w’ in the following
reduced transfer functions;

G 01 g, ntt . Oy AL
G'a= G;));T= (udi’%if=cﬂ'—1’: @y, vN+|
Il (1 b) 17 X.,.A‘
-t o, =0, 1,0, N—1 ~-(4.54)

N-—]Ac

which mean the transfer functions of the (N—1)-layered media subjected to
the excitations at the bottom boundary as shown in eq. (3.46) or eq. (3.47).
Generally, from eqgs. (3.46) and (8. 47) the following relations are obtained :

1n ,_G”. - G‘Gl —G/n'_ ]A ”“ im'ﬂ_jd ’; I};: Ig %ii
m= G’Zﬁl - Gm‘ =Y om = “]A n +1 [N-M‘+1JA :1::: H Ki:
N>m>m +1 and N>w'>wn’ ---(4.55)

From the above equation it is found that the eigen-vector and eigen-function
of the N-layered half-space or those of the m-layered media, which are normal-
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ized by the value at the m’th boundary, can be obtained by substituting the
relevant eigen-value to the reduced transfer functions of the m’'-layered media
subjected to the excitations at the bottom boundary as far as the inequalities
in eq. (4.55) are taken into account.

In what follows, we will discuss the definite properties of the singular points
of the one-dimensional wave-transfer functions of the linear visco-elastic multi-
layered half-space. Since it is difficult to describe precisely the properties of
the singular points for the general class of linear visco-elastic media, we will
confine ourselves to the special classes which seem to be frequently encountered
in practice, First, we will consider the case where the type of visco-elasticity
is common to all the layers and the half-space, namely

Pn(jw) =Paeg(Jw), n=1, 2,----- , N, N+1 ---(4.56)

where pn’s are the real-valued distribution coefficients of visco-elasticity. In
this case, the complex wave number &, given by egs. (2.40) and (2.41), and
the wave-transfer function associated with the reflected waves to the incident
waves at the nth boundary through the nth medium b, defined by egs. (2.53),
(2.54) and (2.56) are respectively expressed as follows :

e | T }
K= \/ 20y @R (k) >0 for I(w)=0 (4.57)
b \/pr:D_— \/pn-vEH;) __ PaUn0 " Pn+1Vntro ..(4.58)

" \/bnpno + ‘/pn+llsn+lo B OnVno + Prs1Vn+10
in which vao’s are the distribution coefficients of wave velocity defined as
Vo=V bro/pn ~(4.59)

From the above equations, it is found that for this special class, &.'s are ex-
pressed as frequency-dependent complex numbers, while b.’. become frequency-
independent real numbers.

Transforming the frequency parameter w to a new parameter 1 by the equation

=0 V1/q(jw) ---(4.60)

it can be shown that the problem concerned with the above-mentioned special
class of linear visco-elastic media are reduced to the problem for the perfectly
elastic case. Hence, if the singular points of the one-dimensional wave-transfer
functions for the perfectly elastic media are
known, those for the linear visco-elastic
media are obtained by using the inverse

transformation of eq. (4.60) which is de- " ©>H>0

noted as |FZ§ 2' ® 2,420
0=1 . (4.6D) 2/ ,

© 2,420

For instance, in the case of the three
element model of the linear visco-elastic
media as shown in Fig. 3, the operator Fig. 3 Three element model of a linear
q(jw) in eq. (4.56) is expressed in the visco-elastic medium.
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form
) = LTI
where
= g2 _ganter 4 o
Y2 208 w 2t

0> >0, 0y, />0, ©=>c>d>0 --(4.63)

and the inverse transformation is determined as follows :

ey, =—3]a~ +exp( )\/ A+B +exp( )Q/m . (4.64)
4= g { 272512 ‘(?cd"l)‘z}
B- ‘\/ st +( 4~ 64~ 10807 ) 37 + 5 +(4.65)

In particular, in the case where oz tends to infinity the three element model
is reduced to the so-called Voigt model, and the coefficients in the operator ¢(jw)
given by eq. (4.62) become

/

=, d=0 - (4.66)

In this case, by considering the higher terms with respect to d-! in eq. (4.65)
it is found that eq. (4. 64) is reduced to

Tz 13 cﬂxﬁ'
1(1)_3d+exp( )Sd 1-94 -+z\/3 s

232 v
+exp(— ) \/l 9d x/ 3 Clé
~ Jek ‘/___'0_222'
=7y +1-~ 4.67)
which is, of course, the inverse transformation of eqg. (4.60) for the Voigt
model’s operator ¢(jw) =1+ jcw.

In the case where 54/ =00 the model consists of two parallel springs and the
two coefficients in eq. (4.62) and their ratio become

— _C _aptop
c=d=o0, d- (4.68)

Substituting the above equations in egs. (4.64) and (4. 65) the following inverse
transformation is obtained for the operator ¢(jw)=c/d.

37 /1+exp( )\/__SCdR=‘/%X - (4.69)

In this case, multiplying a constant by the distribution coefficients p.o’s, the
operator q(jw) can be reduced to unity.
In the case where either of oz or 4/ is zero, the model has only a spring

O exp(; )
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and the operator ¢(jw) becomes unity. . _
Henceforth, we can assume without loss of generality that the inequality

0 >c>d>0 -+ (4.70)
is valid for the three element model shown in Fig. 3. By substituting eq. (4.62)

in eq. (4.57) and by taking into consideration eq. (4.70), the complex wave
number is expressed in the following form :

o [l+jdo
= o N 1+jcw
oR(&)>0, I{k.)<0 for I{w)=0 (4.7

Hence, in this case, the branch points of the one-dimensional wave-transfer
functions G7’s, which are defined by egs. (3.21)-(3.23), (3.25)-(3.28), (4.58)
and (4.71), consist of a zero and a pole of the operator ¢(jw) given by eq.
(4. 62), namely

lO)b="Z" and wr= —é +(4.72)

each of which has a positive immaginary part.

As previously mentioned, if the singular points of the one-dimensional wave-
transfer functions of the perfectly elastic multi-layered half-space, which may
be composed of a denumerably infinite number of poles {,4, -,A}, having the
positive immaginary parts, are known, the poles {,w, -,w}, which may also
have the positive immaginary parts, of the linear visco-elastic multi-layered
half-space can easily be determined by using eqs. (4.64) and (4. 65).

Next, we will consider the properties of the one-dimensional wave-transfer
functions in the neighbourhood of the branch points and at infinity for the case
of multi-layered half-space which is composed of the visco-elastic media re-
presented by the three element models as shown in Fig. 3. Here, the visco-
elastic operators p,(jw)’s are assumed to be different in each medium and given
by

: 1+jene_
Da(Jw) = pro 14idww’ n=1, 2, - , N, N+1 --(4.73)
00 >C, >dn =20

Hence, in this case, there exist 2(N+1) branch points {,@s, 2ws}=1{7/cn, 7/dx}
and a denumerably infinite number of poles {.w, -.w}.
Representing the complx parameter @ in the form

w=0+jr - (4.74)

the complex wave number associated with the nth medium is expressed as
follows :

o [1+jdo

vno ¥ 1+ jCoww = R(en) +71(s) - (4.75)

Kn=

R)=- L 0G+ VCi+ D) +1D,
YT e VE, V2 VG+VCitDe
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1 7(Co+ VC,2+D,®) — 8D,

Ik = — m T " T O
OC ) Uno \/En \/2 \/Cn"' \/an-I-Dnz (476)
and
2 v VO 2+ D2
e D)
where
1 1
Cn=Cndn[62+( ——C:)(T— d" )]
Dn:(cn_dn>6 (478)
En=0"2[52+( _CL>2]20
and

Cott Da=cotdot{ 00+ (r—l)( —di)] +(eamdi)20"

+Cadn (2T—L)(2r—din)

Here, it is noted that the following inequalities are valid:
Cot VCi2+Da? 20, 8D,=>0 ---(4.80)

In particular, in the case where d.=0, eqs. (4.78) and (4.79) are reduced
respectively to the following equations:

--(4.79)

Co=1—car
Dh=cq8 ---(4.81)
1 2
Ev=ci(p+(r- 1))
and
C2+D2=E;2 ---(4,82)

Since k. given by eq. (4.75) is analytic except the two branch points j/c, and
j/d., the function X, defined by eq. (3.24) is also analytic except for these
points. On the other hand, the wave-transfer function b, associated with the
reflected waves at the nth boundary to incident waves, is expressed as

= OnVno \/Q_i-jcnw) a +jdn+lw) ~ Pre1Unt10 \/(l -|-an+|0)) <1 +jdﬂw-)—“'(4 83)
pno ¥ (U 7Ca0) A+ Jdnir@) + parsVnsro VY A+ jeamw) A +jdnw)

and its squared absolute value is written in the form

lan2=2R(an) +1 _ (R{aw) —1)2+1%*(am)
lea2+2R (o) +1  (R{aw) +DE+1%a)

|bn "'(4.84)

in which

Pn¥no (1 +an(D) (1 +jd,.+1w)
On+1Unt10 (A +jenn1) 1 +jdw)

= ~-(4.85)
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From eq. (4.83) it is found that the branch points of the function . consist
Of 7/Cn, j/dny j/Cntr @and j/dnei. And, from egs. (2.54), (4.84) and (4.85), it is
shown that if the pertinent cuts excluding the four branch points are con-
sidered, the equation a.=—1 can not be valid in the complex w-plane. Then,
the function b, is one-valued, analytic and bounded in the complex plane with
the above-mentioned cuts. Hence, the one-dimensional wave-transfer functions
G%'s defined by egs. (3.21)-(3.28) are one-valued analytic functions in the
complex o-plane with the cuts excluding the finite number of branch points
{j/cn, i/d}, n=1,2,-----, N, N+1 except for a denumerably infinite number of
poles which are zeros of y4. given by eq. (3.23).

In the following it is shown that the one-dimensional wave-transfer functions
G}’ are finite in the neighbourhood at any branch point, j/c or j/d, of the set
{j/tx, 7/ds} in which

C=Cny=Cnp==r+--++ =Cny

N+12p, ¢=1 ++(4.86)
d=dn,=dn,=+++ =dn,,

As regards the branch point j/d, it is easily found that the values of b.’. and
Xa's, n=1, 2, N, N+1, at this point are finite, hence, the one-dimensional
wave-transfer functions Gj’. are also finite at the branch point j/d as well as
in its neighbourhood.

To find the properties of the one-dimensional wave-transfer functions GJ's
at the branch point j/c, we consider the neighbourhood enclosed by an arbi-
trarily small circle around the branch point. Supposing an arbitrarily small
positive number ¢ we set

w=cexp(j6)+-7- (4.8
namely,
5—ccos, r=esin0+—i ..(4.88)

Substituting the above equations in eq. (4.78) we obtain
C=cde?—(c—d)sinf-¢
D=(c—d)cosf-e -(4.89)
E=c%

Hence, when ¢ tends to zero egs. (4.76) and (4.77) are asymptotically ex-
pressed as follows :

Rz —LosfvVezd 1 o VI=smpve=d 1
() V 2V 1~sinf ctvn Ve UGy V 2 ¢ Ve (4.90)
and
. c—=d 1
= 2=_c“5,.07 - -(4.91)

By using eq. (4.90) the function X, given by eq. (3.24) is expressed as
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V1—singve—d H, ) ( . cosf-Ve—d Hn>
X.= 2= /N - Mt ‘AN .
exp( V' 2 cny Ve ) TP\ 2V 1—sinf cva Ve
M=y, Y, , Mp (4‘92)

From the above equation, it is found that when ¢ tends to zero X,’s for n=n,,

Hgy e , np diverge with exponential order except for §=n/2.
By taking account of the fact that b, for n=1, 2,------, N, N+1 and X,’s for
nxmy, Mg, , M, are finite and non-zero at the branch point, j/¢, and by sub-

stituting eq. (4.92) in eqgs. (3. 21)-(8. 23), the order of the one-dimensional wave-
transfer functions G5’; in the neighbourhood of the branch point is determined
as follows:

o{e3 sesso-esinss L))

=O(exp<—% 1%{,-5’,‘ }:{;»

Nanm=n+l
n=0,1, , N -(4.93)
where {m}=ny, 7, - , np and the convention given by eq. (4.14) is to be

adopted in the summation for n=N. From the above equation, it is found that
in general the one-dimensional wave-transfer functions Gj7's are finite in the
neighbourhood of the branch point j/c¢ and that except the case where n=N
and the case where #=nr/2 the absolute values of G2’s vanish in exponential
order as ¢ tends to zero.

Finally, to examine the properties of the one-dimensional wave-transfer func-
tions G’: at infinity, we consider a circle having its center at the origin of
the complex w-plane and an infinitely large radius.

w=Rexp(i®) -(4.94)
namely,
d=Rcosf, r=Rsin@ ---(4.95)

In the case where d. not equal to zero, by substituting eg. (4.95) in eq.
(4.78) we obtain
Cﬂ,=Cnan2“Sin0‘(Cn+dn)R+1
Dy=cos@-(cn—d) R -+ (4.96)
E.=c.2R*—2sin§-c.R+1
Hence, when R tends to infinity egs. (4.76) and (4.77) are asymptotically ex-
pressed as

d. R

R(xn)zcosﬁ-/ ‘j—: lfo, Ioc,,);sinﬁ./ " (4,97
and
2
ooz ulfoz (4.98)

Substituting eq. (4.97) in eq. (3.24) the asymptotic formula of the function X,
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is given by

. d. H, H.
Xn’z‘exp(smﬁo,/—g o R)exp(— o R)

From the above equation it is found that in the case where 4, not equal to
zero, the absolute value of X, diverges in exponential order in the upper half-
plane, vanishes in the same order in the lower half-plane and remains to be
unity on the real axis when R tends to infinity.

Similarly, in the case where d, is zero, eqs. (4.76) and (4.77) are expressed
in the following forms as R tends to infinity:

Rix)= cos§f VR = _ V1=sinf Vi=sing VR 4100
(=) V1-sinfv2, a0’ () V2n  Uno ¢ )
and
~1 ..

P =4 e ot (4.10D)

Hence, the asymptotic formula of the function X, is determined as

Vv1—sinf H, ;5 cosd
Xozexp(—-YASind oy ) (- -1/R)
eXp( V2. Vo VR )exp (-~ V1-5nfV 26 no

0>, >0, dn=0, R—o - (4.102)

From the above equation it is found that in the case where d. is zero, the
absolute value of X, vanishes in exponential order in the complex w-plane
except the positive immaginary axis on which it takes the value of unity when
R tends to infinity.

By taking into consideration the above-mentioned facts as well as the fact
that all 6,’; are finite at infinity the order of the one-dimensional wave-transfer
functions G3’s at infinity is determined as follows :

O(|Gi(jRcos— Rsind)|)

. il d: H V1-—sinf o1 H; )
= — R LA it
0 <exp ( |Slnﬁ| t=¥+1 Ci UVio V2 \/ 2 \/ Ci Vi )

di*0 d

!I’

~-(4.103)

where in the summation for n=N the convention given by eq. (4. 14) is adopted.
Hence, it is found that when K tends to infinity, the absolute values of the one-
dimensional wave-transfer function Gjg's for n=0, 1,------ , N—1 vanish in ex-
ponential order while the absolute value of G¥ remains finite in the complex
w-plane, at least except the real and posotive immaginary axes on which the
absolute values |GFl|'s for n=0, 1,----- , N are able to be finite and oscillatory
if a certain condition is satisfied.

For the special case where both ¢, and d» are zero, that is, the perfectly
elastic medium, no branch points exist and the quantities given by eq. (4.78)
or eq. (4.81) become

C.=E.=1, D.,=0 -+-(4.104)
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Then, eqs. (4.76) and (4.77) take the forms

Ried=0R  1(r)=S00p (4.105)
Uno Uno
and
|fcn[2=%-R2 ~-(4.106)
n0
Hence, in this case, the function X, is expressed as follows:
. H, . H,
X.=exp (51110 zﬁR) exp (—]cosﬁ e R)
chv=dn=0 --(4.107)

By comparing the above equation with eq. (4.99), it is found that the be-
haviour of the function X, at infinity for the perfectly elastic medium is similar
to that of X, for the linear visco-elastic medium in which co>c¢,>d.>0.

Therefore, all the preceding discussions about the behaviour, in the neigh-
bourhood of the branch points and at infinity, of the one-dimensional wave-
transfer functions G2}’s are valid for the general multi-layered half-space which
is composed of the linear visco-elastic media represented by the three element
mode] shown in Fig. 3, including the Voigt type media and the perfectly elas-
tic media. Also, based on eqs. (3.66)-(3.68) it is found that the singular
points of the one-dimensional wave-transfer function at an arbitrary point in
the linear visco-elastic multi-layered half-space are the same as those of G}’
and its properties in the neighbourhood of the branch points and at infinity
are similar to those of G2's.

As for the one-dimensional transfer functions G’Fs of the multi-layered
media, which consist of the linear visco-elastic media characterized by the
three element model, subjected to the excitations at the bottom boundary,
similar discussions as previously mentioned on the singular points and the
properties of such functions at the singular points and infinity can easily be
taken up based on egs. (3.22) and (3. 46) together with the known properties
of the one-dimensional wave-transfer functions Gj's.

5. Concluding remarks

As one of the basic studies related to the supposition of a reasonable model
of random earthquake excitations according to the dynamic characteristics of
the ground at the site of a structure, the analytical expressions of the one-
dimensional wave-transfer functions of a general class of linear visco-elastic,
horizontally multi-layered half-space to vertically incident plane waves at the
bottom boundary through the half-space are obtained and the singular points
of such wave-transfer functions and their properties in the complex plane are
discussed.

The one-dimensional wave-transfer function associated with an arbitrary point
in the multi-layered half-space is defined as the ratio of the Fourier transform
of the response at the point to that of the incident waves at the bottom bound-
ary, and it can be expressed in terms of the wave-transfer functions associated
with wave propagation and such one-dimensional wave-transfer functions as-
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sociated with the adjacent boundaries.

By making use of the method of mathematical induction and the concept of
feed-back loop, it is verified that the one-dimensional wave transfer functions
associated with the boundaries in the linear visco-elastic multi-layered half-
space as well as the characteristic equation of such a dynamic system are
expressed in the successive product forms in terms of the wave-transfer func-
tions associated with wave propagation and with the reflected waves at the
boundary to incident waves and some kind of symbolic operator related to 2
certain multiplication.

Based on the above-mentioned product forms involving the symbolic operators,
the eigen-value problem of the linear visco-elastic multi-layered half-space and
the properties of the one-dimensional wave-transfer functions in the complex
plane, especially, the behaviour of such functions in the neighbourhood of the
singular points and at infinity, are discussed.

As 2 result, for the usually encountered multi-layered half-space which is
composed of the linear visco-elastic media represented by the three element
model including the so-called Voigt type media and the perfectly elastic media,
it is shown that the singular points of the one-dimensional wave-transfer func-
tions consist of a finite number of branch points on the positive immaginary
axis and the two sets of a denumerably infinite number of poles with positive
immaginary parts, both of which are zeros of the characteristic equation and
symmetrical with each other with respect to the immaginary axis. And also,
it is found that the one-dimensional wave-transfer functions of the multi-layered
half-space are one-valued analytic and bounded in the complex plane with the
cuts excluding the branch points with positive immaginary parts except for
the poles which also exist in the upper half-plane and that the wave-transfer
functions vanish in exponential order at infinity for almost all points in the
full complex plane as far as the inner points of the multi-layered media above
the half-space are concerned. However, it is noticed that the one-dimensional
wave-transfer function associated with the bottom boundary adjacent to the
half-space takes the non-zero finite values at infinity. These properties of the
one-dimensional wave-transfer functions may guarantee the physically realiz-
able condition of the transfer function and also assure the applicability of the
residue theorem in expressing the impulsive responses as well as the variances
and co-variances of the random responses in the linear vsco-elastic multi-layered
half-space in the forms of infinite series expansions.
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