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Abstract

In sediment transport of sand mixture, the characteristic quantities of sand motion
are different for each grain size, and it follows that temporal and spatial changes of bed
constitution must be caused thereby. Therefore, the characteristic quantities of sand
motion for each grain size should he clarified in relation to bed constitution to describe
sediment transport process and subsequent phenomena in alluvial beds composed of sand
mixtures. At first, mechanical properties of rough bed composed of sand mixture are
investigated in relation to grain size distribution, and particularly the statistical properties
of relative height and angle of escape of exposed particles are inspected by a simulation
method. Next, the so-called critical tractive force for each grain size, which is one of
the most fundamental quantities, is here theoretically investigated. On its estimation, the
equivalent sand roughness of mixed sand bed is necessary and a new model using the
concept of equivalent size of non-uniform particulate materials is proposed. Moreover,
the other characteristic quantities of sediment motion for each grain size are inspected
based on a film analyzing method. These research projects must give important informa-
tion to describe various kinds of alluvial phenomena observed in natural rivers of which
beds are composed of widely distributed sands and gravels.

1. Introduction

In sediment transport of sand mixture, the difference of characteristic
quantities for each grain size causes a change of bed constitution as well as
the change of transport process itself. Such a complicated phenomenon cannot
be explained by applying a sediment transport formula as an all-round expression,
but the individual constituent elements of transport process must be investigated
for each grain size in relation to bed constitution and the process as a whole
must be described based on this relationship.

The most suggestive research for this problem is Egiazaroff’s one,” where
the critical tractive force for each grain size has been derived, and this has
been applied to the sediment transport rate formulae by Hirano” and Ashida et
al.¥ However, gradation properties of sand mixtures have not been sufficiently
considered in Egiazaroff’'s model, and a mere substitution of the critical tractive
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force for each grain size given by Egiazaroffs model to bed load transport
formula in equilibrium condition cannot be appropriate because a non-equilibrium
situation is inevitably caused in any transport process of sand mixtures, There-
fore, more detailed treatment is necessary for this kind of problem.

In this paper, the characteristics of grain size distribution of a sand mixture
are at first inspected, particularly the relation between the characteristics of bed
surface constitution and grain size distribution of an entire mixture is inspected
because individual sediment motion and subsequent bed changes can only depend
upon the top layer of the sand bed. On the other hand, sediment transport
process can be divided into the two sub-processes: incipient motion and travelling
process of moving particles. The former can be represented by the so-called
critical tractive force, and a physical model is derived under consideratior. of
mechanical properties of sand mixtures. Furthermore, the estimation of sediment
pick-up rate for each grain size, which is a better representation of incipient
motion than the critical tractive force, is investigated based on this model. As
it is difficult to make a physical model for travelling sub-process, it is mainly
investigated based on experimentally obtained data, Namely, so-called consti-
tuent elements of bed load transport formulae are measured by a flume experi-
ment and their characteristics are inspected from a viewpoint of mechanics of
particle motion. These measurements are performed by a film-analyzing method

using a 16 mm movie camera and a dynamic frame.

2. Mechnical Properties of Bed Composed of Sand Mixture

2.1 Fundamental consideration on grain size distribution

The properties of an entire mixture are usually represented by a weight
basis distribution of grain size, which is obtained by a sieve analysis. The
density function of this weight basis distribution of the entire mixture is to be
expressed by p(d). By the way, sediment motion and subsequent bed changes
are limited to the region near the bed surface, and only the materials exposed
at the bed surface are significant. In case of sand mixtures, grain size distri-
bution of the exposed materials must be different from that of the entire mixture.
Particularly, a number basis distribution of the exposed materials is significant
for an analysis of individual sediment motion, and its density function is to be
represented by p(d). Moreover, in case of the sampling of bed surface materials
using grease, wax or spatula, the weight basis distribution of the exposed ma-
terials is adopted, and its density function is to be represented by #(d). In
any study on sediment mixtures, the above-mentioned three distributions are often
used, and it is necessary to clarify the basic relations among them.

When 5 (d) is known, 3 (d) can be calculated using the following equation,
because a weight basis distribution is identical with a volume based one.
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where a is the maximum diameter and & is the minimum one of the sand mixture.
Inversely, the following equation is valid.

B = B@ /a4y [ F@ @

By the way, a sample of the thickness of one sand grain of exposed ma-
terials should be gathered. If, on the other hand, the gathering thickness of
the sample becomes large enougn, the sample would represent the entire mixture.
When 5 (d) and the number of sampled exposed sand grains N are given, the
number of exposed grains of which diameter is in the interval [d,d+4d] is
Np (d)4d. If the sampling thickness is s and the gradation of the mixture is
homogeneous in depth, the number of grains of this size-class involved in the
sample is Np (d) 4d- (s/ A,d), where A, is one dimensional geometrical coefficient
of sand. Hence, p(d)} can be calculated from 5 (d) as follows.

P =NB (@) (/Ad) - A/ {(NsA/ 4 (775 (ry )

— &5 (d)/ L"n?p ) d7 3)

where A; is three-dimensional geometrical coefficient of sand. According to the
above equation, p(d) can be also regarded as the density function of the area
occupied by the sand grains of diameter d. Hence, when £ (d) is known,

B@ = e@/ay/ [ (p /7y | @

The mean diameters are defined for the above three distributions; p(d), p(d)
and % (d), respectively:

dp= LbﬂP(W) dy, d.= Lbnﬁ (mdn, dn= Lbﬂfb' (mdn ®)

These are the weight basis mean diameter of the entire mixture, the number
basis and the weight basis mean diameters of the exposed materials, respectively.
Similarly, several kinds of median diameters can be defined.

The above-mentioned relationships have been verified experimentally. In
the experiments, three kinds of sand mixtures which were artificially prepared
were used, and p(d) was predetermined for each mixture. The sample mixtures
were colored by six kinds of volatile ink in order to distinguish the individual
classes of grain size from one another. Sand beds composed of these mixtures
were carefully prepared and the bed constitutions were inspected by photo to
obtain p(d). Moreover, the top layers of the test beds were carefully lifted off
by a spatula, and sieve analyses of dried samples were done to get p(d). p(d),
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Fig. 1 Measured Grain Size Distributions.

p(d) and p(d) are shown in Fig. 1 by accumulated probabilities, and they are
compared with theoretically calculated curves. From this figure, it is recognized
that (d) can be measured by photo with good accuracy, and p (d) and $(d) can
be mutually converted. On the other hand, #(d) can be measured by the
lifting-off method with less accuracy because of the difficulty of this technique,
and thus a direct sampling method of the exposed materials must be improved in

future.

2.2 Some calculations for typical distributions

Grain size distribution of sand mixture is liable to show an asymmetric
type, and a log-normal type is frequently adopted. In fact, most of the previous
data in fields show the adaptability of a log-normal distribution.” Moreover,
in case of log-normal distribution, theoretical calculation is easy. However,
the range of sand diameter in this case is (0, o) against the fact. The simplest
case where the maximum and the minimum are finite is a “log-linear” type of
distribution, of which distribution curve is linear on a semi-logarithmic paper.
Here, these two types of distribution are inspected.

When the weight basis distribution of the entire mixture follows a log-

normal one, p(d) is expressed as follows:

»()dy= — (og 1=log ds) f} d (log 7) ©)

U
- e
log 0, v/27° " 2 log’d,
where
o w 12
log ds= jﬂlogw(mdv; tog g, = { [ "togn—tog dwypmyar} " @)

ds, is the geometric mean diameter, which is identical with the median diameter,
and log ¢, is the geometric standard deviation. Moreover, g, is the log-standard

geometric deviation, and

0, = \/dsa/dw =dsy/ dy = ds/ s )
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where d, is the size for which 9% of the entire materials are finer by weight.
The calculations using Egs. (4) and (1) show that 5(d) and F(d) become
similar to Eq. (6). In other words, if a log-normal distribution is available,
all distributions are also log-normal irrespectively of sample or basis, and the
log-standard geometric deviation is invariant. Moreover, the above calculations
give the following relations.

In (d’\au/dso) = 21n25¢ )
In (d s/dy) = In’0, 10

where dy and dy are number basis and weight basis median diameters of the
exposed materials, respectively. Furthermore, using Eq. (58), some mean dia-
meters are calculated, and

In (dn/dy) = (1/2) In’s, (11)
In(d./dw) = — (3/2) In’c, (12)
In(dn/dyw) = (3/2) Ing, (13)

The relationships given by the above equations are illustrated in Fig. 2. The
results of direct calculations based on Egs. (1) ~(5) are also plotted there.

When the weight basis distribution of the entire mixture follows a log-
linear one, its distribution function P(d) and its density function p(d) are ex-
pressed by the following equations.

P(&) =0.5+ (0.34/Inq,) -In & (14)
P() =(0.34/Ing,) - (1/0) (15)

where {=d/dy, and g,= \/d54/dla for convenience’ sake. The limits of the dis-
tributing range, &, and &, are given by

CGo=0 T =0T (16)

In this case, the weight basis mean diameter of the entire mixture is analyti-
cally calculated, and

dp/ds= (6,""—0,7""") /2.94 In g, (17)
p (L) can be converted to p (&), and d,/dy can be calculated also analytically.
& ={1/(0"" =g, } - 1/&) 18)
A/ d=2/ (0, + 0,7 (19)
Moreover, ds/ds can be obtained by putting (&) =0.5, and
dso/d= 2/ (0" + 0, (20)

The relationships between ¢, and the characteristic diameters such as d,.da
and dy are shown in Fig. 3, where some directly calculated values are also
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plotted. These results are compared with the theoretical curves for log-normal
type, and it is recognized that the changes of the characteristic quantities due
to g, in case of log-linear type are more gradual than those in case of log-normal
type. This tendency may depend upon whether the range of distribution is
restricted or not.

Furthermore, some specialized distributions are inspected. At first, two
kinds of distributions schematically illustrated in Fig. 4(a) are compared to
each other: Sand W, widely distributed along both edges of distributing range
of sand diameter, and Sand N, narrowly distributed along the both edges. The
characteristic diameters calculated using the method similar to the above are
shown in Fig. 4(b). Next, the asymmetry of the distribution curve on a semi-
logarithmic paper has been inspected. Namely, Sand G and Sand F, distribution
curves of which are illustrated in Fig.4(¢), are compared to each other. Here,
apparent values of ¢, corresponding to the coarser part of sand mixture and the
finer part, O,=vds/dy and Gy=+dy/ds (Cpe-0,;=0,"), and a parameter 7.
=4+0,,/0, are introduced. The calculated results for the characteristic diameters
are shown in Fig. 4(d). From these analyses, it is recognized that the weight
basis characteristics such as d,, are much influenced by the distribution properties
of the coarser part, while the number basis characteristics such as d, are by
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Fig. 4 Characteristic Diameters (Sands N, W and F, G).
those of the finer part.

2.3 The characteristics of rough bed composed of sand mixtures by
simulation method

Though the most fundamental property of bed surface related to sediment
motion is the number basis distribution of materials exposed at the bed surface,
the relative position of individual exposed particle on the bed such as relative
height and angle of escape must be clarified. However, an analytical treatment
of this problem is difficult, and thus, the bed constitution is idealized and a
numerical simulation is derived to inspect the fundamental properties as expressed
by relative height and angle of escape.

For simplicity, an idealized two dimensional model is adopted here. The

basic rough bed is considered at first, which is formed by non-uniform particles

arranged for their centers to be connected in a straight line. It is assumed
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3§ xj+n

Fig. 5 Definition Sketch.

that the exposed particles are placed on this basic rough bed under stable states,
as shown in Fig. 5(a). The arrangement of non-uniform particles composing
a basic rough bed and the patterns of stable states are probabilistic. These
are here considered statistically using the number basis probability density func-
tion of exposed particles.

At first, p(d) is given and this is converted to 5(d) by using Eq. (3).
Next, random numbers with mean unity following to 7 (d) are produced by
converting the uniformly random numbers, and a hypothetical rough bed is
determined by arranging the particles whose diameter are equal to the pro-
duced random numbers.

When a particle placed on the basic rough bed is put in contact with two
particles composing the basic rough bed as shown in Fig. 5(a), the coordinate
of the center of the placed particle (xy,y;), and its angle of escape f3; can be
expressed by

T) Ri : Ei D +7 !
=X, (2 B e )= (B P 2 x,- x)
@)
D, R\ 2
vy (25 - x)) (22)
8y="7 —arcsin {29,/ (Ri+Dyun)} (23)

where X; and Xj,, are x-coordinates of the centers of the two particles con-
tacted with the placed particle, and D; and Dy,, are the diameters of these
two particles respectively; and R; is the diameter of the placed particle. By

(21) and (22), (xj,y;) is calculated in succession from the condition j=1
and n=1. But it is necessary that the obtained point satisfies a condition that
the three points (X, 0), (2;,y,) and (X;.,, 0) can form a triangle. This con-

ez, (B B (5]

The points which do not satisfy the above condition must be rejected. More-

dition is written as

over, even if the above condition is satisfied, impossible states as shown in
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Fig. 6 Grain Size Distribution (Log-Nomral and Log-Linear Distributions).

Fig. 5(b), where the particle in the downstream side of the (j+n)-th particle
obstructs a particle placed on the bed from contacting the j-th and the (j+1)-th
particles, may be involved in the results. These must also be rejected. Its

criterion is given by
V(z;— X))+ 9/ =R +D,,n (m: arbitrary number) (25)

Lastly, even if the above conditions are satisfied, unstable states as shown in
Fig. 5(¢) may be involved in the results, and these must also be rejected.

This criterion is given by
Xy<lx;<Xjin (26)

Under the above conditions, (x;, ;) and §; (j=1~+2000) have been calculated
for each R; by computer, and their distributions have been inspected. The
inspections have been carried out for several kinds of grain size distribution
curves as shown in Fig. 6.

In Fig. 7, the average height of the center of exposed particle (the height
from the level of the line connecting the centers of particles composing a basic
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rough bed) for each grain size, ¥, is shown against d;/dy. The characteristics
of 3, are almost invariant among a log-normal type and a log-linear type, and
the relationship between ¥, and d,/ds is almost consistent with the broken
line in the figure. This broken line indicates the theoretical result for a basic
rough bed composed of uniform particles. In such an idealized case, the height
of any exposed particle and the angle of escape for each grain size are determi-
nistically given by the following equation.

¥i/dp=V{(d/dy) +1}*—1 (27)
Eta =arcsin {Juo/ (dﬂuo -+ di) } (28)

On the other hand, the standard deviation of the height of exposed particle
for each grain size, 0, is shown in Fig. 8. When d,/dw=1.0, the variation
coefficient of {y;} is about 0.06~0.2, and the distribution of {y;} is comparatively
narrow,

The average value of angle of escape for each grain size, §,, is shown in
Fig. 9. According to this figure, the effect of ¢, in case of log-normal type is
more appreciable than that in case of log-linear type. The broken line in this
figure indicates Eq. (28), and this corresponds to the case g,—1. When all
the particles have the same diameter, ,=m/6, which is given by putting d,/ds,
=1 in Eq. (28). Of course, it is the value for an idealized condition, and in
fact the measured value for sand is larger than this because of the three di-
mensional effect. However, the ratio §;/f, may be significant, and the value of
Bo should be determined experimentally or theoretically after considering the
three dimensional effect (see Appendix A).

The result for the variation coefficient of angle of escape for each grain
size is shown in Fig. 10. According to this figure, the variation co-efficient
of angle of escape for coarser sand is about 0.5~0.8, and the distribution of
{8} is more significant than that of {y;}.

Furthermore, the correlation between {y;} and {8} is also inspected. The
correlation coefficient between {y;} and {8}, 7, has been calculated and the
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results are shown in Fig. 11. According to this figure, 0<(y,;<0.5, and it
can be concluded that the height and the angle of escape of individual exposed
particles on bed surface for each grain size have a weakly positive correlation,
though the average values, ¥; and B;, have a negative correlation because ¥,
is larger and B, is smaller for coarser sand. A part of data, which are the
calculated results for the case of log-normal distribution, is shown in Fig. 12,
and it is concluded that {y;} and {@;} can be regarded as being almost inde-
pendently distributed. In Fig. 12, the correlation between ¥, and B is also
indicated by a broken line.

3. Theoretical Consideration on Critical Tractive Forece for Each Grain
Size

3.1 Criterion of incipient motion

It can be assumed that particles, except for much finer ones, are dislodged
from a bed as rolling motion around the particle respectively contacting in down-
stream side in case of weak sediment transport under the condition of nearly
critical tractive force. Considering the drag force D, the lift force L, and the
submerged weight of sand W (see Fig. 13), the following equation is obtained
for the critical condition for a particle of diameter d,.

¥y
{Submerged Weight)
Fig. 13 Definition Sketch.
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Upes - _%'Sin A -
(0/0—1)gd;  CpAy (ks sin Bs+cos By

(29)

where Cp: drag coefficient, Cp: lift coefficient, ¢: density of sand, p: density
of fluid, ¢: gravity acceleration, u,: local flow velocity near the sand particle,
Ay three-dimensional geometrical coefficient of sand, and §: angle of escape.
Moreover, the subscripts, ¢ and ¢ represent the values corresponding to sand of
diameter d; and to the critical situation, respectively. In Eq.(29), it is assumed
that Cp and C, are constant irrespectively of sand diameter, and %, represents
the ratio of C, to Cp,. Applying the logarithmic law for flow velocity profile
in case of hydraulically rough regime, the dimensionless critical tractive force
for each grain size, 74,, can be obtained. Similarly, the dimensional critical
tractive force for uniform sand Ty can be obtained. The obtained value of
Tyeo Dy this method does not necessarily coincide with that widely accepted
because of additional effects due to turbulence and sheltering. However, the
ratio of Ty tO Ty validly indicates the effect of sand mixture. Hence, it is
important to estimate this ratio, and the value of 74, should be separately
estimated by the previously established method for uniform sand. The ratio
of Tyer tO Ty is written by

Txet 1n{30.1 (z0/kw)} ]
o =28 |:1n{30.1(z¢/k,)}:| (30)

Txeco

where

_ kysin By4cos By sin 8,
Se(B) = sin 8, ky sin 8+ cos 3 D

z: the representative height of sand particle from the theoretical wall of velo-
city profile, £,: the equivalent sand roughness, and the subscript O represents
the value in case of uniform sand.

If it is assumed that 2=0.63d, B;=0, and k,=d,, Eq.(30) becomes almost
identical with the well-known Egiazaroff’s equation.” In Egiazaroff’s original
paper,” k, is not always identical with d,, but %, is frequently assumed to be
d, for convenience’ sake. In this case, the effect of sand mixture is represented
only by &;=d,/d,, and it has been pointed out that the shape of grain size dis-

tribution cannot be considered.

3.2 Statistical situation of exposed particles for each grain size (Esti-
mation of z; and fz(8))

Here, the results obtained in the preceding chapter are applied, where the
statistical properties of height of the center and angle of escape of a particle
resting on a rough bed composed of non-uniform particles as shown in Fig. 14-(a)
have been investigated. Although the actual situations of river bed surface
and exposed particles may be much different from this model, the critical trac-
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tive force in case of uniform sand has also been investigated under an idealized
condition as shown in Fig. 14(b) in almost all of the previous works. Hence,
the information obtained from such a simplified model can be significant at least
on estimating the ratio of the critical tractive force for each grain size of sand
mixture to that of uniform sand.

According to the preceding chapter, the average height of particles resting
on an idealized bed for each grain size is approximately expressed by the follow-
ing equation irrespectively of grain size distribution as shown in Fig. 7.

¥o/do=V{(di/dw) +1}2—1/2 (32)

By the way, 2; in Eq. (30) is the height of the center of the exposed particle
from the theoretical wall of velocity profile, and then this may be slightly
smaller than %, However, the theoretical wall cannot be easily determined
analytically, and z; may be approximately estimated by the following equation.

2/dw=a(d;/dw); a=0.5 (33)

The relationship between sin §; and E,-Ed,-/a?w is obtained as shown in
Fig. 15 based on Fig. 9. From this figure, the relationship between sin 3; and
&, varies with ¢,=+Vds/d;; in case of a log-normal type of size distribution,
and in case of g,—1, sin 8;—{1/(1+§&;)}. Meanwhile in case of a log-linear
type, the relation between sin 8; and §; may not vary appreciably with respect
to 0, as mentioned in the preceding chapter.

As for the angle of escape for uniform sand, the one dimensional model
gives that sin 8, =0.5. Moreover, it is assumed that 4, =0.85 after the experi-
mental result by Chepil,” and then, fz(#;) is calculated as a function of sin {,.
The relationship between fz(8;} and &; for a log-normal type of size distribution
is shown in Fig. 16. In case of a log-linear type, the properties of fz(f))
are almost similar to that for ¢,~2 of a log-normal type. As the relationship
between fz(#;) and £, cannot be represented by any appropriate mathematical
expression, Fig. 16 should be used in the following.
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If a model, where sliding dislodgement is assumed as an incipient motion,
is adopted, frz(B;) corresponds to the ratioc of the static friction coefficient for
each grain size of sand mixture to that of uniform sand, s,;/ty. The variation
of the average static friction angle of sand mixtures due to the parameter ¢,
was measured by Tsuchiya® for sand mixtures almost following log-normal type
of size distribution. Such an averaged value may correspond to fz(f,), where
B, is the average angle of escape for sands of d, in mixture. Theoretical
relationship between fz(8,) and ¢, can be obtained by Fig. 16 and the following
equation.

n=dy/dsu=exp{(5/2) In’c,} (34)

The above equation is valid for a log-normal distribution and is obtained from
Egs. (9) and (11). The comparison between theoretical result and experimental
data is shown in Fig. 17, and it shows a good agreement. fz(8.) is a decreasing
function of ¢,, and from this result it can be concluded that sand mixtures move
more easily than uniform sand at least from the gravitational or frictional aspect.

3.3 Equivalent sand roughness of a bed composed of sand mixture

When the flow over a rough bed is represented by the so-called logarithmic
law, the equivalent sand roughness should be estimated. Its estimation, how-
ever, is difficult particularly in case of sand beds composed of sand mixtures.
In the previous study, d,, dss and others were adopted as %, for convenience’
sake without any physical background. Then, using the concept of *“‘equivalent
size of sand mixture”, a physical model to determine k, is proposed.”

Now, the flow properties as expressed by velocity profile over a mixed
sand bed is to be equivalent to that over a uniform sand bed of diameter d..
Then, tractive forces acting on both beds per unit area must be identified.
Hence, the following equation must be valid.

1

Eo 2 2
— A ds -
2 Cppund, 1,d,

& P
=312 ChpuyAyd i L 35
p 2 B pPUAsay L (35)
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where p, is relative frequency of particles of d; by weight basis in an entire
sand mixture, and ¢ is the so-called sheltering coefficient. It is assumed that ¢;
is constant irrespectively of sand diameter and is equal to g. Applying the
logarithmic law for flow velocity profile in case of hydraulically rough regime,
the following equation is obtained because the friction velocity is common for
both beds.

In? (30.1a/c) = X [1n*(30.1ay./an.) - 1] (36)

where b, =ad,, 1,=d;/dsy, 1.=d./ds, and « is a correction factor because %; is
not necessarily equal to grain size even in case of uniform sand. Here, the
logarithmic law is significant only when

d;>(ad,/30.1a) 37)

Hence, it is assumed here that the acting forces in the direction tangential to
the bed upon the particles finer than (ad,/30.1¢) must be zero. Rewriting
the right hand side of Eq. (36) by continuous size distribution 2 (%), the follow-
ing equation with respect to 7, is obtained.

A ) In*9,—2B(7,) In 7.+ C(2,) =0 (38)
where
A(n)=1—P(an/30.1a)
B@)={1—P(an./30.1a)}In (30.1/cx) + E'[In 7] (39

C(1.)=2{In(30.1a/w)}- E’[Iny]+ E’[In*y] — P(a7./30.1a)-1n*(30.1a/c)

P(z) = pr (n)d7 (40)

=

ane/30.1a

Eal= [T apmar=Eld- [ zpaan

ane/d.1a

‘ (41)
E(z]= ["zp(nan
Though Eq. (38) is difficult to solve analytically, the first approximation of

its solution can be easily obtained, where the condition given by Eq. (37) is
removed, as follows.

In 7, =1n(30.1a/a) + E[In 7]
— VIn?(30.1a/a) —In(30.1a/a) E[In 7] — Var[In 7] (42)

where
Var[z] = E[z*] — {E[z]}* (43)

If the distributing range of grain size is narrow enough, the above approximation
is effective.  When a log-normal distribution is adopted,
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In 7, =1n(30.1a/a) — vIn*(30.1a/a) — In’s, (44)
On the other hand, when p (%) follows a log-linear type,
In 7, = In (30.1a/a) — vIn* (30.1a/a) —0.72In’0, (45)

By the way, the higher order approximation of the solution of Eq. (38)
can be obtained by the following method, in succession. When the j-th approxi-
mation, %y, is known, the (j+1)-th approximation, %, ;,;, is a solution of the

following equation,

A (776.1') 1n277e.j+1 - 2B (ve.j) 11’1 77e._f+1 + C ("7«2.}) = O (46)

Therefore,
Pejrr =B (Res) — VB (Tes) — A (We.f) C(_ﬂej (47)

The calculated results for 7. and %, are shown in Fig. 18 by solid and dotted
lines respectively, and d,./dy(=7.) and dg/dsy, which have been almost identi-
fied with %,/dy, to date, are also shown in this figure. On the calculation to
obtain this figure, it has been assumed that ¢=0.5 and &« =1.0. Comparing the
present estimation of k, with the experimental data,”® the scatterings of ex-
perimental data are so appreciable that one cannot conclude which estimation
is good, but the present estimation is at least more reasonable than those adopt-
ed previously. Moreover, the idea mentioned here to estimate the equivalent
sand roughness is so general that it can be applied to a kind of artificial rough-

ness (see Appendix B).

8.0 T
Log-Normal Type / 2
6.0 /,’ —1T 10

nITI,‘ ne s EITI
Nor,
~

19

- 10
]'QI.O 2.0 40 6.08.010 . .

ogz./d84/d.|6

Fig. 18 The Calculated Results of 7. and 7. Fig. 19 9y /768 m0,=" daa/dss.
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3.4 Critical tractive force for each grain size of sand mixture

According to the above arguments, the critical tractive force for each grain
size of sand mixture is obtained based on the following equation.

Twoi/ Taeo =S (B) - [In 15.05/1n {15.05 (7 /7.) {:} ] (48)

The above equation is written for the case that a=0.5and ¢=1.0. On calcu-
lation of Eq. (48), fz(#:) is given by Fig. 16, and 7. by Fig. 18. Moreover,
as for 7, and §,, which is necessary to convert £, in Fig. 16 to &, and the
variation of 7,/7. and &, against ¢,=+vd,,/d,, are shown in Fig. 19 for a log-
normal and a log-linear (OPQR) types of grain size distribution,

Based on the above results, Fig. 20 is obtained for a log-normal distribu-

40

3,

=i Tsuchiya
0,1} @ Hirano
1 1

0.0 1 | 1 1] 1

0.1 1.0 , .
Co=d /4

Fig. 20 The Ratio of Dimensionless Critical Tractive Force for Each Grain Size of
Sand Mixture to That for Uniform Sand.
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Fig. 21 The Ratio of Critical Tractive Force for Each Grain Size of Sand Mixture
to That for Uniform Sand of Which Diameter is Equal to d,,.



18 H. NAKAGAWA, T. TSUJIMOTO and S. NAKANO

50
. f ~——— Present Hodel
ol <3 I I " Egiazaroff
T h —— Ashida-Hichive
Researcher(s) ag
1. Authors 1.44
10 S § Lan.n
2.0 T 2.0 X
I — ar] ) b -70
e !| . | | == an2 L $Asada et al. 5.00M6.00
: o . | . gad F b ®Ashidaetal.3.73
*e0 o - . oHirano 2.3
\ o d" 2 r1Tsuchiya 1.2002.00
K T g‘ B
o ”%'!0 s @ Muramoto Field Data
e Ko ?@ Py
o 1.0 4
0.6 at o, Hayashi et al.] B .
[ 3 N o Tnn:h:_n - 2.5 ~.
Krame 3.0 .
Schaffernak . L Nt
04 - E i a8 Y *
W © tngels log] 3 Q}' P~
L N Gibert
é U.S.W.E.S. *
Tshihara
| l | & Ai, Sato i Ly
FafiN L IV -
0.2 2 4 € B 10 20 0'0'_1 1.0 10
o9 = Agyhg tyEd/dy
Fig. 22 Experimental Data for txem/Txco- Fig. 23 The Ratio of r4¢; to Tueo-

tion, and the experimental results rearranged from the data by Tsuchiya® and
Hirano? are also shown. The theoretical result and the experimental data show
good agreement. Particularly, the present model gives a better estimation for
coarser sands than Egiazaroff’s equation.”

Additionally, Eq. (48) can be rewritten in another version. Namely, it is
Tei/ Teom (= (Tyeet/Txeo) &) » and the calculated curve is shown in Fig, 21, where
7.; is the critical tractive force for sand d; in sand mixture and 7, is that
for uniform sand whose diameter is equal to d,. According to Fig. 20 and
21, the present model can explain the difference of the critical tractive force
for each grain size due to the difference of grain size distribution, and particles
of d,, in sand mixture are easier to be dislodged than uniform sand which has
diameter d,, if the present model is applied. The experimental data collected
by Tsuchiya® and Hayashi et al.” are shown in Fig. 22, and the fact explained
above is certified roughly. Although in the present model only particles resting
on the rough bed have been considered as done in almost ail of the previous
models for uniform sand, the bed constitution cannot always be such an idealized
one and it must change during sediment transportation. Therefore, the present
model cannot be universally applied, and the actual sand bed condition and its
change by sediment transport should be carefully investigated in future, though
the present model suggests a favorable approach to this kind of problem.

Another problem is concerned with incipient motion of much finer particles.
These particles existing with coarser particles may be lifted up by turbulence
strongly distorted by coarser sands. By considering this effect and using a
simplified model for pressure fluctuation,” Fig. 23 has been obtained. The result
of this model is somewhat similar to the modification of Egiazaroff’s equation
by Ashida and Michiue.” However, it involves many ambiguous assumptions
and it should be further improved in future. Additionally, some experimental

data of critical tractive force for each grain size® ¥ *"'""!" are also plotted in Fig. 23.
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4. Experimental Study on Characteristics of Sediment Motion for Each
Grain Size of Sand Mixture

In order to solve the sediment transport problem of sand mixtures reason-
ably, it is necessary to clarify the characteristic quantities of sand motion for
each grain size. Therefore, the consistuent elements of bed load transport pro-
cess are experimentally investigated for each grain size.

Experiments were conducted in a tilting flume 9m long and 33 cm wide.
Five kinds of sand mixtures, grain size distributions of which are shown in
Fig. 24, were prepared, and alluvial bed for each sand mixture was carefully
laid in the experimental flume. The alluvial bed was 3 m long, and its upstream
and downstream parts were made of fixed rough beds in order to keep the
same hydraulic roughness throughout the flume.

Over the alluvial part of the experimental flume, a movie camera was set
to make a film of the alluvial bed and the sediment motion on it. The number
of frames of cinefilm per second was about 37~38. The precise value was
obtained by taking pictures of a stop-watch for each experimental run, The
pictured area on the alluvial bed was about 15c¢m square. The pictured films
were analyzed by a dynamic frame (a film motion analyzer) and a sonic digitizer

1.0

Accumulated Probability, P(d¢)

0.1 10.0

d; (mm)

Fig. 24 Grain Size Distributions of Sand Mixtures Used in Experiments.

Table 1 Experimental Conditions.

RUN U Fr 1 Ry Uy u,d sv T d, dy ]

(cm) [ (cm/sec) ¢ {cm) | {cw'sec) ol m (b (cm) s
LA-1 | 7.27 46.5 0.55 | 0.0028 6.12 4.10 92 0.0462 0.210 0.225 1.44
LA-2 | 6.57 | 44.8 0.56 | 6.0033 | 5.70 4.29 97 0.0506 | 0.210 | 0.22% 1.44
LA-3 | 7.11 | 47.0 0.56 | 0.0033 | 6.10 4.44 100 0.0542 | 0.210 | 0.225 1.44
8-1| 5.52 | 41.9 0.57 | 0.0033 | 4.86 3.96 100 0,0385 | 0.210 | 0.252 1.83
LB-2 | 6.41 45.9 0.58 | 0.0033 5.53 4,23 167 0.0439 0.210 0.252 1.83
LB-3 | 6.84 48.8 0.60 | 0.0033 5.8 4.3 109 0.0462 0.210 0.252 1.83
1B-4| g.56 | 55.8 0.61 | 0.0033 | 6.99 4.75 120 0.0554 | 0.210 | 0.252 1.83
Le-1| 6.99 4.1 0.68 | 0.0033 5.96 4,39 119 0.0438 0,210 0.272 2.
-2 7.1 47.4 0.57 | 0.0033 | 6.09 4.4 121 0.0448 | 0.210 | 0.272 2.3
-3 | 8.4 58.1 0.64 | 0.0033 6.80 4,69 128 0.0500 0,210 0,272 2.3
L¢-4 | 5.01 43.7 0.30 | 0.0033 4.39 .77 103 0.0323 0,210 0.272 2.3
LC-5| 6.10 47.9 0.38 | 0.0033 5.24 4.1 132 0.0384 0.210 | 0.272 2.31
LC-6| 6.38 | 51.5 0,42 | 0.0033 | 5.37 4,17 13 0.0395 | 0.210 | 0.272 2.3
L0-1| 6.35 48.3 0.61 | 0.0033 5.41 4.18 73 0.0617 0.150 0.175 1.91
tb-2 | 8.26 | 53.5 0,59 | 0.0033 | .84 4.70 82 0.0781 | 0.150 | 0.175 1.9
-3 9.99 | 56.7 0.57 | 0.0032 | 8.07 5.03 88 0.0894 | 0,150 | 0.175 1.91
LD-411.24 | 61.7 0.59 | 0.0033 | 8.34 5.3 94 0.1011 | 0.350 | 0.175 .9
L0-5 | 8.93 | 69.4 0,74 | 0.00s2 | 7.31 6.11 167 0.1319 | 0.150 | 0.175 1.9t
LD-6 | 10.32 | 64.1 0,64 | 0.0050 [ 8.6) 6.50 14 0.1493 | 0.150 | 0.175 1.91
LE-1| 6.20 49.9 0.64 | 0.0033 5.24 412 o4 0.0460 0,150 0.228 2.70
e-2| 7.722 | 56.5 0.65 | 0.0033 | 6.28 4,51 103 0.0552 | 0.150 | 0.228 2.70
LE-3| 9.56 §9.0 0.61 | 0.0029 7.46 4,60 105 0.0574 0.150 0.228 2.70
LE-4 | 11.52 | 60.7 0.57 | 0.0033 [ 9.1 5.43 124 0.0800 | 0.150 | 0.228 2.70
LE-5 | 9.46 65.0 0.68 | D.0050 7.86 6.21 142 0.1046 0.150 0,228 2.70
LE-6 | 13.88 | 59.5 0.51 | 0.0050 | 11.83 7.8 174 0.1517 | 0.150 | 0.228 2.70
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to obtain instantaneous positions of individual sand particles. Sand particles
were colored by 5~8 kinds of volatile ink in order that individual classes of

grain size could be easily distinguished from one another.
The experimental conditions are indicated in Table 1, where h: flow depth,

U: mean flow velocity, Fr: Froude number, I,: energy gradient of flow, R,:
hydraulic radius only due to bed roughness and p: kinematic viscosity of water.
The measurements were finished before an appreciable armor coat had been

formed in the measuring section.

4.1 Sediment pick-up rate for each grain size

For uniform sand, a model to estimate the pick-up rate p, was derived by
the authors previously,” and an approximated formula is written as

Pa=pVd/ (G/0—1)g
=FykByCy { (kysin B+cos B) /B -ty Al — (Tue/Tu) }° (49)
where By= (6/0—1)/{(0/0+Cy) A +k}, Co =(A/245)- A -Cp, Ay=uy/tty,
Fyk,: an experimental constant, Cy: added mass coefficient of sand particle, k,d:
gyration radius for the gravity center of a sand particle and #,: friction velocity.

In case of spherical uniform sand,"?
F,=F.kB,C,~0.03 (50)

And, the pick-up rate for each grain size of sand mixture may be expressed by

Dsyi=Du ‘/di/ (¢/0—1)g
= Fy(sin §;/sin 8) (Bo/B1) Txeor (Tut/Te) {1 — Tuet/Taet) }°
where Egs. (30) and (31) have been used. The validity of the above equation

will be verified here experimentally.
By the film analysis, the relationship between the measured dimensionless

pick-up rate p,4; and the dimensionless bed shear stress r,; has been obtained
In this figure, the experimental

(51)

for each grain size, and it is shown in Fig. 25.
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Fig. 25 Sediment Pick-up Rate for Each Grain Size of Sand Mixture.
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data, which also involve the data rearranged from the experimental results ob-
tained by Tsuchiya® and Ashida et al.,” are compared with the theoretical esti-
mation based on the present model, where it is assumed that T,,=0.035.""
According to this figure, the estimation of pick-up rate for each grain size based
on the present model seems to be successful, though some scatterings of the
experimental data are found.

4.2 Speed of moving particle for each grain size

In case of uniform sand, the average speed of bed load particles in motion
can be comparatively well approximately by the equilibrium speed of sliding
motion." This does not necessarily support the conjecture that most of particles
are sliding along the bed, but in fact some particles are sliding, others are
rolling or in saltation, and the instantaneous speed of a particle appreciably
varies mainly due to collisions with bed protrusions as clarified by the authors’
research.” In case of sand mixture, if the above approximation is allowed for
each grain size, the average speed of moving particles for each grain size 7
can be given as follows.

S/ f_‘.{ll (,1,5-05dc,.’7m_ _2u4, L} 59
V(e/0-1)gd, * dn m> CpA: VTy (52)

where the logarithmic law for hydraulically rough flow is applied and £ is the
Karman constant. 4 is the dynamic friction coefficient, which is assumed to be
constant irrespectively of particle diameter, and the value of # has been inves-
tigated in case of uniform sand to be about 0.35.® The above equation will
be here experimentally inspected.

By 16 mm film analysis, instantaneous particle speed for each grain size has
been evaluated from the travelling distance during about 0.03 sec. Since this
quantity is clearly a probablistic one, about a hundred samples for each grain
size have been extracted and statistically analyzed.

The results for the averaged speed of moving particles for each grain size
obtained by a film analysis are compared with the theoretical estimation based
on the above model in Fig. 26. Due to the narrow range of 7,; in the ex-
periments, the adaptability cannot be necessarily concluded but the tendency of
the experimental data for each grain size can be comparatively well explained.

On the other hand, the experimental data for the variation coefficient of
particle speed for each grain size, which is represented by «,; are shown in
Fig. 27. Strictly speaking, a,; seems to decrease with 7y, for each grain size,
and @,; for finer particles seems larger for any value of 7,;. Roughly speaking,
the value of «,; is about 0.3~0.6 and the difference of «,; due to ¢, 74 and
d;/d, is not so appreciable. In other words, the normalized statistical distri-
bution of particle speed is almost invariant though the mean value is different
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Fig. 26 Average Speed of Moving Particles for Each Grain Size of Sand Mixture.
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for each grain size. The above statement is supported by Fig. 28, where norma-
lized probability density of particle speed for each grain size measured experi-
mentally is shown. The solid line in this figure is the probability density function
of gamma distribution, the shape parameter of which is 5, and it is consistent
with the experimental results.

4.3 Number density of moving particles for each grain size

Though the concept of the number demsity of moving particles can be
physically recognized, it is difficult to measure it by a film motion analysis
because even a moving particle must be at rest instantaneously or in one frame
of cinefilm, Therefore, the number density of moving particle, v,, has been
obtained from the transport rate, gz, and the average speed of moving particles
according to the following equation.

Vo = q}ii/ﬁa{Aadia (53)

As the fraction of area on a bed occupied by the i-th size class particles can
be represented by p,, the number of particles of diameter J; exposed at the bed
surface per unit area is p;A,d;® and the probability of motion for a sand of d;
is given by n4:;/p;, where n,,=V,;A,d;*. The relationship between n,,/p; and



Characteristics of Sediment Motson for Respective Grain Sizes of Sand Miztures 23

W0 o
L[
9
— 3 o
e L1 sle®
I:’ hd O% —
o Cﬁgmc 09
| e} — l“
L] ° 2
2| ® 10
10 a0 Hfoq qﬁ' F = )
° Pows 1 D A «
) "4 s*i 84, o, 1 LAY
) ||
£ 75 @4, .
o %l °° 153 84 oF
? (23 2
R
L
10 di/dy oo "t
® 00.520.7 . e
. ©0.740.9 ¢ s
©0.01.2 e
[ |.g:;.6
@1.6n2.1 ]
@2.1:2.6 l—f— J[
4 ®2.603.5 165 Pl N
wts T w0t Wl 162 wl ol
10 LLUM MeifPi
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Tyt is shown in Fig. 29. Comparing this figure with Fig. 26, the response of
My; tO Ty 1S more sensitive than that of Ty, to t44, and then, it can be concluded
that the increase of transport rate due to that of bed shear stress depends
mainly upon that of the number density of moving particles. However, it is
difficult to make a physical model to estimate the number density because the
number density at any point cannot be always related to the bed shear stress
at that point uniquely.

In case of equilibrium sediment transport, it is easily .conjectured that n,
must be intimately related to p,,. As the data of the present experiments are
expected to be those for equilibrium conditions, the relationship between 4:/#:
and p.e; has been investigated based on them and it is shown in Fig. 30.
According to this figure, the following linear relationship has been found out.

Pswi =0.037n4:/p, (54)

4.4 Step length and its distribution for each grain size

The estimation of step length is also difficult because the step length may
be determined by probabilistic repetition of collisions with bed protrusions.'”'
Therefore, based on the above results clarified mainly by experiments the chara-
cteristics of the mean step length will be investigated here.

From the equations to give the transport rate in equilibrium, the folowing
equation can be obtained.

Nyt/Pr= A/ TVgsei) Do (55)
where 'I_J‘,*iz"l?qi/'\/(o'/p—l) gd; and ,;=4;/d;. If Eq. (64), which has been ex-

perimentally obtained, is approved,
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At/ Ty = const.==1/0.037 =27 (56)
Meanwhile, the ratio of 4; to T,y can be written as follows.

A/ Tyses= (Ai/ V) / {dt/\/ (6/0—1)gd} (57)

The numerator of the right hand of the above equation represents the time
for a sand particle to travel a distance A4;, and this can be called the “moving
period” of a step. On the other hand, the denominator of the right hand of
Eq. (57) represents the time for a grain to move a distance equal to its dia-
meter by its terminal velocity. When these two characteristic times are repre-
sented by T, (=4,/7,) and T, (=di/V (@/o—1)gd,) respectively, Eq. (56) is

rewritten as
T./T,=27 (58)

Though this result is interesting, its universal applicability has not been certified
because the present experiments do not cover all the possible conditions.

By the way, the step length cannot be directly measured by a film analysis,
because it is usually longer than the pictured region. Thus, most data for
mean step length have been obtained by an indirect method as explained below:
After gpyi(=qp:/V (0/0—1)9dy), Puxs and p; have been measured by a film
analysis, 1; has been indirectly obtained according to the following equation.

A= (QB*i/Pt) : (Az/Aa) . (l/Pnkt) (59

Moreover, a part of the data have been obtained by direct measurements by
eyes, where about a hundred samples for step length have been extracted for
each grain size, and their mean has been calculated. These experimental data
of mean step length for each grain size are compared with Eq. (56) in Fig. 31,
and it is concluded that the mean step length for each grain size can be approxi-
mately estimated by Egs. (56) and (52).

Sediment transport of sand mixture easily degenerates non-equilibrium, and
not only the mean step length but also its distribution must play important roles
in such a case. Hence, the distribution of step length for each grain size has
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Fig. 31 Mean Step Length for Each Grain Size of Sand Mixture.
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Fig. 32 Distribution of Step Length for
Each Grain Size of Sand Mix-
ture.

In Chapter 2, the mechanical proper-
ties of mixed sand bed have been investi-
gated. At first, the relationship between
the aistribution of materials exposed at bed surface, which is intimately related
to bed load motion and subsequent change of bed constitution, and that of
entire mixture has been inspected, and some examples have been shown. Fur-
thermore, more concrete properties such as relative height of individual exposed
particle and its angle of escape have been investigated by a derived simulation
method.

In chapter 3, incipient motion of bed particles for each grain size has been
theoretically investigated, and it has been clarified that the so-called critical
tractive force for each grain size is determined by the statistical situation of
exposed particle and the so-called equivalent sand roughness of mixed sand bed.
Here, a new model to estimate the equivalent sand roughness has been reasonably
derived using the concept of “equivalent size of non-uniform particles,” The
critical tractive force for each grain size obtained as a result of this chapter
may give a better estimation than Egiazaroff’'s model particularly in case of the
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coarser part of sand mixture. Moreover the present model can explain the
effect of the shape of grain size distribution, which has not been considered
to date.

In Chapter 4, experimental investigations on the characteristics of bed load
motion for each grain size of sand mixture are explained. This chapter is based
on the measurements of the constituent elements of bed load transport process
for each grain size by a 16 mm film analysis. The sediment pick-up rate and the
particle speed for each grain size can be well explained by physical models
derived here. Furthermore, the number density of moving particles and the
step length have been investigated and some instructive relationships have been
experimentally obtained.

The information obtained in this study must be available for recognizing
the internal structure of sediment transport process of sand mixtures, and they
may be applied to analyses of some phenomena such as armoring process observed
in alluvial streams composed of sand mixtures.
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Appendix A—Three-Dimensional Effect on Bed Constitution

Here, idealized three dimensional situations of bed constitutions are con-
sidered, and Egs. (27) and (28) will be improved.

At first, two-dimensional arrangements of uniform size particles on a plane
are considered as a basic rough bed, meanwhile in the section 2.3, one dimen-
sional arrangement has been considered. Then, the following patterns of ar-
rangements of identical spherical particles can be considered as shown in Fig.
A. Next, a particle of diameter ck is considered to be placed on the particles

Fig. A Basic Patterns of Particles Arrangements (Plane View).

of diameter k£ arranged in the above patterns. The height of the center of the
placed particle represented by v, and the other symbols are defined as shown
in Fig. B. Consulting with Fig. B, the following can be derived:

y/k=v A +c) =4 (AR, A/k=1/(2siny), d=n/n (a)

where 7 is the number of angles of a polygon which forms a basic pattern of
arrangement (2=3,4,5), and ¢ is an angle formed by a side of the polygon and
the line 7-7T’, which is perpendicular to the line P-O'. The point P is
one of vertices of the polygon, and the point O’ is the foot of the perpendicular
from the center of the placed particle to the plane involving the polygon.
When the placed particle moves along the plane DPOQO’, the angle of escape
becomes maximum. The point DD represents the position of the center of the
placed particle. In fact, however, the moving plane of the placed particle is
not always on DPQ’ but it can revolve around an axis DO’. When the angle
formed by the line P-O’ and the intersecting line between the moving plane
and the plane involving the polygon is to be represented by the symbol 0, the
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n=3

v Fig. C Definition Sketch.
N

N {b)
Fig. B Basic Patterns of Particles Arrangements.

angle of escape 8 becomes a function of 0.

For simplicity, the case of #=23 will be considered as shown in Fig. C(a).
The moving plane of the placed particle is parallel with the z-z plane, and
the angle of escape B(0) is equal to the revolving angle of a tetrahedron I-
OBC with respect to the vy-axis in order to satisfy the condition where the
trigon ODB is perpendicular to the x-y plane. The coordinates of the points
D' and B are given as D’ (Acos 0, Asin0, 0) and B(ksin(¢—0), kcos(¢—8&),
0), respectively. The point D’ is the foot of the perpendicular from the point
D to the plane OBC, and the situation where 0=0<{¢ is considered here. When
the tetrahedron D-OBC revolves by an angle # around the y-axis, the points
B, C, D and D’ are to be translated to the points B, C, D, and D/, respec-
tively (see Fig. C(b)). Namely, Dy (A cos@cosf, Asinf, Acosfsinf), and
B, (ksin(¢—0)cos B, kcos(¢—0), kecos(p—0)sinf). When the coordinate of
the point D is to be represented by (a, Asinf, 7), the following relation
should be valid.

(Acosfcos B—a)*+ (Acossin B—7)2=4* (b)
Because the line O-D,’ is perpendicular to the line DgD,’,
{(AcosOsinfB—7)/(AcosOcos f—a)} -tan f=—1 ()

From Egs. (b) and (c), the coordinate of the point D can be expressed by @
and 5. Particularly,

a=AcosfOcos3—ysinf3 (d)

If B is an angle of escape, the trigon ODB is perpendicular to the z-y plane
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and then the orthogonal projection of the point D,’ to the x-y plane, that of
the point B and the point O must be on a line. Hence, the following equation
should be wvalid.

(A cos 0 cos f—y sin f) / A sin 0 =sin (¢ —6) cos B/cos (¢y—0) (e)
Consequently, the following equation is obtained.
B(0) =arctan[ A {cos @ —tan (¢ —0) sin 6} /y] )

In the above equation, ¥, A and ¢ have already obtain in Eq. (a).

In Fig. D, the results for the height of the placed particles given by Eq.
(a) are illustrated for the cases #=3, 4 and 5. The result of one dimensional
model, for which Eq. (27) is obtained in the section 2.3 of this paper, is also
indicated. Moreover, the relation expressed by Eq. (f) is illustrated in Fig. E,
where the experimental results using glass beads are also shown. Particularly
in case of uniform particles, the distribution of § after removing the condition
for 6, which is assumed to be distributed at random, is shown as an accumulated
probability for each value of 7, in Fig. F. On the other hand, the experimental
data for a glass bead on a rough bed composed of similar particles® are shown
in Fig. G. In this experiment, the inclination of the rough bed was increased
gradually and the probability that free particles on the bed start to move was
measured. According to the experimental data, 30~409% for 20°<{8<35°; 40%
for 35°<f<45°;, and 15% {for B>>50°, roughly. Meanwhile, the distribution
of # obtained by the present model is limited in its range for each value of n;
20°<{f<==35° for the case of #=3, ~~35°<3<C45° for the case of z=4 and
=52°<f<=58° {or the case of n=>5. Consequently, if the pattern of the arrange-
ment of particles composing the rough bed is any of the idealized states, =3,
4 or 5, locally, the probability of arrangement of n-gon, f,, has been estimated
as follows.

f3=0.20, f,=0.65, f,—~0.15 (g)
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Using the above values for f, and Fig. F, a semi-theoretical curve can be
drawn on Fig. G, which is indicated by a solid line. According to the above
consideration, the average value of angle of escape for uniform particle is about
36°~40° and it is larger than that obtained in the section 2.3 by one-dimensional
model. Additionally, for the case of actual sand bed, this value may be further
larger due to the geometry of actual sand.

Appendix B—Equivalent Sand Roughness of Artificial Roughness

In the section 3.3 of this paper, a new method to determine the equivalent
sand roughness of rough bed composed of sand mixture has been proposed, and
this model will be here applied to artificial two-dimensional roughness, which
is illustrated in Fig. H. The symbols K, & and ¢ are defined as shown in Fig.
H.

Applying the idea on the equivalent size, as mentioned in section 3.3 of
this paper, to this case, the equivalent sand roughness k,=ad, can be obtained
by solving the following equation:

S Copuindid? | = HCopna K (h)
where the subscript A represents the value with respect to artificial roughness
element, and y, is the height of the theoretical wall from the lowest bed surface,.
The theoretical wall is here assumed to be defined as the plane beneath which
the volume equals that of the upper layer of the roughness elements, as sug-
gested for the case of the clossly-packed hexagonal arrangement of hemispheres
by Bennedict et al.” Then,

vy =Kt/ (B+1) @

If the local velocity u,, is assumed to be that at the height a,(K—y,) given
by the logarithmic law, %, is obtained as follows.

ky/K=301a,(1—y,/K)/ (30.1a/c)"” O
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where
B*= (e4Cp4/eCp) - {Kb/ (8+1)% (k)

Though ¢; and Cp;, have been assumed to be identical irrespectively of sand dia-
meter in case of sand mixture, g, and C,, in this case must be quite different
from g, and C, respectively. It is assumed that Cp,=1.0 according to the ex-
periment by Hirano et al.,” where the representative velocity for drag coefficient
has been regarded as the velocity at the top of the roughness element and then
a,=1.0. On the other hand, the sheltering effect is considered by a simplified
model as explained below. In the case of artificial roughness element shown
in Fig. H, the separation zone of flow in the downstream of a roughness element
may be assumed as illustrated in Fig. I. The length of such a separation zone
is  experimentally known to be about 7~~8 times the roughness height, and then,
¢4 is assumed to be expressed by

. { A/m)-(6/K)  (b/K<m)
““l1o (B/K>m)

where m=7~8., Though the above estimation is too rough, it is the ratio of
the sheltering coefficients to be considered, and then, & should be obtained by

@
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the similar way. For simplicity, idealized conditions as shown in Fig. J are
considered, where particle A or A’ is the main particle. This particle A or
A’ is to be sheltered by only the particle B or the particles C and D, respec-
tively. Considering the decrease of the projected area for flow of the particle
A or A’ and that g can be obtained by the similar way to the above discussion;
g=0.321 or 0.278, respectively for A and A’. Therefore, the average value
of & may be determined as 0.30. Consequently, the relationship between £,
=k,/K and by=50/K can be estimated with a parameter f,=¢/K as shown in
Fig. K. On calculation, it is assumed that a,=1.0, @ =3.0, m =8.0 and ¢=0.30.
In Fig. K, the experimental data collected by Johnson,” Powell,” Adachi’ and
Hirano et al.” are also shown. According to this figure, the equivalent sand
roughness is underestimated appreciably in the case where &, is large. The
reason for this tendency is that the skin friction is not considered in the present
model, but this effect is dominant when the number density of roughness elements
is small. Considering this effect, the experimental data may be explained well
by the method derived in this appendix.
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