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A Role of Pore Air in Infiltration Process

By Yasuo IsniHara and Eiichi SHiMojMa

(Manuscript received October 3, 1983)

Abstract

This paper deals with an investigation on the mechanism of confined infiltration under a ponding
condition at the surface of the sand layer, especially the mechanism of exchange of the penetrating
water and the air in such a layer.

After carrying out experiments of ponded infiltration with a constant water depth into a homo-
geneous and air-dried sand layer in a lucite cylinder with a bottom plate, a theoretical analysis is
undertaken by considering such an infiltration as continucus and simultaneous flows of water and
air in average by referring to results of a supplementary experiment of the exchange of liquid and
air in a U-shaped tube. And then, the analytical results are compared with the experimental ones.

The results disclose the following: 1) The moisture profile is {formed by quasi-saturated zone
(QSZ) and unsaturated zone (USZ). The QQSZ develops in the neighbourhood of the sand surface,
and as time goes on, it declines in development and approaches a certain depth asymptotically. The
USZ continues to develop accompaning by the downward movement of the wetting front. 2) Al-
though, strictly speaking, the infiltration process is discontinuous because of an intermittent escape
of pore-air from the sand surface, such a process can be dealt with, in average as continuous. The
movement of water and air obeys the law of Darcy’s type in the QSZ and the generalized Darcy’s
law in the USZ. 3) 'The QSZ which is developing through a formation stage has a significant effect
on the air escape. Its resistance becomes at least several times as large as one in the USZ. The
escape condition is determined at the lower end of the Q SZ by the thickness of such a zone, the water
entry value and the ponding depth. 4} In stage where the QQSZ is being formed and has developed
enough, characteristic behaviour of water and air appear.

1. Introduction

It is well known that the infiltration phenomenon of rain-water into the ground
plays a very important role in hydrologic cycle and, practically, in the problem
of water resources. A large fraction of falling water as rain on a land surface pene-
trates through unsaturated soil strata, which is known as the process of infiltration.
As a rock surface or ground water surface usually exists beneath the ground, the
field of infiltration is the finite domain between the land surface and the lower bound-
ary mentioned above. As the air in the voids of the domain cannot move through
the lower boundary, the air to be displaced by penetrating water escapes only through
the surface of the land into the atmosphere. However, when the water content
in the neighbourhcod of a land surface becomes large or when ponding occurs on
a land surface, the air is considered to be unable to escape into the atmosphere free-
ly. As a result, the dynamics of the process of infiltration becomes very complicated.

If we examine the studies on such an infiltration historically, it was done roughly
in three stages. The first is a germinal stage from 1935 to 1940, and only experi-
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mental studies were done by Power”, Horton?, Free and Palmer®, et al.. These
were limited to the description of phenomena. The second stage occurs in the
1960’s. These are the full-dress studies on infiltration mechanism with experiments.
However, the majority are too microscopic to understand the infiltration process
in totality. These were done by Wilson and Luthin”, Youngs and Peck®, Peck®”,
Ishihara, Takagi and Baba®, Takagi and Baba®, et al.. The final stage occurs
in the 1970’s. These largely consisted of theoretical or analytical studies by nu-
merical calculation. The behaviour of pore-air is dealt with dynamically and
infiltration is recognized as being simultaneous flows of water and air. These inves-
tigations were done by Brustkern and Morel-Seytoux'™!¥), McWhorter'®, Noblanc
and Morel-Seytoux®, Sono and Morel-Seytoux™), et al.. However, in spite of
these excellent studies, the following problems still remain. In order to understand
the process of infiltration under a ponding condition at the land surface, that is
so-called ponded infiltration, how do we introduce the phenomenon of repeated
and intermittent air escape into fundamental equations of water and air? And
more essentially, what is the exchange mechanism of both phases?

In order to clarify such an infiltration process, especially by paying attention
to the effect of pore-air on penetrating water, the experiments of ponded infiltration,
firstly, are carried out by a homogeneous and initially air-dried sand-layer with
a lower solid boundary, Next, the results obtained are discussed in light of the
facts which are obtained by a supplementary experiment on the exchange of liquid
and air, using a U-shaped capillary tube. Finally, a theoretical analysis is under-
taken by considering such an infiltration process as the continuous and simultaneous
flow of water and air by averaging in certain scales of time and space, and the ana-
lytical results are compared with the experimental ones.

2. Result of the experiment®

2.1 Apparatus and method of the experiment

A vertical and homogeneous infiltration field is made by two kinds of naturally
air-dried sand, Sand K-7 and Sand K-6 in Fig. 1, being inserted into a lucite cylin-
der of 18.5 cm in inner diameter with a bottom plate. The cylinder is built up
by combining segments of cylinders of 25 cm, 20 cm and 10 cm in length with flanges
at both ends. The top segment of the constructed cylinder has a receiver for water
overflowing from its upper part. So, the length of the cylinder is changeable, The
upper boundary of sand column, i.e., the sand surface is horizontal and is under the
upper edge of cylinder to make a pond on the sand surface. The degree of com-
pactness of sand column is 1.41~1.39 gr/cm?® for Sand K-7 and 1.43~1.42 grjcm®
for Sand K-6, and the porosity is almost 0.46 in both.

Water is supplied on the sand surface at such a constant rate that some water
is always overflowing from the upper edge of the cylinder. Especially, at the begin-
ning of experiment, a large quantity of water is supplied to the sand surface so that
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Fig, 1. Particle-size distribution,

a pond of decided depth is instantly formed. The ponding depth is always held
constant.

The infiltration rate, moisture content and pore-air pressure are measured.
The infiltration rate is estimated by subtracting the discharge of overflowing water
mentioned above, being measured by a weir with a pressure gauge, from the rate
of water supply. Moisture content is measured by an electric capacitance method
where a pair of metal plates with 1 cm in width and 18 cm in length are placed
on the outer side of cylinder in a circumfluent direction, being symmetric with re-
spect to the axis of the cylinder. The measurement points are 10~15cm apart
from each other in depth. Pore-air pressure is measured by a pressure gauge set
on the side wall near the bottom of cylinder. The contact between the gauge and
the sand column is made of a fine mesh. As the sands to be used are initially air-
dried, the measurement by such a gauge is possible till a wetting front reaches this
measurement point.

Experiments are carried out, till a wetting front reaches the bottom of a sand
column in an air conditioned room at about 21°C in order to prevent the physical
properies, surface tension, viscosity, etc., of penetrating water from changing by
a variation in temperature.

2.2 Experimental results

(1) Infiltration at the early stage

(a) pore-air pressure

The changes of pore-air pressure during a relatively early stage after the begin-
ning of experiment are shown in Fig. 2(a) and (b), where an ordinate represents
the quantity which is subtracted the ponding depth, #,, from the observed pore-air
pressure, p,;. L is the height of sand column, that is, the thickness of sand layer.
From these figures and the observation with respect to the state of escape of air from
the sand surface during experiments, it can be considered that the curves showing
the change of pore-air pressure with time are composed of the following two phases:

@ the first phase which shows the rapid increase just after the beginning of
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Fig. 2. Changes of pore-air pressure with time.
(a) Sand K-7
(b) Sand K-6

infiltration, and where there is only a slight escape of air from the sand surface,
® the second phase which shows a moderate increase as the rate of increase
becomes lower with time, and where air escapes vigorously with a lot of small bub-
bles at the beginning of this phase and then the bubble activity slows down continu-
ously to some extent with time.
As the thicknesses of the layers in the experiments described in Fig. 2(a) and (b)
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are roughly equal, it seems from the approximate coincidence of the plotted curves
that the ponding depth on the sand surface continues to act statically on the pore-air
not including the time just after the beginning of experiment.
i) the effect of thickness of layer on pore-air pressure

The results of measurement in such cases where the ponding depths are same
and the thicknesses of layer are different are shown in Fig. 3. Tt seems from this
figure that the pore-air pressure becomes large as the layer is reduced in thickness.
And, considering that the results of experiments show a certain degree of scattering
under same experimental condition, it can be considered that this effect is not so
great. However, the curve for =34 cm differs greatly from the one for L=59 cm.
It is known from a numerical simulation where attention was paid to the effect o
the thickness of layer on pore-air that at least this great difference is not caused by
the difference of the thickness of layer'®.
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Fig. 3. Effect of the thickness of layer on pore-air pressure, in
the case of Sand K-7.

ii) the change of pore-air pressure with time

Plotting the value of pore-air pressure subtracting the value of the ponding
depth, in Fig. 2 and Fig. 3, to the logarithmic scale of time, Fig. 4 (a), (b) and
Fig. 5 are obtained. It is obvious that the pore-air pressure largely obeys the broken
line described in the figure, excluding some duration after the beginning of infiltra-

tion, or phase . We express this line as
por = alnt+bth, | (1)

where a and & are numerical constants, Table 1 is the summary of the obtained
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Table | Experimental constants at the early stage.
by L A a b te t, @
Sand -
cm cm cm-sec™!/2 cmAq cmAgq sec sec cme sec™ /2
1 169 0.20 5.6 —12.8 1250 1200 0.76
1 169 0.38 34 —5.3 >960 >960 1.01
1 169 0.45 3.7 —8.0 420 360 1.02
1 169 0.46 4.3 —8.6 700 550 1.03
1 169 0.46 3.1 —39 >400 =400 1.00
1 169 0.42 4.3 —6.2 260 260 1.12
1 169 0.46 4.9 —8.5 600 700 1.02
1 169 0.42 6.2 —14.0 840 800 0.96
1 169 0.44 35 —5.1 660 420 1.01
* ] 169 0.29 3.5 —3.9 1440 800 0.86
1 169 0.29 3.9 —6.3 110 250 0.82
1 169 0.28 3.1 —4.7 340 530 0.81
- * 1 169 0.42 4.7 —9.7 600 520 0.90
, 1 169 0.33 4.1 —6.0 350 360 0.78
g 1 169 0.26 5.5 —12.0 400 400 0.82
& 1 129 0.32 9.9 —32.8 1100 1020 0.95
° 1 124 0.35 5.1 —8.7 1350 700 0.87
1 84 0.33 7.2 —16.4 960 900 0.99
1 59 0.36 3.2 2.1 560 450 0.87
1 59 0.27 7.9 —21.2 1700 840 0.94
1 34 0.36 5.0 1.8 300 330 0.88
*5 165 0.36 39 —0.9 650 550 0.80
°5 125 0.38 7.3 —17.1 500 530 0.87
°10 120 0.37 8.4 —18.3 450 320 0.98
*10.5 159.5 0.33 4.6 —4.7 950 780 0.83
*17 153 0.38 3.7 —0.5 280 0.89
18 152 0.29 5.2 —12.9 400 480
*18 152 0.41 4.7 —14.1 1000 960 1.04
* 1 169 0.62 3.8 —6.1 500 380 1.30
i 169 0.53 5.0 —9.8 720 680 1.15
1 169 0.54 5.6 -9.5 1050 1.17
E 1 169 0.53 5.6 —13.1 450 440 1.15
9 1 169 0.57 4.5 -9.0 400 340 1.27
a 1 169 0.66 2.5 1.0 210 220 1.38
1 169 0.66 2.5 —0.3 150 170 1.47
* 9.6 160.4 0.54 4.6 —6.4 550 440 1.20
*18.5 151.5 0.73 6.4 —17.9 700 480 1.55
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Fig. 5. Same as Fig. 4, but in the case of Sand K-6.

values of a, & and ¢, which represents the time when observed pore-air pressure be-
gins to separate from the relation given by Eq. (1), or phase @. The value of 4
is 3~10 cmAq (almost less than 6 cmAq) in Sand K-7 and 2.5~6.5 cmAq in Sand
K-6. It seems in Table 1 that the value of a is not affected much by the particle
size or the pore size, the thickness of layer, and the ponding depth. The relations
between the value of pore-air pressure subtracting the value of ponding depth at
t=t, and the value of a are shown in Fig. 6 (a) and (b), where the cases of h,=1 cm
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and h,>1 cm are represented by a black circle and a white circle, respectively.
It is seen from these figures that the porc-air pressure has a tendency to become
large as the value of @ increases and is 20~30 cmAq for Sand K-7 and 15~20 cmAq
for Sand K-6, not being influenced very much by the ponding depth nor the thickness
of a layer. However, the time elapsed till the observed pore-air pressure obeys
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Eq. (1) increases as the ponding depth increases. This is considered to occur be-
cause practically it takes some time, according as the ponding depth increases, to
fill it up the intended ponding depth with water, and because the rapidly deepening
pond acts slowly on pore-air.

(b) infiltration rate

The relation between the infiltration rate and the inverse of the square root
of time elapsed for Sand K-7 is shown in Fig. 7 (a) and (b). These correspond to
Fig. 2 (a) and Fig. 3. The relation between the cumulative infiltration amount
and the square root of time elapsed for Sand K-6 is shown in Fig. 8, corresponding
to Fig. 2 (b). From these figures, the following equation is given approximately,
excluding the short duration after an infiltration begins, or phase (1.
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f= S (2)

1= S (3)

where f is the infiltration rate, I the cumulative infiltration amount and § the experi-
mental constant. Because dl/dt is equal to f, Eq. (2) is equivalent to Eq. (3). The
values of § and ¢, which represents the time when the observed value begins to
separate from Eq. (2) or Eq. (3), are summarized in the previous Table 1. The
value of § is 0.2~0.46 cm/sec? for Sand K-7 and 0.53~0.73 cm/sec’? for Sand
K-6. But the dependance of S on layer thickness and on ponding depth is not clear.
Moreover, the value of sorptivity in the case of the water pressure at the plane of
infiltration being zero, introduced by Philip', is estimated to be 0.47 cm/sec’”? for
Sand K-7 and 0.60 cm/sec’? for Sand K-6. The value of § for Sand K-7, therefore,
is less than the value of sorptivity but, for Sand K-6, the value of § is not necessarily
less than the value of sorptivity.
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It is obvious that the value of ,” is nearly equal to one of #,. This means that
there is a physical correspondence between Eq. (1) and Eq. (2).

(c) moisture content

The figures of motion of penetrating water in the duration while Eq. (2) or
Eq. (3) is valid, are shown in Fig. 9 (a) and (b), where x is the depth from a sand
surface and m the mass wetness, corresponding to Fig. 7 (a) and Fig. 8, respectively.
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Fig. 9. Advancement of moisture.
(a) Sand K-7
(b) Sand K-6

Though the value of x/t“? cannot be determined clearly because of the not-so-good
accuracy of moisture measurement for m>>0.22, it is obvious from these figures that
the value of x/¢¥ for relatively small moisture content or m>>0.22 is nearly inde-
pendent of x. So, let us express this as follows:

@(6) = xt™V* (4)

where 8 is the volumetric moisture content, corresponding uniquely to the mass
wetness m, and the value of ¢ at m=0.15 is shown in Table 1.

Let us consider that Eq. (4) is valid for the range between 6=0 and 0=0,,
where #=0 means the initial moisture content or the state of air-dried sand and
0, is constant and maximum in the field. Then, Eq. (4) gives

o Ot 2

8 -1z (o
S"a—"da t S"wa (5)
0
As the term of the left hand side is equal to an infiltration rate, comparing Eq. (5)
0
with Eq. (2), it is seen that S qu’ﬂ corresponds directly to S. It can be said, there-
0

fore, that Eq. (4) includes Eq. (2) or Eq. (3) for phase @.
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(2) Infiltration at the stage after a long lapse of time

{a) infiltration rate and pore-air pressure

Owing to detailed observation under experiment, the aspect of pore-air from
a sand surface is as follows: At the early stage of infiltration, the escape of air occurs
as a lot of small bubbles with high frequency, corresponding to phase ® described
previously. After this stage, the aspect of escape changes. The escape of air occurs
repeatedly, if not so periodically. The usual pattern is one or several large bubbles
and a group of small bubbles following them appear, and then the appearance of
bubbles ceases. The size of large bubbles in Sand K-7 is larger than that in Sand
K-6. Furthermore, the size increases with ponding depth.

The changes of infiltration rate and pore-air pressure with time till a wetting
front reaches the bottom of a layer are shown in Fig. 10 (a), (b), (¢} and Fig. 11,
corresponding to Fig. 2 (a) and (b), respectively. The meaning of the broken
line is stated in 6.2. It is known from these figures that the infiltration rate and
the rate of change of pore-air pressure decrease with time elapsed and approach
a certain constant value, respectively. Let us represent such asymptotical values
of an infiltration rate and a rate of change of pore-air pressure as f.. and ,.,, respec-
tively. f.. and $,.. for the experiment of L=150~170 cm, which is asterisked in
Table 1, are given by Table 2. And as the results of measurement marked by
a circle in Table 1, where the thickness of layer is considerably smaller than one
in the above asterisked cases, show the same asymptotical characteristics, these

e
r —
—{ 60
™
1
- _
2
x
—~20 -1 50
v
@
n
~
g 3
-
% - 40 ®
H ‘ H
-] T
i b}
S — 8
P :
5 H
- 10 {300
P -
E 9
Lk
P~
‘|D° Teatly, infiltration rate 4 20
o ;
_gl nnnurt."u'“nnl,,'“.-..-.‘_.q.- . p— D 0 ePout tys st ;
b 1
,_\i
? |
o B I L L l ! : ! : I : J 10
0 2000 4000 6000 8000 10000 12000
time { sec )

(a)



( cm/sec )

iltration rate

inf

A Role of Pore Air in Infiltration Process

o x 10
T

@M pore~air pressure —~

a‘-"d:o 8
]

°° @
—40)

B,

Lt

k=]

| H

1]

.0

n

<

— 30m

|
( byuo )

infiltration rate

Yot e . . . — 20
Iy
WfllL!!ﬁz_gz:?jE:’:"l! Eiziyhﬁdl!&ﬂnﬁimqﬂ!:? 'E;?
P -
¢ —
AR TR SO WU NN NN NS SN O Y
4000 6000 8000 10000 12000
time ( sec )
{b)
-] 60
-
1
(=] —
Ll
* pore-air pressure
20 — 50
-~ » D&O%OODC
5 L i .
s < -
g Eﬁfp’ca
- i e ]
. o .- ~{40 3
» L 1
T - Sand K-7 B
M n H
é hw =17 cm — »g
| o
5 L = 153 cm @
8 —30g
a ]
o
H —
=4
& - Q
5
infiltration rate a0~
i =
-
: |
ol w0 L1y,
0 2000 4000 6000 8000 10000

time ( sec )

{©)
Fig. 10. Changes of infiltration rate and pore-air pressure with time, in the
case of Sand K-7.
(a) hp=1cm, L=169 cm
(b) hp=>5cm, L=165cm
(¢) hp=17 cm, L=153 cm

175



176 Y. ISHIHARA and E. SHIMO JIMA

6 r Jv"v — 60
= 0
{~ ot ooco" Mﬁﬁ —
~ | o 000"
's 5 {_ vv7 00000",’ - 30
=1 . o7 OEM
ore-air pressure v
ok ’ PrESSUES o7 _
~ |
_ | /0
u, | o — 40
gt
5 | g
AN _ °
-~ L Sand K-6 °
1
$a 58 a0k
2 . AT €0 L=169¢cm, h, = 1cm "t
H \ eit 0
o \* g A2 p§ v ?1
5 F\'v 7 g5 acog ®eo0 = 160.4 , = 9.6 - &
) N o F o
o o o ve = 151.5 , = 18.5 £
f;‘ 2 — \’gf’r" Doo ] 203
b oS -
(2 L(f/ﬁ o ST v L, -1 g
i S 7y
te .\::'ﬂ‘z‘—'—‘.—L’:_"_' PP Pt * s E
1 ’g L A S U 2 Tal i B e Sl ol Lol o 10_
f_ infiltration rate
° | | | I | i | | - °
0 1000 2000 3000 4000

time ( sec )

Fig. 11. Same as Fig. 10, but in the case of Sand K-6.

Table 2 Experimental constants al the stage after a long time has elapsed.

by L Seo f;aw Wy O [/ Ky /Oy
Sand em - em cmyfsec | cmAgqfsec | cmy/sec cmy/sec cm/sec
x 10~3 x 1073 x 10-2 x10-3 x 10-2
1 169 3.7 2.75 1.06 0.38 4.0 1.15
1 169 3.5 2.13 1.05
5 165 3.8 2.21 1.04 0.36 3.7 1.06
10.5 159.5 4.0 2.80 1.09 0.38 4.1 1.15
K-7 17 153 3.5 1.90 0.95 0.37 3.5 1.11
18 152 I 2.9 4.50 0.93 0.36 ' 33 1.06
° 124 3.5 1.44 1.03 0.36 38 | 1.09
°5 125 3.2 2.20 0.93 0.36 33 1.06
°10 120 2.8 E 1.80 0.81 0.35 28 | 103
1 169 12.1 11.4 2.90 0.38 10.9 2.37
K-6 9.6 160.4 10.2 8.65 3.00 0.37 11.0 2.30
18.5 151.5 11.9 11.5 3.16 0.37 11.7 2.30

results are also shown in Table 2 by a circle. In Table 2, though the £, in the
cases of Sand K-7 of #,=10 cm and 18 cm become somewhat smaller than the others
of Sand K-7, it is obvious that the f. is nearly constant for each sand and it is in-
dependent of the ponding depth. Though there are a few exceptional cases, 5,..
has similar properties to f... Moreover, f.. and $,. for Sand K-7 is smaller than
ones for Sand K-6. That is, f., and 5,.. decrease as the particle size of layer decrease.

Owing to our experiments of the unconfined infiltration with A,=1 cm, that
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is, the infiltration on a sand column with not solid but screen bed, the value cor-
responding to £, was 6.5 x 1073 cm/sec for Sand K-7 and 2.5 x 1072 cm/sec for Sand
K-6. Therefore, the value of f., for the confined infiltration is known to be half
of that for the unconfined infiltration.

Though an infiltration phenomenon is, strictly speaking, discontinuous, the
characteristics obtained here suggest that the phenomena may be considered con-
tinuous in average, and the value of f,, and $,,, are determined by the physical prop-
erties of layer.

(b) moisture content

The change of moisture profile with time are shown in Fig. 12 (a) and (b),

— Sand K~7
0.3 - = h,=1lecm, L =169 cn

=3
N

mass wetness

mass wetness

A Vo i
L \ \-\ S\
[ \\'\.\ | ‘\\ -\. \\\ X\
| [ s N SUUN

a 50

distance ( cm )}

{b)
Fig. 12. Change of moisture profile with time, in the case of Sand K-7.
(a) hy=1cm, L=169 cm
(b Ap=17cm, L=153 cm
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and Fig. 13 (a) and (b), corresponding to Fig. 10 and Fig. 11, respectively. From
these figures and the results of other cases, the following can be seen. At the early
stage of infiltration, the moisture profile is composed of the nearly saturated zone
which develops downwards from a sand surface and the wetting front ahead of it.
And as time goes by, the moisture profile becomes to be composed of four zones.
In order from surface to bottom, the first is the above mentioned nearly saturated
zone which develops downwards. The second is the transitional zone which links
up the first zone at its upper boundary. The third is such a zone that moisture
content is almost constant and relatively low, which develops remarkably by the
advancement of the wetting front. The fourth is the wetting front which is ahead
of the third zone. Then, let us call the first zone as “‘quasi-saturated zone’ and
the other zones as “‘unsaturated zone”.

mass wetness
T

distance ( cm }
(@)

Sand K-6

mass wetness

distance ( cm )

(b)
Fig. 13. Same as Fig. 12, but in the case of Sand K-6.
(a) hp=1cm, L=169 cm
(b) hw=9.6cm, L=160.4cm
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Fig. 14. Movement of wetting front.
(a) Sand K-7
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The movement of the wetting front is shown in Fig. 14 (a) and (b), by taking
a constant moisture content as a parameter, corresponding to Fig. 12 {a) and Fig.
13 (a), respectively. From these figures, it is known that, as the time proceeds,
the celerity of advancement of a constant moisture content decreases and approaches
a nearly constant value which is given by the gradient of the broken line shown
in the figures, and it seems to be independent of a moisture content. Considering
both this property and the asymptotic characteristics of infiltration rate mentioned
in (a), it becomes obvious that, as the time goes, the wetting front advances down-
wards with a constant velocity and an unchangeable profile. The third zone where
moisture content remains nearly constant is called “transmission zone” in this paper.

Let us represent this constant velocity of wetting front as w, and the moisture
content in the transmission zone as 4. The values of w, and f, are given in
Table 2. Though there arc a few exceptional cases in Sand K-7, it is known that
both @4 and @4 become nearly equal for each sand. Therefore, these values
are considered to be determined uniquely by the physical properties of layer.

Moreover, the value of 84w, is nearly equal to that of f,, in Table 2. This
roughly means that penetrating water from the sand surface apparently contributes
to the advancement of the wetting front and that the moisture profile in the zone
above the transmission zone is almost unchangeable.

3. Fundamental equations

Though the infiltration phenomenon, strictly speaking, is discontinuous, one
may consider the infiltration phenomenon as a continuous process in average. Then,
let us apply such a well-worn way that the appropriate average scales of time and
space which are at least larger than the Darcy’s scale are introduced and further
that the scales are treated to be infinitesimal in mathematical expressions.

3.1 Unsaturated zone

Let us assume that both the penetrating water and the pore-air in the unsatu-
rated zone obey the generalized Darcy’s law. Under the conditions that the porous
medium is homogeneous and isotropic and that the physical properties of the porous
medium remain unchangeable in time and space, the equations of motion for the
water and the pore-air are given as follows, respectively:

_K(aﬁw 1) (6)
_ﬂx(al’a—_a) (7)

where v is the filter velocity of water, v, the filter velocity of pore-air, K the hy-
draulic conductivity, K, the permeability of pore-air, p, thc water pressure head,
p. the air pressure in water head which is the quantity of increase over the atmos-
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pheric pressure, o, the density of water, p, the density of pore-air, and x the vertical
co-ordinate being positive in a gravitational direction and having an origin on the
sand surface. Let us rewrite p, in Eq. (6) by using p, at the same time and posi-
tron as p,,.

szﬁb‘,‘ﬁa (8)
and 1!" :pw_pa (9)

where ¥ corresponds to the usual capillary potential in water head. Substituting
Eq. (8) into Fq. (6) yields

_ _pd _Opa
v Dax—,-K<l ax) (10)
dyr
h D) = K=¥ 11
where (8) b (1)

Y is assumed to be determined uniquely by 6 only and D is called the muoisture
diffusivity.

The equations of continuity for water and pore-air are given by,

a6 By
%% 0 12
0t+ax (12)
and
Bo,(0,—0) 0Opp
a 5 a“a __ 0 s ].3
ot + dx (13)

respectively, where 0, is the volumetric moisture content in saturation. Inserting
Eq. (10) into Eq. (12) and Eq. (7) into Eq. (13) yield,

@=E{Daj_1{(1 f%)} (14)
at  dxl 9x ox
and
67’98(63_&) == 3{ paKa (aﬁ*&)} ] (15)
ot Ox Ox  pg,
respectively.

Assuming that the pore-air is a perfect gas and changes in the isothermal pro-
cess, the equation of state of pore-air becomes

Pe = C(Pa0+pa) = CPa (16)

where C is a numerical constant, P, the pressure of atmosphere and P, =Py +p,.
After all, Eq. (14) to Eq. (16) are the fundamental equations for the unsatu-

rated zone.

3.2 Quasi-saturated zone'"'"

The pore-air in the quasi-saturated zone, connecting continuously with the
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air in the transitional and unsaturated zone, exists throughout that zone only when
the air is escaping from the sand surface. And even when the air does not escape,
the part filled with only water in the quasi-saturated zone is developing downwards
in average. However, from a microscopic viewpoint, considering the fact that
in the experiment using a U-shaped tube (see Appendix) the lower end of fluid
column in the pipe of d, continues to move up and down, it is considered that the
thickness of the part with only water increases with time in average even while fluc-
tuating to some extent. In spite of such a complicated behaviour of air, it is pos-
sible to treat the water in the quasi-saturated zone as moving downwards in average.
Therefore, let us assume that the water in the quasi-saturated zone obeys the follow-
ing equation, being similar to Darcy’s law.

%:k(l-ﬁﬁwl_%), b—f (17)
X

where p is the filter velocity of water, K the equivalent hydraulic conductivity,
%, the thickness of the quasi-saturated zone, p,, the water pressure head at x=0,
and p,, the water pressure head at x=x;. And it is assumed that the distribution
of moisture content in the quasi-saturated zone is uniform. Therefore, 7 becomes
equal to the infiltration rate f. Let us rewrite p,, by using p,; which is the air pres-
sure at x=x, as follows:

lbwl = %”1 +pa1 (18)
and 1/’1 = pwl_pal (19)
where p,, and p,, are defined at same time. Inserting Eq. (18) into Eq. (17) yields
f=b= K ( | _YitLla —Pwo> (20)
X1

On the other hand, though the behavior of existing air in the quasi-saturated
zone is very complicated, it is obvious that the air moves upwards in average. So,
let us assume that the air moves continuously in average and the motion of air obeys
approximately the following equation, being similar to the equation of motion of

water Eq. (20).

,aa _ _.]('\'a .Pal_paﬂ (21)

X1

A

where 2, is the filter velocity of air and has a negative sign, K, the equivalent per-
meability of air, and p,, the air pressure in water head at x=0.

Eq. (20) and Eq. (21) are the fundamental equations for the quasi-saturated
zone. For the convenience of analysis, let us transform these equations. That
is, first we introduce the unknown function of time, r(t), as follows:

U, = —7r(t) v (22)
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Inserting Eq. (2) and Eq. (21) into the above equation yields

b = (l _ar)xl_(l _ar)wl +pw0+ar(pau_pwb) (23)
or

ﬁal = (1—‘17)1‘1—'95’1 +pw0_ﬂr (24)
where

a, — Ke (25)

K,+rK

8, = ar(_wl +pw0_P¢zU) (26)
Substituting Eq. (24) into Eq. (20), we obtain the following equation.

b= a,l%(l +M"") (27)

X1

Eq. (27) and Eq. (24) as the fundamental equations in stead of Eq. (20) and Eq.
(21) are applied in the following analysis.

3.3 Initial and boundary conditions

As mentioned in 2.1, the layer is made of an air-dried sand and, at the begin-
ning of experiment, the pore-air of any layer are at atmospheric pressure. Then,
the initial conditions of water and pore-air are given by,

f = 6, = constant~=0 (28)
pe =0, (29}

respectively, where 6, is the moisture content of air-dried sand.
As the bottom of layer is bounded, the boundary conditions at x=L for water
and pore-air becomes:

v=20 (30)
v, =10, (31)
respectively.

4. Several characteristics of the behaviour of water and air

4.1 The early stage of infiltration'®

(1) Pore-air pressure

Let us examine the behaviour of pore-air pressure by using the fundamental
equations given by Eq. (14) to Eq. (16) and the characteristics of the movement
of water given by Eq. (4).

Let us assume that Eq. (4) is applicable to the range (0, #,). And for the con-
venience of analysis, converting independent variables (x, ¢) in Eq. (14) into (8, ¢),
it becomes:
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Ox 7} dx 8pa/ax }
—— = D[——K|1-—*4—= 3
ot 66{ /50 ( 86 80) (32)

And by the same transformation, Eq. (15), after inserting Eq. (16), becomes:

a dp, O0x [0 dx |8 a dp, [0 0
(@s_g)(_lbg_ia._x/_x)+1)a._"/__x = _(K”pn.ﬁ/;")/_i‘ (33)
ot o6 ol o8 dtl ao a8 061086/ a8
where we assume that

Ops _ 0. Ob
Fa_ Fa “Fa 34
ox p, Ox (34)

because p,/p,, is in the order of 107% and 9p,/0x is considered to be much larger than
04]0,, excluding the domain where the moisture content is very small. Even with
a small moisture content, the assumption of Eq. (34) does not become a serious
problem as shown in the next induction.

Applying the relation of Eq. (4) to Eq. (32), we obtain

t"l/Z

where in the transformation, the following relations are used.

0x

, Ox @ ,_
i 1/2 =y 1/2 36
o6 (36)

o,
¢ a2

where the prime means the differential operator with respect to 4.
By considering the initial condition Eq. (28) and the boundary condition Eq.
(30), the following equations can be considered to be valid at 6—6,.

ox
1 /6_0 -0 (37)
2= 0 (38)

Integrating Eq. (35) and considering the boundary conditions, Eq. (37) and Eq.
(38) yield

% = Ho' +1%'y (39)
where H(f#) = ’{So §0d€+D/<p‘}/K (40)
»(8) = {K(6)—K(6,)} |K(0) (41)

and y corresponds to the gravitational term in the generalized Darcy’s law for water
Eq. (10). Dividing both sides of Eq. (39) by 8x/86 given in Eq. (36), we get



A Role of Pore Air in Infiltration Process 185

op /ax (ap) “12
“PafPX% _ (9Pa) _ j-i2gy 42
o0 106 Ox /¢ o (42)

Next, substituting the relation of Eq. (4) into Eq. (33) yields

%_Q ¢ 8_/’a _ _t—lGl(ﬂs 1) (43)
ot 2 @' 98 6,—8
where
P,¢o P (dKH dK) z( t1/2)2
Gy= =2 £ La|20a 4125\ K HY ] S 44
Y29 ¢ FTRREIEAPT ¢ +JJH (+4)

As we are focusing on the early stage of infiltration, it will be possible to assume
that the gravity term K in the equation of motion of water, Eq. (1), is negligibly
Da—‘9 . As the relation, lD@ > K, is

Ix dx
equivalent to ignore the term of y in the above mentioned equations, Egs. (39),
(42) and (44) become:

small compared with the diffusive term

8p . op /ax i

Yo _ H 45 e L QL Vg & 4 46

o0 14 (4) 06186 (#6)
P P, dK,H

Gl ,,e=00) ="2% "2 g g2 47

{ l}y 0 ( ) 2 7 ¢, dﬂ ( )

respectively, where, as it can be considered that P, p,, P, is approximated by P,.
Moreover, inserting Eq. (47) into Eq. (43), we obtain

ap Al(l G )
e — Y —pH— 48
ot 2 4 6,— 0 (48)

Now, as the right side term of Eq. (45) is the function of only 8, p, can be ex-
pressed by the sum of the function of 6 and the function of ¢. From this, Eq. (48)

becomes:
0 _
671:1,1 - (49)
where
1 H G, 5
y = ? @ Y = constant, (50)
sT Y

r is defined at #=60,_ and the subscript ¥ means the value at #=46,_ . Integrating
Eq. (49) with respect to ¢, we get

pﬂ(ﬁ, t) =7 in t_r ]I'l ‘f’z'_hbd(ﬂ: tx') (51)

where ¢; is a certain constant, being less than ¢ under consideration. As it can be
assumed that the pore-air pressure at 6=6, is nearly equal to that at the bottom
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of layer which is measured directly in the experiments, p,;, we get the following
equation from Eq. (51).

bar(t) = rInt—r Int;4+p,,.(t) (52)

It is obvious that Eq. (52) is similar to Eq. (1) obtained by the experiments. So,
comparing Eq. (52) with Eq. (1), it is known that the experimental constants a and
b correspond to y and —7 In §;+p,.(t;) —h,, respectively. After all, under the as-

sumption > K, when the fundamental equations have the solution x=@i*%

p9t
Ox

that is, the so-called similarity solution, it is found out that the change of the ob-
served pore-air pressure with time, which is nearly equal to the air pressure ahead
of the wetting front, is to be shown by the logarithmic function of time expressed
by Eq. (1) or Eq. (52). This result inevitablely shows that ¢, becomes approximately
equal to ¢,” in the experiments.

Integrating Eq. (45) with respect to 8 yields

0
20, 8) = pa00s )+ He'd0 (53)

In this equation, p,(8, t)—p,(8,_, t)=4p,;, the pore-air pressure relative to that
at §=40,_, becomes the function of only §. 4p,, can then be expressed by the simi-
larity solution as x¢~"% If p,(8,_, t) is constant, the pore-air pressure at the point
having a constant moisture content becomes constant, i.c., independent of time.
However, as we observed in experiments, the pore-air pressure continues to in-
crease as time goes by. Therefore, p,(6,_, t), that is, the pore-air pressure at the
lower end of the quasi-saturated zone can be considered to increase as the logarithmic
function of time.

(2) Relation between S and 7

Under the condition of D;E{>>K, Eq. (10) is rewritten as
x

~ ax
= —D(1—A) = 54
’ ( )/aa (54)
where
i K(mfodyox K on -
D\oo[66/66 D o6

And applying Eq. (36), Eq. (39) and Eq. (46) to Eq. (54), we get
v = —t72D(1—A)/¢’ (56)
where

oS {2
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It can be found out that, from Eq. (57), 4 is the function of only 8 and that, from
Eq. (54), 1>4>0 because v is positive and 8x/88 is negative.

Under the condition of Eq. (34), Eq. (7) can be rewritten by using Eq. (36),
Eq. (40) and Eq. (46) as

0, — —t-g g — -2l =4 4D (58)
4 ¢
where
K
A0 = —— 39
(9) KTk, (59)
Adding v given by Eq. (56) to v, given by Eq. (58), we get the following equa-
tion.
v+, = — 12V (60)
where V= —Q( 1 ——é) (61)
N 4

Inserting Eq. (57) and Eq. (61) into Eq. (50) yields

~ & (s_2v, {(s_zv,,)2+ S—2Vids p @)‘/0—5 6
= e sman) +{ S T o(9)}fe.~8) 2

where the subscript & is the value at #=6,_, and
6
5= (" pao (69)
0

This § means the S in Eq. (2).

In order to examine the relationship between § and 7, let us compare the magni-
tudes of each term on the right side of Eq. (62). Firstly, it is considered that, from
Eq. (60),

(’% ~0 (64)
b

because the pore-air in the region is compressed a little. Next, it is obvious that

S—2V,
%< 26" (65)
sT Yb
Eq. (62) becomes:
~ (5=2V5)° (66)
4(05_611)Kab
or
52 2V, \?
Sno—ora|(1-1) (67)



188 Y. ISHIHARA and E. SHIMO JIMA

Let us express the ratio of 7, and v at 6=80,_ as —r(¢).

Inserting Eq. (68) into Eq. (62) yields
§—2Vy =1§
Moreover, inserting Eq. (69) into Eq. (66) yields

izN(es_’eb)K@
47 7’

(70)

As 7 means the experimental constant a in Eq. (1), in light of Eq. (70), we can

get the relation between $%4a and § as shown in Fig. 15 (a) and (b), where the

experimental values in 4,=1 cm are shown by a black circle and in %,>1 cm by

a white circle. It is known from these figures that the change of $%/4a with § can

be expressed approximately as the broken line shown in

the figures. d(S%/4a)/dS

is positive. The following relations with respect to 8a/3S, therefore, can be deter-

mined.
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g—;<0 for §$>0.26 in Sand K-7
$>0.5 in Sand K-6
da

>0 for §<0.26 in Sand K-7
§$<0.5 in Sand K-6

as

(3) Permeability of pore-air

In order to examine the magnitude of K,, under the assumptions of Eq. (64)
and Eq. (65), let us express the permeability of pore-air by power function of
(6,—6) as™®

K,(6) = K(6,) ﬁ(l—i)/‘ (71

where #, and u, are the coefficient of viscosity of water and air, respectively, and
A a positive numerical constant. Here, if §,—0;, r and S*/4a are given, the value
of 4 in Eq. (71) can be calculated by combination of Eq. (70) and Eq. (71). For
example, putting ¢,—6,=0.05 under the conditions of #;=0.9 6, and §,=0.46 for
Sand K-7, $%/4a=5x107"% cmAq cm?fsec from Fig. 15 (a) and r=0.7 or 0.5, the
value of A4 can be estimated as | or 1.2.

4.2 The stage after a long lapse of time®”

Befor cxamining the several characteristics in the wetting front zone after
a long time has clapsed, let us transform the fundamental equations and the condi-
tions mentioned already.

As the profile and the velocity of wetting front becomes unchangeable as time
goes by, we can give the approximate solution for the advancing wetting front as

(0, 7) = wyr+C(6)

T=1—1

(72)

where #; is the time when the above mentioned unchangeability becomes nearly
valid and {(f) the moisture profile at =1, and Eq. (72) is applicable to the range
of 6, <0< 0y.

After introducing Eq. (72) into Eq. (14) and Eq. (15), using Eq. (16), we obtain
the following two equations.

00 (O KD _ g | -
A\ o) d8 dc

72 6/74) do a{ Op, p)}
6,—0 ( —w P w2 — O lp g (% Pa 74
=G~ ar ) TP e = ¢ (a: on (74)

For the convenience of analysis, let us represent the value of { at 0=0y _and 6,
as follows:
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im¢ = ¢y, lim¢=¢, (75)
> o,

L]
* -

Considering the characteristics of the moisture profile during infiltration and the
initial condition, Eq. (28), we can put the following conditions for the water.

im 49 _ o (76)
¢re, dC

. df . ap

im % —o 77 hmuzx{p —-~“>}Ev (78
tre, dC (77) £, ‘ (8( 1 )

where the subscript 0 means the values at =0, .

On the other hand, the conditions for the pore-air are as follows. Let us rep-
resent v at {={, as v,. Considering both the boundary condition, Eq. (31),
and the initial condition, Eq. (28), it can be approximated that z,, =0. However,
as it is considered physically that the upward filter velocity of air is nearly equal to
the downward filter velocity of water in the front of unsaturated zone, the following
expression can be described, where, of course, both 7,  and z; are very small.

lim o, — lim {_Ka(apa—p_“>}zvau — (79)
£+, ¢, ¢ o,

And as we cannot a priori give the condition for the pore-air at {={, we introduce

the following unknown function u(z).

. (9p . {0} op )
1 ( a) = lim( 0 —wy L) = 80
;—lyr;l* ot/s gl—rrgr'i dr O ¢ u() (80)

(1) Celerity of wetting front
After integrating Eq. (73) with respect to {, using Eq. (78), we get,

dé op
6—06 D— K2 K =0
@y (0—0,) + d(+ ac -+ (81)

Putting 6=60,_ in Eq. (81) and applying the condition Eq. (76), Eq. (81) becomes

@
* b —0,

(82)
where the subscript * means the value at =10, _.

In order to get the expression of (9p,/8¢), in the above equation, after integrat-
ing Eq. (74) with respect to {, and applying the condition Eq. (78), we obtain the
following relation.

Szo 6,—0) (Z_ﬁ“ — oy Z—fc’”)dHPaw*(ﬁ—ﬁo) ~P, {Ka(g—‘;” _ x%) +%}

(83)
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where we put P,=P,, because p, is negligibly small to P,. And Eq. (34) is also
valid in this state. Moreover, when 8p,/0{ —0,/0,~8p,/0¢ in Eq. (83), Eq. (83)
is simplified as

0py _ 0—"04 _Vap 84
ac = K, Tk (8)
where
L[,y (%e—0,2)
- 6. g)(% dc 85
1= o xp g O OG T (83)

As —v,=19, in Eq. (79), from Eq. (79) and Eq. (84), (0p,/9), is given by,

Inserting Eq. (86) into the condition Eq. (78) yields

vy = Ky(1—4,) (87)

After all, when we insert Eq. (84) at {={y into Eq. (82) and use Eq. (87), we get
the following equation.

Ks(1—A4y) (1 —74) — Ko(1 — 4y) (88)

Wy =
* O — 0,

Especially in case of |74 €1, Eq. (88) is approximated by,

_ Ke(1—4y) —K(1—4)
B—0,

(89)

In order to find out the condition of existence of wy, inserting Eq. (84) into
Eq. (81) and applying Eq. (79) and Eq. (87), we obtain

cf o D(1—4) (90)
28~ (0—bws—K(1—A) + KAK7]K) + Ky(1—4)
As d{]d8 <0 and D(1—4)>0, we get the following conditional equation

6—8,

where the sign of equality is when d6/d{ =0 is satisfied. Especially in case of
|7] €1, the above relation becomes

K(1—4)— K(1—4,) (92)
0—6,

Wy

The shapes of function K(1 —A) and 4 in Sand K-7 are shown in Fig. 16, where
the values of @ for the greatest value of {K(1—4)—K,(1—4,)}/(6—6,) and K(1—A4)
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Fig. 16. Relation between K(I —A) or 4 and moisture content 8,

in the case of Sand K-7.

are represented as 6, and 6,, respectively. It is known from this figure that 6{
is a little less than 8,, and that {K(1 —A)—K,(1—A4,)}/(6—0,) increases in the range
of #<#, and decreases in the range of 8>8/ as the value of 6 increases. These
properties can be also obtained for Sand K-6. Then, when |7]| <1 is valid, oy

must satisfy the following relation.

Ky(1—44) — K (1—-4,) for 0,<0;

Wy =
* 050,
, ’ _
w*ZKic(l:A;)_,‘_?o(l—Ao) for 64>01
c— Yo

where the subscript / means the value at 8 =8.. However, from Eq. (89), 04
p q

[

must satisfy the following condition.

05 <0; (94)
Therefore, the condition of existence of @, is given by Eq. (93),.
(2) Profile of wetting front
From Eq. (88) and Eq. (90), we get the following equation.
a _
de
D(1—4) i
0—6, K
T (K (1 A) (L~ ma) — K1 - A} —K(1—A) + Ka(Fen) -+ Ko(1 = 49
Ou—18, K

(95)



A Role of Pore Air in Infiltration Process 193

Integrating this equation with respect to 6 yields

i Sﬂ;d.

a

D(1—A) 16

(1= ) (1=03) ~Ko(1 =g} +K(1—A)—Ka(Ren) — K1)

(96)

~6—4,
fye—0,

where {4 is the value at §=0,—4, and 4y is a certain small positive value. Es-
pecially, in case of | 7| €1, it becomes
(—C4 =

_Sa*_"* D(I—A) d0 (97)

o _;_00 (K (1—A4y) —Ko(1—Ag)} +K(1—4) —Ky(1—4y)
*— Yo

If 44 is given, the moisture profile of the wetting front can be calculated numerically
by Eq. (97).
(3) Rate of change of pore-air pressure with time
From Eq. (81} and Eq. (87}, the following equation is obtained.

%~ {x—(0-0ar-DL 11— 4] (%)
As the right side of this equation is the function of & or {, it is known that p, is rep-
resented by the sum of a function of { and a function of r. And as #, between the
lower end of the wetting front and the bottom of layer can be considered nearly
zero, it results from Eq. (7) and Eq. (34) that 8p,/8x~0. As from these results,
the pore-air pressure p, at 6—8; . in the wetting front is considered to be nearly
equal to that at the bottom of layer, p,;, we get

b4y War (99)
or dt

And, from Eq. (80), 9p,/07 is given by,

7] o
e — wy (%) +ute (100)

(99,/9¢) % in the above equation is given by Eq. (82) and Eq. (87) as follows:

(%) _ l_w*(e—ﬁo)_Ku(l_An) (101)
oL /= K, Ky

Furthermore, introducing Eq. (88) into @ in the above equation, we get

(g%)* — Ayt (1—Ay)7s (102)
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Especially in case of |74| €1, Eq. (102) becomes

(Z—?)* = 4, (103)

Finally, applying Eq. (101) or Eq. (102) to Eq. (100}, the following equations are
obtained.

Op, @ (6 —6,) __Ko(l —4,) z

= cu*{l * X, X, }+u( ) (104)
s _ Ka(l=Au) (1 —74) —Ke(1—4o) ¢y 1 (1 4373 1u(c) (105)
aT 6*—00

(4) Profile of pore-air pressure
After multiplying Eq. (84) by d{/d0 given by Eq. (95), integrating with respect
to 6, and using Eq. (79), Eq. (87), the following equation is obtained.
el‘_dl AD 8*_41
e \Fa &= —df— (
pa—(ba)% So X 1,
AD(1—4) (1 +£n)
X 40

6—8, K
— I (1A (1 1) K1 — A} +K(1—4)—Ky(1 — A —aK (B
0—6, K
(106)
where (,)4 is the value of p, at {=¢4. Especially in case of |7| €1, Eq. (106)
becomes

_ 0,~4. 4D 0.—4,
po—pit = 4200 -’
R — 0 (107)
_05—0; {K*(I—A*)—KO(I~AO)} +K(1—A) —Ky(1—Ay)
* Yo

(5) Examination of induced relations

(a) wvalidity of assumption |74]| <1

Let us examine the validity the equations induced in (1)~ (4) by using the
observed values. The values of , and 7, given by Eq. (78) and Eq. (79), respec-
tively, can be set to be zero, because of the initial condition Eq. (28), and the bound-
ary conditions Eq. (30) and Eq. (31) in the experiment. It results that 6,—0,
K;—0 for v,—>0 and that (8p,/8()—0, 4,—0 for 2, —0.

Firstly, let us examine the order of (8p,/8¢)4. As the wetting front advances

downwards, @y is positive. From Eq. (82) and ®,>0, the following relation is
obtained. '

1><Z_/?)*>0 (108)
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As (0£,/0()4 is expressed by Ay and 74 in Eq. (102), let us examine the values of
Ay and 74. In case of Sand K-7, for example, using 0.36~0.38 as 6, by referring
to Table 2 and 1,8~2, given in 6.1, as the parameter 4 in Eq. (71) which expresses
the permeability of pore-air K,(6), the value of Ay is 0.1~0.14 for A=1.8 and
0.18~0.27 for A=2. Next, 74 can be expressed by the order estimation as follows:
O _$,.L (109)

K,

a &y

77*~ —_—

Then, the ratio of two terms in the right hand side of Eq. (102) becomes

(—Aw)l7al _ 0L
.
Ay K.P

2g

(110)

Calculating the value of the right hand side of the above equation under such a
condition that 84=0.37, Kyx=4x10"% or 1x 1072 cm/sec, $,..,=2x 1073 or 1 x 1072
cmAgq/sec for Sand K-7 or Sand K-6 by referring to Table 2, we get 4 x 1072 for
Sand K-7 and 7x 1072 for Sand K-6, where 6,=0.46, P, =10°cmAq and L=160
cm, As ‘this means that (1—4y)|74|/dx <1, that is, Ay + (1 — Ag)ne =~ Ay or
| 74| <1, the validity of Eq. (103) and also the validity of Eq. (89), Eq. (92), Eq.
(97) and Eq. (107) are confirmed.

(b) estimation of several characteristic quantities

The value of wg: Let us pay attention to @y given by Eq. (89). As K,
A, and 8, are equal to zero and A, is small in comparison with 1, in this case
@y~~Ky/0y. Actually comparing wy with K./0; shown in Table 2, it is found
out that wy is about equal to Ky /0.
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Fig. 17. Comparison between calculated moisture profile of wet-
ting front and observed ones, in the case of Sand K-7,
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The profile of wetting front: Using Eq. (97) under the same assumption as
above, we can get the profile of wetting front by giving the value of #4 and the small
value of 4. Fig. 17 is the comparison of the calculated profile with the observed
one, corresponding to Fig. 2 (a), which is given by finding out the value of inter-
section of the x-axis and the broken line, for example, shown in Fig. 14 (a). Two
examples of calculation, f4=0.37 in case of ,=1 cm and 64=0.36 in case of 4,=5
cm show a good agreement with the observed ones.

The value of u(r): Considering Eq. (99), (9p,/07)4 in Eq. (80) remains constant,
because of the observed fact that dp,;/di=constant. Then, applying (0p,/07)4=
constant and(8p,/8()s=constant to Eq. (80), u(z) is to be constant because of the
observed fact that wy,=constant. We represent this as u,.

5. Solutions of fundamental equations'®'¥?)

5.1 Solution for quasi-saturated zone with parameters defined at the

boundary of its lower end

The fundamental equations for the quasi-saturated zone are given by Eq. (24)
and Eq. (27), in which the pore-air pressure at the lower end of the zone, p,, and
the filter velocity throughout the zone, 7, can be calculated easily if the value of
@,, Bry V15 buy %1, and K are given.

Let us first pay attention to Eq. (23) or Eq. (24) and Eq. (27). As the velocity
of water is relatively slow, g, can be given by,

Duy = hy, (111)

The movement of air throughout the quasi-saturated zone is hardly inspectable
by the naked eye. In order to imagine this process, the supplemental experiment
in which the U-shaped tube is used, was carried out as described in Appendix.
Owing to the results obtained by the experiment, it is known that the formation
of an air bubble and its separation from the air in the U-shaped tube are in cor-
respondence with the invasion of the pore-air in the unsaturated zone into the quasi-
saturated zone and the escape of the pore-air from the sand surface, respectively.
So, ., can be given approximately as

oy = by (112)

In order to find the physical expression of (1—a,)yr, in Eq. (23), assuming that
Eq. (23) is valid also at k,=~0, x;~0, and considering Eq. (111}, Eq. (112) and the
result shown in Appendix, the following relation can be given.

(1_ar)¢l_)we (113)

where 1/, corresponds to the water or air entry value of the U-shaped tube. The
sigh — means that the term (1—a, )y, becomes v, after some time goes by.
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From Eq. (111) and Eq. (112), the three relations of Eq. (27), Eq. (24) and
Eq. (26) become:

_ o i1 ¥ \
= a,K(l xl) , (114)
pal—hw = (l_ar) (xl_"/’l) """ (115) ﬂr = _arV”l 3 (116)

respectively. In the carly stage of infiltration it is known that the infiltration rate,
the pore-air pressure, p,;, at the bottom of layer and the movement of moisture
obey Eq. (2), Eq. (1) and Eq. (4), respectively. And as p, changes approximately
in a similar manner to p,;, we get the following equation:

Poy—hy = aln 14’ (117)

where 4’ is a certain constant. So, from Eq. (114) and Eq. (2), and from Eq. (I115)
and Eq. (117) we can get, respectively,

a, — 5&/{&+1€(aln ;+b’)} (118)
2 2
vy = tl/zqolv{ST%—I—I%(a In H—b')}/f( (119)
where ¢, is ¢(6,, t). And applying these equations to Eq. (116), we obtain finally,

.= 52k -5 00 (591 Riatn 1+ (120)

Let us examine the characteristics of «,, 8, and v, by using the experimental
results of Sand K-7 and Sand K-6 in 4,=1 cm, L=169 cm, shown before in Fig.
7 (a) and Fig. 8, respectively. Though the values of S, a and b are shown in Table
1, the values of ' and ¢, cannot be estimated. So, let us apply the approximation
b=b" and the value ¢,=0.2, 0.4 cm/sec'”? estimated roughly for each case to Egs.
(117), (118), (119) and (120). The calculated results are shown in Fig. 18 (a)
and (b) for Sand K-7 and in Fig. 19 (a) and (b) for Sand K-6, where K is considered
to be constant and the values of X mentioned in 6.1 are used. Tt is found out from
these figures that @, decreases abruptly just after the beginning of infiltration and
decreases slowly as time goes by, and that g, decreases very slowly as time goes by,
and further that —+r, increases abruptly just after the beginning and then changes
moderately. These properties are recognized in the other cases.

As the infiltration rate, the pore-air prescure and the moving velocity of the
wetting front become constant approximately after a long time has elapsed, «, de-
fined by Eq. (25) is also expected to become constant «,. Combining this charac-
teristics of @, and Eq. (113), it-is seen that 8, also approaches a constant value, A,
asymptotically.
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Under the extreme condition, v, and g, are given, respectively, by,

/,
Y —> Ve (123) pe=— %y, (124)
_ac
It is possible to know the parameters included in the fundamental relations
Egs. (114), (115) and (116), excluding the parameter x, or » and p,; at the lower
boundary of the quasi-saturated zone, as mentioned above. Therefore, these rela-
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tions can be considered as the solution with a parameter x, or 7 and p,, for the quasi-
saturated zone.

5.2 Solution for unsaturated zone with parameters defined at the bound-
ary of its upper end
The fundamental equations are given by Eq. (14) for the water, and Egs. (15)
and (16) for the pore-air in the unsaturated zone beneath the quasi-saturated zone
and the initial conditions Eqgs. (28) and (29). The boundary conditions are given
by Egs. (19), (20) at x=L and the following ones at x=x;.

6 =4, (125) v=10=f (126)
v, = B, (127)

where 6, is water content at the boundary x=x,.
In order to find out approximate solutions, let us assume that

| dpa(z, 0) | [Pa(t) <1 (128)
where  P,(x, 1) = P,(t) +dp,(x, t) (129)

that is, the pore-air pressure is expressed by the sum of the average pressure in the
unsaturated zone, P,(t), and the deviation from it, 4p,(x, t). Then the following
relation can be obtained from Eqs. (14), (15), (16), (30) and (31),

%o . _AD B8O g gy p(1—g) e (130)
ax K [ Pu

where A4 is defined by Eq. (59) and

¢ = 5%&—@%’ dx|KP, (131)
x t

Eq. (14) and Eq. (130) become the approximate fundamental equations in the
domain under consideration.

Using 6 and ¢ instead of x and ¢ as the independent variables, these equations
can be described as follows:

2ol -]

w

respectively.
(1) First approximation

Putting 9x/3t=0 in Fq. (132) following Parlange’s method,” and integrating
with respect to 8, we get,
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0x D (134)

o (=55

After introducing Eq. (133) into Eq. (134), integrating with respect to ¢, the follow-
ing relation is obtained.

= xl—jﬂ‘f _ D=4 g (135)
* _frK(1--A) (1 ——p")—H(As
P

Let us consider the approximate expression for the denominator of the integrand
in the above equation. First, we can put 1—(o,/p,)=1 because of p,/o,~107%
Next, we obtain KAE~(0SAL/P;)dp,,L/dt, by applying the order estimation to the
equation of the definition of ¢, Eq. (131). Applying 8,2=0.46, P,~10? cmAq and
L~10? cm in our experiments to this relation, it is seen that KAe~5x 10724dp,/dL.
In the stage where the quasi-saturated zone develops enough, it is shown in Table 2
that the infiltration rate becomes larger than 3 x 1073 cm/sec for Sand K-7 and 1 x
1072 cm/sec for Sand K-6 and that the rate of change of pore-air pressure is roughly
in the order of 1073 cmAq/sec for Sand K-7 and 1072 cmAgq/sec for Sand K-6. Then,
AKe|f~1.7%x107% for Sand K-7 and 5x107% for Sand K-6. Therefore as 4<1

from the definition of 4, Eq. (59), we get the following relation.

KAs L f (136)

Then, Eq. (135) can be approximated as

¥ = xl—SB‘Mw (187)
o —f+K(1—A)

Moreover, the mass conservation of water under the condition Eq. (126) must be
satisfied as follows:

19x dx
=\ 246 = 6,="1—
J So 9t Yt
D(1—A)

{—/+K(1-4)}*
And x, is given by Eq. (27) as follows:

8
S oW d6 (138)
0

where W= (139)

B ff'fié (140)

X1

From Eq. (140), dx;/d! is given by

dx, af
= —Z<4R 141
di dt + . (141)
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L) s d
A (f—ak) e 4 K%
where  zZ(t) = P K Ruy =& L t (142)
(f_—arK)z (f“arK)z
Introducing Eq. (141) into Eq. (138), we get,
a _ o S—6,R (143)
dt S OWdo+0,Z
1]
and, inserting Eq. (143) into Eq. (141), we can obtain
R[ a0 wao1sz
dy _ R, ), WHZ (ﬁ) (144)
dt /o

2 é.
dt S ‘dage‘Wda 16,2
[

Egs. (137) and (143) are the first approximation of the solution for the un-
saturated zone.
(2) Second approximation

Differentiating Eq. (137) partially with respect to ¢, and using Eq. (143) and
Eq. (144), we get,

4
o S ‘W6 12
o= Rot— (f—6,R) (143)
t g OWd6 +6,Z
0

After assuming that 8x/8¢ given by Eq. (145) is equal to 8x/8¢ given by Eq. (132},
following Parlange’s method,” integrating it with respect to 6 while considering
Egs. (28) and (30), and introducing Eq. {133) into the result obtained, we get,

7w a1 ) eraeo () ~{r-a(G) 1

w

ox D(1—4) (146)

where
0 9
S dé S Wdé
o — (147)
S de S wde
0

8

1 =

Let us consider the approximation of the denominator of the right hand side of
Eq. (146). As mentioned before, 1—(p,/p,)~=1. And the estimation of & term
is as follows. For the large value of 6, we may state that e=0, because the condi-
tion Eq. (136) is satisfied. For the small value of 6, we can neglect KAe compared
with K(1—4). Then, putting ¢=0 approximately, integrating with respect to
6 and using Lq. (125), Eq. (146) becomes:
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y — xl—gol— D{1—4) 46 (148)

Ku—-o(%) (-]

where x, is given by Eq. (140). Eq. (148) must satisfy the following equation on
23)

the mass conservation of water

' _ 91x B oy 6D(1—4}
e T
(149)

Eq. (148) and Eq. (149) give the second approximation of solution of the water
movement.

Next, multiplying Eq. (133) by 0x/06 given in Eq. (146), applying the assump-
tion 1—(p,/p,)=1 and integrating with respect to 6 the result obtained, we get,

1 AD 2 AD(1—A)(1—¢)
¢ K = a0 Sg K(1—A) ~KAe— (le) “{f—ﬁl(%)o}[w

(150)

ﬁa(ea t) :}ba(ah t) S

where p,(8,, t) is equal to p,; given in Eq. (115). And putting e=0 in Eq. (150)
for the same reason as Eq. (148), we get,

dé

pa(ﬁ,f):/’a(ﬁn‘)"‘ge %dﬁ Se K(1—A4)— 0([41)()1_?](_ (dxl)}l
d

The pore-air pressure at the bottom of layer can be given approximately by putting
6 — 0, in Eq. (151).
The condition of mass conservation of air given by Eq. (127) is not yet applied.

(151)

After transforming Eq. (10) and Eq. (7), giving v and g, respectively, by using
6, t as the independent variables, finding the sum of these equation under considera-
tion of Eq. (146) and Eq. (150}, we obtain,

V0, y=v+0, = Ke (152)

where 1 —(p,/0,)=~1. Considering Eq. (126) and Eq. (127), this condition at =6,
becomes:

Vt(ﬁls Z) = z,)‘}‘aa = 'K(ﬁl) [E.Iz=zl+ (153)

As we are considering the case of e=0, (2-+3,) becomes zero. From this, r(t)
defined in Eq. (22) becomes

r(t) = 1 ' (154)
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Let us denote a, and g, for this case, r=1, especially as follows:

a7_>aﬂ ﬂf_>ﬁ (155)

Finally, the second approximations with the parameters x, and p,; for the un-
saturated zone are given by Eq. (148), Eq. (149) and Eq. (151) under the condi-
tion of Eq. (155).

(3) Accuracy of approximate solution

In order to examine the accuracy of the second approximate solution for the
unsaturated zone, let us compare it with the results obtained directly from Eq. (14)
and Eq. (130), with ¢=0 and p,/0,=0, under convenient conditions which will be
explained later.

(a) several characteristics obtained from Egs. (14) and (130) under the condi-
tion €=0 and p,/0,=0

Introducing Eq. (130), putting e=0 and p,/0,=0, into Eq. (14), we get

a6 2 { o0 }
— = —1D(1-4)——K(1—-4 156
3~ x (1—4) =" —K(1—4) (156)
From this equation, the filter velocity of water is given by
ol ,
v= —D(l—A4) a—'i‘K'\l—A) (157)
x

It is already known from 2.2 (2) that after a long time has elapsed, both the
velocity of the wetting front and the rate of infiltration approach a constant value.
Here, although the sand layer in the experiment is not so thick, it is assumed that
its thickness is large enough to determine the characteristics of infiltration phenome-
non in the so-called critical state.

i) infiltration rate

As it is expected that 86/8x<{0 and 4<C1 during the supplying of water, the

following relation is satisfied from Eq. (157),

F>K(1—A4) (158),

For example, the shape of function K(1—A4) is already shown in Fig. 16 for
Sand K-7. The function K(1—4) has the largest value at a moisture content 6,.
Then, Eq. (158), is to be rewritten as follows:

f={K(1—-4)}. (158),

where the subscript ¢ means the value at §=0,.

The experimental results show that, after a long time has elapsed, the infiltra-
tion rate approaches a constant value, f.., and that the development of the quasi-
saturated zone almost stops and the depth of the zone is relatively shallow, as men-
tioned in 6.1. As the moisture content at a finite depth of the unsaturated zone
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remains almost unchangeable with time, the value of v should become equal f.,
at such depth. Moreover, as the wetting front must be advancing to a very deep
position, there appears 96/0x~0 at a certain moisture content, #,(<<6,). There-
fore, by considering that v at 6=6, is {K(1—A)}, , it is known that 6,=6, and

Jo = {K(1-4)}. (159)

il) moisture profile
From Eq. (157), the moisture profile in 6,>> 6> 6, is given as:

= x— S“‘Mw (160)
8 K(1—4)—f.

In 4.2 it is described that the nearly constant moisture content 8, in the trans-
mission zone satisfies Eq. (94) and that the velocity of wetting front is given by Eq.
(89), in the case of |74| < 1. It is obvious that =0 corresponds to |7 |~0 because
of the equations of definition for ¢ and 7, i.e. Eq. (131) and Eq. (83). As men-
tioned in Fig. 16, 6, is slightly larger than 8/ but nearly equal to 87, in which 6/
is defined in Fig. 16. For example, in the case of Sand K-7, §,~0.38 and 0/~
0.36. Considering that the wetting front is advancing with a constant velocity
and has a constant profile, the filter velocity of water v, at =0, is given by:

v~ K (1 Ay) (1e1)

because 1/(0x/06)=0 at §=04. Fig. 20 shows a schematic profile of mecisture con-

tent under consideration. As v at §=60,, and 6=40, are given by Eq. (159) and

Eq. (161), respectively, v,, becomes larger than v4_. And as the functions, K(1 —4)

and D(1—A), are considered to be smooth with 6 and 96/3x becomes almost zero

at §—6, and 6—0,, the following relations are obtained at §=0,—4, and 0=8,+4,
00

K(I—A)>>—D(1—A)é— (162)

X

v K(1—4) ' (163)

|
e (1) e (1)

(1ii)

{iv)—

bl
—

X

Fig. 20. Schematic moisture profile in the critical state.
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because 86/0x~0 at these points, where 4, and 4, are positive and small quantities.
Applying Eq. (163) to Eq. (156), we get,

26
X

86 | d

a_t+déK(1—A)- 0 (164)
As this equation has such a solution as #=constant on the characteristic curve of
dx/dt=dK(1 —A4)}db, dx|dt becomes {dK(1—A)|d6}, at 6=0,—4, and {dK(1—A)/d6}
at 0=0x+4,, for 4;, 4,0, Owing to the definition of 8,, {dK(1—A4)/d6}, is equal
to zero. Considering the physical condition that {dK(1—A4)/d6}4« must coincide
with the velocity of the wetting front wy={K(1—A4)} /04, 04 is given as follows:

O,=0! (165)

And as 04=0.36~0.38 for Sand K-7 in Table 2, it is obvious that f is nearly equal
to 07~0.36.

The propagating velocity 8x/0t of the intermediate moisture content between
f=0, and =0,
and the distance from the point A, to the point M, in Fig. 20 is considered to be
far to some extent, Eq. (162) is satisfied with such moisture contents. Therefore,

is not exactly clear. But as there is such a relation as 8, ~07,

the following relation remains valid for 8, >6>67

f = constant on dx _ dK(1—4) (166)
dt do

It is known from this that the domain of 6, >6>67, is stretched out as time pro-
ceeds, because d?K(1 —A)/d6°<0. And it is obvious that Eq. (166) satisfies the
following mass conservation equation for the domain between ¢ =0, and 6 =26.({=0,).

0
o = {K(1— )}~ K1 —a)}; = | a0 (167)

9. 8¢
In summary, referring to Fig. 20, the moisture profile is composed of, in the
gravitational direction, (i) the quasi-saturated zone of 6 =46, (ii) the zone of §,>0>0,
where the moisture profile is almost unchangeable and is given by Eq. (160), and

where 80/9x becomes zero at =6, , (iii) the stretching zone of 8,>6>>687 where

g
the moisture with a constant content moves on mathematical characteristic curves,
its velocity being zero at §,_ and {K(1—A4)/6}{ at § =8/, where 80/0x at 6 =86,
and 6 =6, become zero, and (iv) the transmission zone of §=6/, and the wetting
front ahead of it with the constant velocity {K(1—A4)/6}! and an unchangeable
profile, All zones of (ii), (iii) and (iv) together are called the unsaturated zone.
(b) examination of the accuracy of the second approximation
After a long time has elapsed, the following relations can be determined from
Egs. (148), (149) and (151).
infiltration rate;
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£l = Z—C,K;(l—A;) (168)

*

profile of moisture content;

= % — S’l _DA=4) 4 for 60, (169),
o K(1—A)—f1
x.—xl—SOI——%dﬁ for <0, (169),
!

)
K(1—4)——f.
( / 0

c

celerity of moisture content;

6_x~0 for 6>86, (170),
at
/ /
Ox o 20, Ky(l—dy) ¢ g_p (170),
ot 04 +9, 0%
profile of pore-air pressure;
0. —4; g, —dx —
2o, ) —pu(O4—tho 1) = [ F 42 a0 — | ADUA) 49
! TOK(I—A) — K41 45)
0%
for G<@h—4d5% (171)
change of pore-air pressure with time;
%{pa(ﬁ,t)—ﬁa(ﬂn 1)} ~0 for 6>6, (172),
¢
11 A
2J{p,,(ﬁ?,t)—p,,(el,t)}nsK*<l A*)A,’I< for 6<4, (172),
ot 0%
where # satisfies the condition that
dx dx,\ )
KL(1— ALy — 8" (4)_{ ;,_e(_l) IL~0 173
% %) " /o S gy Jof ¥ (173)

The affix 4 means that the value at #=0% and 4§ is a positive and small quantity.
Eq. (168) to Eq. (173) have been induced from the condition that the quasi-satu-
rated zone does not develop iufinitely and, especially, in Eq. (172) the condition
of dp,,/dt—0 is added.

Eq. (168) corresponds to Eq. (159) for the infiltration rate, Eq. (169), and
Eq. (169), to Eq. (160) and Eq. (97), respectively, for the moisture profile; Eq.
(170), corresponds to Eq. (89) for the advancing velocity of the wetting front, and
Eq. (173) to Eq. (165) for the mcisture content in the transmission zone. As 6}
and f. can be determined by putting the denominator of the integrand in Eq. (169),
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to zero, it is determined that 64=0. and fl=~{K(1—A)},6,/6,. Then both the
moisture profiles agree with another. And as it can be considered that 6,~0!, the
residual correspondences also largely agree with each other. It is known that Eq.
(172), corresponds to Eq. (105) for the change of pore-air pressure with time and
Eq. (171) to Eq. (107) for the profile of pore-air pressure. As 4 ~0,=0/ in the
latter and if it can be assumed approximately in the former that u(r) =%,=0 in Eq.
(105), both correspondences are satisfactory.

6. Comparison of approximate solutions with experimental results!®

6.1 Parameters of quasi-saturated zone

It is neccesary in the calculation of approximate solutions to find out the param-
eters a{f), A(t), 0, K and v, in advance. If these parameters are known, the
infiltration rate, f(t), can be determined by solving Eq. (149). The development of
quasi-saturated zone, x,(t), is given by Eq. (140) using f(t). The change of moisture
profile with time is given by Eq. (148) using f(¢), x,(¢), and the profile of pore-air
pressure is determined from Egs. (151), (115) and (116) by using f(¢).

The development of the quasi-saturated zone could not be known exactly due
to the inaccuracy of measurement. So the movement of a constant moisture content
6 which is a little smaller than 6, is shown in Fig. 21. It is seemed from this figure
that the point of §=6/{ approaches a finite depth asymptotically as time goes by.

50
t ..‘. oo aole
- o ?®
40 '®
8 s
@ 30 ”
g 1)
.
d / SAND K-7
A 20 n,= 5 cm
]
” L = 125 cm
10 ] | |
0 2000 4000 6000 8000 10000

time ( sec )

Fig. 21. Advancement of water with a high and constant
moisture content, in the case of Sand K-7.

As 6/ is less than 6,, the quasi-saturated zone develops in a similar manner to the
point of #{. This means that x,(¢) does not continue to increase. So, it is known
that x,(¢) must satisfy the following inequality due to Eq. (14) and Eq. (159), because
a,>0, §,>0.

aC<M (174)
K

Applying the value of hydraulic conductivity at 909, saturation to 16, as mentioned
below, the value of the right hand side of Eq. (174) becomes about 0.67 for Sand K-7.
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As, however, Eq. (174) is known to be the very weak condition for the determination
of the value of @, it is required that the value of @, be determined by a trial and error
method as mientioned later.

Let us determine the function of a(f). The relations between the experimental
value of ay=(a,—ea,)/(a,—ea,) obtained by Eq. (118) and the square root of time
clapsed are shown in Fig. 22(a) and (b), corresponding to Fig. 18 and Fig. 19,
respectively. In these figures, it is assumed that ay=1, which is the value of a, at
t=0, and «,=0.28 for Sand K-7 and 0.30 for Sand K-6, obtained later. From these
figures, it is known that a,(t) is given the following relation.

/2
@y (t) = e~ (175)
1 @
O~
R
— ~
S - S0
L o
r >
* ..
fe ~
-1
L ]
N
1 ~
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— \\
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e
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Fig. 22. Change of a4 with a square root of elapsed time.
(a) Sand K-7
(b) Sand K-6
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where 2=0.19 sec™"2 for Sand K-7 and 0.21 sec™2 for Sand K-6. Eq. (175) can be
rewritten as follows:

a, = a,+ (ay—a,)e (176)

So, considering that « is approximately equal to e,, a(t) is given by Eq. (176).

Though it is known in 5.1 that g,(t) shows a slight tendency to decrease as time
goes by, let us consider 2(t) as g,(¢) and then approximate A(t) to 8, given by Eq.
(124).

The volumetric moisture content @, just beneath the quasi-saturated zone is
assumed to be equal to 909, saturation. The equivalent permeability of water in the
quasi-saturated zone K is considered equal to the hydraulic conductivity at 0=46,.

The permeability of pore-air K (8) is as follows. The function of K,(#) contain-
ing a unique parameter A is given by Eq. (71). As the final infiltration rate f,, is
given by Eq. (159), adjusting the value of 4, we can find out such a A value that
{K(1—A4)}, becomes nearly equal to the observed value /... For example, in the
case of Sand K-7, we can obtain about 3.5 x 1073 cm/sec as the value of /', by referring
to Table 2. From this, we get about 1.8 as the value of A satisfying the relation
So=1{K{1—4)},. This means that the resistance of air movement increases with
time, because the value of A is about 1 at the beginning of infiltration as mentioned
in 4.1. In the case of Sand K-6, we get A=1.9 by the same method.

We know that the value of v, corresponds to the water or air entry value. It is
meaningful to give here such a statement that, especially for the pore-air pressure at
the bottom of sand layer, the observed value agrees well with the one calculated by
using water entry value as .

6.2 Comparison of observed results with calculated ones

Fig. 10(a), (b) and (¢), given in 2.2 (2), also show the comparison of the observed
values with the calculated ones described by a broken line for the infiltration rate and
the pore-air pressure at the bottom of layer. Fig. 23 shows the comparison of the
observed depths of the wetting front with the calculated ones described by a broken
line, in which the wetting front is defined by #=0.15 and the observed values cor-
respond to Fig. 10, including other experimental results. These calculations are
done by using 2=0.19 sec™"2 and «,=0.28. The determination of value of a, is
carried out as follows. Fig. 24(a) and (b) show the calculated depth of wetting front
and pore-air pressure at x=71 for Sand K-7, respectively, by using 0.24, 0.19, 0.15
sec™% as the value of 2 and a,=0.28. From these figures, it is seen that there is no
effect of 2 on the depth of wetting front and that the pore-air is affected by 1 only at
the early stage of infiltration. Moreover, after calculating by setting 2=0.19 sec™¥2,
changing the value of @, within 0.2~0.4, it is known that the pore-air pressure is
especially affected very much by «,. Using a trial and error method, it is determined
that 2=0.19 sec™¥? and a,==0.28 which is such a value of a, that the observed pore-air
pressure almost agrees with the calculated ones.
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Fig. 23. Comparison between calculated depth of wetting {ront and observed ones, in
the case of Sand K-7.

The same comparisons for Sand K-6 are shown in Fig. 11, already given, and
Fig. 25. It is determined that 1=0.21 sec™? and a,=0.30.

Fig. 26 shows the development of the quasi-saturated zone calculated for Sand
K-7. As the value of a,, determined above, satisfies the condition Eq. (174), there
appears the property that x,(¢) approaches the critical value x,, shown by a broken
line, asymptotically. x,,, is given by applying Eq. (121), Eq. (122), Eq. (124) and Eq.
(159) to Eq. (140) as follows:

— —(Ile 'We;’(l—ac) N (177)
{K(l _A)}c_acK

x].'=° &

The value of the right hand side of the above equation becomes about 20 cm for
Sand K-7 and about 17 cm for Sand K-6. In Fig. 12 and Fig. 13 the depth of the
quasi-saturated zone after a long time has elapsed, is roughly 20 cm, which coincides
with the value calculated above.
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Fig. 24. Effect of 2 value on caiculated values, in the case of Sand K-7.
(a) Depth of wetting front
(b} Pore-air pressure at the bottom of layer

Let us examine the value of K,(6,) and 1%8. 13,, is expressed from Eq. (25) as
follows:

k= % .k (178)

Putting @,—a, and r— 1 in the right hand side of Eq. (178), the ratio 1(,,(01)/1%,,
becomes about 3.5 for Sand K-7 and 2.9 for Sand K-6. It is known from this that
the air resistance passing through the quasi-saturated zone becomes considerablely
larger than that in the domain beneath the quasi-saturated zone. Though the quasi-
saturated zone merely develops to a relatively shallow depth, the quasi-saturated zone
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Fig. 26. Development of calculated quasi-saturated zone, in
case of Sand K-7.

plays an important role in the escaping process of air. Moreover, as l—A4=K,/
(K+K,) from Eq. (59), the value of 1 —4 at #=6, becomes about 0.6 in both cases of
Sand K-7 and Sand K-6.  As | —4 at 6=06, is equal to ,, in which r—1, K,— K,(6,)
and IA('-—>K(61) in Eq. (25), the stage where the quasi-saturated zone is being formed
corresponds to such a process that the value of & decreases from about 0.6 to a,~0.3.
Thercfore, this stage can be considered from a phenomenological viewpoint to be in
such a process that the resistance for the air escape throughout the quasi-saturated
zone is increasing.

In summary, it can be said that the results calculated by the reduced equations
agree well with the observed ones for both Sand K-7 and Sand K-6.
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7. Infiltration with water supply as a spray?

In the infiltration process with a pond on the sand column having a solid bottom,
it was made clear that the existence of pore air plays an important role. In order to
examine the role of pore air, an additional experiment on infiltration by water supplied
through precipitation is carried out. After installing a spray apparatus above the
same sand column as described in 2, water is supplied as a spray, that is, simulating
rainfall, with a variety of constant intensities.

It is found out from the results of many experiments that, when the intensity of
water supply is relatively weak, ponding on the sand surface does not appear, but,
when the intensity is strong, ponding begins to appear after a certain time has elapsed.
As the final or minimum rate of infiltration f, with ponding is given by Eq. (159), it
is supposed that ponding would occur only when the intensity of simulating rainfall
is stronger than f..

Fig. 27 shows the experimental result, for Sand K-7, representing the relation
between the intensity of water supply and the depth of the wetting front when ponding
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Fig. 27. Relation between the intensity of rainfall
and the depth of wetting front when pon-
ding begins to appear.

begins to appear. This is plotted by black circles. In this figure, the values of
Sm=3.9%x107% cm/sec and K(6,)=~6.5x 107 cm/sec in saturation are also shown by
broken lines. It is obvious from Fig. 27 that ponding on a sand surface appears only
when the intensity of water supply is stronger than f,, and does not appear when
weaker than f_, as pointed out alreadv by McWhorter'®. As it is said that the final
rate of infiltration on a sand column with screen bottom is equal to K(6,)®, pore air
makes the penetration of water into a sand column with a solid bottom difficult.

Due to this experiment, a role of pore air in the infiltration process was also disclosed.
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8. Conclusion

The experiment of ponded infiltration under the condition of a constant water
depth was carried out by using a homogeneous and initially air-dried sand layer with
a solid lower boundary, and then the analysis of mechanism on such an infiltration was
undertaken.

The results obtained are summarized as follows:

1) The moisture profile is composed of two zones. In order of depth, one is
the quasi-saturated zone which develops just under the sand surface and is nearly
saturated, and another is the unsaturated zone which develops just under the quasi-
saturated zone. The unsaturated zone has a transitional zone from the quasi-saturated
zone, the wetting front, having a relatively small moisture content, at the lower end
of unsaturated zone and the transmission zone between them. As time goes by, the
quasi-saturated zone declines in development and approaches a relatively shallow
certain depth asymptotically. On the other hand, the unsaturated zone continues
to develop accompanied by the downward movement of the wetting front.

2) Pore-air escapes from the sand surface intermittently. Although, strictly
speaking, an infiltration phenomenon is discontinuous, it is possible to consider such
an infiltration process as to be continuous in average. And water and pore-air in the
unsaturated zone beneath the quasi-saturated zone each obey the generalized Darcy’s
law, and the filter velocity of water in the quasi-saturated zone and the pore-air
pressure at that lower end becomes:

o = a,k{l —{—m}

*1

a1 T (l __ar)xl_.'#l—l_pwﬂ__ﬂr 3

respectively,
where a, = 16,/(1%4—&-?’1%) s Br=a (Y1t L)
é\)a = —T!’}

3) Just after an infiltration begins, a, decreases abruptly from about 0.6, and
approaches a constant value @, {about 0.3 in Sand K-7 and Sand K-6) asymptotically.
B, continues to decrease, but as the degree of decrease is relatively small, £, can be
considered a constant value §,=—a/,/(1 —a,), where v, is the water entry value.
And r(¢) is nearly equal to 1, excluding the early stage of infiltration.

4) The stage where the quasi-saturated zone is being formed corresponds to
such a process that the pore-air pressure ahead of the wetting front increases and
attains roughly to the value of sum of |+,| and the ponding depth. At this stage, the
resistance for air escape throughout the quasi-saturated zone increases. At the
stage where the quasi-saturated zone has developed, the resistance for air escape
throughout the quasi-sasturated zone becomes at least several times (about 3 times)
larger than that in the unsaturated zone beneath it.

5) The condition for escape of air in the unsaturated zone is determined at the
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lower boundary of quasi-saturated zone. And the pore-air pressure at the boundary,
at the stage where the quasi-saturated zone develops, is given as:

palm(l _ar)xl_wa+hw

6) At the early stage of infiltration, that is, at the stage where the quasi-saturated
zone is being formed, the following relations are valid.

infiltration rate; f = s g2

movement of water; x = ¢(6)t*

pore-air pressure at bottom of laver; p,;, =aln t+b-+h,

Though the values of S and « are not determined uniquely by the degree of ponding
depth and by the degree of thickness of a layer, there is such a relation between S and
a that the value of « decreases as the value of S increases.

7) At the stage where the quasi-saturated zone has developed enough, the
infiltration rate, the rate of change of pore-air pressure at bottom of layer with time,
and the shape and celerity of wetting front become unchangeable, respectively, being
independent of a thickness of layer and a ponding depth. That is,
infiltration rate; f~K,(1—4,) =f..
rate of change of pore-air pressure
o gy KiL=AD) A,

dt

_~—

M 0

at bottom of layer with time;

c
Ki(l—47)
:
where 6,=68,. And the moisture content in the transmission zone within the

celerity of wetting front; w==

unsaturated zone becomes about 6.
At such a stage, the depth of the quasi-saturated zone becomes:

fovdl—e)
K.(1—A)—a,K

xlss—a[

8) When water is supplied as a spray, that is, like rainfall, on a sand surface, the
criterion of whether or not ponding on the sand surface appears is given as follows:
ponding appears only when the intensity of water supply is stronger than £ _..
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Appendix Experiment by the U-shaped tube*

1. Apparatus and method of the experiment

The apparatus used in these experiments is shown schematically in Fig. I. We
use a straight and air-dried glass pipe of 125 ¢cm in length and 0.5, 0.8, 1.0, 1.2, 1.5,
1.8 and 2.0 mm in inner diameter. The U-shaped tube is arbitrarily made of any

*> Ishihara, Y. and E. Shimojima: Study on mechanism of confined infiltration (3) —Considera-
tion by simplified model experiment—, Disast. Prev. Res. Inst., Kyoto Univ., Annuals, No. 24B-2,
1981, pp. 171-182 (in Japanese).
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Fig. I. Schematic figure of experimental apparatus.

two pipes among them and a small U-shaped tube of 0.5 mm in inner diameter with a
cylindrical bucket at the bottom. The U-shaped tube is stood vertically along the
glass plate and the top part of it is inserted through the bottom of cylindrical vessel
of 10 cm in inner diameter.

Glycerin is used as a penetrating fluid.

In the beginning of experiment, the fluid is poured into the vessel instantaneously
as the depth of fluid to the top of the U-shaped tube becomes nearly 4 cm. As the
inner diameter of the vessel is much larger than that of the U-shaped tube, the depth
of fluid in the vessel remains nearly constant under experiment.

The measurement is done for air pressure at the bottom of the U-shaped tube
and for the depth of the lower end of penetrating fluid. The former is measured by the
very small pressure gauge which is inserted into a small bucket connected the bottom
of U-shaped tube. The latter is measured by taking a photograph.

The experiment is carried out in the air-conditioning room at about 21°C for the
same reason mentioned in 2.1.

II. Results of the experiment

(a) Description of the phenonenon

The experimental result in the case of pipes of inner diameter 0.5 mm and 0.8
mm is shown in Fig. II, where x, is the advancing distance of the lower end of the
penetrating fluid and p the air pressure. And the detailed figure of p after the first
air escape occurs is shown in Fig. IIl. In this case the air escapes from the pipe of
0.8 mm. Let us represent the inner diameter of pipe, in which the air escape occurs,
as dj, and the other as ¢;. From these figures, the figures in other cases and the
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Fig. I1I. Detailed figure of p in the case of Fig. I1.

detailed observation under experiment, the various situations under experiment are
as follows, yet the statements in (i), (ii),--+ showing just below, correspond to the
zone (i), (ii),-+, describing in Fig. II, respectively:

(i) The fluid begins to penetrate into both pipes as soon as the pond is formed. As
a result, the air pressure increases abruptly.

(ii) The fluid in pipe 4, continues to advance downwards with time. The fluid in
pipe d, ceases moving downwards at a certain time and it begins to move upwards.
At such a duration, the rate of increase of air pressure decreases gradually and then
the air pressure begins to decrease. In some cases the up and down movement of
fluid appears repeatedly in pipe d, for some period of time.

(iii) When the lower end of the fluid in pipe d, reaches the upper end of its pipe (this
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corresponds to ¢ or ¢, in Fig. III), the air pressure begins to decrease abruptly and an
air bubble begins to be formed on the upper boundary of its pipe. And then when its
bubble grows to some extent (this corresponds to ¢, in Fig. IIT), it separates from
the air in the U-shaped tube and, at almost same time, the air pressure begins to
increase, while the fluid in pipe d, which is moving slowly till that time, begins to move
rapidly downwards.
(iv) After that time on, the formation of air bubbles and the escape of air occur
repeatedly in the same manner. However, the escape of air from the 2nd time on,
occurs easily compared with the lst time, continuing intermittently. On the contrary,
the fluid in pipe ¢; advances continuously downwards in spite of the discontinuous
change of air pressure.

Let us represent an air pressure when the air bubble begins to form and the air
begins to escape, as p, and pg, respectively. p, at the st time is represented by p, ;.

(b) Changes of p, and p, with time

After examining the results of experiments, it can be seen that the changes of g,
and p, with time are classified into three kinds of pattern shown in Fig. IV(a), (b) and
(e), where T is the period of escape of air bubble and the origin of the time axis is
taken at p=p, ;. Thatis,
pattern (a): p, is almost unchangeable and nearly equal to g, ;, and pg also remains
about constant,
pattern (b): p, increases with time and then becomes more or less constant, but p,
remains constant,
pattern (c): p, continues to increase, and g decreases after increasing.
If we examine the relation between the combination of both pipes and the pattern,
we get Fig, V, where pattern (a), pattern (b) and pattern (c) are described by a black
circle, a white circle and a black triangle, respectively, and the broken line satisfies the
condition of d;=d,. Though the boundaries of each pattern are not clear, it is
known from this figure that pattern (a) appears in case of d,/d,==1, and as the value
of d,/d, becomes small, a change of pattern occurs, that is, pattern (a)—>pattern
{b)—>pattern (c). Further, it can be stated meaningfully that the air does not nec-
essarily escape from the pipe with a larger diameter of the two pipes, because there
appears the case of d,/d; < 1.
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(c) Relation between p, ; and d,

The relation between p,, , and 1/d, is shown by a black circle in Fig, VI, where a
white circle means the value p, of sum of the ponding depth and the capillary rising
height in equilibrium for the pipe d, estimated by other supplemental experiments.
It is known from this figure that g, , is nearly equal to py, and that p, , is almost in-
dependent of the pipe d, because the black circles in each d, include various cases of
d,. Therefore, in the case of pattern (a) mentioned in (b), p, is nearly equal to py.

(d) Relation between p, and d,

The relation between pg in patterns (a) and (b), and the diameter 4, is shown in
Fig. VII by using a black circle and a black triangle, respectively. A white circle
means the calculated value on the balance equation of force at the top of an air bubble
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Fig. VII. Relation between pg and d;.

at the separation considering to be a sphere. The following two facts become claer,
by this figure and the result that the size of an air bubble at the separation from the
air in the U-shaped tube is larger as the valuc of d, increases. First, according as the
bubble becomes large, the value of p; decreases and becomes about 5.1 cm in water
head, that is, the ponding depth. Second, the calculated value agrees approximately
with the value of pg.
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IIl. Application of the results in the U-shaped tube to the case of infiltration
into a sand column

In corresponding the phenomena in the U-shaped tube with that in the sand
column mentioned in 2, it can be considered that the formation of an air bubble in the
case of a U-shaped tube corresponds to the invasion of the air in the unsaturated zone
into the quasi-saturated zone in the case of the sand column, and that the separation
of the air bubble from the air in the U-shaped tube corresponds to the escape of pore-
air from the sand surface. Therefore, it can be expected that p, and p, correspond to
the pore-air pressure at the lower and upper ends of the quasi-saturated zone,
respectively.

{a) Condition at the lower end of the quasi-saturated zone

Pattern (c) is considered to be of such a state that the rate of penetration of fluid
is larger, in average, than one of the escape of air bubbles and so the degree of com-
pression of the air in a U-shaped tube increases with time. If we consider the stage
after a long time has elapsed in the case of the sand column, we can exclude the
condition as the change of p, in pattern (c) by considering the situation of the escape
of pore-air from the sand surface, explained in 2.2(2), Therefore, we can select a
constant value, either the water or air entry value, for the first approximation, as the
quantity corresponding to the p, under consideration.

(b) Condition at the upper end of the quasi-saturated zone

As mentioned in IT (d), the observed value of p, can be estimated approximately
by calculation, and the value of p, in patterns (a) and (b) can be approximated by the
ponding depth in the case that the air escapes in large bubbles. Therefore, if we
know the size of air bubble at separation, we may estimate the value of pg.

In the case of sand column, it is difficult to determine the condition of air pressure
at the sand surface by the information of the size of air bubble, because the air escapes
as various sized bubbles. However, as we fortunately know the fact mentioned in
2.2(1) that the ponding of water acts on the pore-air statically, we may use the value
of the ponding depth approximately as that of pore-air pressure at the sand surface.
This means that at least the condition at a sand surface may be determined
approximately by the relatively large air bubbles.



