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Abstract

This paper presents the development of an FEM formulation based on shell Models for the analysis
of buried pipelines subjected to sinusoidal seismic wave, differential settlement and dislocation of
ground. Realistic circumferential distribution of earth pressure and distortion of the cross section of
the pipe, which can not be considered in the conventional method based on the beam model, were
taken into consideration. Some comparison of numerical results obtained from the shell model-I,
shell model-I1 and the beam model” is carried out. It is found that very different axial stresses
were given by each of the three models in the case of transverse ground deformation, and it is
apparent that beam model and shell model-1 are not suitable in such cases. Distortion of the cross
section of pipes does occur in the case of stiff ground or thin pipes, which may make the
circumferential stress become more significant than the axial stress. An empirical formula is presen-
ted to evaluate the ratio of axial stress obtained from these shell models.

1. Introduction

1.1, Previous Works on Buried Pipelines

The behavior of buried pipelines during an earthquake is a problem which has
attracted considerable attention due to its importance and the great potential for des-
rubtion of lifeline service. A great deal of work has been done in the last decade. This
may be divided into the following four areas.

(1) Investigation and analysis of the past earthquake damage data.

(2) Investigation and analysis of seismic environment, which includes the characteriza-
tion of input seismic traveling wave, liquefaction, differential settlement, landslide
and faulting.

(3) Theoretical and experimental analyses of physical pipeline components under seismic
loading.

(4) System reliability and risk analysis by means of network theory and probability
theory.

The apparent mechanism of response and failure of pipeline components is the
fundamental problem and the reliable result of the system reliability and risk analysis
depends to a great extent on how well physical component behavior is understood.
Nevertheless, it appears that more work has been done on the area (4) in the past
several years, while further study on the area (3) is obviously necessary. In the light
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of this situation, a new analysis method of component behavior during an earthquake is
presented in this paper.

1.2, Models for Analysis of Buried Pipes

Up to the present, there have been three kinds of models used to simulate the
interaction of pipes and ground. These are the beam model, lumped mass model and
shell model.

The beam model is a conventional model and has been used in most of the analyses
which treat the ground-pipeline interaction system as a beam embcdded in an infinite
isotropic homogeneous elasto-plastic medium or surrounded by soil springs. Usually the
problem is treated as a quasi-static one by dropping the intertial and damping terms in
the governing differential equations. S.Takada™?*, M. Shinozuka and T.Koike”* have
been successful in using this kind of model.

In order to consider the inertial and damping effects, a lumped mass-spring-dashpot
system was presented by M. Novak et al®. They concluded that dynamic pipe-ground
interaction reduces pipe stress but this reduction is significant only for very soft soils and
resonance type amplification does not occur.

S. K. Datta et al. modeled the pipe-ground system as a thin cylindrical shell embed-
ded in an infinite isotropic homogeneous elastic medium in the case of axisymmetric
Joading. Numerical response analysis of a buried pipe due to an axial compressional
wave showed that the dynamic response of pipeline was significantly altered by the
changes in the Poisson’s ratio and the rigidity modulus of the surrounding medium, but
pipe resonance occurred only when the rigidity ratio was large and the wave length
was small [6, 7, 8].

The beam model and lumped mass model treat the pipes as beams or masses, thus
the real distribution of earth pressure and the distortion of the pipe cross section can not
be considered. The circumferential stress of pipes can not he evaluated either. To
solve these problems, the shell model was used in this study. We adopted the matrix

dml_ 11),12),13)

displacement metho for numerical calculation, which made the analysis of

asymmetric loadings possible.

2. Shell Models and Numerical Computational Method

2.1, Matrix Displacement Method for Analysis of Shell of Revolution

General View

1t is well known from the thin shell theory that if loadings (body forces or surface
tractions) are axisymmetric, then the responses (displacements, stresses. etc.) are also
axisymmetric ; if loadings are distributed as a sine or cosine function along the circum-
ference, the responses are also distributed in the same way along that direction. Thus,
it is only necessary to consider the amplitudes in analysis. For an asymmetric loading, it
is only necessary to expand the loading into a Fourier series, calculate responses to each
Fourier term and superpose them, then we obtain the responses to the loading. This
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is the basic concept of the matrix displacement method.
Coordinate System, Generalized Nodal Displacements and Forces of an Element e,

In Fig, 1 an arbitrary element ¢; in the cylindrical coordinates that is employed in
the analysis is illustrated. The generalized displacements and forces of an arbitrary

vi(Ty) "
. S i"i(Hi)
i ui(Qi)

(M)

nodal circle ¢ are giver by

Fig.1 Elements in a generalized coordinate system.

{di = {usy v wyy .Hi}T
{ﬂ} = {Q,.', Tfa Hh 4'1'[.'}T

in which u, z, %; are displacements in axial, circumferential and radial directions,

1

respectively. V', T, and H; are forces in these directions. M, §; are moment and the
rotational angle about the tangent to the nodal circle. The generalized nodal forces and
displacements corresponding to an arbitrary term in a loading Fourier series expansion
are expressed in the following. Displacements are written as

{d) = [ (X) cosn A, v, (x)sinn 6, w,,(x)cosn 6, B;.(x)cosn §]7 (2)
Their amplitudes are A

it [tin () 2 (), 2ia (), Bra ()] | @
Forces are given by

it =[0m(x)cosn 8, T, (x)sinn 0, H, (x)cosn 0, M;,(x)cosn 817 (4)
Their amplitudes are

(it =[Qin (%), Tia(x), Hi(x), Mi(x)17 ‘ ()

Since only the amplitudes are considered in the following deduction and calculation,
we will use them to describe displacements, forces, stresses, etc. and not specifically
say that they are amplitudes. but readers will readily recognize them as such from their
subscript. Therefore, the generalized nodal displacements of an arbitrary element ¢,

can be written as
{dijn} :[U,-,,(.x'), :lin(x)) u'in(x)’ ﬁ,-,,(.‘(), u}'ﬂ(x)’ Ui"(x)’ lﬂj"(x)’ ﬁf"(x>]T (6)
Corresponding generalized nodal forces are given by

{fx'jn} = [Q..‘n(x)s Tin(x), Hin (), Iwin(x)a Q.J'n (%), Tjn(x)a Hjn(x)g Mjn(x)]T )
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Displacement Assumption
Displacements in element ¢;; can be expressed as

{ta} = [ua (%), 0a(x), wa(x), ()" &
Assume the displacements to be polynomial functions of axial coordinates, that is
u, 1 £ 000 O 0 0 a
= | = 001 ¢ 0 0 0 0 a; 9
w, 0 0 00 1 ¢ &2 g
8. 0 0 0 0 0 1/L 2&/L 3§/L ag

where £=S5/L is a dimensionless axial coordinate, and s is the distance from nodal circle
i to the circle considered. Substitute the boundary condition

{uta} g=0— {d.'n} {ua} =1 {dn'n} (10)

into equation (9), and coefficients a., m=1, 2, ..., 8 can be calculated. After substitu-
tion of a, into Eq. (9), the amplitudes of generalized displacements are given by

Uin
U, 1-¢ 0 0 0 £ 0 0 0 Vin
Un — 0 1—5 0 0 0 E 0 0 uil':
w, 0 0 13824288 L(6—282+¢%) 0 038728 —L(&-&9 || Un
Ujm
Ba 0 0 —6(6—¢)/L1-46+38 0 06(§-¢/L —26+3¢ u:,-,,
‘Bin
an
or
{uay = [N1{d 0t
Strain-Displacement Relations
The strain-displacement relations of a thin shell are expressed as®
—I )
* ox
_1 v w
R
N
S TR
K, = — aw2 (12)
ax?
g — L w1 a
A
ol w1
f0=2 = G557 )

or in matrix form
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.. X 0 0 0) [ «
ox
1 |
e O+ L o1l
1 2 ?
5 - - 0 -0
= | r a6 ox 13)
x, 0 0 % ol | w
1 ® 1 2
2 N i
2 5 -1 @
o O T v a0 LP

in which e,, ¢, ¢, are strain components and ., &, &£., are changes of curvatures in

the middle surface. Also only the amplitudes are necessary. They are

{eu} = [exa (%), €0, (x), €20n (%) Kon (2}, K5n (%), Koen ()17 (14)
Using Egs. (8), (11) and (12), the strains of the middle surface are readily deduced
as

{eat = [BI{da} (15)
in which [B] is a 6%8 matrix (see Eq. (4—!) in a appendix 4)

Generalized Hooke’s Law
Membrane stress resultants and moment resultants are adopted in the analysis. The
directions of these force resultants in an element are shown in Fig.2, in which we

4 "
Ne'f'[j‘!" + ‘*_ Mz = Mox
i "

Myp
Fig.2 Directions of generalized force resultants.

have neglected transverse-shear resultants N,, and N, which are less important when
evaluating work or energy, but is necessary when considering the equilibrium. In that
sense, the force resultant can be written as

{04 = [Nxu (1), N ()3 Nogn(0), Moy (), Mon(x), Moen(x)17 (16)
The generalized Hooke’s law here becomes®
N,n 1 0 0 0 0 E2n
N, y 10 0 0 0 ton
New |_ ER |0 0 (1-x)/2 0 0 0 €.9n an
M, | P00 0 m/12 w2 0 Ken
Mo, 0 0 0 vh?/12 h?/12 0 Kon
M. 4n 0 0 0 0 0 (1-wh&/24 Koon
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or
{o.4 ={D]{en}

Virtual Displacement Principle
Consider an element ¢,,, assuming that inertial and damping effects are negligible.

By using the virtual displacement principle, we have
e = —S a{e} T {o}dv +S S{ur T{ fotdv + S {uy T ftds=0 (18)
v \ s
Then,
2r L 2 N 2x nL
~("C o407 (o1 rdsdo +§ sty 0+ § oty T pprdsdf =0 (19)
(L) 0 [a]
Noting the following relation
Sz'cosznﬁdé’z Shsinguﬁ =7
0 0
Eq. (19) can be simplified as
§oten ™ ads t 01 T L + § Bud i =0 20
2.2. Shell Model With Uniform Circumferential Distribution of Radial Soil
Spring (Shell Model-I)
Shell Model-I

Fig. 3 shows shell model-1 used for the analysis. An elastic continuous thin shell

axial spring —,

radial lprh;- \ f f‘:& £

circusferential spring radial spring in shell
rodel-t

Fig.3 Ground-pipe system of shell model-1.

(kgf/cm’) (kgf/em’)
(0.17,0.1) 3.6 _(2,0,3.6)

0.1 |—m——— !
; |
-0.17 | (em ) -2.0 ,
1
|
|
|

2 (cm)
0 0.17 ; 0 2.0

|

|

|

relative displacement relative displacement

e —|-01

———--3.5

axial and circumferential soil spring radial soil spring

Fig.4 Stress-relative displacement relation of soil springs in shell model-1.
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is supported by the axial and: circumferential shear spring and the radial spring which
are distributed uniformly on the shell surface. Stress-relative displacement relations
are illustrated in Fig. 4. Ground deformation corresponding to seismic ground motion,
differential settlement, dislocation or faulting are exerted on the thin shell from the soil
springs, which consequently causes the relative displacement between the pipe and the
ground that is proportional to a loading or earth pressure.

By using the Hooke’s law, earth pressures are written as

p-r k: (U_ H)

(p} = po | _ | BV =0} (21)
b k(W —w)
Pa 0

Here p, is added for the convenience of later use. In shell model-1, soil springs are
assumed to be bilinear as shown in Fig, 4, then the earth pressures are simply expressed
as

ﬁxn kx (Uru - ll,,)

P = bon — ke(V,—2ow) (22)
p:n k,(I’V,,—u/',,)
bsn 0
or
{pn} = [kn] ({(]n} —‘{H,.})
where
kx 0 0 0
k=] 0 & 00 @)
0 0 £k O
0 0 0 ¢
Element Governing Equction
By using Egs. (22) and (11), the third term in Eq. (20) becomes
L
§ o™ (pads=§ 01w TIRICUU — fuah ds
= § M TIVITTR] (U — V] )
=04, T LS TVTP TR (U
—~01d,;) " LS INTT IR [ NI 20,0} 24)

By means of Egs. (14) and (16), the first term in Eq. (20) leads to
(ot Tt ds =~ 31d,) TIBITLDILBY d,u) ds

= —3d, "L [BITIDIIBId: td, 0 (25)
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Substitute Eqs. (24) and (25) into Eq. (20) and rearrange, and it becomes

—L{ [BITIDVIBIAE td b + L§ TNV TR (U} dé~

LS NI VIS0 b + ik =0 (26)
If we denote {P.}, [K.] and [K,] as
1P} =L§ INTTTLIAU} d (27)
[K.)=L§ [BI7[DI[B)d¢ 28)
(K] =L§ [N17[k1UN1de 29
we then obtain the governing equation of element ¢;;.
Ui +1PY = (K] + (KD (ded (30)

in which [£,] is the stiffness matrix of the pipeline, [£,] the stiffness matrix due to the
soil springs, {f:;.} the nodal force vector, {P,} the loading vector, the calculation of
which will be discussed in 2. 3.

Computation of [K,] and [X,]

[K,] is computed directly. First [N17[k,][U,] is calculated (see Eq. (4—-2) in
Appendix A4), then integration is carried out which leads to
k./3 p
0 k/3 synmetry
0 0 13%./35
[Ks] = 0 0 11kL/210 &,L%105 (31)
k./6 0 0 0 k./3
0 k6 0 0 0 k/3
0 0 9%./70 13k,L/420 0 0 13%./35
0 0 —13kL/420 —kL*140 O 0 —11kL/210 kL%/105/

It is quite difficult to calculate [£,] by direct integration, but it can readily be
evaluated by numerical integration. Due to the highest degree of polynomials of
elements in [B] being three, we can obtain the exact result by using the Gaussian

quadrature formula of 4 degrees.

Global Relation and Boundary Condition
By assuming the governing equation (30) corresponding to all elements, we have

the global relation
[K]ir} ={P} +{F}

Here [K] is the global stiffness matrix which is a symmetric band matrix with a band-
width of 5. {P} is the global load vector, {F}, global nodal force vector, and {r}, global

(32)

nodal displacement vector given by
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{F}:[flns 01 05---; 03 O’fnn] (33)
{T} = [dlna d2n1 ey d:m} N (34)

Two boundary conditions are considered in the investigation.

(1) The free boundary condition is expressed as

{fib = {fua} =0 (35)
(2) The fixed boundary condition is given by
{dlu} = '{Uln} s {dnn} = {Unn} (36)

Cholesky’s method is adopted to solve the global equation. After the global nodal
displacement vector is computed, strains, stresses and relative displacements of a pipe in
each element can readily be evaluated. A'

In the case of axisymmetric loading (n=0), responses are also axisymmetric. Thus
nodal forces Q,, H,, M,, in Eq. (2) and u;, w,, f;, in Eq. (4) are constant along any
circumference, and their components in the circumferential direction become zero. Gene-

ralized nodal displacements and forces of arbitrary nodal line i can then be expressed as
{ﬁm} =[0Q,(x), Hi(x), M (x)]T 37
{dy = [us (%), 0:(x), wi(x), B:(x)]17 (38)
Generalized nodal displacements and forces of element ¢; now become
Ui =10, Ti), HiG), M), Q(), Ty, Hyx), My(1™  (39)
{dijo} :[ui(x): v,-(x), wi(x)’ Bi(x)’ uj(x)a Uj(x)’ w.i(x)a ﬁj(x)]T (40)
In the same procedure as that presented in 2.2, we can readily obtain the relations

between displacements and nodal displacements, and those between strains and mnodal
displacements. Four important matrices used in Eqs. (27), (28) and (29) are:

I—e 0 0 £ 0 0
0 1382428 L(£—-26°46% 038228 —L(E-&% |{die} (41)
0 —B6(6—&/L 1-4£438 06(5—-8&)/L —2613&
1 v 0
=2y 10 (42)
0 0 k12
k. 00
[hl=| 0 & 0 (43)
00 0

and [Bo] is expressed in Eq. (4—3) (see appendix A)
[K.] can also be calculated directly from

k./3 Symmetric
0 13k./35
2
[K]= 0 11k,L/210  k[L2/105 m
k./6 0 0 k./3

0 9%./70 13k.L/420 0 13k./35
0 —13kIL/420 —kL%/140 0 —114L/210 £,1%/105
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of load inputs s evaluated in 2. 3.

[Ko] is computed by the Gaussian quadrature and {P,} corresponding to several kinds
the same form as those in 2. 2.

The global relation and boundary condition are of

2.3. Ground Displaaement and Loading Vectors of Shell Model-I : Loading
Vectors of Seismic Ground Motion

Loading Vectors of Seismic Waves

Assume that the seismic wave can be treated as a sinusoidal function of time ¢ and
axial coordinate x propagating in x-z plane with an incident angle a with respect to

the axis of the pipeline (x-axis) as shown in Fig,5, Then the displacement com;onents

— — —— —— — —

-
\

2} -— X __ - xilﬂ
. a4
I *y

l I
vy 7 Ugmasine- % cosa) |

Fig.5 Secismic wave loading.

in x, 8, z directions are, respectively,

Longitudinal wave:

U a, cos a sin @w(t—x cos a/c)
(Uh=| V [=]| —ae sina sine(l—xcosa/c) sinfd (45)
w ap sina sin w(f{—x cos a/¢) cos é
Transverse wave:
U —ay sina sinw(l—x cosa/c)
{Uy=|V |=| —ay cosa sine(t—xcosa/c) sind (46)
w a, cosa sinw(t—xcosa/c) cosf
They can be easily separated into two parts. For a longitudinal wave,
n=1:
U 0
Wi = V|_ -—a? smoi sin w(! —x cos a/c) A7)
14 ag sin a sin @({ —x €os &,'c)
B 0
n=0:
U a, cos a sinw({ —x cos a/c)
{Uo} Wi|=|0 (48)
B 0

TFor a transverse wave,
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n=1
U 0
W - " _ | —ay cosa sinw({—xcosa’c)
13 ay cosa sinw(l—xcosa )
B 0
n=0:
U —ap cosa sin@(f—x cosa/c)
Wt =| wi{=|o
B 0

In order to calculate loading vector {P,}, by means of Eq.
calculated first;
kU.(1-8)
kV (1 —6)
kW (1—362+28%
kW,.L(E=2824 €%
k.UL§
koV g
kW, (362 —28%)
(kW.L(E—E)

[NT*[hJHUSY =

(49)

(50)

(AL, [NT[&] U] s

(L)

Substituting Eq. (51) into Eq. (38) and integrating, we obtain the loading vector:

{Py} =[Py, Py, Ps, P,, Pg, Ps, Py, Ps]r
For a longitudinal wave:

P,=0

Py=—ay k, sin a f;

Py=ay k, sina f;

P,=ay k. Lsina f,

Py=0

Pe=—a, &, sin a f

Pr=a, k, sina f;

P,=—ay k, L sina f,

For a transevers wave:
Py=0
Py=—ay ky cosa f,
Py=ay k, cosa f;
Pi=ay k. L cosa f,
P;=0
Ps=—ay ks cosa [
P,=a, k. cosa f;
Py=—ay k, L cosa f;

(52)

(53)

6H
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where f;, i=1, 3, 4, 6, 7, 8 are shown in Eq. (4—4) (see appéndix A4).
Loading vectors of the axisymmetric load {Py} are derived in the same way. They
can be expressed as
{PO}:{PH P2’ P31 Ph PS, PG]T (55)
For a longitudinal wave:
P,=k.a,f, cos &
P,=k.0ofs cosa (56)
Py=P,=P;=P;=0
For a transverse wave:

P =—k.a,fisina
P,=~kayfssina (57)
P,=P;=P;=P;=0

Loading Vectors of Dislocation and Differential Settlement

Assume that a ground dislocation takes place in such a way that the right-hand part
slips upward with an inclination angle a, and the left-hand part remains unmoved. For the
requirement of the continuity of displacements of the ground, the displacements in
the connected element ¢4 is supposed to be linear (see Flg 6). Then the ground
displacement vectors are represented as follows. In the connecting element e45,

ground surface

C
“‘, . ground displacement
Uab,- agus/L Up * 2
| B
c / D
A
Fig.6 Ground displacement of dislocation.
U sag cos a/L
{Uast =| V | =] sapsin asin /L (58)
w sag sin a cos 6/ L,
In the right part BD
U ay Ccos a
{Uy,=| V | ={apsinasin @ (59)
w a, sin a cos 8

In the left part
{Up=0 (60)



Shell Model FEM Analysis of Buried Pipelines under Seismic Loading 127

With the same procedure as used in the deduction of Eqs. (53), (54), (56) and
(57), we obtain the corresponding loading vectors. For n=1, in the connecting element,
0 3
k aysin a/6
3k.aqsin a/20
Py =L k.Lagsin a/30
0
k agsin a/3
Tk.aq sin a/20
\ —k.Lagsin a/20
In the right part BD,

0

k aosin o

(61)

3k.aqsin a

(P} :_g k.Lagsin a/6 (62)
0

k apsin a

7k.aysin a

\ —k.Lagsin a/6

For n=0, in the connecting element,
k.Lay cos a/6 Y
0

{Po} = 0 (63)

k.Lay cos a/3
0
0

In the right part,

k.Lagcosa

0

0

k.Lagcos a/2

{Pg} = (64)

:'::’Q:\:—_Eﬁggirﬁisz

Fig.7 Differential settlement loading.
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Assume that a ground differential settlement occurs in the shape of a half length
of isnusoidal function (see Fig.7). Thus, the loading vector in AB is the same as that
in Eqs. (83), (54), (56) and (57) and becomes zero in other areas.

2.4. Shell Model With Nonuniform Circumferential Distribution of Radial Soil
Spring (Shell Model-II) and the Corresponding Loading Vector

Shell Model-11

Radial earth pressure corresponding to the assumption of the stress-relative dis-
placement relation emploved in shell model-I is shown in Fig.8. However, there exists
no or very small pull between pipes and ground. Thus, radial earth pressure is distributed
as that shown in Fig,9 provided the earth pressure at rest is neglected. To consider
this distribution, radial springs were assumed to be nonsymmetrically distributeed (see
Fig, 10), but axial and circumferential springs were kept unchanged as in model 1.
The pipe-ground interaction system idealized as a thin shell supported by these three
kinds of springs will be called shell model-II for the convenience of description. The
corresponding radial stress-relative displacement relation is illustrated in Fig, 11, Here Eq.

(21) becomes

ground displacement ground displacement

gl <

Fig.8 Earth pressure corresponding to Fig.9 Realistic radial earth pressure.
shell model-1.
(kgf/em®)
2.0,3.6
direction of ground 3.6 ——————( )
displacenent |
@ !
} (em)
em
0 2.0
relative displacement

radial soil spring

Fig.10 Ristribution of radial Fig. 11 Stress-relative displacement relation
spring corresponding of radial spring in shell model-II.
to shell model-1IL
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b= k(U—u)

= po | _ | ke(V—0) (65)
b, KW —10)
b 0

where

p { 0 W—w>0

(66)
k. W —w<0

Consider the ground movement downwards first [Sin m{{-x Cos a/c) <(0], k. being rewrit-

ten as

e { 0 ©/2<6<3n/2 .

ko —w2<6<a/2
If the relative ground movement is a cosine distribution along the circumference, i, €.,
W=W,(x)cost (68)

then the radial displacement of the pipeline may also be assumed to have the same
distribution (This is obviously not true due to the deformation of the cross section, the
difference being less significant in the description of each pressure.) given by

W=1",(x)cos 8 (69)
Thus the radial earth pressure can be rewritten as
pe= [, (1) —we,(x) ki cos @ (70)
where
(0 7/2<0<3z/2
k. G= - (71
¥ Co8 {A cosl  —m/2<0<x/2 )

which can readily be approximated by a finite Fourier series as
Kicos 0=k {1 /e+cos8/2+ (— 12/ S cos 2k8/ (4k2+- 1)} (72)

Consider the harmonic number merely up to 2k=10. We can obtain a good approxima-
tion given by
kicos@=k{l/ztcos8/2+2 cos 26/ (3x) —2 cos 40/ (15x)
-2 cos 66/ (357) —2 cos 86/ (63x) +2 cos 108/ (99z)}
=k Co-+ kCi+5Co+ kLo +kCo+kLy+EC oo (73)
where
Co=1l/x C,=1"2 C,=2/(3z) C,=-—2/(157) } (74)

Ce=2/(357) Cy=—-2/(637) C.,=2/(997)
Substituting Eq. (73) into Eq. (70) leads to
D= (Pog T Par+Pazt frat+ Pas Pus+ Do)
={[Wolx) —wo() T [, () —1e,(x) ]
+[Wa(x) —wp(x) 1+ [W,(x) —aey () T+ [ (x) —2e6(x) ]
+ W (x) —wg(0) 1+ [Wio(x) —wi0(x) 1} (75)
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in which

Wolx) =CoW.(x)
Wi(x) =CiW.(x)
W, (x) =C,Wa(x)
W, (x) =CW.(x) (76)
Wi (x) =CeW. (%)
Wy (x) =CaW.(x)
Wie(x) =C oW (x)
W.(x), which corresponds to f.., is called the apparent radial ground displacement, and
W, (x) is the corresponding radial displacement of the pipeline.
If the ground moves upwards [Sinw(t—x Cosa/c)>0], we can derive the same

expression as Eq. (75) and (76). However, here C, is
{C;,:—l/;r C,=1/2 C,=-2/(8n) C,=2/(15xn)
Ce=—2/(357) C3=2/(63m) Co=—2/{(997)

From the above observation, we know that in order to take the actual earth pressure

into consideration, it is merely necessary to change the radial displacementin Eq. (45) into

(77

its apparent displacement, then following the procedure pressented in 2,2, we can arrive
at the element governing equation (30). Matrix [X,], [K,] and column vector {f.}
are completely the same. However, loading vectors {P,}, corresponding to various kinds
of loadings, are changed due to the change of expression of radial displacement. We
will discuss them in detail in the following.

Loading Vectors of Longitudinal Waves
The apparent ground displacements excited by a longitudinal wave are

U a, cos a sin w(f—x cos a/c)
{Uy=|V |=| —apsin asin @({—x cos a/¢) 78)
%% Wo(x) +W,(x)cos 8+ W,(x)cos 28 + W, (x) cos 46
- W (x) cos 68 + W, (x) cos 80 + W, (x) cos 108
here W, (x) is
W, (x) =a, Sin a Sin @{{ —x Cos «/¢) . 79
Thus
Wo(x) =Cogsin a sin w(f —x cos a/c)
W, (x) =Caqsin a sin w(t —x cos a/c)
W,(x) =C,aysin a sin w(t—x cos a/c)
W,(x) =Caasin asin w(t —x cos a/c) (80)

Wi (x) =Cgaysin a sin w(f —x cos a/c)

Wg(x) =Cgapsin asin w({ —x cos a/c)

Wio(x) =C 148y sin @ sin o ({ —x cos a/c)

Apparently the ground displacement can be separated into seven parts. By means of
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Eq. (27), the loading vectors of a longitudinal wave are:

n=0
{Po} =[Py, Py, Py, Py, Py, P]” (81)
where
{Pl:kxaﬂfz cosa Pp=Wy(x)f; Py=Wy(x)Lf; (82)
P,=kasfecosa Ps=Wy(x)f; Ps=—Wy(x)Lfs
in which f is shown in Eq. (4—4) (see appendix A).
n=1
{Pl}’:[Pth,Pa:PhPs,PesP?,Pa]T (83)
where
P,=0
Py= —apkof,sin a
P=W,(x) f3
P,=W,(x)Lf, (84)
P;=0
Po= —apkofesin a
Pr=W,(x) f;
\ Py= _I’Vx(x)fa
n=2,4,6,8, 10
P=0
P,=0
Py=W,(x) fs
Py=W,(x)Lf, (85)
P;=0
P.=0
P'[:Wn(x)f?
Py=—W.(x) fs

In the same procedure, we could obtain the loading vectors of a transverse wave,
ground dislocation and differential settlement. Nevertheless, we hcve expressed them in
Eq. (A-3)~(A-13) (see Appendix A).

3. Discussion of Calculation Resulis

3.1. Comparison of Three Kinds of Models
Fig, 12 shows the response values of a pipe disturbed by a longitudinal wave with a
displacement amplitude of 5c¢m and an incident angle of 45 degree. The axial displace-
ment and stress of the pipe indicated by three models are almost exactly the same. A
maximum axial stress of 670 kgf/cm? occurs. Shell model-1 and shell model-II illustrate
that the circumferential stress, which can not be calculated from the beam model, is
approximately 1/3 of the axial one.
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Fig.13 Response values of a pipe subjected to transverse wave.

Fig. 13 illustrates the results of a pipe excited by an axially incident transverse wave
with a displacement amplitude of 5c¢m. The axial stress and transverse displacement of
the pipe obtained by the beam model and shell model-1 are very close. However, shell
model-II gives much smaller results. Shell model-II shows that larger circumferential
stress occurred than that obtained by shell model-I. These differences are considered
to be from the influence of earth pressure. The beam model and shell model-I do not
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Fig.15 Calculation results of a pipe under vertical dislocation.

take the real distribution of earth pressure into consideration. We will discuss this point

in more detail later.

In Fig. 14, the results of a pipe subjected to 2 5cm horizontal dislocation are

plotted. All the responses given by the three models are almost exactly the same. It is

obvious that a large axial stress of 1300 kgf/cm? takes place in this case.

Fig, 15 presents the results of a pipeline subjected to a vertical ground dislocation.



134 R.-H.YANG, H. KAMEDA and S.TAKADA

TRANSVERSE GROUND DISPLACEMENT TRANSVERSE D1SPLACEMENT
5.0 4.5+
52.5 5 0.0 .
0.0+ T =T T -4.5 T T T
80. 94. 108. 121. 0. 94. 108. 121.
AXIAL LENGTH OF PIPE (M) AX1AL LENGTH OF PIPE (M)
3 2
10 AXIAL STRESS x10 CIRCUM. STRESS
. 2.37 _ B.5 /-
S 0.0 LR ek e N
(&) - 8] . ‘
X E . v
-2.3 T = T -6.5 ; T T
80 94. 108. 121. 80. 94, 108. 121.
AX1AL LENGTH DF PIPE (M) AXIAL LENGTH OF PIPE (M)
a4
I8 DADIAL SPRING DI AMETER=50CM
5 v/ THICKNESS=0. 78CM
5 u AXIAL SPRING=0.BKGF /CM?
X 0.0- — — SHELL-II  RADIAL SPRING=1.BKGF/CM?
% — - - GHELL-I DISPLACEMENT AMPLI .=5.0CM
x — BEAM WIDTH=10M
-1.8 T T
80. 94. 108. 121.

AX1AL LENGTH OF PIPE (M)

Fig.16 Calculation results of a pipe under differential settlement.

Both the beam model and shell model-I show approximately same axial stress of 1700kgf/cm?.
Nevertheless, this may be overestimated due to the fact that earth pressure has not beer
considered.

Fig. 16 shows the results for a pipe under a differential settlement with maximum
value of 5cm. The response values obtained from the beam model and shell modei-1
are also quite larger than those calculated from shell model-11. But even shell model-11
indicates that 1300 kgf/cm? axial stress occurred. This is much greater than those
generated by a longitudinal wave or a transverse wave. Moreover, when the displacement
amplitude increases, the axial stress increases proportionally.

From the above observation, we can conclude that the beam model, shell model-1
and shell model-II are all suitable for the calculation of axial stress under the ground
deformation in the axial direction, which is usually the most significant stress in the case
of axial ground deformation loadings such as an axial incident longitudinal wave and
horizontal dislocation. However, the beam model and shell model-1 over estimates the
axial stress in the case of transverse ground deformation loading such as an axial incident
SV wave and differential settlement. Diflerential settlement can generate much greater
stresses than other kinds of loadigs. This may explain to some extent why the damage
in soft ground areas is severer.

3.2. Results for Transverse Ground Deformation Loadings
As mentioned in the former section, the beam model and shell model-I always give
approximately the same axial stress in all kinds of loadigns considered in this paper. So
we will discuss the results solely by means of shell model-1 and shell model-11.
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Fig.18 Response values of a PVC pipe embedded in stiff ground excited by
transverse wave.
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Results for Transverse Wave Loading

Fig. 17 shows the responses of a pipe embedded in stiff ground subjected to an
axial incident transverse wave with an amplitude of 5cm and wave length of 65m.
Shell model-II shows that 390 kgf/cm? circumferential stress occurred, which is greater
than the axial stress. Maximum distortion of 1.5cm was obtained from shell model-II
which was not the case with shell model-1. Shell model-I gives a larger axial stress
but smaller circumferential stress than those calculated by shell model-II.  Shell model-I1
also showed that plasticity of radial spring takes place in some areas, while shell model-I
does not indicate this phenomenon.

In Fig, 18, the results of 2 PVC pipe embedded in stiff ground excited by a
transverse wave with an amplitude of 5cm are plotted.

A circumferential stress of 69 kgf/cm? was obtained from shell model-II. Shell model-
11 also showed that distortion of the pipe section and plasticity took place.

The reason that the two models give different results is shown in Fig, 19, In shell
model-1, earth pressure corresponding to transverse wave loading was considered to be
distributed as that in (B). However, a realistic earth pressure was considered as that in
(C) (i e., there exists no tension between pipes and ground). This distribution is taken into

A: incident SV wave

=
N

B: radial earth pressure

in shell model~]

C: distribution of ground d1sp'|m:ement
real earth pressure

e (5

D: E:
,mm;“ ‘HH{“‘ *‘HHW ”HH*“’
it

Fig.19 Comparison of radial earth pressure in shell model-I and
shell model-IL

ground displacement
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consideration in shell model-1I. The actual earth pressure can be separated into two
parts, that is the symmetric part and the antisymmetric part (see (D) and (E)). The
antisymmetric part is distributed in the same way as that in shell model-1 except that the
amplitude is only half as large. Thus the difference is caused by the symmetric part.
The symmetric part not only genecrates smaller stresses than the antisymmetric one, but
also causes plasticity to occur earlier as a common case. Thus axial stress obtained
from shell model-I may be two times larger than the that calculated from shell model-
II. Nevertheless, when the ground is stiff or the pipe is thin, the symmetric part can
cause large distortion of the pipe cross section which can cause the circumferential stress

to become more important than the axial stress.

Results for Differential Settlement Loading

Table, 1 summarizes the results (circumferential stresses are much smaller than the
axial one, so they are not shown in the table) of five kinds of pipes under differential
settlement with a maximum displacement of 10 cm, widths of 5, 10 and 20 cm. The
radial spring constant is 1.8 kgf/cm® and the critical radial relative displacement (i.e.
the relative displacement at which point plasticity occurs) is 4 cm which correspond to
a common ground condition. It is obvious that axial stress decreases as the width of
differential settlement increases, provided maximum differential settlement is the same.

When the width is large, axial stress increases as the diameters of the pipe increase.

Table.1 Axial stress of pipes subjected to differential settlement

width of dif. set,  diameter  thicknvss axial stress @ shell-11
(m) (cm) (cm) (kgf/crm) _
model-1I model-1 ¢ shell-1
10 0. 42 1349 3685 0.37
32 0.69 2271 6373 0.37
5 50 0. 84 2206 6021 0.37
70 0.90 2317 5598 0.41
100 .10 2100 4416 0.48
10 0. 42 883 1656 0.53
32 0.69 1387 3373 0.41
10 50 0.84 1759 4432 0. 40
70 0. .90 2006 5013 0.40
100 1.10 2124 5026 0.42
10 0.42 498 881 0. 57
32 0.69 826 1518 0. 54
20 50 0.84 977 1755 0. 56
70 0.90 1132 1970 0.57
100 1.10 1300 2668 0.49

max. dif. settlement=10 cm

radial spring constant=1. 8 kgf/cm?®

critical radial relative displacement=4.0cm
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However, a maximum axial stress of 2271 kgf/cm? occurred in the pipe with a diameter
of 32cm when the width of differential settlement is 5 m.

Table, 2 shows the results of there kinds of pipes embedded in different kinds of
ground subjected to differential settlement with widths of 10 m and maximum differential
settlements of 10 cm. Tt is apparent that axial stresses increase as the ground changes from
soft to stifl’ (i.e., the increase of spring constant or critical relative displacement). The
ratio of axial stress obtained from shell model-1I to that computed from shell model-11
increase as the critical relative displacement increases provided the radial spring constant
keeps the same. In the case of small diameter, this ratio also increases when the radial

Table.2 Axial stress and stress ratio of pipes subjected to differential
settlement under different ground conditions

diameter Thickness Tadial spring critical relative axial stress ¢ shell-11
constant displacement (kgf/cm?) —
(em) (cm) (kgf /cm®) (cm) model-1I model-I @ shell-
10 0.42 0.3 2.0 256 887 0.292
0.42 0.3 4.0 358 887 0.404
0.42 0.3 10.0 461 887 0. 520
0.42 1.8 2.0 732 1656 0. 442
0.42 1.8 4.0 883 1656 0.533
0.42 1.8 10.0 9506 1656 0. 547
0.42 6.0 2.0 1147 2377 0.483
0. 42 6.0 4.0 1266 2377 0. 533
0.42 6.0 10.0 1265 2377 0.532
50 0.84 0.3 2.0 556 2221 0. 251
0.84 0.3 4.0 862 2452 0. 352
0.84 0.3 10.0 1226 2393 0.512
0.84 1.8 2.0 1207 4432 0.272
0.84 1.8 4.0 1759 4432 0. 397
0.84 1.8 10.0 2302 4432 0. 52
0. 84 6.0 2.0 1855 5289 0. 351
0.84 6.0 4.0 2322 5289 0. 441
0.84 6.0 10.0 2711 5289 0.513
100 1.10 0.3 2.0 519 1536 0.338
1.10 0.3 4.0 798 2117 0. 377
1.10 0.3 10.0 1459 2384 0.612
1.10 1.8 2.0 1584 5383 0.294
1. 10 1.8 4.0 2124 5026 0. 423
1.10 1.8 10.0 3208 5441 0. 590
1.10 6.0 2.0 2251 7518 0.299
1.10 6.0 4.0 3316 7518 0.441
1.10 6.0 10.0 4320 7905 0. 546

width of dif. settlement=10 cm
max. dif. settlement=10 cm
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spring constant increases. This means that in the case of soft ground, stresses estimated
by means of shell mode-1 are much more different than the actual one. When there is
no plasticity taken place, the ratio changes from 0.5 to 0.653.

If we could describe this ratio with a formula, it would be very useful and con-
venient because we could estimate realistic axial stress by means of the conventional
beam model with the help of this formula Eq. (86) is presented for this purpose based
on a large amount of calculation results.

aeshell-1T . /a4y 1\
o shell-1 =C a(Uz 1) (86)

in which g, is the maximum differential settlement, u. the critical relative displacement,

¢, « and B are parameters which change with radial spring constant and width of diffe-
rential settlement.
for width=>5m.

C=0.547—0.414D+1.045D%—0. 522D?3
ky=0. 3 kgf/cm? a=0.187-0.122D+0.252D?-0.172D% ; 87
B =0.418—1.464D+ 1. 693D*—0. 545D°

C=0.563—0.511D+1.423D%—0. 788D?
k;=1. 8 kgf/cm? a=0.147—-0.316D+1.97D%*—0. 780D° (88)
p=0.523+0.902D—3. 951D%+ 3. 042D3

¢ =0.593—0. 595D+ 1. 448D*—0. 784D?
k3=6.0kgf/2m®  a=0.0364+0.678D—0.879D%+ 0. 409D° (89)
B =1.931 6.537D+9. 478D?—4. 554D?
for width=10m,
C=0.532—0. 141D+0. 180D%+0. 040D
R;=0.3kgf/cm® a=0.0667+0.245D—0. 374D+ 0. 284D? (90)
8=0.709-0. 127D —0. 756 D%+ 0. 341 D?
C=0.590—-0.519D+0.947D%—0. 422D?
R;=1.8kgf/cm® a=0.0169—0.0045D+0. 441D?—0. 318D° 91
p=1.785—3.684D+3. 845D2—1, 345D3

C=0.598—0.490D+0. 841D%—0. 404D3
Ry;=6.0kgf/cm® a=0.0133—0.0064D+ 0. 264D?—0. 198D? (92)
B=1.379-2.707D+4.214D?—2. 014D?
for width=20 m,
C=0.575—10.209D+0. 177D2—0. 0097 D?
R,=0.3kgf/cm® a=0.0061+0.225D—0.256D%+0. 142D? (93)
B =1.246-3.374D+6. 224D —3. 488D?3

C=0.588—0.262D+0. 542D*—0. 30103
Ry=1.8kgf/cm® a=0.00087+0. 01860 —0. 0599D2--0. 0596 D* (94)
p=1.160+3.335D—1. 693D+ 1. 396D°
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C=0.602—0. 303D-+0. 694D*-0. 390D*
R;=6.0kgf/cm®  a=—0.00258+0. 03490 —0. 0714D*+0. 0567.° (95)
g=2.805—4.669D+6. 510D*—3. 476D*

where D is the diameter of the pipe.
For the other radial spring constants and widths, we can use these nine formulas

and linear interpolation.
Fig, 20 through Fig.25 show the calculation results by means of shell model-1, shell

model-II and formula Eq. (86).
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4, Conclusions

From the above observations, the following conclusions can be drawn :
(1) Program SMFABP (Shell Model-FMA Analysis of Buried Pipeline) developed in



(2)

3

4

(5)

(6

N

Shell Model FEM Analysis of Buried Pipelines under Seismic Loading 141

this study is appropriate for the calculation of buried pipelines subjected to sinu-
soidal waves, differential settlement and ground dislocation.

The distribution of earth pressure has great influence on the stresses of buried
pipelines subjected to transverse ground deformation. In this case, shell model-11
presented in this paper is apparently powerful while beam models and shell model-I
are not suitable because they can not properly take this contribution into account.
Differential settlement, which is still not fully taken into account in mest of the
design codes of buried pipelines, appears to be the most threatening loading
because it can generate large stresses than other kinds of loads.-

The distortion of the cross section of pipelines does occur when they are subjected
to transverse ground deformation. Nevertheless, stresses due to such distcrtion are
small for the common pipe under common ground conditions. The effect of this
distortion may become significant only when the pipe is very thin or the ground is
very stiff.

In the case of axial ground deformation loading, the beam mode! and shell model
give approximately the same results.

Axial stress is usually more significant than the circumferential one. However
circumferential stress becomes significant if the pipe is subjected to the transverse
deformation of stiff ground.

The stiffness of radial spring is a significant factor in the analysis of pipelines
under transverse ground deformation. Nevertheless, very few data on radial spring
constant exists. More work on this appears necessary.

This paper concentrates on straight continuous pipelines. However most of the con-

clusions can apparently be extended to jointed or bent pipelines. The analysis method

developed in this paper is considered to be stable not only for the analysis of buried

pipelines, but also for the analysis of other structures such as steel piles and so on.
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Appendix A: Formulas
—1/L 0 0 0
0 n(l—e)/r (13824269 /r  L(§—282+£%)/r
[B]= —n(1=8)/r —1/L 0 0
0 0 (6—12£)/12 (4—68)/L
0 n(1—§)/r* n2(1—362+426%) /1% n?L(6—-282+£3) /12
0 —2/7L —12n(§+E6)Lr  2n(1—4£4-38%)/r
1/L 0 0 0
0 n§/r (382283 /r  —L(E*—&3)/r
—né/r 1/L 0 L (A-1)
0 0 —(6-128)/L? (2—868)/L?
0 nE/r* n?(362—2£%) /2 —n2L(£2—£%)/r?
0 2/Lr  12n(6—83)1L —2n(26—36%/r
—1/L 0 0 S 1/L 0 0
(Bol= 0 (1-342426%/r L(E—262+E%)/r. O (3£2-2¢%)/r —L(E2—§9/r|
0 (6—12£)/L? 4—68)L 0 —(6—128)/L® (2—6£)/L?
......... (A-3)
[N17{kn][N]=
k(1-6)2 3
0 ke(1—-86) symmetry
0 0 k(1 —3624-263)2
0 0 k L(E—262+E3)2% |, [2(£—2524-£%)2
(1—362426%)
k(1—-6) 0 0 0 k.62
0 £E(Q-H 0 0 0 k.6
0 0 k (362—283)* kL, (382—-28H* 0 0 k(3622897
(1—-362426)2 (§—262+¢9)
0 Y —kL(§*—E3*  —FL2(§2—€)* 0 0 —kL(E2—E3)*EL2(57—§3)2
(1—382—-269) (§—2€2+£%) (3¢2—2¢9)
......... (A-2)

fr=—cosw(t—x, cosa/c) c/o—sin w(i— (x;+L;) cos a/c) ¢/ (w?L;)
+sin w(f—x; cos a/c)c?/ (w’L;)

fi=—cosw(t—x,; cos a/c)c/w—6 cos w(t— (x;— L) cos a/c) ¢3/ (L%
—6 cosw(t—x; cosa/c) ¥/ (@wPL?) —12 sin w(t— (x;+ L) cos a/c) et/ (@'L?)
+12 sin @ (t—x, cos a/c) ¢*/ (w'L})

fi=—sinw(l—x; cosa/c)c?/(w?L;) — 2 cosw(i— (x;— L) cos a /¢) ¢%/ (w®L?)
~4 cosw(t—=x; cosa/c¢)c?/(@®L}) —6sin w(t— (x;+L;) cos a/c) e/ (wiL?)

(A-4) +6sinw(t—x; cosa/c)c?/ (@'Y

Sfe=cosa(t— (x,—L;)cose/c)c/w+sin w(i— (x;+L,) cos a/c) ¢/ (@L)
—sinw(t—x,; cosa/c) ¢/ (@wL;)

fi=coso(t—(x;—L) cosa/c)c/w+6 cos @(i— (x,~L;) cos a/¢) ¢3/ (w®L?)
+6 cosw(t—x; cos @/c) ¢3/(w®L}) +12 sin w(t— (%, +L;) cos a/c) ¢*/ (w'L?)
—12 sin w(t—x; cos a/c) c*/ (w*L?)

g=—sin @(t— (x,+L,) cos @/c) ¢/ (#L;) +4 cos w(t— (x,— L,) cos a/¢) ¢/ (w*L?)

+2 cosw(t—x; casa/¢) e3/(@PLY) +6 sin w(¢— (x,+L;) cos a/c) ¢4/ (w'L?)
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Vector of SV Wave

For n=0, {PD}Z[PI’ P2y P3, P4y Ps, Pg]

in which

(A-3)

P1= *k,aufz sin @
Py= Wo(x)fs
Ps=W,(x)Lf,
Pi=—kapfssina
Ps=W,(x)f
Py= —Wo(x)Lfs

For n=l, {Pl}:[Ph P2, PS, P4: Ps; PG! P79 Pa]

here
P,=P;=0
Py=—aok ficosa
Pe=W1(x)fs
(A‘G) Pnzwl(x)LfA
Po=—aok fecosa
Pi=Wi(x)f7
Py=—Wi(x)Lfs
For n=2, 4, 6, 8, 10, {P,} =[Py, Pz P3, P4 Ps, Pg, Py Pg)
were
P,=P;=0
P,=0
Py=W,(x)fs
(A-T)§ Pi=W,(0)LS,
P:=0
Py=W.(x)f

Pe=—W,(x)Lfs

W.(x) are as follows:
if sinw(t—x cosa/c) >0, then

(A-8)

otherwise

(A-9)

We(x) =aqsin a sinw({—x cos a/c) /7

W,(x) =aysin @ sin w(¢—x cos a/c) /2

W3(x) =2a, sin a sin w(i—x cos a/c) /(3n)

Wa(x) = —2a, sin @ sin 0(¢— x cos a/¢)/ (15x)

We(x) =2a, sin a sin @(!—x cos a/¢) / (35)

Ws(x) = —2a0sin a sin @(t—x cosa/¢)/ (63n)
\ W,o(x) =240 sin & sin @(t—x cosa/¢) /(99r)

Wo(x) =—apsina sinw(¢{—cosa/c)/n

W, (x) =aqsin @ sin @(t—x cos a/c) /2

Wa(x) = —2aysin a sin w({—x cos a/c) /(3m)
W (x) =2ay sin @ sin w{¢—x cos a/c) /(15x)
We(x) = —2agsin a sin w(¢—x cos a/¢) /{35x)
Welx) =244 sin a sin w({—x cos a/¢c) / (63x)
Wio(x) = —2a,sin a sinw(i—x cos a/c) /(997n)
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Loading Veetor of Dislocation

For n=0, {Po} =[Py, Ps, P3, Py, Ps, P¢]
in the connected element,

Py=k.aoL cosa/6
P,=3k,a0L sin a/ (207}
P,=k, L%, sin a/ (30x)
P,=ka,L cosa/3
Py=7k,a,L sin a/{20x)
Py= —k, L%y sin a/ (20r)

(A-10)

in the right part,

Py=k,aoL cos a/2
P,=k,ayL sin a/(27)
Py=k,L2%,sin a(12x)
Py=k,aoL cosa/2
Ps=ka,L sin a/(2x)
Py= —k,L?%aysin a/ (12m)

(A-1D)

For n=1, {P1}=[P1: Py, P3, Py, Ps, Pg, Py, Ps)
in the connected element,

/Py=Pg=0

Py=k aoL cosa/6

Py=3ka0L sin a/40

(A-12) ( P4=Fk, L%, sin a/60
P¢=k ayL cosa/3
P,=Tka,L sin a/40

\ Py= —k, L%, sin a/40

in the right part,

'P;=Psg=0
P,=k ayL cosa/2
Py=kaoL sina/4
(A-13) { P,=k, L2, sin a/24
Pe¢=k aoL cos /2
Pi=k.ayL sin a/4
s= —k L%y sin a/24

For 2k=n=2, 4, 6, 8, 10, {P.} =[P1, Py, Ps, Py, Ps, Po, P2, Psg]
in the connected element,

P,=Ps=P2=P6=0
P3;=3(—1)*k,ayL sin a/ (107 (4% —1))
(A-14){ Py=(—1)**%.aL sin a/ (157 (45*—1))
P=T7(—1)**'%.a,L sin a/ (107 (5k2—1))
Pe=(—1)*,a,L sin a/ (157 (4k?— 1))

in the right part,
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P,=P=P2=P6=0

Py(—1)** %o L sin a/ ({442 —1))
P,=(—=1)*"*%,apL sin a/{6m(4k2—1))
Pi=(—1)*"*%eoL sina// (x(4k*—1))
Py=(—1)*,a0L sin a/ (6x(4k?—1))

Loading Vector of Different Settlement

The loading vetors of different settlement are the same as those of the seismic wave in the
differential settlement area due to the assumplion that differential settlement occur in the shape of
half wave length of a sinnusoidal wave, but become zere in other parts.



