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ON THE EXTENSION OF THE CONCEPTOF |
A COMMODITY '

: .A NOTE ON HICKS THEORY OF THE
“ GROUP OF COMMODITIES"”

By HIpEO AOYAMA

\

" INTRODUCTION -

It is one of the fundamental points of view in Hicks'
“ Value and Capital " (Oxford, 1939) that when the relative
prices of a group of commodities can be assumed to remain
unchanged, they can be treated as a single commodity.”

- This point of view, which 1 will call here “commodity-

group” point of view for the sake of convenience, is so
frequently used in his theoretical system, that the -concepts
founded on this point of view, such as the demand for a

- group of goods or the substitution between one group of

goods and another, play an important role in his Dynamic
Economics. . Nevertheless he gives us no precise information

~ about the way to measure the quantity of a “ group of com-

modities ’, about the definition of its price and about the
“ substitution term” in the effect of a change in the price
of a commodity or commodity-group on the demand for any
group of goods. The analytical exposition which he attempts
in order to demonstrate that, if the prices of a set of goods
change in the same proportion, that group of goods behaves
just as if it were a single commodity, is the sole one which

1) Hicks gives no special name to the group of commodities which is
qualified to be treated as a single commodity because of the constancy of'
their relative'pn'ces. For the sake of convenience, the term * group of com-
modities” (or more briefly “ commodity-group ™) is devoted here to designate

~ that set of commodities within which relative prices are assumed to be unt .

changed to one another.
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he gives us;” and, what is more, in his explanation of this
proposition we can find no clear deﬁmtlnn of the amount
and price of a group of commodities. :
Then, precisely what means this commodity-group "
point of view? Is there any appropriate way to measure
the quantity of this “ group of commodities”, considered as’
a single commodity, in spité of its being composed of physi-
cally different things? What is the price of this group of
commodities? More fundamentally speaking, in what form
should be represented the so-called * Fundamental Equation
of Value Theory,” when the group of commodities is con-
cerned? These problems are what I attempt to attack in
this paper. For this purpose, I will show in the first instance -
the precise meaning of the ° cornmodlty-group point of
view. ' In Section 1, I will explain it, referring to-Hicks’ own
~ exposition of the law of consummer’s demand under statical
assumptions (verbally in Chapter II—III, and mathematlcallyl
in Mathematical Appendix, . pp. 307-—314 of hlS “book).
Secondly, in Section 2, I will attempt to explam the economlc '
meanmg of the six rules which must be obeyed by the
“ substitution terms,” in .the application of thlS ‘ commodity- .
group " point of view.” Th1rd1y, in Section 3, the applica-
tions. of this * commodity-group ” point of view to Dynamic
Economics are demonstrated in connection with the dynamlc.
* problem of the consummer’s planning of spending and savmg.
This is™ the problem which Hicks has verba]]y treated in
Chapter XVIII of his book, and I will attempt here to trans-
- late this verbal exposition into a mathematical one, applying-
our “commodity-group” point of view precisely defined to
this problem. Tt?i'Oughout these three sections, I will rely
on Hicks' own explanations and analyses in his “ Value and
Capital,” so far as posible.” . Therefore, it is certainly

[}

2) Cf. ). 'R. Hicks: Value and Capital, p. 312. - }
. ' 3) Hicks derives these six “ rules of substitution terms " matheméatically.'
See, ibid, pp. 309—311. : Lo
’ 4) Relping on Hicks’ own expomhon, I have Saved many- explanations

which were otherwise necessary. ,
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questionable, how much the present work can -differ from
the mere mathématical translasion of Hicks’ verbal explana-
tions: but I hope, at least, that it can help somewhat to
make clear one of the ideas which Hicks has employed in
the construction -of his theoretical system.

2 - ) 1

Let us consider a consummer who is making a choice
of that combination of amounts bought x, ,......... y Xa Of 2
different commodities” which maximises his satisfaction of
wants # (%, X,...... , %,) under a subsidiary condition

(i) 'M=§ P:xt.' " . ) | -

- which” means that this consumer spends entirely a given
sum of money available for expenditure in order to buy
these » commodities on the market at prices pi, fs-.-eee, D
which are assumed ‘to be given to him. In order that u is
at maximum, it is necessary that ' '

12 o _ U R Un
( ) 191 p2 ' I p'n’
\ .
where #; is written for g—:; in other words, in order that

‘this consumer "gets the “ optimum combination,” so to speak,
of amounts bought, he must demand these commodities in
accordance with the condition (2). Thus the above equations
(1) and (2) define implicitly the individual demands of our
consumer as functions of his income and the market prices,
which we can rewrite in the following equations:

1) In the following, it is assumed that objects of the choice of our
consummer are limited to these n different commodities. As for the desig-
nation of any one (physical) sort of commodity among these, we use, in the
main, the symbol of amount brought for that sort of commodity.” For in-
stance we speak of goods x,. But these are some cases when it is convenient
‘to use the order in which these commodities are arranged, for this purpose.
In these cases, we speak ‘of goods No. 1, for instatice, making use of the
.order. ’

-

-



ON THE EXTENSION OF THE CONCEPT OF A COMMODITY 51

3) =t (M, Biv Do werererieeneerens ceveeny D).

Now, starting from (1) and (2), the effect on demand s,
of a change in price . with constant income can be shown
by the “ Fundamental Equation of Value Theory,” ‘

: 0%y ‘__ B,
(4) ap‘ = aM +X¢_’,

which decomposes the effect of price-éhange into two parts, the

Income Effect and the Substitution Effect. Here x,, denotes
the same thing as this symbol in Hicks' book and it is called
%3 2 As Hicks has shown,”
Bpi

this substltutlon term obeys six rules: .

the “ substitution term” in

(A xy=xy (1e symmetrlmty of the substitution
' term);

(B)  xu <0, (which means that thé individual de-
mand curve is downward sloping, so
far as the Income Effect is: negll‘

- = gible) ;
(C) ' ,%iju=0, ‘
(B) ii] i} pipxi; <0, (for all values of m less than
=1 4= .
~ n); ‘
(D) S1pxy > 0, (where S} means that the summa-

i —

o

FEa
tion is taken over all values of j

except 7); and

© 3 5pbm> 0, m <.

i=] j=m

Ty

In‘ order to clarify the contents of the *“ comm'odity-
group” point of view, let us suppose that prices pi, po----- ,
bn change in the same proportion andA therefore m com

' 2) On the Fundamental Equat:on of Value Theory, see Hicks: ibid.
pp. 308—309.
3) chks ihid, pp. 310—311.

b
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modip;ies Xi, Xgyeerers % Can be lumped together into one
“ commodity- group, as stated above. If we choose a parti-
cular congtant set of relative prices, w,, Woy -y W of the

' commodrtles in this’ group, then, owing to the assumption of
" constancy of relative prlces of the group of commodltles, we
have .

(5) pi=rwi; (Z—-l 2 """ H m)!

where r is the proportlonal factor and therefore is regarded
-as variable. Now" we define the price of the group of com-
modities in question by this . proportlonal factor y and its
amount by the welghted sum ‘ S

. (6) G=wlx1+ng«_)+ Creeasineae. [ETTTTRTTaT +w'mx'm:
so that the loudget equation (1) becomes 7
@ ,-M=;-G+pm,;1xm+;+ ererenereisssee F Do

Further, we will use-this G as the designation of the group .
of commodities in questlon also. .

. This is our definition of amount and price of a-group
of commodities. Then we can. show the proposition that if
we put “ ' '

' (83) ) xGJ;W]k-]j+ ?;UQXQJ + e PEETF TR TRTP =+ wmx,,.d,
(8b) C Xe=WXn t Wkt T oo WX gy

then we have

3 l 3 .
(9) a::‘j '-—"_'G ﬁ‘l‘x&-ﬁ (J:]_, 2' ______ n,)

3G ___ . 0G . ]
(1.0‘}" 2P, =T M + X5, ( yerreer n,)

which -is uothing,e]se than the funda-rnenta]r equations con-
cerning the group of commodities. In fact, we obta}in (9) in

- 4) In consequence of the symmietricity (l .e. Tule {A)) of the -substitution
jterm, xa;-—-xig
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the following way :

a1, :_m. 3x, -dﬁ; : o ) -
B & op dr . o

aT . B J (owing to (4) and

= [ CESM ) (5

'_— " _ axj
-_i ( wixg) M

+ E 'wtxu

e gﬁl +xq (owing to (6) and (82)
Slmllarly ‘we can prove (10). - -

In the case treated above there is only one group of
commodities among the objects of preference of the con-
'sumer. Next, let us consider the case when there is another
group of commodities. Suppose that this: second group G’
“consists of ] different goods Kty Xmipoy - ovi Loty one partlcular

constant set of their relative prices are w,,,+,, Wiy ooy Wagsy

- its amount is measured by G'= wm+1xm+1+w,,.+2xm“+ ...... +
w,,.+.x,.+, and the price of this second group of commodities
is 7. Then we can shown, in the same nanner as in the
_above, that, when we extend the above definition (8) of the
substitution - term by admitting that any commodlty group
(which may be different from G,) can be substituted for
the commodlty No. i or No i in (8), S0 that B
' . m wH o
(10)  Xgar =2 Wi =, U uwas, :
4=l o =1 g=m+4l .
ma-l

= 2 Wil X=X 69
iml J=m++1 -
then we have -
G _ aG' S

wh:ch s the fundamental equatlon of thlS case The -proof
of this proposition is done also m the same way as in the
bove. In fact, - / - - : :
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Yed mil . 3 %, 4
=2,
‘ Br : ;=m+1 3}’

4"'2*;‘@ ( G- BM +x(~, (owmg to (9)

j—'m-l-l
G ~ m+1
- _4—§1-1wJ aM t-:%nw"xgj
=—G gg! +Xeor (owing to (11)).

‘Certainly we can freat in the same manner the case when
there are many groups of commodities among the objects
of preference of the consumer, we are not concerned ‘here
with such a task of generallzatlon It is rather 1mporta\nt
to notice the equatlon o

3G __ 3G

(%) F=-Gi

+ Xeay

—. (13b) xGG-=mE % W¢wjxﬁ

i=1 =1 -

. <0, (by the rule (B’) of the substitution term),

as a corollary obtained from the above proposition. The
equation (13a) is evidently the fundamental equation which
gives the effect of a change in price. of a group of com-
- modities on its demand. This effect is the only one which
 Hicks has mathematically "analyzed with respect to the group
of commodities. His result is substantially the same one as
ours.” " :
Thus, when the prices of a group of commodities change
in the same proportion, we can write down the fundamental
equation concerning the group of commeodities, simply by
- treating this commodity-group as a single commodity, so far
as its amount, its price and its substitution term are appro-
priately defined. This is the exact meaning which we can
give to the Hicks' fundamental proposition that “a collection

5) Cf. Hicks: ibid, p. 312.
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of physical things can always be treated as if they were
“divisible into units of a single commodity so long as their
relative prices can be assumed to be unchanged in the
partlcular problem in hand.”™ e

2

Applying the “ commodity-group’ ’ point of view defined
above, we can interpret the economic meamng of the six
rules of substitution terms. Among these six rules, the
meaning of (A) and (B) is already stated. Further, as con-
cerns (B'), the above equations (13a, b) show that the rule.

"(B") is an extension of the rule (B) to the case of the group
. of commodities. Therefore it only remains for us to explain
the economic- meanmg of rules (C), (D) and (D). X

Let us begin with the rule (C). For this purpose, let
‘us suppose that all prices df n ob]ects of - preference rise
and fall uniformly. "In this case ‘we can ]ump together all

: obJects of preference into one * group of commodltles, S0
that m in Section 1 coincides with #. ' Consequently. the 3
fundamental equation of this case becomes '

(14) %’;ﬁ -G gﬁ, +2w¢x£, (i‘—‘l 2y 1)

 With the‘aid of this equatlon (14), we can easﬂy 1nterpret
the rule (C) The Equatlon (14) shows that the express:on

Z}wm, is the sn'bstltutlon term in , that is to say, the

8;‘
substitution effect on the demand for goods x, which is
brought about by the uniform change of all prices.” Now,

the rule (C) asserts that this express1on wax;, vamshes
(Becauee Z‘w‘xi, is identical w1th E DXy except for a posi-

tive factor 7). Therefore, the rule (C) represents the evident - -

6) chks 1bzd p. 33, ] ‘
.- 1) We are concerned here only wnth the substrtutnon effect The
demand for any goods can still change- 1_n this case owing to. the income |
. effect, which represents the first term of the right side of equation (14).



56 . - . H. AOYAMA

~ fact that the substltutlon effect of a umform pricechange
on the demand of any goods must vanish. More accurately, ~

it means that, in the case of universally uniform price- change, . .

the partial substltutxon effects of the changes of particular
. prices on the demand cancel one another, so that the total
substitution effect as the welghted sum of these partlal effects
is zero.®.

As regards the rules (D) and (D", we must recall be-
forehand the fact that complementarity cannot appear, when
the -objects of prefe}’ence consist of only two goods and some
third goods other than these does not exist.” Now I will
explain the rules (D) and (D’) as the generahzatlon of this-
circumstance. Let us suppose that all ob]ects of preference
~-are divided into two “ groups of goods” in the sense defined

- above, to that-m -+ in Section 1 is equal to #. Then, the
rule (D’) asserts. that the expression xge in (11) is positive.
Since it -is. natural to say that two commodity -groups G and.
. G’ are substitutes for one another, when xeer> 0, the rule
(D) means that, when all objects of  preference are wholly
divided into two. commodlty groups no- complementary can
arise between these two groups, what is evidently a generali- -
zation of the circumstance stated 'ab0ve.' Now that the
meaning of the rule (IM) is elucidated, it is easy to interpret
the rule (D). The rule (D) is a special case of the rule (D");
that is to say, a case when one of the groups considered
above is reduced to one single commodity - Therefore it -
means that, when we choose any one commodity from #
objects of preference and lump together all things other
than this commodity into a “ comniodity-grotp,”. then' com-
- plementarity -can not arise. between this commodity and
‘“ other commodities” as a commodlty—group _
: We have elucidated the economic meaning of all six
.rules of substitution terms. Further it can be shown that

2) The fact that what Hicks cal]s the “capital- value ‘of margma] -

stream ™ and denotes by ¢ vanishes (¢f. ibid, p. 221.}, is the result of - the
simple circumstance ‘explained here. :
3) Cf. Hicks: ibid, p. 47,
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these six rules are still valid, when we cons1der the goods
No."7 ot No. j in these six ‘rules as any group of com-
InOdltleS -

LY

3

e

In Section 1, the “commodity-group” point of view- is
~ ‘clarified with respect to static problem. But the fruitfulness
- of this point of view shall be shown in. its application to
In this section we will consider this

“appllcatlon ~While Hicks’ exposition of dynamic problerrls

;Tf‘.‘iln his_“ Value and Capital ” proceeds from the problem of -
. the productlon plan of a firm (Chapter XV—XVII) to that

- the latter problem, appiylng the CommOdltY gr"“l’

~("of “consumer’s plan ~(Chapter XVIID), I will treat here only
: pomt
rir.‘_‘of v1ew to it. RANRNES
“In thlS paper, taklng for granted the Spec1al dev1ces and

i ‘concepts which Hicks used' in order t6 systematlze ‘the
Dynamlcs in- h:s book, we will consider dlrectly the dynamic =
problem -of consumers planning. For this purpose we start

- from explaining the symbols which are used in the following.
Supposing that the consumer makes his plan for » weeks
and N—(v—l-l) n, these symbols are llstecl as follows

Table of Symbols

Symbols whose -second
suffixes - represent ex-

plicitly the distinction
|- of “week"” to which
- variable relate

_tion of

Symbols whose suffixes
run through with no
regard of the distinc-
“week"” to
which variables relate

Sorts of .
: commodities 1 2 e " 1 . n
“ week” _
the current week 16 "Lop roreereerannns In0. | Xy Xy ceessrersesins, Zn
’ Z “the first week T Loy sreeecnsveanae Inl | %nH Xnd2eeniseicanana, Xon
aﬁ ........ O 7P -- ............... : :
the v'th week 1y B2y rereecreieanies "xvn+1‘xvn+2 P -“71\’
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. the current week P10 qu‘ﬁ Pno | By l-Pz ..... eresanan Pn
g the first week P Fay serreeneeees Pin | Dot D
~ -Rate of Interest ir=the rate of interest per week for loans of tlv;reeks

ey T _ 1 1

Dlecount Ratio B: = EE Ri= TE

. » Sit=Xtndi
Re]agonmgglt;v een 8 pu-—pm+¢ ( disconnted value of the expected
LY S price rm) .

'Remarks
| 1} The t-th week means here the week starting ¢ weeks
fromi now, Wthh is called the “ (t+1)-th week " in H1cks'
book S .
2} The La (or Xy denotes the amount of goods No. ¢ Wthh

shall be sold in “the current week (if /=0) or is planned to.be o

sold in the tth week (if £=1) by the consumer. Therefore it
is the demand for goods No. ¢ in the #th week. Supplies are
considered as negative demands, so that, if Lus < 0, —%. repre-
sents the amount of goods No. # sold in the #th week.

In this ‘set of variables, it IS evident at first s:ght that
the current prices ‘

Doy Pm, ......... y Do o . - i

belong to the data of the problem in hand since they are
supposed to be given owing to the assumption of the perfect
. competition on the market. = Further, the future prices ex-

pected by the consumer in questlon, ’ :

Diry. Porgeer oo , p,.,, (prices expected to rule durmg ‘

L ‘the 1st “week™); '

Piz, Paoyereens » Pne, (prices expected to rule during
' - the 2nd *week");
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P p',,,,..Q..., Dovs (prlces expected to rule during
' the »th “ week”),

can. be regAarded-_ as data, since they are subjectively deter-
mined in his mind. Lastly, the rates of interest '

belong also to the data of the problem, either owing to the
'assumptlon of the perfect competition on the market or on

. dceount of subjective determinedness- on the part of the

demands

consummer. The dynamic problem of the consumerss
plannmg consists, therefore in choosing such a stream of

_ Em- Zzo,-:---l----, g;,,o,
_‘En‘: Loyreneendy Tty
‘gn; PSR S

"as maximises the utility |

U (Ell}’ 220:"" E’nOs 15‘11’ EZ],"': Em.---,-?-',iw Ezw--, !:uv
- on ‘the foundation of knowledge of the above data. .Since
the task of dynamic theory consists in explaining the choice

of the optimum combination "of amounts bought, it is clear
that the dynamic theory of the consumer’s planning can be .

constructed in the similar way as the- static theory of the -

* consumer’s choice presented in Section 1. - Thus, - when we
regard commodities bought or sold at different dates, even
when- they are physically of thé same sort, as different goods,

it is the first step toward solving thé dynamic problem:
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-

parallely Wlth the static problem Thus the symbols with-
‘out the explicit representation of the difference of Week ”
in the above.table become useful for the present problem ;

_in the first place, the symbols x's, by which the stream of

demands for goods is represented, become to be useful.

.As it can be easily conjectured by analegy from the

static theory, the consumer’s choice of the optimum com-
bination must be constrained by some subsidiary conditions
in this case also. The subsidiary conditions in this case

- must be evidenf]y a complicated one, when we take into .

consideration -the circumstances which are proper to dynamic
‘problems of economics, — “ securities” and its -substitute
“money ", for instance. But the case whick Hicks treats in
his book 'is the- most simplified one, i.e. the case when this
" subsidiary ‘condition is given in the same form of equation as

the budget equation (1) in the static theory and, what is

more, it is limited to it only, so that formally we need no
amendment of reasoning in order to dynamize the static
theory of consumer’s behaviour presented in Section 1. Hicks
write down this condition in the equation

(16&) D +Pﬂx2 o +pNxN=K
(lﬁb) K"- _—Bv my '

where C, means “the value of the securities expected to
have been acquired as a result of the lending which is to
take place during the period of plan” under the assumption

that. («) the difference between receipts and expenditures

must be made up only by changes in the consumer’s holding
of securities (and not by changes in his holding of money),
and (#) the amount of ¢, is assumed to be dec1ded by the
consumer from the beginning.”

" So long as the subsidiary condition which restrlc;ts the
consumer’s choice is reduced to only one equation such as
(16a), it is a matter of course that the dynamic theory of

consumer’s choice will be constructed in the same manner

1). Cf. Hicks: ibid, pp. 229—230.
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as the static theory. When we let the suffix i or j change
from 1 to N instead of from 1 to » and substitute K for M,
then the whole static theory of consumer’s choice presented
"ih Section 1 becomes at once the dynamic theory of con-
“sumer’s planning of spending and lending ; consequently, _t.Qe
—- equations from (1) to (4), the six rules of substitution terms
and the “commodity-group ” point of view become valid ‘in
this case also. Of course the “prices” in this case are not
the undiscounted ones p’s, but the discounted ones p's.2
Relying on the above explanatlons,‘ we will proceed to .

the problem of the application of the “commodity-group ”
point of view to the dynamical problem of consumer’s be-
haviour. This problem is further divided into two parts, [I]
the problem of the effect of price-change and [II] the problem
of the effecl of a change in the rales of inierest. For the
former problem the concept of the “ group of pkyszcally same
sort of commoditie” at different dates ; o

’7 (17) g-;==zb¢x¢ +Pn+¢-‘»\5n+t + +pm+txvn+ip (3—' 1 2 ------ ,”) -

is ‘useful” ; for the latter problem the concept of the group‘
of conlemporaneous commodities” of any week ' ‘

‘. (18) GT#plTEIT+p2TI2T+ ------ + Purlnm (T= 0,1, 2,...... vy
~and the “ adjusted group of contemporaneous commodztzes

(19a) GT—GT, (T 0 1 2 ------ ,IJ—]_.) ‘
9%  G/=G..C, |

2) Cf. Hicks: ibid, p. 202—203.

3) According to the above stated way of de51gnat1ng a group of com--

~ modities, the group of commodities whose quantity is measured by g defined
by (17) should be called commodity-group g. Also in the following we will

" employ this designation, but we will call it besides * ‘ commodity-group I”
using the capital letter of i which denote the sort of goocls,.-when the occa-
sion demands a simple expression. - Similarly, we call the ‘‘ group of - con-
temporaneous commodities” Gr simply * comxﬁod:ty group ' T accordiug to

- the order of “week" to which the commodlty group” in questlon corres.
ponds. : o
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are useful »

| [7] The effect of price- change.

In the first place we consider the case when the (current
or expected) price of a commodxty No. § at a week T changes
isolatedly and all other prices (, inclusive of rates of interest,)
are constant. In this case, the discounted prices of all com-
- modities except the one in which price-change occurs is
constant according to the assumption. Hence the ratio of
discounted prices of the same sort of goods

(200 BetDoritorenn oni

is constant in reference to any sort of goods excepting the
case when i=j. Thus we can lump, together any one sort
of goods at different weeks into one *commodity-group "
with the same exception as before. Further, employing the
discounted prices p's as weights, the quantity 'of these
“ commodity-groups ”’ can be measured by g; defined by (17).
Applying the * commodity-group” point of view stated ln
Sect:on 1 to this case, we obtain at once '

g _ . Bg. . . (=1 2y -1,
@) m"_"’*""”ax””‘"“*" G-Iy, 1),

~ 4} Owing, to the definition of ry stated above, Gr means the difference
between “ expenditure” and “ receipts” in the T week, therefore the * borrow-
. ing” {(or negative “lending") in this week. Thus, what Hicks calls the
“ stream of lendings” and the “ adjusted stream of lendings” can be repre-
sented respectively by the sequence .

Gy =Gy, —Ga, oeeeeemreiteneiniineas s et —Gh.

and ) ‘ ‘
=G, =G, =G, e, —Gy.

We shall itse, in the following, the fact that the present value of this adjusted
stream of lendings is zero, and this fact can be easily ascertained from the
above definitions. In fact, we obtain from (16a, b)

BlGo+ A G HBEGet e Lok BV¥ (Guten)=0,
hence, according to (19a, b) ' . ‘
BGy + 8/ G+ 822Gy + eviiiinrenann. SRTTRTPR + 4G/ =0.

(cf. Hicks: #bid, pp. 229—230.)
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where I in x, 4, means the commodity-group g as already
remarked and the expression x, .., has the contents which
is defined in conformity with the equation (8).”

" Next, we proceed to the case when the elasticity of -
price-expectation is unity. - This assumption of unity elasti-
city of expectation means that whex;n the current price p,
of the good No. j, for instance, rises by 109, then all future

- prices of that sort of goods expected by the individual

Prts Prreeereerey Pyu

rises by 10%. Thus, under this assumption the prices of
goods No. j in different “ weeks"” change in the same pro-
portion ; consequently, we can lump together this sort of
commodities at different “ weeks "’ into one commodity- group
g; or J, whose amounts we measure by .

& =D&t Dus Fongg+ oo +p “”*Jx""?"

in conformity with the definition (17) and whose price we
denote by y. It is a matter of course that we can lump
together the other sorts of commodltles into groups. Then
we obtain ‘ ' '

(22a) % #fgj—g%+x,_,,,, (i=1, 2,-....., %)

- (22b) ax:n.”"_—'_gj ag};-“'i‘*& tntis. (il i___ls 21""'"’ n) V

in corisequence of the direct application of our “ coinr_nodity-
group "’ point of view.”

5) In the following, we use frequently substitution terms concerning
commodity-groups, such as Xz, pe4y in the above. It must be remembered
that the definition of these substitution terms are always given by equatlon
(&) :

6) In the special case when i=j we have

X7, 8n+j—- S pmﬂxmq. 4, entg

accordmg to the deﬁmtlon (8). Hicks discussed this cage at full. length (cf.
ibid, pp. 207—212) In my opinion, what he calls * substitution over time”

and “.conplementarity over time,” relatese to the sign of the expression

X ntj, ent .
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[II1 The. effect of interest-change. .
In the case of interest-change, all prices are assumed to .
be unchanged Consequently, with respect to each week

- Pm+1 DPragaieeeniid p(r+1)n‘—p11' Popie..... R

“is'eon_stant, thus it is possible to conSJder the *“group of
contemporaneous commodities” G, or T defined by (18) of
which undiscounted prices piz, Pory-...*, Par are used as weights
and the discount ratio 87 is considered as the price of the
commodity-group G, owing to the relation:

ﬂmpiz—-p'rnﬁ

stated above.” - _ |

Now that the construction of the group of commodities
in this case has been explained, it remains for us only to
apply the “commodity-group” point of view defined above
and to write down the fundamental equations of this case,
in order to see the effect of interest-change. Let us suppose,
in the first instance, the case when only the rate of interest
i, per week for loans of ¢ weeks changes and all other rates
of interest are constant. Applying the commodlty -group -
point of view, we obtain, for =1, 2,...... , v—1,

OXpags _ 3-"Tn+f dp; — e X gutt -1
~(243') 3,@, - aﬁ: dﬂg _ tﬁ: G! aK +tﬂ: X/, raa

: G, _ 3G df. _ 3Gy t—1

(i=1, 2,...... ,n, T=0,1, 2,......,.0) |

and, for t{=v,

(24b) 3%5“= — 1371 (G,+C.)- 3"?"*“ 137K, sy

aG — - . . T l—]
(25b) aﬁf =~ (G, +C) ”“_aK +HETX,

7} Ci. Hicks: ibid, p. 215.
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takmg into con31derat10n that accordmg to (16b)
. BK — __yu—1 ‘ . [ | ) ' -
g, = TG | |

Emplosging the concept of the “adjusted group of contem-
. poraneous comsodities” defined above, we can rewrite these
-results in more convement from as. follow :

(24) | 3xq-+nc =— 131G axmu

aﬁ,’ ¢ 3K +Xz, Tati
BGT — =1 IR aGT
'(25) T 13 G,r K +x,
(t-—12 v-i—-12 012 )

-

Next we proceed on the case when all rates of mterest
change uniformly and consider. the change .of the expendlture '
Gr of any week caused by this uniform change of interest-
rates. Let us suppose that df.=08,"d tp be the uniform rate
- of change of rates of interest® =~ - o, 7
' ‘Then the increment 3G, of the expendlture G; in the .
. T week. is glven by - : :

(,26.) 1G=35% ﬁ:—Eﬁﬁ,[ 151G 3% i, o}
Es‘p;eciallly., when
. hmhm . =i, =i
and consequently _ | I | o
8= ﬁz_ ......... =8, —ﬁ, S .
we obtain o
@D 8G=— ac, Etﬁ‘G, _+02tﬁ‘x, o

" 8) In the followwg it is not’ necessary to ta‘ke care of the special
clrcumstanoe that dp,=
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i

Hicks gives noteworthy consideration to the right - sxde
of the last equation (27):- The analysis of the phenomenon
of tilting of the stream caused by interest-change” tells us
that its second term > i3k, » decreases with 7. L:kew1se
the theory of the “average period of the stream of value”
is. applled to. the expresswn Ztﬁ'GT in 1ts first _term, in

_order to show that the sequence {G/} is mcreasmg or

v

decreasing (, in his expression, crescendo or diminuendo),
according as > ##G/ is positive or negative.” - Hicks. ex-
e U , :

plains this circumstance verbally in applying the concépts

‘of the *“average period of expenditure” and the * average
-perlod of rece:pts

1] 11) ' L

* : ® -
. ¥

-1 have elucidated Hicks’ theory of consumer’s planning,

applying the commodity-group point of view. Hicks' theory

of producer’s planning can be also reproduced in the similar

way. Before I put an end to the present work, I wish to -

add a critical remark on the theory of the so-called ayefage
period of the stream of value.” '

As I take it, the fundamental proposition upon Wthh
the theory of average period is founded can be stated as
follows : S

9) Cf. Hicks: ibid, pp.' 187—188, 232—234. -

10) For the aplication of the theory of average period, it is necessary
that - - ’ - o
BPGy +BY Gy H B F oot F BV GV =)

‘But this condition follows‘dire;:tly from (16a, b}, See above,

11} As above stated, our Gris the difference of expenditure ahd receipts

in the Trth week. From. thls fact follows that the expression 218‘6‘; is equal .

- to the difference of the * average period of expenditure” and the “average

period of receipts” except for a positive factor. Therefore, for an individual

whose “ average period of expenditure ” is greater than his “average period

of receipts, the expression Z{#‘G: is positive and, according to the above
< : r

-..reasoning, he is said to “ plan to be a lender.” Similarly, an individual whose

“ average period of expenditure” js less than his “average of receipts” is’

described as “planning ‘to be a borrower.” Cf. Hicks: ibid, pp. 187—188,
232—234. ' .
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‘Let us consider a finite and monotonous ‘sequence
- . A

‘whose simple arithmetical average is a. Next we. make a
a weighted arithmetical average A frorn thlS sequence,
employing such weights w, as

0w < s <vovn... < w,

Then, if the original sequence {z;} is monotonously increas-
ing, then -

W Wt W,

that is, the weighted - average is greater than the simple
average. On the contrary, if the original sequence {a:} is
monotonously decreasing, then the weighted average is less
than the simple average. Hence we obtain a criterion to
judge whether a given sequence which is assumed to be
monotonous is increasing or decreasing, (crescendo or dimi-
nuendo), provided that the weights employed satisfy the
required conditions A sequence is increasing or decreasing
according as the welghted average is greater or less than
. the simple average. : -

Now, in the case of our problem, the stream of ‘“dis-
counted ” expenditures , -

(28)  {BG/}=1FG/, PG ﬁ?Gg, ------ ﬁ”Gv’}_

is regarded as given sequence and the nurnber t of the order
of weeks as weights. Then, in consequence of the relation

B°G) + 8 G +FG +...... + G/ =
the simple arithmetical average of -this sequence is zero.
Consequently, it depends solely upon the sxgn of the expres-
sion Ztﬁ’ ./, whether the we:ghted average G is
ﬁtGI Et

greater or less than the simple average E—nn If this ex-
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‘pression 2)#3.G/ is positive, the stream .of “discounted ”
expenditures (28) must be crescendo; if, on the contrary
118G/ is negative, the stream (28) must be diminuendo.

Thus, we can judge the shape of the stream of discounted
expenditures (28) from the sign of 3)##G/. But what. is
concerned here is, however, not the shape of the stream of
“ discounted ” expenditures, but that of the stream of
discounted ” ones, ‘ :

29  {G/}={G/, G/, Gy,......, G/}

Now, the shape of the former can differ from that of the
" latter. Since £ is less than unity and therefore # decreases
with ¢, the “undiscounted” stream (29) is necessarily in-
creasing, when the “discounted ” stream (28) is increasing,
but the * undiscounted " stream can be increasing, also when
the ‘“discounted ” stream is decreasing-'® Thus, strictly
‘'speaking, it is not correct to say that the stream of “un
discounted * expenditures is decreasing and the consumer in

question is “planning to be a borrower” because X #'G/ -

is negative and the average period of expendlture is less
than the average period of receipts.”™ :

12} This is the case, if the “undiscounted” stream is very slightly
increasing. o -

13} Applying the lemma shown above, we can derive the effect of an
upward tilt to the stream of surpluses caused by a fall in the rate of interest
(explained by Hicks in his book pp. 216—217, ‘p. 327), from the proposition
that a fall in the rate of interest must increase the * average period of the
plan”’ (demonstrated by Hicks in p. 328, Thus we can show with this
lemma that two effects of a fall in the rate of interest, that is, the upward
tilt to the stream of surpluses, on the one hand, and the lengthning of average
period, on the other hand, are nothing more than the two different aspects of
the same thing.



