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I DPreface

This article is intended to confirm by mathematical analysis the theory
of the ‘‘Average Period”” which J. R. Hicks states mostly verbally and
rather concisely in Chapter 14 of his Value and Capital, and to examine
it more closely.  For it secems possible that different assumptions lead to
different conclusions so that this theory is not necessarily applicable to all
cases in general.

I am very grateful to Mr, Shinryo Tanivama for his Structure and
Character of Life Insurance®, Chapter 3, in which he tried to apply the
theory of ‘‘Average Period’’ to mathematics of life insurance. It needs
to be added, however, that my procedure and conclusion are different in
many respects from his article®.

* Professor of Economics, Kyoto University
1) Shinryo Taniyama, Structure and Character of Life Insurance, 1962, Economics Depart-
ment of Qsaka Prefectural University.
2) (i) Sawa's proof of the proposition secms to be more persuasive and demonstrative,
(ii) Mr. Taniyama has shown the lemma only partially.
(iii) Since Mr. Taniyama applied the theory of *‘Average Period” to life insurance
during the process of his analysis, he cannot be said to have shown this theory as
a genecral rule; whereas Sawa has, showing it in the beginning by mathematical
analysis as a general rule, tried to apply it to life insurance afterward.
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I Concept of the Average Period

Let a stream of capital values {47} be denoted by M,, M,, M,, «creveeu. ,
My, which are distributed into each period in the future 0, 1, 2, ...c.coree. , 1,
beginning with the present point 0, the rate of interest by 7, and the

discount ratio by such an equation as = o, the present values of these

T+r
capital values can be expressed as
(1) Myt® Miol, seoerrererememsiesnninnins , Manwn.
If >0 be correct here, M, should be a future expected value and
M;v* a future expected value discounted to the present value. If the sum
of these future expected values discounted to the present value be denoted
by M, we have the following equation:

2 M= Miv® + Mivl + Mat? & ceevererarenienn + AMapvh =§M:v*.
i=o

When the elasticity of the sum of the stream of capital values M in
regard to discount ratio v is denoted by #, it can be obtained according to
the well-known definition of elasticity in general in the way,

r= 2 dM

M dv
v

= ML T M Myt o A M T M0+ 3M gl e Mo

_ Mivh 4 2AL 08 4 cererinnniae + nMav®
Mov® + Mo + Mo vl - eeenns + Mav#

€3) _ OMY+ (DMo + (Q) Mav? o+ eveneens + () Maon
Myv® + Mol 4+ Met? + cevveeesirinnnnne + Mav® ,

therefore

£

t M vt
o

i

4> = —
> M vt
=0

J. R. Hicks calls (3) or (4) the ‘‘elasticity of capital value with
regard to discount ratio’’ and also the ‘‘Average Period’’, though it sounds
a little strange.

He himself states that ‘‘the reader may perhaps be angry with me for
appropriating the term ‘Average Period’ to this quantity, since he may
have in his head what appears to be a very different meaning of the term”’,
This is quite true and, to satisfy the reader, some explanation seems to be
necessary as to why the ‘‘elasticity of capital values with regard to discount
ratio’”” can be called the ‘‘Average Period’’, too.

In the previous statement, period ¢ means a tract of time beginning
with the present point 0. Let us take it to be the scale of a weigh-beam,
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and suppose that the weights marked by M,v*, M, ', M,0% ... y Mpv™
are hung at the scale marked by 0, 1, 2, .........., . 1 respectively.
Figure 1
. 0] 1 2 n
(Period) : J' { ‘ {
(Weights) My o® Mo Myt Maov?
L]
' 23t Me vt
O My + WM v+ (I M2+ cerereenenes + () Maw® _ 7
Mot + M v+ Mev? + ororeesenen + Mav® n
:=Eo M vt

In such a case the center of gravity must be the weighted arithmetic
mean of these. M,v° M v, M . , Mnv™ are the weights to the
periods 1, 2, ............ , # which are the tract of time in the future off from
the present point 0, and the above stated equation indicates the (weighted)
average period.  This is equal to (3) or (4), that is, the ‘‘elasticity of
capital value with regard to discount ratio’’, The so-called ‘‘Average
Period’’, therefore, rather can be said to be a very appropriate term as
Hicks says.

III Proposition

Thus, the elasticity of the sum of the prospective stream of capital
values with regard to discount ratio (rate of interest) can be understood as
the ‘*Average Period’’ as Hicks names it. But it is not clear only by this
as to how the sum of the prospective stream of capital values is related to
the discount ratio.  For this reason the following proposition needs to be
taken into account:

““The rise of discount ratio denoted by » (the fall of rate of interest
denoted by r) leads to the extension of the average period denoted by = ;
on the contrary, the fall of discount ratio » (the rise of rate of interest ¢)
leads to the shortening of it”’.

This will be shown below:

From (4) we have

” dM n
(5)  FeMivt=v 2M See (2, M= 3} Mivt
=0 v, i=0

Denoting the left side by A, then

_ aM
(6) N=v o,
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therefore

N
7 =
(7 = Y

Let us differentiate (7) in regard to o, and we have

d
d
N —=N
(8 dx _ _d N y_ |7 4]
dv dv M Me .
Whereas denominater A2 > 0.
Therefore, whether Cé—z becomes positive or negative depends on whether

the numerator in (8) is positive or negative.

M —ﬁ—j” M X Mevt DitMevit!
Numerator = =
N df; N X tMrvt T EMevt!
( Mo M, M - M”) 1 0 |
0 1AL, 2Ly -voereenerens M v 1
2 2v
v n-c:.vﬂ"
=3 M Mi i i pl-! ‘ (;'=0. I, 2,-cneennrnns ,?2)
P iM: My | vi Joi-! F= 0,1, 2 e .7
A 1 1|2 -
=2 ol M M ! ‘it = = MiMyviti-!
icfli j 1 i i<j|i j

]

‘E (j — @2 MiMjvitit > 0, since Mi, Mj» v > 0.

7

Therefore it leads to

dn D
9 ->0,

Thus, the proposition has been proved.

3) Unlike the previous method, it can be calculated directly:

A vt t M vt

L (B2 MM + LEAN M) 2 T
+ {o— D0 + =82 M Maey + (=50 MM -2} 0

F e + Mna_| Mnauvin?
So that Numerator>0,

Numerator =
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Figure 2

T
A

=

P7I7FrIz77 727 == T mtm T — o se—mem———mem— oo os
A

b P\_\_\_\_\_\:\_\_\_ .Y

LLL LI L,

Figure 3

I¢ senjes (enden Jowednig syl jo wng

v i
]

"""""""""""""""""" } Discount Ratio v

e e

00 ==m-mmmsmmmemeem-m~ =~ Rate of Interestr

These figures also show the proposition in question in accordance with
(4). However, only the area within the oblique lines in Figure 2 is
actually available owing to the limited area of the rate of interest, that
15, 0 << 7 < oo,

Also, from definition (4) we have

dM
am T o= av _ marginal value
B M B average value
v

According to this, the average perioa which is larger than 1 means tan 8,
(average value) < tan 8§, (marginal vaue) in regard to a certain value of .
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The sum of the stream of capital values M = £(¢) is convex to the horizontal
axis® in Figure 3.

Proof: F (v) = X Mot
) = L ot > 0
JF'(v) = Z ¢—DeMvt-2 > 0

IV Lemma

Let us take Sequence {a@;} for @ monotone increasing sequence which is
an @) € @y K rrerererrerereninnasinns < an

and Sequence {w;} for a positive monotone increasing sequence which is
(12) w, < wp < eereeereeaeeerebens <

Now, the simple arithmetic mean of (11) denoted by @ can be expressed as

n
ai
i

as _a + oag A e +.dn i

a = =
n n

And let us denote the weighted arithmetic mean by 4, which is obtained
by the multiplication of the units having the same subscript in (11) and
(12), and we have

glwlal
14y f — WG F Widy + e 4 wnas S
( ) Qu w) 4wy A eeeereeens + wy n

2 wi

Meanwhile, consider the monotone decreasing sequence placed in the reversed
order of (11) put in the form

(15) Gy > Gpo| D> eeereeesseessensenns >
and denote its weighted arithmetic mean by g, The weights correspond-
ing with @, @nop v, v @ ATC W, Wy wreerereesirerninranne , Wy, in (12)

respectively. ~ Then we have

”
& Widn-i+)
1 = wi@m + wiang + e twaa 27
ue v Wi+ Wy + et wa "

The simple arithmetic mean of (15) is equal to (13) and can be deno-
ted by @ too, especially expressed in the form

4) According to Figure 23 in Hicks's Value and Capital, Oxford, 1939, capital value is
taken at the horizontal axis and discount ratio at the vertical axis; so that the curve is
concave to the horizontal axis.
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”
'21 Tn—i+l
i=

_ an + an-| L WRILTEITEIEID -+ a,
AN e = . - .

In the first place, let us show that a<(d, can be admitted in general®
When the simple arithmetic mean ¢ takes part in (l1), we can write

(18) ap << @y < eranerneeees Lan L a << @agy << remerrenene < an
and the weights in correspondence with (18) are
(19) why < ws < ............ < wa < wR+| < ............ < Wa

Hence, the following two relations are easily found.
A A
@n S_E;.I wi (a; — a)> '_E=l wa (aj — a)
and
@y 3 wiw-a)> 5w (ai—a).
=+ 1=x+1
Let these two inequalities be added on each side, and then we have

f] wi (aj—a) > 2&_. wa (ai—a),

i= i=1
] ] n n
Lwia; — @} Wil wa (Z}a;—,}:a)
i=! i=l i= =l

and

ﬁw;af—ailw;'}w;\(na-—-na): See (13)
=1 =
therefore

7 L

Ywiai —alwi> 0.
i=1 =1

Let this inequality be divided by % w; (>0) on both sides, and we have

n

2 wiaj
i=1

>oa

2 wi

i=1

Hence
22) 4y > a. -See (14)

In the second place, let us show that g, <a can be admitted in general.

5) Hideo Aoyama, “On Hicks’s Capital Theory of Capital”, Keizai Ronso (Kyoto Univer-
sity), Vol. 56, No. 5, 1943.
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Using the same method as in (18), we write (15) as follows:

(23%) Gy > Qo) D reereeeseens D Bpie] D @D Gpog D eeeeereerens > a.
When the weights in correspondence with this are placed in the order of
(19), the following two relations are easily found:

¥ F|
(24) ’,Z;'l wi (dn v — @) < .-Z=:1 wi (@n-iv] — al,

@5 N wi(@nin — @) < 3 wi(anis — @
JEFE i=1+i

Let these two inequalities be added on each side, and then we have

L]

3 wi (anein — @) < 5 wa (@aint — @)

(g E

n »n n
Widp-ie] — a,}:lw.' < wn (Zlan_m - ZIG P
t= = =

LY
I

3

) lw.-a,,_.-ﬂ - a _Zn,'l wi < wi (na—na) ; See (17)
=

-,
n

therefore

H F
lel' An-fiy) — a 'Z:l wi < 0
1= =

Let this inequality be divided by 31uw; (>0 on both sides, and we have
i=1

n

'=lw£ An-i+l
£ < a
n
o wi
il
Hence
(26) dw <a. See (16)

Therefore, we obtain from (22) and (26) the following inequality:
(27) &w > a > dw

This is the lemma which we have searched for and which is very useful
for explaining the theory of the ‘‘Average Period’’. This will be discussed
in the next chapter.

Y Theory of the ‘‘Average Period’’

Let us suppose that receipts and payments compose such streams of
capital values over » periods as
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(28)  Receipts: Ry, Ry, sorererecanannans , Rp
and
29) Payments: S1h Sz, eeeneeeaan. ., Sa.
We obtain the present values of these streams under an assumption® that

R; and S; take part in the streams of capital values at the end of each
period. Then we have

(30_) Rl !, RZ De,  seeseserriairesnaiiines , Rﬂ o
and
(31) Sl ol R S2 o ,  avraserssacssersetiaases , Sn'l)”-

Let the sums of the present values of (30) and (31) be denoted by R and
S respectively, then

(32) R = Rjv! 4 Rya? 4 woevvrronens + R,o" = E"] Rt vs
t:
and
(33) S = Syvl 4 Sptf & eevereernren + Spvr = 3 Seot.
=l

Now supposing that R =S be required for the planning for equating re-
ceipts and payments all over # periods, that is, '

" - ”
(34) Zl Rt'()‘ = EISI v,
!:

In other words, what we have to do in this research is to find what
the change of discount ratio (or rate of interest) should mean under the
condition of (34). We will represent (34) by % P,

(35) ﬂlR,vt - Zﬂ:ngv‘ — k. E>0
= t=
The average period of (32), (33) is denoted by =, =, respectively,

in accordance with the symbol of (4). (From now on, % will be simply
=1

represented by 31.) Thus we have

_ XtRiot
(36) T, SR

and

- (87 _ DSt
(87 Ts ES:‘U’

6) Pay special attention to this assumpton; see Chapter VI.

7y By assuming R; and S; to be given and v (therefore ) to be unknown and solving
(34), we can search for v or r that satisfy the planning for equating receipts and
Payments in question. But this is not our present subject.
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We subtract (37) from (36) on each side. Then we have
LEtRp vt TR

Tr = Ts = LR v - 3 Sevt
therefore - = ‘f‘ v _ Lt i"" . See (35)
(38) = TeRivt = Sioh)

transforming (38) into

Zt(Revt — Spob) }
ne .

Now taking the stream of residuals which are the subtractions of the

present values of payments (31) from those of receipts (30) in each period:

(40)  (Rivl — S v, (Ryv? — Spod), wweemserssvesnnans . (Rv® — Suom)

And as a method of consideration, let us make a distinction between
(40) which results in a monotone increasing siream and that which causes
a monotone decreasing stream. Although the practical, especially ex posi,
stream of capital values does not always reveal either a monotone increasing
or a monotone decreasing process, it is often possible that either ome of
them is produced in the system of the ex amfe program of capital

Case I in which (40) brings about a monotone increasing stream:

(39) n,—ﬂs=%{zt-

() (Riv' — 57 < (Rev? — Spv2) < eornvreanras & (Ruv® — Spom) .

The arithmetic mean of (41) weighted by a monotone increasing
sequence which is

“42) ¢ 1 €2 < revenennene ' < 7

is quite of the same characteristic as (14).  The only difference is that
the weight w; in (14) is replaced by ¢ in this case.  Let us, therefore,
denote it by 4,, and we have

(43) e = L (Ryv! — Sl o) + 2(R2 v8 — S3vl) 4 erennae + n(R,vh — SBV”)
w 1 + 2 4 seereencnens + n
- T t(Revt — Siod)
57
Meanwhile taking the simple arithmetic mean of (41),
a = (Rivt~ 8o + (Ryv? — o) £+ revvrvvennns + (Rav? — Sav#)
n
4y = ZRT-DST g See (34)

n
According to Lemma (27), we have

Zt{(Ryvt — 3 S vh)
45 T > 0.
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Applying (45) to (39), the inequality below is led to because of £>>0
and N¢t>0: .
(46) 7, — 7> 0.
Case II in which (40) brings about a monotone decreasing stream:
) Rivt = Si0) > Ret? = Su8) > e > (Ruon = Spom) .
The arithmetic mean of (47) weighted by (42) is quite of the same

characteristic as (16), which is denoted by g,,.
Then in the same way as Case I, we will have

Tt (Riot — Siot)
St

Applying (48) to Lemma (27),

(48) dy =

49 Yt (Re WZ‘ : Se vt) <0, See (44)

Applying (49) to (39), we have the inequality below for the same
reason as in Case I:

(50) t, — 75 <0

The above-stated can briefly be put into a table below :

(Case) (40) (46> (50)
¢1D)] (1) Monotone Increasing Stream Ty — wg > 0
(1D ’ Monotone Decreasing Stream T, — 75 < 0

Next let us obtain from (30) and (31) the stream of present values of
residuals denoted by G, that is,
(52) G = (Riv'=8v), G = (RpvP — 5307, verereereens v Ga = (Rnv® — Spvm)

and represent the sum of these by G, then
53 G=2Gt=3 (Riovt — Stot).

Differentiating G in regard Lo v, we have

(54 dG = {):;:R;vt—l - zzswt—l}dv.

We assumeivv— = 0,

(55) dv = fv .
Let (35) be substituted in (54), and we obtain

dG = {z ¢ Ryot=) — ¥ 1.8 vt } fv

therefore
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(56

Transforming (56) slightly into

EtR;'U"‘

dG = 9 {ER,vt e

(G

- 2 S vt

= 0 {Ethv*— thS:v*}_

3t Syt ]
ZJSt'(Jz

Then using (35), (36), and (37), we will come to the following conclusion:

(58)  dG = 0k {m, — 75},
In this case, since 2 >0, we can find the [ollowing relations:
Rate of | Discount Clg:;;:fof Marginal |Balance of
Interest Ratio | ¢he Discount | Surplus P
” v Ratio 4G ayments
7, — wg > 0 Down Up Positive Positive Better
(59) (Planning to be) ‘
2 Borrower Up Down | Negative | Negative Worse
Ty — @y < 0 Down Up Positive | Negative Worse
(Planning to be)
a Lender Up Down Negative | Positive Better

Some explanation about (59) seems to be useful.

That the average period of the stream of receipts is larger than that of
the stream of payments, that is, =.-z; >0, indicates a planning that the
receipts in each period are relacively little at present or in the near future
and relatively large in the far future; whereas the payments in each period
are relatively large at present or in the near future and relatively little in
the far future.  The deficit caused by the greater payment over the re-
ceipts in each period at present or in the near future are to be made amends
for by the surplus which will be brought about by the greater receipts over
the payments in each period in the far future.  This is the “‘planning to
be a borrower’’ as Hicks names it.

That the average period of the stream of payments is larger than that
of the stream of receipts, that is, m,~m, <{0, indicates a planning that the
payments in each period are relatively little at present or in the near future
and relatively large in the far future; whereas the receipts in each period
are relatively large at present or in the near future and relatively litile in
the far future.  The surplus caused hy the greater receipts over the pay-
ments in each period at present or in the near future is to be provided so
as to make amends for the deflicit which will be brought about by the
greater payments over the receipts in each period in the far future, This
is the “‘planning to be a lender’’ as Hicks names it

According to (59), which is our conclusion, the fall (rise) of rate of
interest improves (deteriorates) the balance of payments in the planning to
be a borrower; the fall (rise) of rate of interest deterjorates (improves) it
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in the planning to be a lender.

A remark on dG = 0: in short, this indicates a positive or negative
sign of the quantity of change (which is the approximate value) of the sum
of residuals G which is caused by a small change of ¢ Cor r) out of a cer-
tain balance of payments over » periods. In the above, we have substituted
(35) in (57) to lead (58). 1If (35) be substituted in (53), G should be
equal to O, that is, G = 0; in other words, the balance of payments over
n periods is to be attained. This means that p, obtained from solving (35)
is the root of G = 0. dG is the approximate value of the quantity of
change of G in response to the change of » out of G =0 in this root.

From (53), we have

(60) G=ZX (R —Sovt;

In this form, G is the function of o, that i,

6) G =G @)

Let one of the roots of G =0 be denoted by », and substituted in%= ,
dv

and it becomes 8, = So (58) can be written in the form

(62) dG

=y
L

= ._g_l_k{x,—:'rs}d'v

(62) indicates the approximate value of the quantity of change of G in
response to the change of » out of » = v, Both 7, and =, on the right
side of (62), however, are the values with respect to v = v,.

V1l Advanced Inquiry into the Theory
of the ‘‘Average Period”

In the former chapters we have proved by mathematical analysis and
revealed the utility of the theory of the ‘‘Average Period’’ which Hicks
developed —— though only verbally and rather simply —— in his excellent
work, Value and Capital. We, furthermore, would like to examine this
theory a little more, because it seems possible that it might not necessarily
be applicable to all cases depending upon the kind and nature of an assump-
tion presupposed.

We have assumed that, in (28) and (29), receipts and payments take
part in the streams of capital values respectively at the end of each period.
Now we assume, in the first place®, that the receipts take part in the stream
of capital values at the beginning and the payments at the end of each

8 In the latter part of this chapter,it will be assumed that “receipts take part in the
stream of capital values at the end, and payments at the beginning of each period”.
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period. (In the mathematics of life insurance such an assumption is rather
common, ) In this case the streams of present values of receipts and payments
over n periods would become ‘

(63) Rl Lo , RQ ol , Teterssstriesessiierens R" pn-l
and
(64) S ', Sppf, s, , Saon .

Denoting the sums of these sireams of present values by R and S
respectively, thus

(63) R=R o4 Ryvl 4 reevevvernnn + Rpvnl = 3 Ry vt
and
(66) S = 8 v 4+ S3uf 4 evereeerens + Spon = 3 Sy vt
For the planning of equating receipts and payments over all periods,
R = S is required. Let us assume R = S = %k, which can be expressed as
(67) N Rivt™' = T Sivt = k.

Then, let us search for the elasticities of the capital values of R and
S with regard to the discount ratio, that is, the average periods, =, and z.:

_ v dR
Tr = "R T dv
o [T - =2
R IR B R Re t 2Revl + + (r=1) Ryon? |
IR yvt + 2Ry vt 4 =eveeeeneres 4 (n—=1) Ry vr!
Riv" = Ryovl + vvevennenns + R, onl
(DRI + (2R v & severirnenr + (W Rpv !
Rivt 4+ Ryvt + eecenerinnan + Rpovs!
Rivd + Ryv! 4 corvivuannee + Rpour!
Riv" 4+ Ryv!l + cvevvieirens + Ry pr-l
therefore
_ 3t Ry vt-! _
68 = T 1
In the same way
1s = 2_ 45
S dv
therefore
_ ZtSiot See (37
(69) — E St o eg ( )

Subtracting (69) [rom (68) on each side:
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___ TtRyvt 3¢St ot
Ty T = Z Rt Py — Z St o —_
= —Ile— Tt(Reottl = Sty — 1 See (67)
transforming into
=1 Nt (Revt-l — Spot)
a0 = {5 = b -1

Next, let us also take from (63) and (64) the stream of residuals in
each period, and we have

71 R’ = Siv), (Ro! — 502, woreveeen » (Rpowl — Suvm).
The arithmetic mean of these residuals weighted by
(72)  t: 1, 2, ervverercnvirennssinens n

becomes

4 = Dt(Rivt! — Sivd)
(73) Gy dw = t St ¢
When (71) is a monotone increasing stream, (73) becomes d,; When
(71) is a monotone decreasing stream, (73) becomes @, And the simple
arithmetic mean ¢ of (71) becomes

a = ‘H;li_ { (Rye? — Sie) 4+ (Rov! — Spo8) + covveveveen + (Rpv! — Spom) }
therefore
(7 =0; See (67)

Applying Lemma (27) to (70), we can find the following relations:

Ty — 7s
(71 (73) (70)
€75) Monotone Increasing Stream | Positive %‘L‘gﬁiblgr &t\)leg:?i%i
Monotone Decreasing Stream Negative Negative

This leads to a different result [rom that of (51) in the previous
chapter which was reached under the assumption that both receipts and
payments take part in each stream of capital values at the end of each
period.

In the second place, unlike the previous assumption let us assume that
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receipts take part in the stream of capital values at the end, and payments
at the beginning of each period.  In this case each stream of present
values of receipts and payments.over # periods will become respectively

(76) Riv', Ryul, crestrrcacicnnsninenans , R,
and

77) S 20, Syl sereerersseencevienin Syl

Suppose that R=S= % be requiréd for the planning of equating
receipts and payments all over » periods, that is,

(78) LRivt = FSpvttt =k,

Let us search for =, and z, the average periods of R and S: in the
same way as before,

7 — Z th 'l)t
C 9) Ty mz R; ot
and
80 — _DtSewitt
(80> Ts ES: Py 1 .

Subtracting (80) from (79) on each side, then

1 Tt (Revt — Se vt
R e E3Y

Taking the stream of residuals in each peried from (76) and (77)
which becomes

(82) (R0 = S| 10), (Ryv? — Spul), sreeveserersresserananas , (Ravh — Spon1),
we have an arithmetic mean weighted by (72) as

. . T t(Revt — 8ot )

When (82) is a monotone increasing stream, (83) becomes @,; when
(82) is a monotone decreasing stream, (83) becomes 4,. And the simple
arithmetic mean g becomes

a = L{(R,'v' - S o + (Rpv? — Savl) 4 revvevensens L+ (Ry v '—-Sn‘v"")]

;gll—l =

(ZRiwt =~ msive]

therefore
(84) =0. See (78)

Applying Lemma (27) to (81), we can find the following relations:
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Ty — Ty
(82) (83) (81)
(85) Monotone Increasing Stream Positive Positive
. . Impossible to Judge
Monotone Decreasing Stream Negative Positive or Negative

This leads to a different result from that of (51) in the previous chapter
in which both receipts and payments are assumed to take part in each
stream of capital values at the end of each period.

The result of (51), (75), and (85) which are cases derived from
different assumptions is as follows.

Ty — g

. Streams of residuals of present values
Assumptions

M. I 8§ | M. D. §.
Both receipts and payments
(A) taking part in the streams Positive ! Negative
at the end of each period ‘
Receipts taking part in the Impossible to
(86) stream at the beginning, - .
(B> and payments at the end of Judge Positive Positive
each period or Negative
Receipts taking parl in the Impossible to
stream at the end, payments .. ..
€ at the Dbeginning of each Positive Judge Positive
period or Negative

In short, =, - =, is always settled as either positive or negative under
Assumption (A); whereas there can be some cases in which it is impossible
to judge positive or negative under Assumptions (B) and (C). In other
words, in the cases in which the stream of residuals of present values
indicates monotone increase under Assumption (B) and cases which it has a
monotone decrease under Assumption (C), =, -z, cannot be judged either
positive or negative. In such cases, therefore, it is impossible to judge
whether the balance of payments in (59) improves or deteriorates.

In the last place, we will take, as a concrete case, the management of
life insurance into account, applying the theory which we have treated
so far,

In the case of life insurance, insurance premiums which are receipts
for the insurance company are received at the beginning of each period;



13 5. SAWA

while insurance amounts which are payments for the company are paid at
any time when the insured die. So the time when insurance amounts are
paid is, on an average, to be supposed at the middle of each respective period.

We will explain, as an example, the whole life insurance system, the
most representative of all the life-insurance contract systems. The stream
of present values of receipts and payments is

(87 ReCeipts: RivV, Ryw', corervrmmiacnraininnns , Ryovn-!
and

(88)  Payments: Siot, S E e , Syt

(In the mathematics of life insurance, it is often assumed that insurance amounts
be paid at the end of each period for the purpose of simple calculation. In this
case, (88) is to be quite the same as (64). But we assume here that they be paid
by the company at the middle of each period for the purpose of strict calculation.)

The sums of (87) and (88) denoted by R and S respectively become
(89) R=R®+ Rv + cvveeerirrrenrenes + Ryon!l = ¥ Ry vt™!
and

) S=58uvF+8o" T 4o 4 S o318, -t

Again R = S = k is required for the planning of equating receipts and
payments all over » periods, and therefore

©G) T Ruvtl= T Svt-t=4.

Let us search for x, and z, with regard to R in (89) and S in (90),
and we have

_ L tRyprt . st .
92 = 'Z_Rf?t = -1 : this is the same as (68);
and
©3) 15 = _ZeSewt=F 1
s = -3
I Sivt-t

Subtract (93) from (92) on each side in consideration of (91), and
transform into

Lt(Rpvt! — 8§ 'Ut-—l_) 1
Yt -2

CH) rr,—rrs=% St

Furthermore we obtain the stream of residuals of present values from
(87) and (88), which is

(n—-1) +—1—

1
(95 R =Sv ), (Ro' ~ Spo't ), e . Ryl — Spo )



ON THE “AVERAGE PERIOD” OF J. R. HICKS 19

Taking the arithmetic mean weighted by
96 t: 1, 2, eereereaerereseensinns n

which becomes

O o, dw= EfCRW’;j; Sevt=t)

When (95) is a monotone increasing stream, (97) becomes &4,; when
(95) is a monotone decreasing stream, (97) becomes g,. But, in life
msurance, (95) always indicates a monotone decreasing stream. The reason:
in life insurance the system of paying insurance premiums, which are
receipts for the insurance company, is most commonly the uniform premiums
system in which the sum of premiums paid from policy-holder is constant
at every period.

Therefore,

R| = Ry = seeemvvcrmnnrruerisisunssassnnane = R,.
Whereas the sequence of discount ratio is decreasing;
(98) o0 > ol > 72 > ............... > on—l

So that the present values of premium receipts indicate a monotone decreas-
ing stream which is

99 Ripl > RByw! S cvveerevincennnnn > Rpuvr!,

Against this tendency, the insurance amounts paid become steadily
higher and higher as the probability of dying of the insured grows high,
period to period. So they make a monotone increasing stream which 1s

(100) 8| € S < wrvevrevseresnsnsnrensns < S,

But the increasing trend of (100) is much greater than the decreasing trend
of the discount ratio which is a monotone decreasing sequence, that is,

1
an v? >

L

T> ........................ - )

{ —lH--L
” i

So that the stream of present values of insurance amount payments becomes
a monotone increasing stream such as

1

1
(02) S8 < Sgu  E & mremrreneaneriesannns < Syv

The result of this shows that the stream of residuals of present values
in each period obtained from (87) and (88) which is

1
1)+ =
(r—1) 5

1
1 1 n-l (n-l)+T

(103) (R0 — S;v2) > (Rzv' — Sz-aHT) - ST > (Rpv — Syv )

very clearly indicates a monotone decreasing stream.
In life insurance the method of keeping the balance of payments equal
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is projected in such a way that the surplus of receipts brought about in
the former half of all the periods (the area bounded by MPN in Figure
4) can meet the deficit brought about in the latter half (the area bounded
by QPT in Figure 4). For this reason it is clear that (103) indicates a
monotone decreasing sequence. According to Lemma (27), therefore, (97)
can be represented by

1

t -l t=
08 g, = =t (R z_:sw D <o

substituting (104) in (94), we obtain
(105) =z, — 75 < O.

In terms of our conclusion which has been made clear by (86), the
management of life insurance belongs to the case in which the stream of
residuals of present values takes a monotone decreasing stream under Assump-
tion (B).  We, therefore, are able to see by (59) how the change of
discount ratio (therefore, that of the rate of interest) influences the balance
of payments of an insurance company that manages by planning for equating
receipts and payments.

In conclusion, Hicks’s theory of the ‘‘Average Period’’ is fully appli-
cable as far as life insurance is concerned.

Figure 4

Stvt—'i-

\




