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A series of dynamically stable structures of the defective fluorite-Bi2O3 is found by first-principles lattice
dynamics calculations. The crystal symmetry is lowered and local distortion is included systematically along
imaginary modes of lattice vibrations. A clear band gap appears when local distortion is included in this way,
which is consistent with experimental results. Many theoretical calculations in the past indicated metallic or
semimetallic electronic structures. The appropriate inclusion of the symmetry breaking and local distortion are
therefore essential in reproducing the electronic structures of Bi2O3. The three stable structures are found to
have an energy of 0.07–0.08 eV/f.u. relative to �-Bi2O3. The arrays of oxide-ion vacancies in two of these
structures are the same as those of �-Bi2O3 and �-Bi2O3, which were experimentally identified as stable
phases. A bixbyite-type vacancy-array structure is also found to be another stable phase in the present study,
which is named �-Bi2O3. It is suggested that the three stable structures of Bi2O3 are ordered low-temperature
polymorphs of the disordered �-Bi2O3 in the defective fluorite-Bi2O3 family.
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I. INTRODUCTION

Bismuth oxide, Bi2O3, has been reported to exhibit six
polymorphs, �, �, �, �, �, and � phases.1–10 �-Bi2O3 has a
monoclinic structure and is stable at room temperature and
atmospheric pressure. It is transformed to �-Bi2O3 upon
heating to above 1000 K, which is stable up to its melting
point.1–8 �-Bi2O3 and �-Bi2O3 are obtained as metastable
phases during the cooling of �-Bi2O3.1,2,5–7 �-Bi2O3 can be
obtained by hydrothermal treatment in highly concentrated
KOH solution,9 and which is irreversibly transformed to the
� form at 673 K. �-Bi2O3 has been prepared on a BeO
substrate.10 Since the high-temperature phase, �-Bi2O3, ex-
hibits high oxide ionic conductivity of more than 1 S/cm,11 it
has attracted considerable attention. �-Bi2O3 was reported to
have a defective fluorite structure: Bi ions occupy the 4a
sites at �0, 0, 0�, forming a face-centered-cubic sublattice,
and oxide ions occupy the 8c sites at �1/4, 1/4, 1/4�, forming
a simple cubic sublattice. Since the Bi ions are trivalent, a
quarter of the O sites are vacant to ensure charge neutrality.
This high concentration of intrinsic vacant sites provides a
simple explanation for the high conductivity of the oxide
ions. Therefore, numerous experimental and computational
studies have been performed on the arrangement of oxide
ions and vacant sites in the O sublattice.3,4,12–23 Sillen sug-
gested that the vacant sites were ordered along the �111�
direction on the basis of powder x-ray diffraction measure-
ments on quenched samples.3 Gattow and Schröder reported
that no ordering was observed in the O sublattice upon per-
forming high-temperature powder x-ray diffraction.4 Since
then, the arrangement of vacant sites has been assumed to be
random. Also, the oxide ions were reported to be off-
centered from the ideal sites in the fluorite structure accord-
ing to recent neutron-diffraction experiments.12,13

To elucidate the structure of �-Bi2O3 and the nature of its
high ionic conductivity by theoretical approaches, several
studies using first-principles calculations based on density-

functional theory �DFT� have been reported.14–23 A unit cell
of the simplest defective fluorite structure contains eight O
sites, of which two are vacant. In the present study, this unit
cell will be hereafter referred to as the single unit cell. The
term “array” will be used to distinguish the arrangement of
vacancy sites in the O sublattice. There are three possible
arrays of the vacant sites in the single unit cell. They are
aligned along either the �100�, �110�, or �111� direction, as
schematically shown in Fig. 1. Displacements from the ideal
exact atomic positions are introduced to lower the symmetry
from that of the cubic fluorite structure. This will be referred
as “symmetry breaking.” Symmetry breaking is accompanied
by a set of local distortion. The number of different atomic
arrangements for a given vacancy array increases with the
lowering of the symmetry. However, all the different varia-
tions induced by symmetry breaking on the same idealized
structure are included in the same array. In this study, the
term “arrangement” will retain its general meaning and refer
to a set of specific atomic positions.

Theoretical calculations on defective fluorite Bi2O3
�df-Bi2O3� with the three different vacancy arrays formed for
the single unit cell have been performed in many studies. In
these studies, �-Bi2O3 was approximated by these simplified
df-Bi2O3 models. No procedure to statistically treat the dis-

(a) <100> (b) <110> (c) <111>

Bi OVacant site

FIG. 1. Three possible arrays of the vacant sites in a single unit
cell aligned along the �a� �100�, �b� �110�, and �c� �111� directions.
White spheres, gray spheres, and white squares denote Bi, O, and
vacant sites, respectively.
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ordered phase was included. Information by these simplified
model calculations is therefore limited. In order to highlight
the limitation of these models, we use the term �-Bi2O3 ex-
clusively for the high-temperature phase in the present paper.

Medvedeva et al.14 first reported first-principles calcula-
tions of df-Bi2O3 using the linear muffin-tin orbital method
with the local-density approximation. They suggested that an
arrangement in the �111� array �a �111� arrangement� had a
metallic electronic structure and was more stable than a
�110� arrangement. Carlsson et al.15 reported first-principles
calculations of �-Bi2O3 and df-Bi2O3 using the plane-wave
basis ultrasoft-pseudopotential method with the generalized-
gradient approximation �GGA�. They suggested that a �100�
arrangement was the most stable among the three arrange-
ments with different vacancy arrays, and that its energy was
0.80 eV/f.u. �f.u.: formula unit� higher than that of �-Bi2O3.
In the electronic structure of the �100� arrangement, the top
of the valence band had a higher energy than the bottom of
the conduction band, indicating a semimetallic electronic
structure. Walsh et al.16 also reported similar results for first-
principles calculations using the projector augmented wave
�PAW� method with the GGA. Their �100� and �110� ar-
rangements were semimetallic while the �111� arrangement
was metallic. The �100� arrangement was the most stable
among the three arrangements and had a higher energy than
�-Bi2O3 by 0.74 eV/f.u. Experimentally, �-Bi2O3 exhibits a
clear band gap of 1.73 eV.24 Since this was obtained in a
nanocrystalline thin-film sample, the band gap of the perfect
crystalline �-Bi2O3 may be larger than 1.73 eV. However, all
the above calculations indicated semimetallic or metallic
electronic structures. Zhong et al.20 considered spin-orbit
coupling as a relativistic effect in the Bi ions using the full-
potential linearized augmented plane-wave method with the
GGA. They reported that a �110� arrangement had a band
gap of 0.46 eV and was the most stable among the three
arrangements. They suggested that the spin-orbit coupling
effect was an important factor in determining the size of the
band gap. However, their �111� arrangement was still metal-
lic.

Recently, calculations on df-Bi2O3 beyond the single unit
cell, i.e., the df-Bi2O3 superstructure have been reported.
Aidhy et al.17 found an arrangement having lower energy
than those in the single-unit-cell models when a 2	2	2
superstructure was examined by a combination of classical
molecular-dynamics �MD� simulations and PAW calcula-
tions with the GGA. Music et al.21 reported that some
arrangements of the 2	2	2 superstructure were lower in
energy than the �100� arrangement using the ultrasoft-
pseudopotential method with the GGA. They confirmed that
the arrangement reported by Aidhy et al. was the lowest in
energy. Mohn et al.22,23 reported that there were many ar-
rangements of the 2	2	2 superstructure lower in energy
than the three single-unit-cell models on the basis of first-
principles MD simulations and lattice statics calculations
combined with powder neutron-diffraction experiments.
They suggested that the distribution of the oxide ions sur-
rounding the Bi ions was highly asymmetric.

In spite of these extensive studies, two major issues re-
main. �1� The electronic structure, particularly the band gap,
is inconsistent with experimental results; the three simple

arrangements within the single unit cell are semimetallic or
metallic. The experimentally obtained band gap of �-Bi2O3
is 1.73 eV.24 �2� The theoretical energy of df-Bi2O3 relative
to �-Bi2O3 has not been conclusively determined. Both
Carlsson et al. and Walsh et al. reported that their �100�
arrangement is �0.7 eV / f.u. higher in energy than �-Bi2O3.
Using superstructure models, Mohn et al.23 recently reported
the presence of low-energy structures that are more than 0.13
eV/f.u. higher in energy than �-Bi2O3. As will be shown
later, these structures are not the lowest-energy arrangements
within the given array.

Carlsson et al. performed a series of first-principles cal-
culations to examine the energy barrier of df-Bi2O3 between
�111� and �100� arrangements via a �110� arrangement by
displacing an oxide ion. They found no energy barrier for the
transformation from �111� to �110�. Although the result is
not quantitatively reliable since they did not include the
probable relaxation of the structure during the transforma-
tion, it appears that the �111� arrangement is not stable
against lattice dynamics. Therefore, we investigate the lattice
dynamics of each structure. In this paper, we will show that
the reported structures are dynamically unstable and that
symmetry breaking and local distortion around Bi ions are
essential for describing the atomic and electronic structures
of Bi2O3 with a defective fluorite structure. The local distor-
tion leads to a wide band gap of 2–3 eV. It also considerably
reduces the energy even though the array is not changed. The
lowest energy relative to �-Bi2O3 is found to be 0.07–0.08
eV/f.u. We show three different examples of such low-energy
structures, all of which are stable with respect to the lattice
dynamics.

II. COMPUTATIONAL PROCEDURES

The first-principles calculations were performed by the
PAW method25 implemented in the VASP code.26–28 Plane
waves were used as the basis functions with a cutoff energy
of 360 eV. The convergence of the formation energy with
respect to the plane-wave cutoff was found to be better than
0.01 eV/f.u. The radii of the PAW potentials were 1.32 and
0.98 Å for Bi and O, respectively. The 5d, 6s, and 6p elec-
trons for Bi and the 2s and 2p electrons for O were treated as
valence and the remaining electrons were kept frozen. The
exchange-correlation term was treated with the Perdew-
Burke-Ernzerhof functional based on the GGA.29 Both the
unit cell of the fluorite structure and the 2	2	2 supercell
were used for df-Bi2O3. Integration in the reciprocal space
was performed by the Monkhorst-Pack scheme using a 4
	4	4 mesh for the single unit cell, a 2	2	2 mesh for the
2	2	2 supercell and a 3	2	2 mesh for �-Bi2O3. The
total energy was minimized until the energy convergence
became less than 5	10−6 eV/f.u. The stability of the model
structures against lattice dynamics was examined as de-
scribed in the following sections. The force-constant ap-
proach involving a finite displacement was used for this pur-
pose by employing the fropho code.30–32 The 2	2	2
supercells were used with a displacement of 0.01 Å along
the x, y, and z directions for each atom.
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III. RESULTS

A. �-Bi2O3 and the three arrangements
within the single unit cell for df-Bi2O3

�-Bi2O3 and the three arrangements of Bi2O3 with the
single unit cell are examined in this section. Their atomic
and electronic structures are described with a review of simi-
lar works in the literature.14–16 The optimized structure of
�-Bi2O3 is summarized in Table I. The lattice constants and
internal positions are in good agreement with experimental
results.33 �-Bi2O3 exhibits the electronic band structure
shown in Fig. 2 with a band gap of 2.29 eV. The gap is 0.2
eV smaller than that obtained by experiments.34 This under-
estimation is within the expected range of the GGA error.
The three arrangements for df-Bi2O3 were constructed sim-
ply by locating the Bi and oxide ions in the ideal positions of
the fluorite structure, and the structures were optimized while
maintaining the initial symmetry. The symmetry, optimized
structural data, and energy relative to �-Bi2O3 are summa-
rized in Table II. The electronic band structures are illus-
trated in Fig. 3. The �100� arrangement has the lowest energy
among the three arrangements. However, it has a higher en-
ergy than �-Bi2O3 by 0.73 eV/f.u. The energy difference
among the three arrangements and �-Bi2O3 is in quantita-
tively good agreement with those in the literature.16 Both the
�100� and �110� arrangements have a gap between the va-

lence and conduction bands. However, the valence-band tops
are above the conduction-band bottoms. Hence, these two
arrangements are semimetallic. In contrast, the Fermi energy
intersects the bands in the �111� arrangement, indicating that
the �111� arrangement is metallic.

Lattice dynamics calculations are performed on the three
arrangements. Figure 4 illustrates the phonon band structures
of the �100�, �110�, and �111� arrangements computed in the
present study. Note that the phonon dispersion curves are
shown with the notation of the wave vectors in the corre-
sponding unit cells since each arrangement has a different
symmetry and size of the unit cell. The imaginary value of

TABLE I. Details of calculated structure, Bi-O bond length, and band gap of �-Bi2O3. The values in
parenthesis were obtained from experiments �Refs. 32 and 33�.

�-Bi2O3

Space group P21 /c �No. 14�

a=5.93 Å �5.84 Å�

Lattice parameter
b=8.28 Å �8.15 Å�
c=7.54 Å �7.50 Å�

�=113° �113°�

Bi �1� 4e 0.524 0.184 0.366 �0.523 0.184 0.362�
Bi �2� 4e 0.040 0.041 0.777 �0.040 0.043 0.776�

Atom coordinate O �1� 4e 0.778 0.298 0.707 �0.777 0.304 0.707�
O �2� 4e 0.235 0.052 0.125 �0.235 0.048 0.127�
O �3� 4e 0.270 0.031 0.512 �0.269 0.028 0.511�

Bond length �Å� Bi�1�-O�1� 2.24	1

2.58	1

Bi�1�-O�2� 2.21	1

Bi�1�-O�3� 2.12	1

2.50	1

Bi�2�-O�1� 2.23	1

2.53	1

Bi�2�-O�2� 2.15	1

2.41	1

Bi�2�-O�3� 2.29	1

2.80	1

Band gap �eV� 2.29 �2.5�
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FIG. 2. Electronic band structure of �-Bi2O3. The top of the
valence band is set to 0 on the vertical axis.
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the frequency illustrated below 0 indicates that the structure
is at a local maximum of the potential surface and is unstable
against the corresponding lattice vibration. All three arrange-
ments have vibration modes with imaginary frequency at any
point in the first Brillouin zone �BZ�.

B. Symmetry breaking and local distortion
in Š111‹ array model

In this section, we investigate the dynamically stable
structure of the �111� vacancy-array model, which exhibits a
metallic electronic structure and the highest energy, as de-
scribed in the previous section. First, a new structure is con-
structed by introducing a displacement of �0.5 Å along the
eigenvector of the imaginary vibration mode at the 
 point
�0, 0, 0� in Fig. 4�c�. The set of atomic displacements is
schematically shown in Fig. 5. This is the set of displace-
ments that can be included in the single unit cell. As will be
shown later, the description of the set of displacements cor-
responding to the other points in the BZ such as the R point
�1/2, 1/2, 1/2� requires the use of a supercell. The structural
parameters are optimized after introducing the set of dis-
placements. Note that both the new arrangement and the
original arrangement are included in the �111� array model.
However, the symmetry is lower in the new arrangement. We

will hereafter call the original and new arrangements the
high-symmetry �HS� and low-symmetry �LS� arrangements,
respectively.

The displacement in the �111�-HS arrangement leads to
R3m space-group symmetry. The optimized structural data of
the �111�-LS arrangement is summarized in Table III. The
symmetry breaking causes a local distortion around Bi ions.
The Bi-O bond length is constant at 2.42 Å in the HS ar-
rangement, whereas it varies in the range of 2.14–3.07 Å in
the LS arrangement. This variation in the Bi-O bond length
should be preferred by Bi3+, since �-Bi2O3 also has a vari-
able bond length, ranging from 2.12 to 2.80 Å. The symme-
try breaking and local distortion leads to a marked change in
the electronic structure. Figure 6 illustrates the electronic
band structure of the �111�-LS arrangement. There is a band
gap of 2.37 eV, which is in strong contrast to the metallic
structure of the �111�-HS arrangement shown in Fig. 3�c�.
The �111�-LS arrangement is lower in energy than the
�111�-HS arrangement by 1.46 eV/f.u. These results imply
that the inclusion of the symmetry breaking and local distor-
tion is essential to describe the atomic and electronic struc-
tures of df-Bi2O3. The constraint of imposing too high sym-
metry should lead to an incorrect electronic structure with
too high energy. Although the energy of the �111�-LS ar-
rangement is significantly lower than that of the �111�-HS

TABLE II. Details of structure, Bi-O bond length, and energy relative to �-Bi2O3 of the three arrangements in the single unit cell for
df-Bi2O3.

�100� �110� �111�

Space group P42 /mcm �No. 132� P4̄m2 �No. 115� Pn3̄m �No. 224�

Lattice parameter a=5.84 Å a=3.92 Å ��2a=5.54 Å� a=5.59 Å

c=5.72 Å c=5.85 Å

Atom coordinate

Bi �1� 4i 0.736 0.736 0 Bi �1� 2g 0 0.5 0.777 Bi �1� 4b 0.25 0.25 0.25

O �1� 4e 0 0.5 0.25 O �1� 1a 0 0 0 O �1� 6d 0 0.5 0.5

O �2� 2d 0.5 0.5 0.25 O �2� 1b 0.5 0.5 0

O �3� 1d 0 0 0.5

Bond length �Å�

Bi�1�-O�1� 2.42	2 Bi�1�-O�1� 2.35	2 Bi�1�-O�1� 2.42	6

Bi�1�-O�2� 2.51	4 Bi�1�-O�2� 2.35	2

Bi�1�-O�3� 2.54	2

Relative energy �eV/f.u.� 0.73 0.85 1.85
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FIG. 3. Electronic band structures of the three arrangements in the single unit cell for df-Bi2O3 shown in Table II. The top of the valence
band is set to 0 on the vertical axis.

MATSUMOTO, KOYAMA, AND TANAKA PHYSICAL REVIEW B 81, 094117 �2010�

094117-4



arrangement, an additional phonon calculation for the
�111�-LS arrangement found that a small imaginary fre-
quency remains at the L point �1/2, 0, 1/2� of the unit cell of
the �111�-LS arrangement, which corresponds to the X point
�1/2, 0, 0� in the notation of the original primitive cell shown
in Fig. 4�c�. This implies that the current �111�-LS arrange-
ment is not a dynamically stable structure.

To examine wave vectors other than the 
 point in Fig.
4�c�, we need to construct supercell models. The supercells
will hereafter be denoted by their sizes compared with the
single unit cell. Since we employed the 2	2	2 supercell
for the phonon calculations, we considered only the wave
vectors commensurate with the periodicity of the supercell.
These wave vectors will be hereafter referred to as “com-
mensurate points.” Atomic displacements that correspond to
the imaginary vibration mode having the largest absolute
value �or the strongest imaginary frequency� are chosen. For
the �111�-HS arrangement, the strongest imaginary fre-
quency appears at the R point �1/2, 1/2, 1/2� in Fig. 4�c�, and
the new arrangement requires a 2	2	2 supercell as the
unit cell. The displacement leads to a structure with the space

group Fd3̄m. The structure is optimized by imposing the

Fd3̄m symmetry. We will hereafter call the newer arrange-
ment the �111�-LS�2	2	2� arrangement, whose structural
data is summarized in Table IV. Interestingly, the
�111�-LS�2	2	2� arrangement is isostructural to arseno-
lite, As2O3, and senarmontite, Sb2O3. Its band gap is 2.59 eV,
which is larger than that of the �111�-LS arrangement. The
�111�-LS�2	2	2� arrangement is lower in energy than the

�111�-LS arrangement by 0.10 eV/f.u. It does not exhibit
dynamical instabilities at the commensurate points according
to the results of phonon calculations. In the following sec-
tion, however, we will see that there are more stable arrange-
ments of df-Bi2O3 than the �111�-LS�2	2	2� arrangement.

C. Symmetry breaking and local distortion
in Š100‹ array model

Symmetry breaking in the �100� array model is also ex-
amined within the 2	2	2 supercell. Similar to the case of
the �111�-LS�2	2	2� model, a set of atomic displacements
is initially made toward the eigenvector of the strongest
imaginary frequency. The displacements correspond to the M
point �1/2, 1/2, 0� in Fig. 4�a�, which leads to the structure of
the space group P42 /nmc with a �2	 �2	1 supercell as the
unit cell. After the structure optimization with the space
group P42 /nmc, a weak imaginary frequency remains at the

 point �0, 0, 0�. Optimization eventually leads to the
�100�-LS�2	2	2� arrangement with the space group

P4̄21c, which does not exhibit dynamical instabilities at the
commensurate points. The structural data, Bi-O bond length,
band gap and energy relative to �-Bi2O3 for this arrangement
are summarized in Table V. The relative energy of the
�100�-LS�2	2	2� arrangement is only 0.08 eV/f.u. It is
very interesting that the �100�-LS�2	2	2� arrangement ob-
tained in this way is isostructural to the experimentally ob-
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FIG. 4. Phonon band structures of the three arrangements in the single unit cell for df-Bi2O3 shown in Table II.
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FIG. 5. Schema of the eigenvectors of the imaginary vibration
mode at the 
 point �0,0,0� in the �111� model �see also Fig. 4�c��.
The displacement of Bi atoms is much less than that of O atoms.
The directions of the vibration of O atoms are almost parallel to the
Cartesian axes.
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FIG. 6. Electronic band structure of �111�-LS arrangement of
df-Bi2O3 shown in Table III. The top of the valence band is set to 0
on the vertical axis.
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tained �-Bi2O3 structure determined by a neutron-diffraction
experiment.35 �-Bi2O3 is known to be formed at 920 K dur-
ing the cooling of �-Bi2O3 �Ref. 7� or by the decomposition
of Bi2O2CO3 at 650 K.35 The experimentally obtained tran-
sition enthalpy between �-Bi2O3 and �-Bi2O3 was reported
to be 0.08 or 0.09 eV/f.u.7,8 It is therefore natural that
�-Bi2O3 appears in the present study as one of the lowest-
energy forms. The experimental lattice parameters of
�-Bi2O3 are a=7.739 and c=5.636 Å. The theoretical val-
ues are 3% and 1% larger than the experimental values,
which are within the GGA error. The internal parameters are
also in good agreement with each other. We can therefore
identify the �100�-LS�2	2	2� arrangement to be �-Bi2O3.
The �100�-LS�2	2	2� arrangement exhibits a band gap of
1.75 eV.

D. Symmetry breaking and local distortion
in Š110‹ array model

The same procedure as that described in the previous sec-
tion is also carried out for �110� array model. The �110�-HS
arrangement has the strongest imaginary phonon frequency
at the X point �1/2, 0, 0� shown in Fig. 4�b�, which leads to
the structure of the space group Pmm2 with a �2	1 / �2
	1 supercell as the unit cell. After the structure optimization
with this space group, an imaginary frequency remains at the
Y point �0, 1/2, 0�. Optimization leads to another Pmm2
structure with a �2	 �2	1 supercell as the unit cell with a
relative energy of 0.53 eV/f.u. and a band gap of 1.40 eV.
However, the imaginary mode does not disappear. The pro-
cedure then requires a structure of the space group Fmm2
with a 2�2	2�2	2 supercell as the unit cell. The calcula-

TABLE III. Details of structure, Bi-O bond length, energy relative to �-Bi2O3, and band gap of �111�-LS
arrangement of df-Bi2O3.

�111�-LS

Space group R3m �No. 160�

Lattice parameter
a=5.78 Å

�=88.8°

Atom coordinate

Bi �1� 3b 0.522 0.030 0.522

Bi �2� 1a 0.000 0.000 0.000

O �1� 3b 0.265 0.656 0.265

O �2� 3b 0.763 0.158 0.763

Bond length �Å�

Bi�1�-O�1� 2.14	2

3.07	1

Bi�1�-O�2� 2.15	1

2.95	2

Bi�2�-O�1� 2.92	3

Bi�2�-O�2� 2.14	3

Relative energy �eV/f.u.� 0.39

Band gap �eV� 2.37

TABLE IV. Details of structure, Bi-O bond length, energy relative to �-Bi2O3, and band gap of
�111�-LS�2	2	2� arrangement of df-Bi2O3.

�111�-LS�2	2	2�

Space group Fd3̄m �No. 227�

Lattice parameter a=11.41 Å

Atom coordinate
Bi �1� 32e 0.370 0.370 0.370

O �1� 48f 0.200 0 0

Bond length �Å�
Bi�1�-O�1� 2.14	3

2.86	3

Relative energy �eV/f.u.� 0.29

Band gap �eV� 2.59
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tion leads to a structure with a relative energy of 0.35 eV/f.u
and a band gap of 1.83 eV. However, atomic displacements
in this structure during the geometry optimization are too
large for the position of the O atoms to be maintained in the
�110� array model. The imaginary mode does not disappear
even in this model. Further symmetry-breaking calculations
were not attempted. In conclusion, no dynamically stable
arrangement for �110� model within the 2	2	2 supercell
was found by the procedure adopted in the present study.

E. Symmetry breaking and local distortion
in other array models of superstructures

Recently, several groups reported that other vacancy-array
models with the 2	2	2 superstructure exhibit lower en-
ergy than the three simple array models as described above.
Two kinds of vacancy arrays of the superstructure are there-
fore studied in this section to search for low-energy arrange-
ments. First, a bixbyite-type vacancy array is examined. The
bixbyite structure is also called a C-rare-earth structure and
is typical of sesquioxides such as Y2O3, In2O3, and Mn2O3.

This structure belongs to the space group Ia3̄ and can be
considered as another vacancy-array model formed in the 2
	2	2 superstructure. The phonon band structure of the
bixbyite-type Bi2O3 �bixbyite-HS� arrangement exhibits
imaginary vibration modes. The symmetry breaking accord-
ing to the imaginary mode at the H point �1, 0, 0� leads to the

Pa3̄ space group �bixbyite-LS� with a unit cell of the same
size. The optimized structural data, bond length, energy, and
band gap are summarized in Table VI for both HS and LS.
The symmetry breaking reduces the energy to 0.07 eV/f.u.,
which is as low as the energy of �-Bi2O3. The low-energy
structure that Aidhy et al.17 reported has a space group of

Fm3̄, which can be classified into the bixbyite-type vacancy

array in our terminology. This is the same array as that Music
et al.21 referred to as the combined �110� and �111� oxygen-
vacancy ordering. Although they did not report the relative
energy of their structures with respect to �-Bi2O3, their
structures may be the same as the bixbyite-HS arrangement
judging from the energy relative to other df-Bi2O3 arrange-
ments. Mohn et al.23 also reported a structure with the same
vacancy array as this one, and referred to it as a �111�
+ �110� structure. They reported many structures that have
relative energies lower than the bixbyite-HS arrangement.
However they clearly have higher energies than the
bixbyite-LS arrangement found in the present study. Aidhy et
al.18 also suggested that their bixbyite-HS arrangement can
be stabilized by including local distortion, although they
have reported neither detailed structure nor energy gain after
the structure optimization. The reported structure may be an-
other local minimum structure within the bixbyite-type va-
cancy array. Although the polymorph that corresponds to the
bixbyite-LS arrangement has not been reported experimen-
tally, it is likely to be formed during the cooling of �-Bi2O3,
similar to the case of �-Bi2O3. We hereafter call the
bixbyite-LS arrangement �-Bi2O3.

The second vacancy-array superstructure model consid-
ered is constructed by analogy to the orthorhombic Sb2O3
crystal known as valentinite. Note that the structure of val-
entinite belongs to the space group Pccn, which is the same
as that of metastable �-Bi2O3 reported in the literature.9 This
is a structure derived from the �100� vacancy-array model.
The unit cell with the �001� array is doubled in the �100�
direction, which is accompanied by a translation of the va-
cancy array by half of the unit-cell parameter in the �010�
direction. The highest-symmetry arrangement of this va-
cancy array has the space group Ibam, and it has an imagi-
nary vibration mode at the 
 point �0, 0, 0�. Following the
procedure described above, the valentinite-LS arrangement

TABLE V. Details of structure, Bi-O bond length, energy relative to �-Bi2O3, and band gap of
�100�-LS�2	2	2� arrangement of df-Bi2O3.

�100�-LS�2	2	2�

Space group P4̄21c �No. 114�

Lattice parameter
a=7.98 Å

c=5.71 Å

Bi �1� 8e −0.029 0.261 0.247

Atom coordinate O �1� 4d 0 0.5 0.414

O �2� 8e 0.321 0.288 −0.052

Bi�1�-O�1� 2.14	1

2.70	1

Bond length �Å� Bi�1�-O�2� 2.15	1

2.33	1

2.39	1

3.28	1

Relative energy �eV/f.u.� 0.08

Band gap �eV� 1.75
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with the space group Pbcn was obtained. The optimized
structure data, bond length, relative energy, and band gap are
summarized in Table VII. The valentinite-LS arrangement
has a relative energy of 0.07 eV/f.u. and does not exhibit
dynamical instabilities at any commensurate point. Since the

space group of valentinite-LS is Pbcn, which is slightly dif-
ferent from that of �-Bi2O3, Pccn, reported experimentally,
the valentinite-LS arrangement is referred to as ��-Bi2O3.
Here is another example showing that the consideration of
symmetry breaking and local distortion are essential.

TABLE VI. Details of structure, Bi-O bond length, and energy relative to �-Bi2O3 of bixbyite-HS and -LS arrangements of df-Bi2O3.

Bixbyite-HS Bixbyite-LS

Space group Ia3̄ �No. 206� Pa3̄ �No. 205�

Lattice parameter a=11.21 Å a=11.42 Å

Atom coordinate

Bi �1� 8b 0.25 0.25 0.25 Bi �1� 8c 0.255 0.255 0.255

Bi �2� 24d 0.973 0 0.25 Bi �2� 24d 0.977 −0.009 0.259

O �1� 48e 0.622 0.104 0.154 O �1� 24d 0.618 0.087 0.135

O �2� 24d 0.104 0.636 0.681

Bond length �Å�

Bi�1�-O�1� 2.43	6 Bi�1�-O�1� 2.78	3

Bi�1�-O�2� 2.20	3

Bi�2�-O�1� 2.30	2 Bi�2�-O�1� 2.14	1

2.41	2 2.29	1

2.56	2 2.61	1

Bi�2�-O�2� 2.24	1

2.53	1

3.08	1

Relative energy �eV/f.u.� 0.28 0.07

Band gap �eV� 1.94 2.66

TABLE VII. Details of structure, Bi-O bond length, and energy relative to �-Bi2O3 of valentinite-LS
arrangement of df-Bi2O3.

Valentinite-LS

Space group Pbcn �No. 60�

Lattice parameter

a=11.81 Å

b=5.74 Å

c=5.69 Å

Atom coordinate

Bi �1� 8d 0.128 0.309 0.550

O �1� 4c 0 0.444 0.25

O �2� 8d 0.715 0.090 0.112

Bond length �Å�

Bi�1�-O�1� 2.36	1

2.41	1

Bi�1�-O�2� 2.12	1

2.26	1

2.42	1

3.52	1

Relative energy �eV/f.u.� 0.07

Band gap �eV� 2.22
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F. Magnitude of the zero-point vibration energy
of four low-energy structures

Once the phonon-dispersion curves are obtained, one can
evaluate the magnitude of the zero-point vibration energy
�ZPE�, EZP, for the given structure within the harmonic ap-
proximation. The vibrational density of states is found to be
not significantly different between the three low-energy
structures of df-Bi2O3 ��100�-LS�2	2	2�, bixbyite-LS,
valentinite-LS� and �-Bi2O3. Consequently, EZP for the four
structures are almost the same, ranging from 0.21 to 0.22
eV/f.u. In other words, the difference in the ZPE among the
four structures is smaller than 0.01 eV/f.u. The contribution
of the ZPE therefore does not change the energetic hierarchy
of these structures.

IV. DISCUSSION

A. Atomic pair distribution in members of the df-Bi2O3 family

In the previous section, we reported that the symmetry
breaking and local distortion are essential for obtaining dy-
namically stable and low-energy structures. To analyze the
nature of the local distortion, the pair distributions for Bi-O,
Bi-Bi, and O-O are examined. Figure 7 summarizes the re-
sults for the three low-energy structures in comparison with
that for �-Bi2O3. To examine the effect of the symmetry
breaking, results for higher-symmetry arrangements of the
�100� array model, i.e., �100�-HS and �100�-P42 /nmc, are
compared with that for the �100�-LS�2	2	2� arrangement.
It can be observed that the Bi-O pair distribution becomes
evenly distributed upon lowering the symmetry, thereby low-
ering the energy. A similar tendency can be seen for the O-O
pair distribution. On the other hand, the Bi-Bi pair distribu-
tion is less evenly distributed, even in the low-energy struc-
tures. The results imply that the symmetry breaking and local

distortion have a larger impact on the O sublattice than on
the Bi sublattice. In other words, the O sublattice is more
vulnerable to the local distortion.

B. Electronic band gap of members of the df-Bi2O3 family

In experiments �-Bi2O3 exhibits a clear band gap of 1.73
eV.24 On the other hand, most previous theoretical calcula-
tions gave semimetallic or metallic electronic structures for
the three simple arrays within the single unit cell of
df-Bi2O3. We found that a clear band gap appears, even in
the three vacancy-array models for df-Bi2O3, only when the
local distortion is appropriately included. Figure 8 shows the
relationship between the GGA band gap and the relative en-
ergy. There is a clear trend of the band gap decreasing with
increasing relative energy for each vacancy array. The results
imply that semimetallic or metallic electronic structures of
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df-Bi2O3 are artifacts due to the selection of structures with
too high energy to be realized under ordinary conditions.

C. Discussion on �-Bi2O3 showing high oxide
ionic conduction

Among the polymorphs of Bi2O3, �-Bi2O3 is the only
phase with high oxide ionic conductivity of more than 1
S/cm. A working hypothesis has been proposed that �-Bi2O3
is the disordered phase in the df-Bi2O3 family and that the
disordering plays a central role in the high oxide ionic con-
ductivity. Experimentally, �-Bi2O3 is known to be trans-
formed to �-Bi2O3 during cooling. Although �-Bi2O3 is a
member of the df-Bi2O3 family, it does not exhibit high ox-
ide ionic conductivity. The �–� transition at 923 K was
found to be accompanied by a sudden change in the electri-
cal conductivity and a transition enthalpy of 0.23 eV/f.u. The
high intrinsic concentration of the vacant O sites alone can-
not be a sufficient condition for the high oxide ionic conduc-
tivity.

Assuming that vacant sites in the O sublattice in �-Bi2O3
is random, the primary contribution to the free-energy dif-
ference at the transition between � and � is the configu-
rational entropy, �S, which can be evaluated to be �S
=−kB�1 /4 ln 1 /4+3 /4 ln 3 /4�=2.25kB, where kB is the
Boltzmann constant. The contribution, T�S, is 0.18 eV/f.u. at
T=923 K, which is in reasonable agreement with the experi-
mentally obtained transition enthalpy �H for �−�, i.e., �H
=0.23 eV / f.u. at 923 K. On the basis of experimental data
obtained by thermal analysis, Harwig and Gerards7 reported
that the degree of disorder in �-Bi2O3, estimated by the rela-
tive entropy gain for the �−� transition, is comparable to
that in liquid Bi2O3. These facts support the idea that
�-Bi2O3 is the disordered phase in the df-Bi2O3 family.

According to the present theoretical study, the three or-
dered phases, namely, �-Bi2O3 ��100�-LS�2	2	2��,
��-Bi2O3 �valentinite-LS�, and �-Bi2O3 �bixbyite-LS�, have
relative formation energies of 0.07–0.08 eV/f.u., which is
very close to the experimentally obtained transition enthalpy
for �−�, i.e., 0.08–0.09 eV/f.u.7,10 Although neither the �
−�� transition nor the �−� transition has been experimen-
tally observed, it may be possible to realize them under ap-
propriate experimental conditions.

Since �-Bi2O3 is the disordered phase, the configurational
entropy should contribute to stabilizing �-Bi2O3 at high tem-
peratures. It is therefore essential to perform a statistical
analysis of many different atomic arrangements to examine
the phase stability and properties of �-Bi2O3. A single DFT
calculation of an ordered structure in the df-Bi2O3 family
provide only limited information on �-Bi2O3.

V. CONCLUSION

To search for a series of dynamically stable structures of
df-Bi2O3, first-principles lattice dynamics calculations were
systematically performed. Atomic arrangements were re-
laxed along imaginary modes of lattice vibrations in three

vacancy-array models in the single unit cell and two
vacancy-array models in the 2	2	2 superstructure. The
structures and energetics of low-energy structures were com-
prehensively discussed. The major results of this study can
be summarized as follows: �1� within the �111� array model,
the �111�-LS�2	2	2� arrangement was found to be dy-
namically stable with an energy of 0.29 eV/f.u. This arrange-
ment is isostructural to arsenolite, As2O3, and senarmontite,
Sb2O3. �2� Within the �100� array model, the �100�-LS�2
	2	2� arrangement was found to be dynamically stable
with an energy of 0.08 eV/f.u. This is identical to that of
�-Bi2O3 obtained in experiments. �3� No dynamically stable
arrangement for the �110� array model within the 2	2	2
supercell was found by the procedure adopted in the present
study. The procedure eventually led to a structure that cannot
be included in the �110� array model. �4� Two other vacancy-
array models with the 2	2	2 superstructure were exam-
ined. A bixbyite-LS arrangement was found to be dynami-
cally stable with an energy of 0.07 eV/f.u. Although no
polymorph corresponding to this arrangement has been re-
ported experimentally, it may be possible to form it under
appropriate experimental conditions. We call this phase
�-Bi2O3. �5� Within the valentinite-array model with the 2
	2	2 superstructure, the valentinite-LS arrangement was
found to be dynamically stable with an energy of 0.07 eV/
f.u. The vacancy array of valentinite-LS is the same as that
of �-Bi2O3, which was reported experimentally. Since the
space group of valentinite-LS is different from that of
�-Bi2O3 reported experimentally, we call the phase ��-Bi2O3.
�6� The distribution of atom pairs in low-energy models was
examined. The symmetry breaking and local distortion have
a larger impact on the O sublattice than on the Bi sublattice.
Both Bi-O and O-O pair distributions become evenly distrib-
uted upon lowering the symmetry, thereby lowering of en-
ergy. �7� In most previous theoretical calculations, semime-
tallic or metallic electronic structures were obtained for the
three vacancy-array models within the single unit cell of
df-Bi2O3. We found that a clear band gap appears in these
arrangements only when the local distortion is appropriately
included. There is a clear trend of the band gap decreasing
with increasing relative energy. �8� �-Bi2O3, ��-Bi2O3, and
�-Bi2O3 are suggested to be ordered low-temperature poly-
morphs of the disordered �-Bi2O3 in the df-Bi2O3 family.
The relative energy of �-Bi2O3 obtained by the present cal-
culation agrees with the experimental transition enthalpy,
�H, for �−�, which can be ascribed to the entropy term,
T�S, at the transition.
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