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Abstract

An important reason for analyzing panel data is to observe the dynamic nature of an economic
variable separately from its time-invariant unobserved heterogeneity. This paper examines how to
estimate the autocovariances of a variable separately from its time-invariant unobserved heterogeneity.
When both cross-sectional and time series sample sizes tend to infinity, we show that the within-group
autocovariances are consistent, although that they are severely biased when the time series length
is short. The biases have the leading term that converges to the long-run variance of the individual
dynamics. This paper develops methods to estimate the long-run variance in panel data settings and
to alleviate the biases of the within-group autocovariances based on the proposed long-run variance
estimators. Monte Carlo simulations reveal that the procedures developed in this paper effectively

reduce the biases of the estimators for small samples.
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1 Introduction

An important reason for analyzing panel data is to observe the dynamic nature of an economic variable
separately from its time-invariant unobserved heterogeneity. In time series analysis, the first step in
investigating the dynamics of a variable may be to examine its correlogram. However, in panel data
analysis, it is difficult to analyze autocovariances and autocorrelations, although some textbooks, such
as Cameron and Trivedi (2005, Chapter 21.3), suggest such an analysis. The difficulty comes from
the fact that sample autocovariances and autocorrelations are contaminated by spurious correlations
caused by unobserved heterogeneity. This paper develops statistical tools to estimate autocovariances and
autocorrelations of economic variables using panel data separately from their time-invariant unobserved
heterogeneity.

When the length of the time series of a panel is short, some restrictions on the autocovariance struc-
ture are necessary, otherwise the autocovariances of the individual dynamics are not identified (see, for
example, Arellano (2003, Chapter 5)) and the conventional autocovariance estimators are even asymptot-
ically biased, as pointed out by Solon (1984). For example, early studies on income dynamics (e.g., Lillard
and Willis (1978), MaCurdy (1982), and Abowd and Card (1989)) model the time-varying components
as ARMA processes. Researchers have developed methods to estimate those models. For autoregres-
sive models, the within-group estimator is severely biased when the length of the time series is short
(Nickell (1981)). Anderson and Hsiao (1981) have proposed instrumental variable estimation of first-
order autoregressive (AR(1)) models. Their methods have been extended by Arellano and Bond (1992)
and Holtz-Eakin, Newey and Rosen (1988) to generalized methods of moments estimation. Baltagi and
Li (1994) consider the estimation of the moving average models. Alternatively, the minimum distance
estimator (see Chamberlain (1984)) may be employed as considered by Abowd and Card (1989).

Recently, panel data with moderately long time lengths have become available, and researchers have
developed mathematical tools to handle asymptotic sequences under which two indexes tend to infinity.
These panels and mathematical tools have motivated researchers to look into the asymptotic properties
of the statistics in the case of long panel data. Alvarez and Arellano (2003) and Hahn and Kuersteiner
(2002) study the asymptotic properties of the within-group estimator for panel AR(1) models when both
the cross-sectional sample size (N) and the length of the time series (T") are large. Kiviet (1995) and Bun
and Kiviet (2006) consider more general (but still AR(1)-type) models that include covariates. Hahn
and Kuersteiner (2002) also develop a bias-corrected within-group estimator for panel AR(1) models.
Lee (2008a) and Hansen (2007) consider AR(p) models and develop methods to correct the biases of
the within-group estimators. Lee (2008a) also considers cases in which the lag order is misspecified and
proposes methods to choose the lag order. While AR(p) models can capture many kinds of dynamics,
these methods still suffer from model misspecification. Moreover, the focus of these articles is on the
estimation of the coefficients in autoregressive models, and the results in the existing literature are not

readily applicable to this project’s purpose.



This paper addresses a basic, unanswered question of how to estimate the autocovariance structure
of the individual dynamic component of a variable without imposing a specific structure. The statistical
methods developed in this paper have several potential impacts. They should yield a better understanding
of the dynamic nature of key economic variables. They are also useful for the purpose of finding appropri-
ate models in empirical applications, even if we desire a model-based analysis. Moreover, many important
quantities in dynamic panel data analysis, such as autocorrelations and coefficients in panel VAR models,
are written as a function of autocovariances and understanding how to estimate autocovariances is helpful
in developing methods to estimate those quantities.

We study the asymptotic properties of the within-group autocovariances, using double asymptotics,
under which both N and 7T tend to infinity. We show that the within-group autocovariances are consistent
for the autocovariances of individual dynamics, but that these estimators are heavily biased when T is
only moderately large. The key finding is that the leading terms of the biases of these estimators are
proportional to the long-run variance of the individual dynamics. The presence of long-run variances in
the bias caused by the incidental parameters problem is also observed by Hahn and Kuersteiner (2004)
and Lee (2008a, 2008b).

We consider the estimation of the biases and propose bias-corrected estimators. The key is the estima-
tion of the long-run variance of individual dynamics. There have been numerous procedures proposed for
the estimation of long-run variances in the time series literature. (See, e.g., den Haan and Levin (1997)
for a review, although a large number of articles on this issue has been published since.) We extend the
kernel long-run variance estimators to panel data settings. We then develop methods to alleviate the
biases of the within-group autocovariances using the proposed long-run variance estimator.

We examine the mean squared error (MSE) of the long-run variance estimator and the result reveals
that the bias in the autocovariance estimators also causes bias in the long-run variance estimator. To
address this problem, we consider iterative procedures in which we estimate the long-run variance based
on the bias-corrected estimators of the autocovariances, and we correct the bias using the new long-
run variance estimator. We may repeat this iteration many times. The iteration converges under a
mild condition and the autocovariance estimator obtained as the limit of the iteration has a closed form,
which makes it easy to implement. The theoretical and simulation results show that this iteration reduces
the bias in the long-run estimator and improves the performance of the bias-corrected autocovariance
estimators.

The remainder of the paper is organized as follows. Section 2 introduces the theoretical framework. In
Section 3, we study the asymptotic properties of the within-group autocovariance estimators. Methods to
alleviate the biases of the within-group autocovariance estimators are discussed in Section 4. In Section

5, we report the results of Monte Carlo experiments. We consider several extensions in Section 6.



2 Setting

Suppose that panel data {y;} for i = 1,...,N and ¢t = 1,...,T are available. We assume that y;; is
generated by the sum of the time-invariant individual effect, 7;, and the time-varying stationary process,

Wit-
Yit = Mi + Wi,

where {{w;;}1_;}X, are independently and identically distributed (i.i.d.) across individuals and sta-
tionary over time with mean E(w;) = 0. We do not impose any specific model on the autocovariance
structure of w;;.

Let 74 denote the k-th order autocovariance of w;; (i.e., v = F(wiwii—g)). Our main question is

how to estimate s when relatively long panel data sets are available.

3 Asymptotic properties of the within-group autocovariances

We examine the asymptotic properties of the k-th within-group autocovariance:

T
Ve = m Z > Wit = 90 Wik — B0);

i=1 t=k+1

which may be a natural estimator of v, where y; = Zle yir/T. When T is fixed, 4 is not consistent
for v (Solon (1984)). The main source of the inconsistency is that we cannot consistently estimate 7;
when T is fixed. On the other hand, it is shown below that 4; is consistent for 75 when both N and T

tend to infinity under the following assumption.
Assumption 1. 1. {{wi}1 1}, arei.i.d. across individuals.
2. wyy 18 strictly stationary within individuals and E;‘;foo ;] < 0.
3. There exists M < oo such that E(|wypwipwimws]) < M for any t, k, m and .

This set of assumptions is standard. Note that Assumption 1 does not impose any restriction on the

probabilistic nature of 7;, as 7; does not appear in 4;. The following theorem shows the consistency of

Vk-

Theorem 1. Suppose that Assumption 1 is satisfied. As N — oo and T — oo, we have Y —, i for

any k.

However, 45 may be severely biased when T is not very large relative to N. To see this, we observe
that 4, may be decomposed in the following form (see the proof of Theorem 1):

N

N T
. 1 1 .9
g = ——— WiWi —f — — » (W) + small.
TR & 2, v



The term w;(= ¢; — ;) can be understood as the estimation error for n;. This estimation error is the

main source of the bias, even when 7" tends to infinity. Now, we have:
N T-1 )
1 = )2 )2 1 Tr—j
E{N;(wi) }E{(wi)}T Vo+2;T7j ;

which is of order O(1/T) when Z;‘;ioo |71 < oo. Thus, the estimator 4, exhibits bias of order O(1/T),
which may be severe when T is not very large.

To make the argument more formal, we present the theorem below concerning the asymptotic distri-
bution of 4. We make the following assumption that concerns the cumulants of w;;. Let cum(ty, ..., tp)

denote the p-th-order cumulant of (wj ¢, ..., wiz,)-

Assumption 2. 7 lcum(0, ja, ..., jp)| < o0, for p <8.

yersJp=—00

We use Theorem 3 of Phillips and Moon (1999) to prove the next theorem. Assumption 2 is used to
guarantee the uniform integrability condition of {ZtlekH(witwi,tfk —)/VT}?, which is one of the key
conditions of Theorem 3 of Phillips and Moon (1999). To prove the asymptotic normality, Assumption
2 may be relaxed as long as the uniform integrability condition is met. Assumption 2 is also used
to guarantee the existence of the asymptotic variance of 43 and is used later to show the asymptotic

properties of the long-run variance estimator.

Theorem 2. Suppose that Assumptions 1 and 2 are satisfied. Then, as N — oo, T — 0o and N/T? — 0,

we have

. 1 - -
VNT (vk — T+ TVT) —a N 10, > {37+ verivej +cum(0, =k, 5, — k)} |,

j=—00

where

T—1 .

VTE’)’0+QZ¥%‘~

j=1
Remark 1. Let V = Z;’;im 7; denote the long-run variance of w;;. We have Vpr — V as T" — oco. The
leading term of the bias of 44 converges to the long-run variance of w;;. The next section examines the
possibility of correcting the bias by estimating the long-run variance. This observation also implies that
the bias is large if w;; is highly persistent. Note that Vi > 0, which implies that the bias is downward and
Ak s, on average, smaller than 4. It is also notable that the leading term of the bias does not depend

on the order of the autocovariance, k.

Remark 2. The condition N/7T2 — 0 is required to ignore the bias term of order 1/72. This condition
can be relaxed if the bias term of order 1/T? is taken into account. However, it makes the expression of

the asymptotic bias complicated and we shall keep the condition N/T3 — 0.

Remark 3. Although this paper is about the bias correction, the efficiency issue might deserve some

discussion. In time series analysis (i.e., when N = 1), the conventional autocovariance estimators up



to p-th-order are efficient when the process follows a Gaussian AR(p) model (see, e.g., Porat (1987),
Kakizawa and Taniguchi (1994) and Kakizawa (1999)). Since 4 is the sample average of individual
autocovariances and we assume that we have an i.i.d. sample, we may expect that the variance of A
is the smallest possible when w;; follows a Gaussian AR(p) model and k& < p. This may be proved by
following the steps used for the efficiency result in Hahn and Kuersteiner (2002). However, this is beyond
the scope of this paper.

Remark 4. Theorem 2 presents the asymptotic distribution of 4 for each k. It is easy to find the joint

asymptotic distribution of 4, and 4; for k£ # j, because 4, has an asymptotic linear form:

N T
. 1 1
\/ﬁ (fyk — Yk + TVT> = \/ﬁ Z Z (witwi,t—k - ’Yk) + Op(l)'

=1 t=k+1
Note that the asymptotic covariance between 4 and 4; is:

Z {vve—kas + VeriYe—r +cum(0, =k, t,t — j)}.

t=—00

4 Bias correction

In this section, we consider ways to alleviate the bias of v,. We propose to use an estimate of Vi to
mitigate the bias of 7. Before discussing how to estimate Vi, we show that this idea of bias correction
works at least theoretically. Let Vr denote an estimator of V. The bias-corrected estimator of Vs

denoted as g, is obtained by adding Vi /T to A:
- R 1-
Y& =Y+ ?VT-
Let rn 7 be the inverse of the rate of convergence of VT such that VT —Vr = Op(rn1). The next theorem

shows that the asymptotic distribution of 44 is centered around zero.

Theorem 3. Suppose that Assumptions 1 and 2 are satisfied. Suppose also that N/T3 — 0 and
rnor\/N/T — 0. Then, as N — 0o and T — oo,

VNT (Y — ) —a N | 0, Z {%2 + Vit jVo—j + cum(0, =k, j,j — k) }

j=—o00
The proof is omitted as it is trivial. This theorem implies that we may obtain estimates of the
autocovariances whose biases are small if we get some estimates of V. Thus, the main question of this
section is how to construct a good estimator of the long-run variance of w;; and discover the rate of

convergence of the long-run variance estimator.

4.1 Estimating the long-run variance

This subsection considers the estimation of the long-run variance of w;;. As is known in the time se-

ries literature, while the long-run variance is the sum of the autocovariances, simply summing sample



autocovariances does not yield a consistent estimator. We must weight the effect of the higher-order
autocovariances downward in order to obtain a consistent estimator for the long-run variance. Following
Parzen (1957) and Andrews (1991), we consider the kernel estimators:

0N (ATl N~ ([
Vr = Z k(S) T Y= Z k<S>’AY;-La

j=—T+1 j=—T+1

where

. .
A . ) . T—].
At = NT Z Z (Wit — Ui) Wie—15 — Ui) = T Y

is the within-group autocovariance using T" in the denominator instead of T — |j|, k(-) is a kernel function
and the scalar, S, is the bandwidth chosen by the researcher. We assume that the kernel function belongs

to the class Ky:

K = {k(-) ‘R — [~1,1]|k(0) = 1, k(z) = k(—z)Vz € R,
/ k*(x)dx < oo, k(-) is continuous almost everywhere and at 0}.
An example of a kernel that belongs to K1 is the quadratic spectrum (QS) kernel:

3 {sin(67rx/5)

k(0) = Gra/52 | 6ma/s

— cos(6rz /5)} .

Andrews (1991) demonstrates several attractive properties of the QS kernel function. Note that Vr is
always nonnegative with the QS kernel, which also means that 7 is nonnegative with the QS kernel.
Later, we also consider the truncated kernel:

1 if |z <1,

0 otherwise.

We also assume that the kernel function satisfies [ k(z)dx < oo and [ |z|k(z)dz < oco.
The following theorem shows the consistency of Vr and gives the rate of convergence of V. The MSE

formula given in the theorem also serves as the device used to choose the bandwidth parameter.

Theorem 4. Suppose that Assumptions 1 and 2 are satisfied. Assume that k(-) € K1, [k(z)dx < oo
and [ |z|k(z)dz < co. If S — oo and S/T — 0, then,

VT —VT —p 0.

Let kg = limgo{1 — k(2)}/[z|? and V@ = 372 |j|9;. Suppose also that N™'/T9 — 0 and

S2at1 /(NT) — 7, where 0 < 7 < 00, for some 0 < q < oo, for which k, and V(D] are finite. Then,

. NT 5o (@) -1 2 [ 2
Jlim S MSE(Vr) = K (v )T +2v? [ K*(2)dz.



On the other hand, suppose that N9t /T4 — oo and S /T — 7, where 0 < 7 < 00, for some 0 < q < o0,
for which k, and |V 9| are finite. Then,

2

T - . ?
him FMSE(Vr) = {—kqv@f - V/k:(x)dx} .

The value of ¢ in the theorem represents the smoothness of the kernel function at the origin. A large
value of ¢ for which &, is finite indicates that the kernel function is smooth at zero. For example, the QS

kernel has g = 2.

Remark 5. There are two bias terms that are relevant to this result. The first bias term that is
proportional to qu(q) comes from the fact that we use a kernel function. The other bias term that is
proportional to V [ k(x)dz stems from the result that each 4y is biased. When T is sufficiently large
relative to N (i.e., N9t1/T9 — 0), the MSE has a similar form to that presented by Andrews (1991).
When T is not very large compared with N (i.e., N9t /T% — o), the second term of the bias becomes
more important than the variance term. Note that the estimator, VT, is the sample average of the
long-run variance estimators across individuals and that N affects the variance, but not the bias, of V.
Therefore, when N is large, the variance becomes small relative to the biases and the leading term in the
MSE is the square of the leading terms of the biases. This phenomenon happens when N is proportional

to T and is relevant in practice.

Remark 6. The theorem gives the rate of convergence of Vir, which is useful in examining the conditions
on the relationship between N and 7" for asymptotically unbiased estimation of autocovariances. Theorem
3 assumes two conditions, N/T% — 0 and ry r+/N/T — 0. Theorem 4 gives ryr = (NT)~9/(2a+1) f
N@Y/T9 — 0, and ry 7 = T~/ @+ if Na+1/T7 — 00, When N9+ /T — 0, the condition N/T% — 0 is
automatically satisfied and ry 71/N/T = (N/T*+1)1/(43+2) which is also o(1) under N9t1/T9 — 0. On
the other hand, N/T3 — 0 is stronger than N9+!/T% — oo and the condition TN,T\/W — 0 becomes
(Nat+t/T3a+1)1/(2a+2) _, (0 which is stronger than N/T% — 0. Therefore, we need N9*1/T3¢+1 — ( for

asymptotically unbiased estimation of autocovariances if we correct the bias by using Vo.

4.2 Choosing the bandwidth parameter

We choose the bandwidth parameter by minimizing the MSE of V. Let £ = V(@ /V. Then, the value of
the bandwidth parameter that minimizes the MSE is:

I:{qu/f k2(x>dm}£2TN] 1/(2¢q+1) ’ when Nq+1/Tq N 0’
5" = [{qkq/fk(x)dx}ﬁT]l/(qul) , when N9 /T9 — o0 and V(@) >0,
[{kq/fk(x)dxﬂf\T]l/(qH) , when N1 /T9 — 0o and V(@) < 0.

We need to obtain an estimate of £. We follow the strategy proposed by Andrews (1991): we estimate
¢ based on the formula that is valid when w;; follows an AR(1) process. When w;; follows the AR(1)



process with coefficient §, then the parameter £ can be written as:

26

e

There are many ways to estimate the parameter 6. Here, we consider the estimator in Hahn and Kuer-

steiner (2002):

N T _ _
[ T i >ieoWit—1 — Uim)Wit—1 — Yit) n 1
T-1 S s Wi — i) T-1

where gy, = Zt 1 Yt/ (T —1) and g4 = 2322 yir/(T —1). Then, we estimate & by £ = 26/{(1 — §)2}.
We use the following estimated bandwidth:

1/(2¢+1) ]1/(q+1)

min{[ {qk?/ [ k(@ dx}g2TN]

}, if £ >0,
= mjn{[{qu/ka d$}§2TN} 1/(2q+1

[{akas | (@)darér
, [{k‘q/fk(x)da:HéT]l/(qH)}, if £ <0,

Note that & converges to the first-order autocorrelation of w;; and is bounded in probability. Thus,
the estimation of & (and é) does not affect the rate of the bandwidth asymptotically. We see that
CL(TN)Y/ et < Co(T) @+ for T and N sufficiently large for any constants C; and Cy if N9t1 /T4 —

0 and the opposite result holds if N971/T7 — oo. These observations imply that

) U
Pr{s* = [{ait/ [ @i} ern] } ~L it VT,
) 1y
Pr {s* - quﬁ//kQ(x)dx} gQTN] } S0 if NTHLTY o,

Thus, the bandwidth has an appropriate rate in large samples.
In the simulations, we use the QS kernel function, for which we have ¢ = 2, k, ~ 1.4212, [ k(z)dz ~
1.2930 and [ k*(x)dz = 1. The bandwidth is:

5 min{1.3221(£2T'N)/5,1.3002(£T)'/3},  if € >0, )
* 1
min{1.3221(£2T'N)*/5,1.0320(|£|T)Y/3}, if € < 0.

Remark 7. One may alternatively consider choosing the bandwidth parameter by minimizing the MSE of
k- In general, the bandwidth parameter that minimizes the MSE of 44 is different from that minimizing
the MSE of V. However, the benefit of using this alternative criterion is limited. To see this, consider

the MSE of 74
N 9 . 1 2 1 R 1 - 1 - )
E{(Yk —w)*}=FE 'Yk_’Yk"'TVT +2TE %-71«+TVT (Vr —Vr) +ﬁE{(VT—VT) }-

While the cross term, E{(3x — v + Vr/T) (VT—VT )}/T, depends on the bandwidth, its leading term does
not. The cross term is approximately equal to Zj——T+l (3/8) cov(Ak,4;)/T. Since NT Z?;iTH cov(Yk, ;)

;E{@k—vk—k;VT) (VT_VT)}:O(]VIIQ>7

10

converges, we have



which implies that the bandwidth does not affect the order of the cross term. Moreover, when N is
relatively large, the cross term is small compared with the MSE of Vi. For example, when N3 /T* — oo,
the order of the term E{(Vy — Vy)?}/T? with the QS kernel is T—2%/3 = T-19/3 and is of an order
larger than O(1/(NT?)).

4.3 Iterative procedures

Theorem 4 demonstrates that the bias in each 4y is relevant even in the estimation of the long-run
variance. To address this problem, we use an iterative procedure. We update the estimate of Vp using
the bias-corrected estimators for ; for k = 0,...,T — 1. Then, we reestimate ; based on the updated
estimate of V. This iteration may be repeated many times. As ;s are bias-corrected, we expect that the
long-run variance estimator based on 7j is also bias-corrected. The iteration is expressed in the following

way. Let

and
. . 1
’yk(m):’)/k"’_TVT(m)v kzoa"'aT_la

where m denotes the number of iterations, S, is the bandwidth parameter for the m-th iteration and
Hk(0) = Ay for k=0,...,T — 1.

Let ¥(m) = (o(m), ..., 37-1(m))’, ¥ = (B0, ..,%97-1)", I be the T x T identity matrix and ¢y be
the T x 1 vector of ones. We consider using the same bandwidth throughout the iterations. Let S denote

the bandwidth parameter. Let

T—-1, /1 T—2 (2 1, /T-1\\

We can write the iteration formula in the following way:

- o1 -
Alm+1) =4+ TLTK’TW(m)-

If /. Kr < T, this iteration converges and the limit, 4(c0), can be written as

-1
. 1 . 1 .
F(o0) = (IT Y e e LTK}) y = (IT - TLTK}) 3.
Note that /- Kr < T is satisfied when k(z) < 1 for  # 0. Most commonly used kernel functions,

including the QS kernel, satisfy this condition. The long-run variance estimator obtained as the limit of

the iteration is

~ - 1 N L/ KT ~
Vr(o0) = K17(00) = K7 (IT + T/K~TLTK/T) v = <1 + TTL’TKT> Vr.

11



The following theorem presents the MSE of VT(oo). Since f/T(oo) is based on the bias-corrected
autocovariance estimators, the second term in the bias becomes small, and we have the usual bias—
variance trade-off. Note that the iterations do not alter the asymptotic distribution of 4s, while the rate

conditions for N and T would be affected.

Theorem 5. Suppose that Assumptions 1 and 2 are satisfied. Assume that k(-) € K1, [k(z)dx < oo
and [ |z|k(z)dx < oco. Suppose also that S — oo and S/T — 0. Then, Vy(co) — Vp —, 0. Let q be a
number that satisfies 0 < g < oo, for which kq and |V@D| are finite. Then, as N — oo and T — oo with
N+2/T3¢ — 0 and S*7T/(NT) — 7, we have:

. NT
lim ——

2
Y _ 2 (yv@\ -1 2 [ ;2
. 5 MSE{Vr(o0)} =k (V ) T 42V /k (x)dx.

Remark 8. One of the conditions for 4% to be asymptotically unbiased is rN7T\/N7/T = o(1), which
is automatically satisfied since ry 7 = (NT)~9/ ¢+ and N9+1 /T3¢ — 0 under the conditions of the
theorem. On the other hand, N972/T3¢ — ( is typically stronger than N/T° — 0 because commonly
used kernel functions have ¢ = 1 or ¢ = 2. For example, the QS kernel has ¢ = 2 and asymptotically
unbiased estimation of autocovariances is possible under N2/T3 — 0 when the bias correction is done

using Vp(oco) with the QS kernel.

Remark 9. The estimator 4(co) may be motivated as a continuously updated estimator of v = (79, ..., 77-1)’
We note that E(9) ~ y—urVp/T. By replacing Vi with K7y, we get E(§) = v—upK%y/T. The estimator
A(o0) can be obtained by solving the following equation: 4 = §(o00) — tp K4(00) /T

As before, we use the MSE formula as the device to choose the bandwidth parameter. The bandwidth

parameter that minimizes the MSE formula is

S* = qug//k2(z)d:c} TN

For the QS kernel function, the bandwidth parameter may be chosen to be:

} 1/(2q+1)

S* =1.3221(E2TN)Y/°. (2)

4.4 The truncated kernel

In this subsection, we discuss the bandwidth choice rule for the truncated kernel. Let Vi and Vi (co),
respectively, be the long-run variance estimator and its infinitely iterated version based on the truncated

kernel such that:




where Kt = (1,2(T-1)/T,...,2(T' = S)/T,0,...,0). The truncated kernel has not been commonly used
in long-run variance estimation. The main reason is that the truncated kernel does not guarantee the
positive definiteness of the estimator. However, as pointed out by Hahn and Kuersteiner (2007), ensuring
the positive definiteness may not be important if the purpose of estimating the long-run variance is the
bias correction. Given that the truncated kernel provides a good estimate when w;; is an M-dependent
process, it is worthwhile to consider the truncated kernel in our context.

The bandwidth choice rules in the previous subsections are not useful for the truncated kernel. We
note that k; = 0 for any finite ¢ for the truncated kernel since it is flat around the origin. Therefore, the
bias term of order S™7 disappears from the MSE formula and the bandwidth choice rule presented above
recommends that the bandwidth be as small as possible, which obviously does not work in practice.

This observation implies that we need alternative MSE formulas. The following theorem presents the

leading terms of the MSEs of Vi and VT(oo). The proof is in the Appendix.

Theorem 6. Suppose that Assumptions 1 and 2 are satisfied. Suppose also that S — oo and S/T — 0.
Then, Vi — Vp —p 0 and

2 2
3 > S , S > $2 S
MSE(Vy) = —2_2 %=V | VI o .Z Y|ttt
j=5+1 j=5+1
We also have VT(OO) —Vr —, 0 and
2 2
MSE{Vr(c0)} =4 i : +4vzi+o i ; +i +0 s
T I U NT 2. NT %)
j=5+1 j=S+1

The theorem does not explicitly give the rate of convergence of the estimators because it is difficult
to evaluate the order of the term Z;’i 54174

We choose the bandwidth using the MSE formulas. As before, we estimate the approximate MSEs
based on the formula that is valid when w;; follows the panel AR(1) process. Let ¢ be the AR(1) coefficient
and 6 be Hahn and Kuersteiner’s (2002) estimator. In the AR(1) model, we have V = (1 + 8)/(1 — 6)
and 3770 ¢ 1y = 8%/(1 — 6). Thus, the bandwidth choice rule for Vi is

N N 2 AN\ 2
. 55 1448 146\ s
. i L9 07 plH0SY) Ly ) o
ST=arg n ( 1-5 1 —5T) N (1 —5) N1 ®)

and that for Vp(oo) is

~ 2 A\ 2
- ] 65 1+ S
5 _argse{lrfl.%%—l}Ll(l—S) +4(1—8> NT @

These bandwidth choice rules are similar to that considered by Hahn and Kuersteiner (2007). In partic-
ular, Z;’;SH ~; is difficult to estimate in panel data settings and the idea of using an AR(1) model to

approximate this term is proposed by Hahn and Kuersteiner (2007).
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5 Monte Carlo simulations

This section reports the results of Monte Carlo simulations. The simulations are conducted on Ox 5.10

(Doornik (2007)).

5.1 Design

The data-generating process used in the experiments is the following:
Yit = Wit + i,
where ; ~ i.i.d.N(0,02), and w;; follows an AR(1) process:
Wit = OW4t—1 + €it,

and €;; ~ i.i.d.N(0,0?). The initial observations are generated from the stationary distribution. Specifi-
cally, we generate (w;o, €;0) from:
5 1

~N |0, gl—oﬂ

€i0 o2 o?

2
Ws0

We set the value of 0 such that v = 1 (i.e., 0 = 1 — @) and fix the value of o7 at o7 = 1. Note
that 0727 does not affect the results as 7; is eliminated in the estimation of autocovariances. The value

2 only affects the scale of the estimator and does not have any essential effect on the Monte Carlo

of o
results. Each experiment is characterized by the vector of (N, T,a). We set N = 20; T' = 5,10, 25, 50;
and a = 0,0.5,0.9. We consider several different procedures. The first procedure considered is the within-
group autocovariances (i.e., 4x; we call these “WG”). The other procedures are bias—corrected estimators.
The QS kernel and the truncated kernel are used in the bias correction. For each kernel, we consider three
different procedures: the one-time bias-corrected autocovariance (i.e., 4x(1); we call these “BWG”); the
two-time bias-corrected autocovariance (i.e., 9 (2); we call these “BWG2”); the autocovariance estimators
obtained after infinite iterations (i.e., 45 (c0); we call these “IB”). The bandwidth parameters for the QS
kernel are chosen using formula (1) for “BWG” and formula (2) for “IB”. For “BWG2”, the first iteration
uses formula (1) and the second iteration uses formula (2). Similarly, the bandwidth parameters for
the truncated kernel are chosen using formula (3) for “BWG” and formula (4) for “IB”. Formula (3) is
used for the first iteration of “BWG2” and formula (4) is used for the second iteration. The number of
replications is 5000.

We have also tried other specifications whose results are not reported here. Those results are obtained
from the author upon request and are briefly summarized here. We have tried cases where (w;o, €;0) = 0
for all ¢ throughout the simulations. However, the specification of the initial observation does not appear
to affect the simulation results. We have considered other cross-sectional sample sizes. The results

regarding the biases of the estimators are similar across different cross-sectional sample sizes, while the
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cross-sectional sample size affects the standard deviations of the estimators. We have also considered
cases in which w;; follows an ARMA model. The results from the ARMA model are similar to the results

we present here.

5.2 Results

Tables 1 and 2 summarize the results of the experiments. Table 1 presents the results for the QS kernel
and Table 2 presents the results for the truncated kernel. For each procedure, we report the biases and
standard deviations (std) of the estimates of the zeroth-, first- and second-order autocovariances. We

also report the theoretical approximation of the bias of 4y (i.e., Vip/T') in the column entitled “Thias”.
[Tables 1-2 about here]

We first examine the results for “WG”. The biases of “WG” are large when the length of the time
series is short and when the degree of persistence is large (o = 0.9). These findings are consistent with
our theoretical results. Moreover, “T'bias” and the biases of “WG” are reasonably similar.

Next, we investigate the performance of the procedures developed in this paper that have bias-reducing
properties. While the “BWG” procedure alleviates the bias, the “BWG2” procedure mitigates the bias
more effectively than does “BWG”. The gain from iterating the bias correction is substantial, particularly
when T is small (T' =5 and 10). The “IB” procedure eliminates the bias even more effectively than does
“BWG2”, although “IB” exhibits somewhat larger standard deviations when 7" = 5 or a = 0.9. The
effectiveness of our bias correction crucially depends on T and «. (In the current setting, o measures
the persistence of individual dynamics.) When there is no persistence in individual dynamics (a = 0),
our bias correction works very well and can completely eliminate the bias even if T is small. Moreover,
when a = 0, the bias correction does not inflate the standard deviation by much. However, when there is
strong persistence (o = 0.9), a long time series is required to obtain estimates that are mostly unbiased
and the standard deviations of the bias-corrected estimators are somewhat large compared with “WG”.
Nevertheless, our procedures (in particular, “IB”) are able to improve the within-group autocorrelation
estimators substantially. Compared with the QS kernel, the truncated kernel typically yields a better
bias correction. On the other hand, the choice of the kernel function does not have a large impact on the

standard deviations.
[Figures 1-3 about here]

Lastly, we evaluate the quality of the normal approximation. We compare the distribution of each
estimator with the QS kernel for 79 with the normal distribution with same mean and variance using
QQ plots. These QQ plots are presented in Figures 1-3, where we consider three cases; (N,T,a) =
(20,5,0), (20,5,0.9) and (200, 5,0.9), respectively. Figure 1 shows that the normal approximation works
reasonably well when the degree of persistence is low. On the contrary, when a = 0.9 (Figure 2), the

normal approximation may not be accurate. In particular, the distribution of “IB” deviates from the
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normal distribution considerably. Nonetheless, in Figure 3, we see that the normal approximation works
(although the distributions are not centered around the true value due to the bias) when the sample size
is reasonably large even if the degree of persistence is high.

To sum up, we observe that the procedures developed in this paper effectively reduce the biases. They
provide reliable estimates of the autocovariances, particularly when the time dimension is moderately
large or when the persistence is not very large. On the other hand, when the length of the time series
is short and the persistence is large, our procedures may not be able to eliminate the biases completely,
although they perform remarkably better than does the conventional procedure. We also see that the
asymptotic normal approximation is accurate in sample sizes that we often encounter. Given the results
of the experiments, we believe that applied researchers could benefit by using the procedures developed

in this analysis. In particular, the “IB” procedure with the truncated kernel works remarkably well.

6 Extensions

In this section, we consider several extensions of the methods developed in this paper.

6.1 Other related quantities

We consider the estimation of other related quantities and see how the estimators developed in the
previous sections are useful for this purpose.
Let py be the k-th-order autocorrelation of w;; (i.e., pr = vi/v0). We consider estimating py based
on estimates of v and 7. Let px be the estimator for p; based on bias-corrected estimators:
- Tk
Pk = =
Yo

It is easy to see that py is consistent by the continuous mapping theorem. It is also easy to see that, by
the Delta method, p; is asymptotically normal with zero mean.

Partial autocorrelation is another popular measure of dependence over time. Let «y signify the kth
partial autocorrelation. Note that oy, is the population value of the coefficient on w; ;—j in the regression
of wy on wj—1,...w;—p (this does not mean that w;; follows an AR(k) model). We recommend using

bias-corrected estimators of s to estimate cy. The estimator, @y, is obtained by solving the following

equation:
-1
* Y0 71 V-1 71
ol I Gt Yo Vi—2 Yo
- )
Qg Ye—1 Ye-2 -+ Y0 Vi

where xs are elements of the vector irrelevant to our discussion. The consistency of aj is proved by a
simple application of the continuous mapping theorem. The asymptotic distribution of & can be derived

easily with the Delta method and it is centered around zero.
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Remark 10. The results in Lee (2008a) can be used to find the probability limit and the asymptotic
distribution of a partial autocorrelation coefficient estimator based on 4s (not 4). However, we cannot
use the bias correction method by Lee (2008a) for the estimation of the partial autocorrelations. The
strategy that Lee (2008a) adopts is to select the correct order of the autoregression and then mitigate

the bias of the estimates of the coefficients in correctly specified AR (p) models.

Lastly, we consider the variance of individual effects. Let 0727 be the variance of n;. A natural estimator

of of, may be the between-group variance:

1
~2 — —\2
o, = mZ(?Jz_y) )
i=1
where § = Zivzl Zthl yit/(NT). As for 4y, we show below that &% exhibits bias whose leading term
converges to the long-run variance of w;;. However, it turns out that the direction of the bias of &,2] is
upward. A bias-corrected estimator of 072, may be given as
1.
~2 A2
g,=0,— TVT.
We need assumptions on the distribution of 7; in addition to the assumptions on w;; to study the
asymptotic properties of the 6% and 6,2].
Assumption 3. 1. {0}, arei.i.d. across individuals.
2. E(n}) < oo.

3. w;t and n; are independent for any t.

Theorem 7. 1. Suppose that Assumptions 1 and 3 are satisfied. Then, as N — oo and T — oo, it

2

follows that [737 —p O

Suppose that Assumptions 1, 2 and 3 are satisfied. Then, as N — oo, T — o0,
R 1

2. Suppose that Assumptions 1, 2 and 3 are satisfied. Suppose also that rN,TTfl\/N — 0. Then, as

N — o0, T — o0,

VN (62— 02) —a N (0, [E{(n: — n)*} — o3]) .

Remark 11. While T" — oo is required for the consistency of (},2], the rate of convergence of 6,2] is VN,
not vV NT. Roughly speaking, this is because we can observe only one 7 for each individual. Note also
that, contrary to the result for 4, we do not need a condition on the relationship between the rates of

N and T for the results for 67. The reason is that &, does not possess a bias term of order 1/7%.
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6.2 Fixed-effects regression models

Another extension is the estimation of the autocovariance structure of error terms in panel regression

models. We consider the following panel regression model:
zip = 3B+ 1 + Wi,

where x;; is the vector of regressors and (3 is the vector of parameters to be estimated. Let B be an

estimator of . Our analysis is based on the residuals from this estimation:
Uit = zit — l’étﬂ
Let 4% be the within-group estimator of the k-th-order autocovariance of w;; computed using the residuals
Y = ZZ (i = 90) Gie—k — D)5
=1 t=k+1
where 7; = Zthl 9it/T. We also consider how the estimation error in ﬁ affects the long-run variance
estimation. Let f/if be a long-run variance estimator based on ;s so that

<« . (i\T-lil <~ (7
(7 B Ak o %4
- X k() T ok(d)an

j=—T+1 j=—T+1

where

T .
A% 1 ~ = ~ ~ T— ‘J‘ ~
’Yj+ - NT Z Z (it = 9i)(Gi—15) — %) = T i
We rely on the following assumption to study the asymptotic properties of 4} and f/jf
Assumption 4. 1. f—f=0,(1/VNT).

2. {wg, s, — Ei(zi)'} are i.d.d. across individual and strictly stationary over t, where E;(xz;:) is the

expectation of xy given 1.

3. Let vgy be the a-th element of the vector (wi,x}, — Ei(xi)')'. We have > oo |E(vatvpt—j)| < 00

‘]7700

for any a, b.

4. Let cumqpc.a(0, j1, j2, J3) be the fourth-order cumulant of (veo, Vbj,, Vej,Vajs ). For any (a,b, ¢, d),
Z Z Z lcumap,c,da(0, j1, j2, j3)| < oc.
J1=—00 j2=—00 jg=—00

Assumption 4.1 states that B is v/ NT-consistent. For example, the fixed-effects estimator satisfies
this assumption when the regressors are strictly exogenous. Assumption 4.2 allows the individual effect,
7;, to enter the regressor, x;¢, in an additive fashion. Assumption 4.3 states that the serial correlation
in (ws, 2, — Ei(z;))" vanishes sufficiently fast as the time difference increases. Assumption 4.4 is a
technical assumption and it restricts the magnitude of fourth-order moments.

Let 4% and Vr denote the k-th within-group autocovariance and the long-run variance estimator,

respectively, where we ignore the estimation of (3, as considered in previous sections.
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Theorem 8. Suppose that Assumption 4 is satisfied.

1. As N — o0 and T — oo, we have:

\/ﬁ(’% — k) = (E[wit{ifi,tfk - Ez(xzt)}/] + E[wi,tfk{mit - Ez(xzt)}l]) \/ﬁ(ﬂ - B) + Op(1)~

2. Assume that k(-) € Ki. As N — oo, T — 00, S — oo and S?/T — 0, we have

v;_vT:op(\/;TT).

The proof is included in the Appendix. When the regressors are strictly exogenous such that
Elw;,{zi, — Ei(zi)}] = 0 for any ¢; and to, the theorem implies that all the asymptotic results
for 4; presented in previous sections hold for 4;. However, when the regressors are not strictly exoge-
nous (e.g., when the regressors are merely predetermined), the asymptotic distributions of 4; and 4y are
different and the estimation error of B affects the asymptotic behavior of 4. This observation is well
known in the time series literature (see, e.g., Hayashi (2000, pp. 144-146)). On the other hand, the
estimation error in B does not affect the asymptotic behavior of f/j«‘ because the rate of convergence of
Vi is slower than 1 / V' NT when the bandwidth is optimally chosen. This implies that we can apply the
bias correction developed for 4;s to 4;s without any modification.

An application of this procedure is the GLS estimation of fixed effects regression models with strictly
exogenous regressors. Here, the regressors must be strictly exogenous because the GLS estimator is not
necessarily consistent when the regressors are merely predetermined (see, e.g., Hayashi (2000, p. 416)).
The GLS estimation of these models is investigated by Kiefer (1980), Hansen (2007) and Hausman and
Kuersteiner (2008). Let

Yo g8 Yr-1 Yo L5 FAT-1
T—1x ~ 2z
71 Yo YT-2 - 1 Yo TVT-2
T = ., T= T T
1x 2~ -
Yr-1 Yr-2 - 7o TYT-1 TVT-2 --- Yo

We note that using the QS kernel guarantees that T is positive definite. To see this, we observe the

following decomposition:

Yo =y FAT-1 T T-1 1
. 5 A ZFAT 9 1 (T-1 T 2| -
T = . + ﬁ Vr
1z 24 ;
TIT-1 FIT-2 --- Yo 1 2 oo T

We note that it is well known in the time series literature that the first term on the right-hand side is
positive semi-definite. Now, we have Vi > 0 when we use the QS kernel, and the matrix between 1 /T?

and f/T can be written as:

T-1 T—1
/ / /
Ll + E L1ty + E L1, k10541 ket 15
i=1 i=1
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where ¢4 is the (k + 1) x 1 vector whose a-th to b-th elements are one and other elements are zero, and
this formula tells us that the matrix is positive definite. It therefore follows that T is positive definite.

The GLS transformation of the panel regression model gives

T2 =0 22,8+ 0 20 + T 2,

12 where z; = (21, .., 27)" and x; and w; are defined similarly. This transforma-

for some choice of T~
tion yields a serially uncorrelated error term. The (infeasible) GLS estimator is obtained by eliminating
the fixed effects by multiplying the annihilator matrix of T='/247 and then applying the OLS estimator.

A feasible GLS estimator may be obtained by replacing the matrix Y by T such that
1 1 -1
3 _ =1, rAn—1 1 Ar—1 —1,0 Ap—1,,
Brars = {NT E_l o X = 1 E_l X e (Y ) T T xl}

N N
1 o 1 o e
X {NT g Xy — NT ;Zl X (Y ) LT 121}.

i=1

The asymptotic variance of BFG s may be estimated by

1 I 1 & o
— Zxﬂ‘flx, - — Z x;'flLT(L'Ti‘lLT)lL'T'flxi} . (5)
{NT pt NT ~

We examine the properties of the feasible GLS estimator through simulations. We consider the case
in which x;; is scalar. The data are generated in the following way: z;; ~ 4.i.d.U[—1,1]; and y;; is
generated in the same way as in the experiments in Section 5. We fix the value of 3 at § = 1. We set
N =50, T =5,10,20, « = 0,0.5,0.9, 0727 =1 and o2 is set such that 79 = 1. We examine the following
four estimators of 3: the within-group estimator (“WG”); the (infeasible) GLS estimator (“GLS”); the
feasible GLS estimator with T based on 4 (co)s (“FGLS”); the estimator considered by Kiefer (1980)
(“KGLS”) which is the feasible GLS estimator applied to the equation transformed by the fixed effects
transformation. For each estimator, we compute the bias and the standard deviation (std). We also
give the mean of the standard error (meanse) for each estimator and the coverage probability of the 95%
confidence interval based on each estimator, where the confidence interval is constructed by the standard
formula: estimate+1.96(standard error). The standard errors are computed using formula (5.2.8) of
Hayashi (2000) for “WG”, formula (5) with Y instead of T for “GLS”, formula (5) for “FGLS”, and the
formula in page 199 of Kiefer (1980) for “KGLS”. We note that the standard error for “WG” allows serial
dependence but it assumes homoskedasticity conditional on the regressor.

Table 3 summarizes the results. The biases of all the estimators are negligible and the estimators
should be compared in terms of their standard deviations. Naturally, “GLS” exhibits the smallest stan-
dard deviation among the estimators compared. Both “FGLS” and “KGLS” exhibit lower standard
deviations than does “WG”. Among these feasible GLS estimators, “FGLS” has the smallest standard
deviation and its standard deviation is similar to that of “GLS”. Moreover, the standard error and the

standard deviation of “FGLS” are reasonably similar. The coverage rate of the 95% confidence interval
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based on “FGLS” is close to 0.95. Although the confidence intervals based on “WG” and “GLS” have
better coverage rates than that of “FGLS” does when o = 0.9, the confidence interval based on "FGLS”
performs better than does that based on “KGLS”. These results indicate the usefulness of “FGLS”. It has
a small standard deviation and its standard error is reliable. These results imply that the asymptotically
unbiased autocovariance estimators developed in this paper are useful for the GLS estimation of fixed

effects regression models.

[Table 3 about here]
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A Technical appendix
A.1 Proof of Theorem 1

Proof. We have the following decomposition:

N
’% = N Z Z WitWit—k — NZ

i=1t=k+1
k 1 k 1 N T
9N W) WitW; + ———~ Wit W; .-
N(T—k);( Ay ; ‘ N(T—k);t qzkﬂ t

The first term on the right-hand side of the equation converges to % by Lemma 1. The second and third terms
are op(1) by Lemma 2 and the fourth and fifth terms are o,(1) by Lemma 3. It follows that 45 —p Vi. |

7

HMz H

A.2 Proof of Theorem 2

Proof. We have the following decomposition:

1
VNT (’?k — v+ TVT>

1 N T L
= \/ﬁmz Z (wstws t— — V&) — {le; —1s) _VT}

i=1 t=k-+1
k
Ez: Wit W; + VN T k Z Z Wit W .

lltTk+1

o

an

k N,
+2\/NT7N(T s ;(w

The first term on the right-hand side is asymptotically normal by Lemma 1, and the second and third terms are
op(1) by Lemma 2. The last two terms on the right-hand side are o,(1) by Lemma 3. |



A.3 Proof of Theorem 4

Proof. First, we consider the bias:

j=—T+1
Note that:
) =120, T Ly gy
where
il 5 L oy
Bijr = E _QW i:1(‘ 2 “Z;wztw, NT;t TZ‘:]‘Hwnwz
We have

; (S j T —j]
E (Ve -vr) = > {k’<§>—1}T%‘
j=—T+1
T—1 T—1
1 i\ Tl j
DY ’“(5)T+ > k(g)Br

j=—T+1 j=—T+1

As shown by Parzen (1957), S? times the first term on the right-hand side converges to —qu(Q)‘ This implies
that the first term is of order O(S_q). Next, we consider the second term. Observing that Vr — V and
S™ Z]__T_H (y/s) — f k(z)dz, the second term is of order O(S/T). The first term is therefore of an order

larger than the second term when S9! /T — 0, which is satisfied when N9t /T9 — 0 and S9! /(NT) — 7. The
first term and the second term are of the same order when S /T — 7.
We consider the third term on the right-hand side. We observe that

()i} - 5 (3w

j=—T+1 J=-T+1

T-1 . 2
28 j S
S Vo2 k(?):0<?2>’

j=—T+1

and that

T-1 j
>k (—) E
Pl S N
T-1 ) 4T T T—1 . 2
J\ il S iN_n(S
< X (A=Yl X k(4)-0(%),
Jj=—T+1
by Lemma 3. Similarly, we can show that
T—1 2
1 _ S
j=—T+1

Therefore, we have

(3

j=—T+1

Therefore, we have that E(Vr — Vr) — 0 if S — oo and S/T — 0. Moreover, when S /T — 0,

S'E (f/T - VT) - —kV@,
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and, when Sq“/T — 7, where 0 < 7 < o0, we have
SE (f/T — VT) — kg V@ — TV/k(x)da:.

Next, we consider the variance. We note that Vr is the sample average across cross-sections of the long-run
variance estimator for each time series. Let

where

B T—1 i\ 1 T

Vr: = Z k (§> T Z (yat — Ti) Wi, e—15 — Gi)-
j t=jl+1

Therefore, we have

var(Vr) = %UQT’(VT@).

We verify Assumptions B, C and D in Andrews (1991), under which we can use the variance formula for f/T,i
provided by Andrews (1991). Note that 0, § and V;(#) in Assumptions B, C and D of Andrews (1991) are n;, ¥
and y;: —1;, respectively, in our case. Observing that 9(yit —n:)/(0n;) = —1, we can easily verify that Assumptions
B, C and D are satisfied. Therefore, we have

%var(f/ﬂ —2V? /k(x)2dx.

This also implies that var(Vr) — 0 if S/(NT) — 0.
For the first bias term and the variance term to be of the same order, we need S??*! /(NT) — 7. For these two
terms to be of larger order than the second bias term, we need S /T — 0, which is equivalent to N7+ /T — 0

when § = O((NT)?a71). Therefore, when N9t /T — 0 and $29*'/(NT) — 0, the asymptotic MSE is

_NT ~ 2 _
Jlim S MSE(Vr) = K (V“”) 7! +2V2/k2(a:)d:u

On the order hand, the first and second bias terms are of the same order when S77/T — 7. These terms are
of larger order than the variance term when {S/(NT)}/(S/T)?* — 0, which is equivalent to N9T!/T? — co when

S = O(Tqul). Therefore, when N7 /T9 — oo and ST /T — 7, the asymptotic MSE is

2 2
lim T—MSE(VT) = {—kqv@fl - V/k(x)dm} :
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A.4 Proof of Theorem 5

Proof. In this proof, we use the notation defined in the proof of Theorem 4.
First, note that the asymptotic variance of Vr(co) is the same as that of Vp because

VT(OO) = (1 +
and T/(T — vpKr) — 1. Therefore, we have
%’U&T{VT(OO)} — 2V2/k(x)2dac.

Next, we consider the bias of Vi (c0):

E{Vr(c0) = Vi} = TZH {kj(%‘)_l}T—T\jI%

j=—T+1
T+1 . .

Lo,y vrKr i\ 7T -1l
_— K L kL) ——— U

AR Ty o 2. klg) 7o

j=—T+1
T+1 R

1 U Kr T J
Ve K ———— k(<) Bjr.

T T—-JU.Kr T - Kr j:;+1 S J



As in the proof of Theorem 4, we have

T+1 . T—||
SSRUORI SRS

j=—T+1
and
T+1 . 2 2
T J _ ST\ S
w2+ (5) e owo(F) =0 (),
j=—T+1
as T/(T — vpKr) — 1.
We have
T+1 . . /
1 , vr K (]) T — |j] 1 Ko,
——Vrur Kr + ———— k(= v — =Vr=——F—17 Kr
T T—upKr = ~\S T " T 'T-uKr
/ T+1 . .
_ trKr J\ T — |4l o § —qy _ —q
- T — KT ' Z {k(s> 1} T ’7170 T O(S )70(5 )7
T j=—T+1

as Up K1 /(T — /K1) = O(S/T).
Therefore, when (S2/T72)/S™%7 = S92 /T? — 0, we have

2

T+1 . )
SqE{VT(oo) - VT} S {k <%> - 1} T;IJIW +590(5~%) + S10 (%) Lk V@,

j=—T+1

Note that, when S = O((NT) 27T ), the square of the bias and the variance are of the same order and S72 /T2 — 0
is equivalent to N972/T37 — (. |

A.5 Proof of Theorem 6

Proof. We note that we can use the results of Theorems 4 and 5 on the variance of the estimators. Therefore,
observing that [ k(x)?dx = fil 1dx = 2 for the truncated kernel, we have:

N 2 S S Y, _ 2i i
var(Vr) =4V w7 to (ﬁ) , and wvar(Vr(oo)) =4V NT 7O (NT) .

The bias of Vi is

. S T-i 1y N~ T,y
BE(Ve=Vr)==2 37 5= 5Vr 3 =5 + > Bir,
j=S+1 j=-— j==5

where Bjr is defined in the proof of Theorem 4.
We examine the order of each term in the bias. First, we have

T-1 T oo o]
= 7T37j:*2 > %'+0< > %‘)-

j=S+1 j=S+1 j=S+1

Second, it is easy to see that

T

j=-5 i=1 j==5
and
S N 4l s . T 2 T 2
1 |7 S+ S S
DB mp 2 D wed || 3 X bl == X lml =0
j=-5 i=1 t=1 j=-5 m=1 m=1



Similarly,
s N T
1 _ S?
2 Flyp 2 wew]|=0 (?)
j=-S i=1t=T—|j]+1

Therefore, we have

To sum up, the bias of the estimator is
oo
E(Vr—Vr)=-2 > 5 —2V2 —|—o< S+ >
j=S+1 j=S+1

The mean squared error of V is given as the square of the bias plus the variance.
Next, we consider the bias of Vr(oc0). First, we note that

VK 1+2S+(S*+9)/T _O(s)

T— Ky T-1-2S+(S2+S8)/T ~\T

Given this, we have the decomposition:

. . rKE .
E{Vr(co) - Vr} = E(Vr—Vr)+ 27T _BE(Vr)
T—LTKT
1 S
= oy Ty Ly y Ty,
j=S+1 j==S j=—S
P s . s . s
tr K1 T_‘J| 1 T |J‘
_trir S~V Bir |.
T oK (_Z 7TV 2 T T2 B
j=-S j==5 j=-S

We have already shown that ngfs sr = O (5?/T?). 1t holds that

* S . / *
trKr T -4 tpKp 1
V " v — — =V
J;S T— K% _;S T Y T—UK:T
! * /
tr KT tp Kp
= -V Vi 2
TT—L’TK;“LT—LTK*(T Jgﬂ >
PR T—1 .
tp K T—3j
= 25 ) %—0<Z %‘>v
T —up Ky j=S+1 T Jj=S+1

Note that here we use the fact that v K7 = Zfzfs(T — |7])/T. Therefore, the bias of Vr(c0) is

_2 Z T 7j+o< > 7j>+0<i2)

E{Vr(c0) — Vr}

j=5+1 j=S+1
= 23 o 3 +o(ﬁ>.
j=5+1 j=5+1

The mean squared error formula in the theorem is obtained by the sum of the squares of the bias and the
variance. ]

A.6 Proof of Theorem 7

Proof. We have the following decomposition:

o = NZ WPy 30 0 = @ 3~ )
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The first term on the right-hand side of the equation converges to 072, by applying the Khintchine law of large
numbers, noting that {(n; — u)?}L, is an i.i.d. sequence. The second term is 0,(1) by Lemma 2.
We now consider the third term. We have E(g — ) = 0. The variance is

var(y — p)

Il
<
I
=
—
3l
[]=
(]~
3
I
=
——
I
i
&
—N
Sl
-
2
|
E
——
w

1 = 2 1 (1 & 2 1
= LBl@y 4ol §N<T > w+an> -o(5)-

j=—c0

Thus, the third term is o, (1).
Next, we consider the fourth term.

% ;(gz = n:)(mi — p) = N Zwi(m — ).

Its expectation is 0, and its variance is:

var {Jif ;u‘u(m - N)} = %E{(’Jh)?}E{(ﬁz — )= %wai =0 <ﬁ> )

By the Chebyshev inequality, we have

% izN;(yi —mi)(mi = 1) = Op <\/%> ‘

Thus, the fourth term is o0p(1).
Therefore, it follows that 67 —, 0.
Next, we examine the asymptotic distribution of &3]. We have the following decomposition:

N ~ 5 1
> @i—mi)? - TVT}

i=1

m(&?,—ai—%w) = jﬁg{m—m?—ai}wﬁ{

=zl

VNG -+ %ﬁ > (6t )

The first term converges to N (0, [E{(nl — )t} - Ufﬂ) by the Lindberg-Levy central limit theorem noting that
{(n:i — ,u)2 N | is an i.i.d. sequence. The other terms are op(1) by Lemma 2 and the arguments given above.
The proof of part 2 is omitted as it is trivial given part 1. |

A.7 Proof of Theorem 8
Proof. Part 1). Observing that:
Gie = zie — T3 = iy (B — B) + ni + war,

we have

o= = NT=%) Z Y (wie = @) (@i — 2:) (B B)



We consider the first term on the right-hand side. We observe

{ NT—F) ;:Z (wit — w;) (w4, kxz)}

= FElwi{wii—r — Ei(zi)'}] — Z Z Elwie, {xity — Ei(zi)'}]
t1 kot lta—1

_ﬁ Z Z E[w’itl {mitz - Ez(wzt)/}} + % Z Z E[witl {-Titg — E,L(xn)/}]

t1=1to=k+1 t1=1ty=1
By Assumption 4.3, the second term on the right-hand side is

Z Z E wul {aim - E; (wzt) H

t1 k+1to=1

< ﬁ Z Z | Elwit, {zit, — Ei(zie)'}]|| = o(1).

ty=k+1ta=1

Similarly, the third and fourth terms are o(1) such that

E{N(Tl—k); :Z wit = Bi) (@i t—k — Ti)’ } = Elwit, {zit, — Ei(xit)'}] + o(1).

Next, we consider the variance:

1 N T , 1 1 T ) o
ar{N(Tk)Z Z (wit — ;) (Ti—k — x)}:Nvar{Tk Z (wit — W;)(Ti,6—k — Ts) }

i=1t=k+1

We have the the following decomposition:

T

1 _ N
— Z (wit - wi)(l’i,tfk - L)
T-k t=k+1

R -
—_— Z wit{@i—k — Bi(xi)} + = wit{Z; — Bi(xi)}
T_kt=k+1 T- kt k+1

1 T
+ﬁ Wi{zi -k — Bi(xi)} +0:i{Z — Ei(xi)} .
t=kt1

Let uqi¢ be the a-th element of the vector {z;:—x — Ei(z:)}. We have the following:

T
r (Tl—k Z wit“ait) = Z Z E(wit, Wity ) E(Uait; Uaits )

t=k+1 t1 k+1ta=k+1

Z Z (Wit, Uaity) E(Wity Uait, )

t1 k+1to=k+1
T T

1
“rm Z Z CUle’a’g‘(tl,tz,tl — k,tl — k)
t1=k+1ta=k+1

= 0(1)

by Assumption 4.3-4. Similarly, the variances of EtT:kH wit{Zi—Ei(zi)} [ (T—k), ZtT:kH Wi{Ti——Ei(zi)} /(T—
k) and w;{Z; — Ei(z:)} are also O(1). It therefore follows that

{ N(T — kZN:ZT: wzt—wl)(x”k_xl)}_o(;)‘
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Summing up, we have by the Chebyshev inequality

||Mz

> 3 (0= B ataon =803 B) = Blowovsos ~ w15 B) +oy (\/%)

Similarly, we have

T

NTE 2 2 (Wit~ )i — 2/ (3 5) = Bluws-xfon ~ B} 8- A+ oy (=)

i=1 t=k+1
and
1 = 1
6~ = B, 2 (@~ e =206 =0, (7).
Therefore, we have
VNTGi =) = (Blwidal e — Ei(zi)}] + Blwi—{zhy — Ei(2i)})) VNT(3 = 8) + 0p(1).
Part 2). We have the following decomposition:
T—1

i-to= > k(L)Er-an

j=—T+1

VUH(B = B) + V(B = B) + (B—B) V(B - B),

where
T-—1 ] 1 N T
wr __ o RV
v 3 k(L) g X e - w(ess o)
Jj=—T+1 i=1t=35+1
T—1 ] 1 N T
VEY — . Z k <§> W Z Z (wiytfj — wl)(a:n - l'z) s
Jj=—T+1 =1 t=35+1
T—1 ] 1 N T
T !
Ve = Z k §> ﬁ Z Z (l‘zt - xl)(xl,t—j xz)
j=—T+1 i=1t=5+1

We will show that V¥% = O,(1), V** = Op(1) and V" = Op(1). We use the results of Andrews (1991) to prove
these equalities. We note that

N

wx 1 we,t
1% :NZV ,

i=1

where

T-1 j 1 T
e B k(§) 1 X e men, —a

j=—T+1 t=j+1

We use Theorem 1 of Andrews (1991) to show that V" —p 377 Elwi{wi,—; — Ei(zi)}] as T — oo. For

this purpose, we show that Assumptions A and B of Andrews (1991) are satisfied in our case. Note that 6o, é, v/
and (0/96')V;(0) in Assumptions A and B of Andrews (1991) are (0, F;(x},)), (ws, i), (wit, iy — Ei(zit)") and
(=1,—1,...,—1), respectively, in our case. Therefore, the requirements for Theorem 1 of Andrews (1991) are
satisfied in our case by Assumptions 1 and 4. Now, we have shown that V;** —, > Elwg{zii—; — Ei(zi)}]
as T' — oco. Since the mean and variance of V;* exist and are bounded uniformly over T', ||V;?|| is uniformly
integrable. Note also that V;*® is i.i.d. across individuals. Therefore, Corollary 1 of Phillips and Moon (1999)
implies that V*® = Op(1) as N,T — co. We can show that V*" = O,(1) and V*® = Op(1) in the exactly same
manner.
Therefore, given that (3 — 3) = Op(1/v/NT), we have Vi — Vr = O,(1/v/NT).
|
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A.8 Lemmas
Lemma 1. Suppose that Assumption 1 is satisfied. Then, for any k, as N — oo and T — oo,
N Z Z Wit Wi, t— k_> Yk
1=1t=k+1
Suppose that Assumptions 1 and 2 are satisfied. Then, for any k, as N — oo and T — oo,

VN Z Z (watwi—k — k) —a N <0, Z {73 + Yetsve—j + cum(0, =k, j,j — k)}) .

i=1 t=k+1 j=—00

Proof. We observe that

{ Z Z WitWi,t— k} E(wit’wi,tfk):")/b

i=1t=k+1

The variance term is

1 ryoz 1 T 2
T’{]\/’(T_k); :Z WitWs, t— k} = mE {tz (witwi’t_k'yk)}

<

=S

By the Chebyshev inequality, the consistency is proven.

We apply Phillips and Moon’s (1999) Theorem 3 to show the asymptotic normality. It is easy to see that
Conditions (i), (ii) and (iv) of Theorem 3 in Phillips and Moon (1999) are satisfied. Let ai = wirwi—x — V-
The sufficient condition for Condition (iii) is

R ! T2 L !
E {ﬁTk Z (wstws t—k — ')’k)} = WE < Z ait) < oo.
t=k+1 t=k+1

We note that E(a;:) = 0. Now,

T 4 T T T T
E (Z ait> = Z Z Z Z E(ait, Gity ity Qit, )

t=k+1 t1=k+1to=k+1tz=k+1tg=k+1

T T 2 T T T T
= 3 Z Z E(aitlaitz) + Z Z Z Z cuma(tl,tz,t3,t4)7

t1=k+1ta=k+1 t1=k+1to=k+1tz=k+1tg=k+1

where cumq(t1,t2,ts,t4) is the fourth-order cumulant of (ais, , Gity, Gits, @ity ). We have

T T
1
T Z Z (ait, air,) = T Z Z {3t + V01— ta ik Ve —ta—k + cum(ty, by — ko, ts — k) }
t1=k+1to=k+1 t1=k+1to=k+1

= > {97+ vy + cum(0, =k, 5,5 — k)}

Jj=—00
by Assumptions 1.2 and 2. Theorem 2.3.2 of Brillinger (1981) states that cuma(t1,t2,t3,t4) can be written as
a sum of products of at most eighth-order cumulants of wi:. See Brillinger (1981, pp20-21) for how it can be
written. This implies that

T T T o] (o] [e’e}
ST D cumaltustatsita)| < D D > Jeuma(0,t2, ts, )] < 00
to=k+1tz=k+1ty=k+1 to=—00 tg=—00 t4=—00

by Assumption 2. Therefore, we have E{(X:Z;k+1 ait)*}/T? = O(1). Thus, the asymptotic normality is shown.
Now, using the result for E(ai, ast,), the asymptotic variance of 4 is

oo
lim — Z Z {E(wit, wi0, kWit Wi tg—1k) — Vi } = Z {77 + Yhrivm—j + cum(0, =k, j,j — k) } .

T—»ooT
t1=k+1ty=k+1 j=—0o0
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Lemma 2. Suppose that Assumption 1 is satisfied. Then, as N — oo and T — oo,

1 N
LS @m0,

Suppose that Assumption 1 is satisfied. Suppose also that Assumption 2 is satisfied. Then, as N — oo and

T — oo,
pa VNT

Proof. First, we note that S| (7; — 7:)?/N > 0. Its expectation is

E{]bz;(y _m)Q} = B0} = %VT = % > hl—o.

By the Markov inequality, Zle(gi —n:)?/N = 0,(1). Now, the variance is

var{;] le(gi —m)Q} _ %E {(@)2 - ;VT}2

1 1
- N T4 <Zw“> T2VT :O<NT2>

by Assumption 2. By the Chebyshev inequality, we obtain the desired result. |

- & | Bty - ]

Lemma 3. Suppose that Assumptions 1 and 2 are satisfied. Then, as N — oo and T — oo,

1 L& k J R k
FE (NT ;gwitwi) =0 (ﬁ) and var <NT ;;witwi> =0 (NT3) .

Proof. The mean is

L& = T I k
E<Mzzwitu_}i>’:p k;%"" Z{k (T =5} SﬁZWﬂ:O(ﬁ)«

j=T—k j=1

The variance is

N i=1 t=1
1 1< 1
= L (s, zwn>}
N {<T t=1 ) <T t=1
1 k T k T
—Nﬁﬂzzzy%%mmemmmH
t1=1tg—1t3—11t4—1
1 k k T
= N 2 2 e 2 S e + T Y et 3
t1=1t3=1 to—=1t4—1 t1=1t4—1 to=1t3=1
k T k T
ErDIDIDY 2 cum(t,ta;ts, )
t1=1to=1t3=1ts=1
_ k
NT?3
The last equality follows by Assumptions 1.2 and 2. |
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Table 1: Monte Carlo results: N = 20, the QS kernel.

WG BWG BWG2 1B
T a k TRUE Thbias bias std bias std bias std bias std
5 0 0 1 -0.2 -0.2 0.13 -0.064 0.15 -0.028 0.15 -0.0037 0.16
1 0 -0.2 -0.2  0.088 -0.061  0.097 -0.026 0.1 -0.0012 0.11
2 0 -0.2 -0.2 0.11 -0.063  0.094 -0.027 0.09 -0.003 0.09
10 0 0 1 -0.1 -0.1  0.095 -0.018 0.1 -0.0054 0.11 -0.0018 0.11
1 0 -0.1 -0.1  0.067 -0.017  0.073 -0.0036  0.076 0.00 0.077
2 0 -0.1 -0.1 0.07 -0.017  0.068 -0.0043 0.068 -0.00079 0.069
25 0 0 1 -0.04 -0.04 0.061 -0.0031 0.064 -0.00038 0.064 -0.00012 0.064
1 0 -0.04 -0.04 0.044 -0.0026  0.046 0.00011 0.046  0.00036 0.046
2 0 -0.04 -0.04 0.045 -0.0031 0.045 -0.00033 0.045 0.00 0.045
50 0 0 1 -0.02 -0.02 0.044 -0.00092 0.044 -0.00017 0.045 -0.00014 0.045
1 0 -0.02 -0.019 0.032 0.0002 0.033 0.00095 0.033  0.00098 0.033
2 0 -0.02 -0.02 0.032 -0.00054 0.032 0.00021  0.032 0.00024 0.032
5 05 0 1 -0.44 -0.45 0.097 -0.35 0.11 -0.32 0.12 -0.21 0.17
1 0.5 -0.44 -0.47 0.057 -0.38 0.058 -0.34 0.063 -0.23 0.14
2 0.25 -0.44 -0.46 0.066 -0.37 0.064 -0.34 0.065 -0.22  0.093
10 05 O 1 -0.26 -0.26  0.093 -0.17 0.11 -0.14 0.11 -0.078 0.14
1 0.5 -0.26 -0.28 0.073 -0.18 0.087 -0.15  0.092 -0.09 0.12
2 0.25 -0.26 -0.28 0.056 -0.18 0.067 -0.15 0.073 -0.094 0.099
25 05 O 1 -0.11 -0.11  0.072 -0.045 0.081 -0.025 0.085 -0.014 0.088
1 0.5 -0.11 -0.12  0.062 -0.048 0.071 -0.028 0.076 -0.016 0.08
2 0.25 -0.11 -0.12  0.053 -0.049 0.063 -0.029 0.067 -0.018 0.071
50 0.5 0 1 -0.058 -0.058 0.054 -0.015  0.059 -0.0059 0.06 -0.0034 0.061
1 0.5 -0.058 -0.058 0.048 -0.015 0.053 -0.0063  0.054 -0.0038  0.055
2 0.25 -0.058 -0.059 0.042 -0.016  0.047 -0.007  0.049 -0.0046  0.049
5 09 0 1 -0.8 -0.85 0.031 -0.83 0.033 -0.82 0.036 -0.74 0.079
1 0.9 -0.8 -0.87 0.017 -0.85 0.018 -0.84 0.021 -0.75 0.067
2 0.81 -0.8 -0.86 0.014 -0.84 0.014 -0.83 0.015 -0.75  0.049
10 09 O 1 -0.72 -0.73  0.049 -0.7  0.049 -0.69 0.049 -0.58 0.11
1 0.9 -0.72 -0.75  0.042 -0.72  0.041 -0.71  0.041 -0.59 0.1
2 0.81 -0.72 -0.75 0.028 -0.73  0.028 -0.72  0.028 -0.6 0.09
25 09 O 1 -0.49 -0.49 0.078 -0.44 0.082 -0.42 0.083 -0.29 0.14
1 0.9 -0.49 -0.5 0.075 -0.45 0.079 -0.43 0.08 -0.3 0.14
2 0.81 -0.49 -0.51 0.07 -0.45 0.073 -0.44 0.074 -0.31 0.13
50 09 0 1 -0.31 -0.31 0.086 -0.22  0.098 -0.2 0.1 -0.12 0.14
1 0.9 -0.31 -0.31 0.085 -0.23  0.097 -0.2 0.1 -0.12 0.13
2 0.81 -0.31 -0.32  0.082 -0.23  0.095 -0.2  0.098 -0.12 0.13

Note: This table presents the performances of various estimators with the quadratic spectrum kernel for autoco-
variances when N = 20. T refers to the length of time series. « is the AR(1) coefficient in the data-generating
process. k is the order of autocovariance. “TRUE” is the true value of autocovariance. “Tbias” is the theoretical
value of the bias. “bias” and “std” refer to bias and standard deviation. “WG”, “BWG”, “BWG2” and “IB” refer
to the within-group estimator, the one-time bias-corrected autocovariance estimator, the two-time bias-corrected

autocovariance estimator and the autocovariance estimator obtained after infinite iterations, respectively.
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Table 2: Monte Carlo results: N = 20, the truncated kernel.

WG BWG BWG2 1B
T a k TRUE Thbias bias std bias std bias std bias std
5 0 0 1 -0.2 -0.2 0.13 -0.043 0.15 -0.022 0.16 -0.011 0.16
1 0 -0.2 -0.2  0.087 -0.04 0.083 -0.019 0.1 -0.0088 0.12
2 0 -0.2 -0.2 0.11 -0.04 0.1 -0.018 0.092 -0.0081 0.094
10 0 0 1 -0.1 -0.098 0.095 -0.0075 0.1 -0.00038 0.11 0.00087 0.11
1 0 -0.1 -0.1  0.067 -0.0092 0.067 -0.0021  0.077 -0.00083 0.08
2 0 -0.1 -0.1 0.072 -0.011  0.071 -0.0038  0.069 -0.0025 0.069
25 0 0 1 -0.04 -0.04 0.061 -0.0012  0.063 0.00 0.063 0.00 0.063
1 0 -0.04 -0.04 0.044 -0.0017 0.045 -0.00054 0.047 -0.00048 0.047
2 0 -0.04 -0.04 0.045 -0.0017 0.045 -0.00054 0.045 -0.00048 0.045
50 0 0 1 -0.02 -0.02 0.044 0.00 0.045 0.00026  0.045 0.00027 0.045
1 0 -0.02 -0.02 0.031 -0.00067 0.031 -0.00043 0.032 -0.00042 0.032
2 0 -0.02 -0.02 0.032 -0.00018 0.032 0.00 0.032 0.00 0.032
5 05 0 1 -0.44 -0.45 0.095 -0.34 0.11 -0.29 0.12 -0.17 0.19
1 0.5 -0.44 -0.47 0.056 -0.36  0.067 -0.31 0.075 -0.2 0.16
2 0.25 -0.44 -0.46 0.066 -0.35 0.057 -0.3  0.058 -0.19 0.11
10 05 O 1 -0.26 -0.26  0.095 -0.14 0.11 -0.099 0.13 -0.052 0.15
1 0.5 -0.26 -0.27 0.074 -0.16  0.095 -0.11 0.11 -0.066 0.13
2 0.25 -0.26 -0.28 0.057 -0.16  0.068 -0.12  0.082 -0.071 0.11
25 05 O 1 -0.11 -0.11  0.072 -0.039 0.083 -0.019 0.087 -0.011  0.089
1 0.5 -0.11 -0.12  0.062 -0.042 0.073 -0.022 0.078 -0.015 0.08
2 0.25 -0.11 -0.12  0.052 -0.043 0.063 -0.024  0.068 -0.016  0.071
50 0.5 0 1 -0.058 -0.059 0.054 -0.013  0.059 -0.0051 0.06 -0.0036 0.06
1 0.5 -0.058 -0.06 0.047 -0.014 0.052 -0.0061  0.053 -0.0046  0.054
2 0.25 -0.058 -0.06 0.041 -0.014 0.046 -0.0062  0.048 -0.0047  0.048
5 09 0 1 -0.8 -0.85 0.031 -0.82 0.037 -0.81 0.038 -0.73  0.078
1 0.9 -0.8 -0.87 0.018 -0.84 0.023 -0.83 0.024 -0.74 0.066
2 0.81 -0.8 -0.86 0.015 -0.83  0.012 -0.82 0.013 -0.74  0.052
10 09 O 1 -0.72 -0.73 0.05 -0.69 0.052 -0.68 0.05 -0.54 0.13
1 0.9 -0.72 -0.74  0.043 -0.71  0.043 -0.7  0.041 -0.55 0.12
2 0.81 -0.72 -0.75 0.029 -0.72  0.029 -0.71  0.028 -0.56 0.11
25 09 O 1 -0.49 -0.49 0.078 -0.42 0.076 -0.39 0.078 -0.25 0.16
1 0.9 -0.49 -0.5 0.074 -0.43 0.072 -0.4 0.075 -0.26 0.16
2 0.81 -0.49 -0.51 0.068 -0.44 0.066 -0.41 0.069 -0.27 0.15
50 09 0 1 -0.31 -0.31 0.084 -0.2 0.1 -0.16 0.11 -0.092 0.15
1 0.9 -0.31 -0.31 0.083 -0.21 0.1 -0.16 0.11 -0.097 0.15
2 0.81 -0.31 -0.32  0.081 -0.21 0.1 -0.17 0.11 -0.1 0.14

Note: This table presents the performances of various estimators with the truncated kernel for autocovariances
when N = 20. T refers to the length of time series. « is the AR(1) coefficient in the data-generating process.
k is the order of autocovariance. “TRUE” is the true value of autocovariance. “Tbias” is the theoretical value
of the bias. “bias” and “std” refer to bias and standard deviation. “WG”, “BWG”, “BWG2” and “IB” refer
to the within-group estimator, the one-time bias-corrected autocovariance estimator, the two-time bias-corrected
autocovariance estimator and the autocovariance estimator obtained after infinite iterations, respectively.
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Table 3: Monte Carlo results: The performances of the GLS estimators.

T « WG GLS FGLS KGLS
) 0 bias  0.00063  0.00063  0.00082 0.0012
std 0.12 0.12 0.12 0.13

meanse 0.12 0.12 0.12 0.12

cov. rate 0.95 0.95 0.95 0.93

10 0 bias -0.00048 -0.00048 -0.00039 0.00

std 0.081 0.081 0.081 0.086

meanse 0.082 0.082 0.081 0.073

cov. rate 0.95 0.95 0.95 0.9

20 0 bias -0.00022 -0.00022 -0.00024 -0.00023
std 0.056 0.056 0.056 0.063

meanse 0.056 0.056 0.056 0.044

cov. rate 0.95 0.95 0.95 0.83

5 0.5 bias  0.00011  0.00025  0.00032 0.001
std 0.1 0.092 0.093 0.095

meanse 0.1 0.092 0.098 0.088

cov. rate 0.95 0.96 0.96 0.93

10 0.5 bias  -0.0013 -0.00038 -0.00053 -0.00068

std 0.074 0.061 0.062 0.066
meanse 0.074 0.062 0.065 0.056

cov. rate 0.95 0.95 0.96 0.89

20 0.5 bias -0.00036 -0.00011 -0.00013 -0.00013
std 0.053 0.043 0.043 0.05

meanse 0.053 0.043 0.044 0.034

cov. rate 0.95 0.95 0.95 0.82

5 0.9 bias  0.00052 0.00023  0.00032  0.00063
std 0.053 0.039 0.041 0.041

meanse 0.053 0.04 0.049 0.038

cov. rate 0.95 0.96 0.98 0.93

10 0.9 bias -0.00048 0.00 -0.00014 -0.00028

std 0.045 0.026 0.027 0.029

meanse 0.045 0.026 0.033 0.024

cov. rate 0.95 0.95 0.98 0.88

20 0.9 bias -0.00016 0.00 0.00 0.00
std 0.039 0.018 0.018 0.024

meanse 0.038 0.018 0.022 0.014

cov. rate 0.95 0.95 0.98 0.75

Note: This table presents the performances of various estimators for a fixed effects regression
model when N = 50. T refers to the length of time series. « is the AR(1) coefficient in
the process of the disturbance term. “bias”, “std”, “meanse” and “cov. rate” refer to bias,
standard deviation, mean of the standard error and coverage rate of the 95% confidence
interval, respectively. “WG”, “GLS”, “FGLS” and “KGLS” refer to within-group estima-
tor, infeasible GLS estimator, feasible GLS estimator proposed in this paper and the GLS
estimator considered by Kiefer (1980), respectively.
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Note: This figure presents four QQ plots, each of which compares the distribution of an estimator for
Yo (the variance) with the normal distribution with the same mean and the same variance as those
of the estimator, when N = 20 (cross-sectional sample size), T = 5 (time series length) and a@ = 0
(the AR(1) parameter). The true value of 7o is 1. “WG”, “BWG”, “BWG2” and “IB” refer to the
within-group estimator, the one-time bias-corrected autocovariance estimator, the two-time bias-corrected
autocovariance estimator and the autocovariance estimator obtained after infinite iterations, respectively.
The QS kernel is used for all the estimators.

Figure 1: QQ plots, N =20, T =5, a=0
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Note: This figure presents four QQ plots, each of which compares the distribution of an estimator for
Yo (the variance) with the normal distribution with the same mean and the same variance as those
of the estimator, when N = 20 (cross-sectional sample size), T = 5 (time series length) and o = 0.9
(the AR(1) parameter). The true value of 7o is 1. “WG”, “BWG”, “BWG2” and “IB” refer to the
within-group estimator, the one-time bias-corrected autocovariance estimator, the two-time bias-corrected
autocovariance estimator and the autocovariance estimator obtained after infinite iterations, respectively.
The QS kernel is used for all the estimators.

Figure 2: QQ plots. N =20,T =5, a=0.9
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Note: This figure presents four QQ plots, each of which compares the distribution of an estimator for

o (the variance) with the normal distribution with the same mean and the same variance as those of
the estimator, when N = 200 (cross-sectional sample size), T = 5 (time series length) and o = 0.9
(the AR(1) parameter). The true value of 7o is 1. “WG”, “BWG”, “BWG2” and “IB” refer to the
within-group estimator, the one-time bias-corrected autocovariance estimator, the two-time bias-corrected
autocovariance estimator and the autocovariance estimator obtained after infinite iterations, respectively.
The QS kernel is used for all the estimators.

Figure 3: QQ plots, N =200, T =5, a =0.9
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