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Abstract

We study the dual descriptions recently discovered for the Seiberg-Witten theory in the presence
of surface operators. The Nekrasov partition function for a four-dimensional N' = 2 gauge
theory with a surface operator is believed equal to the wave-function of the corresponding
integrable system, or the Hitchin system, and is identified with the conformal block with a
degenerate field via the AGT relation. We verify the conjecture by showing that the null state
condition leads to the Schrodinger equations of the integrable systems. Furthermore, we show
that the deformed prepotential emerging from the period integrals of the principal function
corresponds to monodromy operation of the conformal block. We also give the instanton
partition functions for the asymptotically free SU(2) gauge theories in the presence of the
surface operator via the AGT relation. We find that these partition functions involve the

counting of two- and four-dimensional instantons.
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1 Introduction

The N = 2 supersymmetric gauge theories provide us an interesting framework where symmetry
constrains non-perturbative dynamics and is powerful enough to lead to exact result of the
low energy effective action [1, 2]. It has been known that this exact solution possesses an
interpretation in terms of integrable systems [3, 4, 5, 6, 7, 8, 9]. The Seiberg-Witten curve of
an N = 2 supersymmetric gauge theory is identified with the spectral curve of the integrable
system. The low energy prepotential of gauge theory can therefore be obtained by the period
integrals of the meromorphic one form on the spectral curve.

This interpretation was further sophisticated recently by [10] to the relation between the
prepotential with a nonzero deformation parameter, which Nekrasov’s partition function [11]
gives, and quantization of the integrable system. The nonzero deformation parameter plays the
role of the Planck constant for the quantum integrable system. See also [12, 13, 14]. Tt was
also proposed that the above deformed prepotential can be obtained by the similar procedure
to Seiberg-Witten theory, i.e. period integrals, where the meromorphic one form is changed to
the quantum corrected one [15]. The exact WKB solution for the Schrodinger equation of the
integrable model gives this quantum one form. This was further studied in [16, 17, 18].

Meanwhile, a new insight has been added to N' = 2 gauge theories. In [19], it was found
that the compactification of the six-dimensional (2,0) Ay_; theory on a Riemann surface leads
to a colossal class of N' = 2 superconformal SU(N) quiver gauge theories. The Seiberg-Witten
curve for a theory in this class is realized as a N-tuple cover of this Riemann surface. Then,
a remarkable relation between the Nekrasov partition function [11] of N/ = 2 superconformal
SU(2) gauge theory and the conformal block of two-dimensional Liouville field theory was
proposed by Alday, Gaiotto and Tachikawa [20]. (We refer to this as AGT relation.) This
conjecture was generalized to the relation between the asymptotically free SU(2) gauge theories
and irregular conformal blocks [21, 22], and also to the higher rank case [23, 24].

The AGT relation is very useful to analyze various observables in gauge theories. In partic-
ular, the partition function in the presence of a surface operator is identified with the conformal
block with an additional insertion of the degenerate field in the Liouville theory [25]. It was
also conjectured that the Wilson and t’ Hooft loop operators correspond to the monodromy
operations for the degenerate field inserted conformal block along some cycles of the Riemann
surface [25, 26]. (See also [27, 28, 29].)

In this paper, we relate the quantization of the integrable system with the insertions of
the surface and the Wilson-t” Hooft loop operators in the gauge theory partition function,
concentrating on the Liouville and SU(2) gauge theories. It is well-known that a conformal

block with degenerate fields satisfies a differential equation [30]. For the degenerate field @54 (2)



with momentum —2 (or ®;(z) with —5;) which is the case we will consider in this paper, the
differential equation is quadratic since the null state condition is also quadratic in the Virasoro
generators ((L_1)* +b*L_5)®21(2) = 0. By taking the limit where one deformation parameter
goes to zero, we interpret the reduced differential equation as the Schrédinger equation of
the associated integrable system. The Hamiltonian of the system can therefore be read off
from the Liouville theory consideration. We confirm that the Hamiltonian obtained from the
torus conformal block which corresponds to the NV = 2* gauge theory is that of the elliptic
Calogero-Moser system. We also consider degenerate field insertion in the conformal block
corresponding to the SU(2) gauge theory with four flavors, and in the irregular conformal
blocks corresponding to asymptotically free theories. These cases also support the conjecture
that a Schrodinger system is associated with a gauge theory.

Based on these observations, we find that the proposal in [15] that the deformed prepotential
would be obtained from the solution of the Schrodinger equation is equivalent to expected
monodromies of the conformal block with the degenerate field inserted. The A- and B-cycle
monodromies are expected to be the phase shift by the expectation value of vector multiplet
scalar @ and the shift of the vev a as a — a + € respectively. We will see that assuming the
proposal [15] leads to the monodromy conditions stated above. Conversely, the monodromy
conditions verify the proposal. While we see this correspondence at lower orders in the Planck
constant (deformation parameter), we expect that this relation is valid even at higher orders.

We study the details of the irregular Virasoro conformal blocks with the degenerate field
which are expected to be equal to the Nekrasov partition functions for SU(2) asymptotically
free theories in the presence of a surface operator. By expanding it in the Verma module,
we obtain the Nekrasov-like partition function which has two expansion parameters A and z.
We can recast it into the expansion in terms of the four-dimensional instanton factor A* and
two-dimensional one A?z. The irregular Virasoro conformal block with the degenerate field
therefore describes the two- and four-dimensional instanton counting for the surface operator.
This result supports our expectation that the insertion of the degenerate field leads to the
Nekrasov instanton partition function in the presence of a surface operator for superconformal
theories, and also for asymptotically free theories.

The organization of this paper is as follows. In section 2, we consider the proposal in [15]
which relates the quantization of the integrable system with the deformation of the prepotential
of the gauge theory. We will analyze N/ = 2* gauge theory and SU(2) gauge theory with four
flavors as examples. In section 3, we show that the null state condition for the (irregular)
conformal blocks in the presence of the degenerate field implies the Schrodinger equations for

the associated integrable systems. We also see the equivalence between the proposal stated



in section 2 and monodromy operation of the conformal block with the degenerate field. In
section 4, we study the structure of the irregular Virasoro conformal blocks with the degenerate
field in the perspective of the instanton counting. We conclude with discussions in section 5.
In appendix A, we briefly review the Nekrasov partition function. In appendix B, the explicit
calculation of the energy eigenvalue in section 2 will be presented. In appendix C, we consider
the action of the degenerate field on the Verma module.

While preparing this paper, [31, 32, 33] which have some overlap with this paper appeared.

2  Quantum Integrable Systems

It is already known that the Seiberg-Witten solutions for an N' = 2 gauge theory is described by
a classical integrable system. The family of the Seiberg-Witten curves is realized as the family
of the energy-levels of the Hamiltonian for the system. Then quantum integrable systems can
be associated with some extension of the Seiberg-Witten theory, such as Nekrasov’s theory of
instanton counting. It was conjectured in [10] that “e deformation” of the prepotential, which
defined by

F(e1) = lim (—€1€2) Znex, (2.1)

€2 —0

where Zye is the Nekrasov partition function [11], are related to the quantization of the inte-
grable system (see appendix A for a review of the Nekrasov partition function). In [15] it was
proposed that the deformed prepotential can also be obtained by considering the Schrodinger
equation of the system.

In this section we will see that this proposal works by evaluating the deformed prepotential
from several integrable models. First of all, let us briefly see the proposal. We consider the

Schrodinger equation of a model
HIO(2) = B0 (2), (2.2)

where Hamiltonian is H = —€29? +V(2; €;). The meaning of the subscript of the wave-function
will be clear in next section. (In a few examples below, the right hand side would be further
multiplied by a z-dependent factor. However, this will not affect the generic analysis below.)
We then write the wave-function in terms of a one form P(z)dz

T (2) = exp (—l / P(; el)dz’) . (2.3)

€1

This is just the exact WKB ansatz, since the one form is expanded in a power series of the

Planck constant €;. The claim [15] is that the integrals of the one form over the A- and B-cycles
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can be written as

2mia; (F; ) :7{ P(z;€)dz,
At

10F

Ea—&i(E; €1) :jéi P(z;€1)dz, (2.4)
and that after eliminating F by using the first equation, F coincides with the deformed prepo-
tential of an N = 2 gauge theory F(e;) (2.1). In other words, this means that the monodromies

of the wave-function around the A- and B-cycles are

. 2 'Az-
O G L O]

€1
4 1 OF
0Oz + B = —— g0 2.5
o+ B exp< - adi> ). 25)
where i = 1,...,¢ (g is genus of the curve).

Note that in order for the claim to be meaningful, we have to specify which potential
corresponds to particular NV = 2 gauge theory. Before mentioning it, we first give a generic
prescription to obtain the deformed prepotential. By substituting (2.3) into the Schrédinger

equation, we obtain
—P?+ e P +V(z;e) = E, (2.6)

where P and V' are expanded in ¢, as

Ple;z) =Y eiPi(2), V(zie) = elVi(2). (2.7)

At lower orders, (2.6) gives the following recursion relations:

—P}+Vo=E,
—2PyP, + P+ V1 =0,
—2PyPy — P} 4+ P + V,=0. (2.8)

Therefore, we obtain the expansion of the one form
Po= Vo B, Pi= oo (BA V), Po= oo (Pl— P+ 1) (29)
2P, 2P,
and so on. In the first equation, we have chosen the plus sign. As we will see that in explicit
examples, a contour integral of the e;-deformed one form, ¢ Pdz, is written as an action of an
operator O on the classical (zero-th order) one: § P=0 ¢ Py = (1+ 6,0, +E0y+...) § P,
The remaining task is the following (we focus on the case of SU(2) gauge group where the

curve P? =V — E is genus one, in what follows):
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1. calculate the A-cycle integral: 2mia(E) = ¢, Podz,

2. obtain %%(E) by calculating the B-cycle integral, or by using a known result of F(a)

(from, e.g. the Nekrasov partition function) and then substituting a(F) obtained in the

step 1 into it: 2£(a) = 2L (a(E)) as in [16],

3. act the operator O on both ones obtained in the steps 1 and 2:

(B er) = @{a(E)}, 0F ; {af

5B = 0| 5o, 2.10)

4. rewrite E in terms of a: E = F(a) and substitute it into 2-(F; ;). By integrating over

a, we obtain F(d; e;).
Finally, we compare this result with the deformed prepotential (2.1).

In the gauge theory point of view, integrable systems described above correspond to gauge
theories with SU(2) gauge group. At classical level (zero-th order in €;), the correspondence
with Seiberg-Witten theory can be accomplished by the identification of the curve P = Vo — F
with the Seiberg-Witten curve. More precisely, the potential is identified with ¢5W(z) in the
Seiberg-Witten curve 2 = ¢5WV obtained from the M-theory construction [34, 19, 35] without
the term depending on the Coulomb moduli u. The Coulomb moduli v plays the role of the
energy eigenvalue of the Schrodinger equation (2.2). The quantum correction promotes the
Seiberg-Witten theory to the deformation of the prepotential in the presence of {2-background.

It is known that for pure Yang-Mills and N = 2* theories, the corresponding integrable
systems are the periodic Toda and the elliptic Calogero-Moser theories respectively [3, 4, 7].
(For SU(2) case, the periodic Toda is precisely the sine-Gordon model.) Gauge theories with
fundamental hypermultiplets have also been considered in [9].

The above proposal has been verified in [15] by calculating lower order €, expansion of F(a)

in the sine-Gordon model, that is the model with the potential
V(0) = A% cos (2.11)

and by comparing it with the deformed prepotential. Note that the coordinate # was introduced
by z = e¥.

There is another interesting property in this method. It is known that the derivative of the
prepotential with respect to the gauge coupling constant corresponds to the Coulomb moduli
u [36, 37, 38]. This is even true in the e-deformed case as found in [39, 40]. It would therefore
be natural to expect that the energy obtained in the last step F = FE(a) coincides with the

derivative of the deformed prepotential F(a; €;)|,—4 With respect to the gauge coupling constant.
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Namely, the energy E(a) can be identified with the “deformed” Coulomb moduli. We can check
this property in the sine-Gordon model above.
To see further validity of the claim and also the property stated just above, let us consider

a few examples below.

N = 2* gauge theory

Let us consider the integrable system corresponding to the N = 2* SU(2) gauge theory, that is
the SU(2) gauge theory with an adjoint hypermultiplet with mass m. The Hamiltonian which
we will consider below is that of elliptic Calogero-Moser system H = —e20% + m(m — ¢;)P(z)
where P(z) is the Weierstrass elliptic function (with periods 7 and 77). In other words, the

potential is given by
V(er;2) = m(m — e1)P(2). (2.12)

We will confirm this choice from the Liouville theory point of view in section 3. In this case,

Vo = m*P(z), Vi = —mP(z) and all the others vanish. Therefore, P(z) can be written as

Py=/m?P(z)—E, P, = QLPO(P(; —mP(2), ... (2.13)

In the following, we will consider the contour integral of P. By explicit computation, the

contour integral of P; is simplified as

~om [Pz), 10
]{Ple— 5 23 dz = 5 5m Pydz. (2.14)

Therefore, the operator O becomes in this case,

5_1_ 6 0 2
O=1 2am+0(€1)‘ (2.15)

We first note that at leading order in €, the curve P} = m*P(z) — E is the Seiberg-Witten
curve of the N' = 2*, SU(2) gauge theory [6] (see also [19]). Therefore, the A- and B-cycle
integrals lead to the gauge theory prepotential [41, 40, 42]. We then consider the periods of the
quantum corrected one form Pdz. For the first order calculation in €;, a powerful simplification
occurs because the first order term in O is merely the derivative with respect to the mass

parameter. Indeed, the actions of the operator O at the first order are simply the following
shift

. OF OF
G(E) = a(E>|mk—>mk—ke1mk*1/27 %(E) = %(E”mk%mk—kelmk*l/? (216)



Then, we solve the first equation for E: E = E(a;€e1) = E(a)|osa, mk—smb—keymi—1/2, Where
E(a) is the classical expression of the energy. By substituting this into the second equation
of (2.16), we obtain 2Z(a,e1) = Z2(a)|osa, mksmr—keymi—1/2 + O(€}). Therefore, at this order,
the deformed prepotential is simply given by F(a,e1) = F(a)|osa, mbosmi—ramr—1/2 + O(€l).

Actually, we can calculate the instanton part

o oomt  m*(96a* — 48a*m? + 5m?)
«Enst(a) = deq + 6446 q +
m?  m3(48a* — 36a*m?* + 5m?) , )
_ d2q—|— 1645 ¢+ ...l e+ 0(e), (2.17)

where ¢ = ¢*™. This agrees with the deformed prepotential which obtained from the Nekrasov
partition function of the N' = 2* theory with e; = 0 while keeping ¢; finite. This observation is
quite simple, but already non-trivial result.

The property stated before was that the energy can be expressed as the derivative of the
prepotential. The above argument also shows this at least at the first order in €, once we
verify the property at the classical level. For completeness let us check this. In order to get the
expression of E, we have to compute the A-cycle integral of the one form Fydz. As analyzed

in [42], it is convenient to introduce M = m?/a* and write 2mia = ¢, Podz as

w:ﬁ\/c‘f—%?(z), (2.18)

where & = E/4a®. By solving this, we obtain the series £ = Y_,_ &(q)M" where & = 1 and
the higher coefficients are functions only of the coupling q. We will give explicit expressions of

lower order &;(¢q) in appendix B. It follows from these that

m?  m2(4a® + m? m2(192a% 4+ 96m2a* — 48m*a? + 5mb
E:4(a2_ﬁ+ ( 2a? Jy 3240 )q2+”')(2'19)

This can be written as
E = 4qa% (F(a) —2m*Inn(r)) = 4qa“g—((;>, (2.20)
where 7(7) is Dedekind eta function. Note that the one-loop contribution does not appear since
this is g derivative. It deserves mentioning that the difference between F and 8‘91%] has already
observed in [2, 43, 40]. This is due to the difference @ = (Tr ¢?) + ... where @ corresponds here
to F, the variable in the curve, and (Tr ¢?) to the derivative of the prepotential.
Since we know that the action of @ on F(a) gives rise to F(&) as in (2.17), the corrected

energy is evaluated as
0 [~
B(a) = dg- (F(@) = 2(m? = mey) (7)) (2.21)

at the first order in ¢;.



SU(2) gauge theory with Ny =4

Then, let us consider a more complicated theory. The potential corresponding to the SU(2)

gauge theory with four flavors is

~ 2 ~
mi— 5  mo(lmo—e1) mi(my—e)  mo(mo—er1) +mi(my —e) +mi —mj

[ ) s ER 2 1)

(2.22)

We will also see the origin of this potential in section 3. It is easy to see the leading order

potential
L R P N e i (2.23)
2T e-p oo A1)
is almost the Seiberg-Witten curve [19] except for the Coulomb moduli term — (2(11—)'1(2(1 Also,
the higher order terms are V; = —1 ( o+ 8m1> Vo and V5 = 2. Similar to the above case,

lower order terms in P can be evaluated as

PO—\/VO— ((1_Q)E , Pl——l(iJri)Poer(%logPo),... (2.24)

2(z—=1)(z —q) omg  Omy

Note that Pydz is the same as the Seiberg-Witten one form [19, 44, 45]. Therefore, at the

classical level, the gauge theory prepotential can be obtained from its A- and B-cycle integrals.

The first order correction P is mass derivative of Fy. Therefore, the simplification similar
to the A" = 2* theory occurs. We can check that the deformed prepotential can be obtained
by the action of the operator O. For instance, the prepotential is computed from the Nekrasov

instanton partition function (see appendix A for a review)

Finst(a) = (a + (mo + m1 m% m(ZJ)a + (mg 5 — mg)(m% - m%)) q-+ O(q2>- (2.25)

2a?
By acting O, we obtain the first order ¢ deformation:

€1 2 ~ 9 2 2
~5 ((mo +m1)a® — memi + mgmy + mem;

— mgmy) (2.26)
which agrees with the deformed prepotential as in appendix A. We have verified this for lower
instanton expansion.

Let us here check that E(a) is given by the derivative of the deformed prepotential with
respect to the gauge coupling constant. For simplicity, let us consider the equal mass case where
mo = my = m and my = my = 0. (Actually, these parameters are the linear combinations of

the masses of four hypermultiplets and the equal mass case corresponds to the above choice
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(B.14).) At the classical level, we can compute the A-cycle integral of Pydz and obtain (see
appendix B) for a detailed calculation)

a* +2m?a® + m*  13a® + 36m2a® + 22m*a* — 12mba® + 5m® 5
2&2 q + 320,6 q + O(q )

(2.27)

E=d>—m?+

We can easily check that this is the derivative of the prepotential F(e; = 0) with respect to
In ¢ (with additional terms a® — m? whose origin will be found in subsection 3.1).

Then, we apply the operator O. As we have seen in the last paragraph, this action is, at
the first order in ¢, merely the shift of the mass parameter. Thus, at this order, it is easy to
obtain E(a) = aaf—r(f? —m?+me;. We expect that this relation is satisfied even at higher orders.
This relation will become important in the subsequent section.

In summary, we have seen that the deformed prepotential with finite €; is obtained from
the quantization of the Schrodinger system at the first order in ¢€; in several examples above.
We expect that this is still satisfied for higher order terms. The reason of this will be explained
in the subsequent section, by relating this problem to monodromy operation of the correlation

function with the degenerate field insertion in the Liouville theory.

3 Liouville Field Theory and Deformed Prepotential

So far, we have seen that the deformed prepotentials can be obtained from the quantum inte-
grable systems. In that, the choice of the potential was somewhat heuristic. In this section,
we will see that the form of the potential can be dictated from the degenerate field insertion
in the conformal block. After a brief review of the AGT relation, we consider the differential
equations which are satisfied by the conformal blocks (the correlation function in the case on a
torus) with one degenerate field in subsection 3.1. Irregular conformal blocks [21] which have
been identified with the Nekrasov partition functions of the asymptotically free SU(2) gauge
theories will be analyzed in subsection 3.2. Then, we relate the proposal in the previous section

to the monodromy condition on the degenerate field inserted conformal block in subsection 3.3.

3.1 Degenerate field and surface operator

A class of four-dimensional N/ = 2 superconformal gauge theory can be obtained from six-
dimensional (2,0) theory on a Riemann surface of genus g with n punctures [34, 19]. The AGT
relation [20] relates the Nekrasov instanton partition function of N = 2 superconformal SU(2)

gauge theory with the conformal block of the Liouville field theory on the Riemann surface:

Zinst(apymi;EDEQ) == B(a;ntaalvb) (31)
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where the primary fields with Liouville momenta «; are inserted at the points of the punctures.
We note that when discussing the conformal block, we have to specify the choice of pants
decomposition of the Riemann surface. This corresponds to the weak coupling description of
the gauge theory. Various possible pants decompositions are related by the mapping class group
of the Riemann surface which is interpreted as S-duality transformation in the gauge theory
point of view [19].

The instanton partition functions of the gauge theories analyzed in the previous section,
the SU(2) gauge theory with four flavors and the NV = 2* SU(2) gauge theory, are identified
with the conformal blocks on a sphere with four punctures and on a torus with one puncture.

More precise identification of the parameters in the relation (3.1) are as follows. The vacuum
expectation value of the vector multiplet scalar a is related with the primary field in intermediate
line by
@

4  h?’
where p=1,...,3¢—3+4+n and Q = b+ 1/b (b is the Liouville parameter). The number of the

Al = (3.2)

SU(2) gauge groups is equal to 3g —3+n. The mass parameter, roughly speaking, corresponds
to the field inserted at the puncture. Note however that this parameter is the one associated
with an SU(2) flavor symmetry as (B.14) and also some of m’s are shifted by /2 from the

gauge theory values [20], e.g., for the four point conformal block on a sphere,

Q* ma mo mo mi my Q mi
Ayy=———, An=—7Q——), Ap,=—(Q——), Ay, =— ——. (3.
a1 4 hQ ? a2 h (Q h )7 a3 h (Q FL )7 Q4 4 hQ (3 3)
The deformation parameters are related with the parameter of the Liouville theory b via
h
€1 = Z, €y = hb. (34)

Finally, the coupling constants defined at UV region ¢; = e*™™ of the SU(2)3973%" gauge groups
are identified with the complex structures of the Riemann surface.
We have to note the definition of the conformal block. The chiral half of the full Liouville

correlation function can be written as, e.g., for the four-point function,
(Ve (00) Vary (1) Vs (@) Vs (0)) = innt_AB_A4B(ainta i3 b), (3.5)

up to the DOZZ factors. As in (3.1), B was identified with the Nekrasov instanton partition
function and is expanded in ¢ as B =1+ O(q). However, in the rest of this subsection, we call
the left hand side of (3.5) as conformal block.

The prepotential of the gauge theory is obtained by taking the limit of the Nekrasov partition
function [11, 46]. Therefore, by making use of the AGT relation, it can be extracted from the
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conformal block: F = lim,, ., ,o(—€1€2)B. The deformed prepotential (2.1) can also be obtained,

via the AGT relation, as follows:

F(e1) = lim (—€169)B. (3.6)

ea—0

Also, as pointed out in [20], the “quantum” Seiberg-Witten curve is given by the insertion of

the energy-momentum tensor:

<T<Z) H?:l Vai<zi>>
(IToy Vau (=) (3.7)

L, /z""2. Indeed, this reduces in the limit € 5 — 0 to the Seiberg-Witten

z? = bo(2) =

where T'(z) = >

curve in [19]

ne”

2% = lim i@(z): SW(2). (3.8)

€1,2—0 €1€9

We consider an additional insertion of the degenerate field in the conformal block. We con-
centrate on the degenerate field @5, (or ®;5), which is the operator with Liouville momentum

—2 (or —):

U(ay, z) = <<1>2,1<z) I Vai(zi)> . (3.9)
i=1
Due to the null field condition (b*L_s+(L_1)*)®21(2) = 0, ¥ satisfies the second order differen-
tial equation [30]. In [25], ¥ was identified with the surface operator insertion in the Nekrasov
instanton partition function. Compared with the conformal block, ¥ depends on z.

Let us consider the limit where e — 0 while ¢; fixed. In this limit the dependence of z

would appear in the subleading term in e,:

U = exp (—L(}"(el) +eW(z;6) + (9(%))) , (3.10)

€1€2

where the first term is the deformed prepotential (3.6) with additional terms due to the differ-
ence similar to (3.5). By solving the differential equation as in section 2, it is possible to obtain
W(z; €1).

We can also consider the insertion of the degenerate field ®;,. However, this leads to the
similar equation with €; and e, exchanged. Therefore, we concentrate on @, ; insertion in what

follows. We will derive the differential equations in the following examples.
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Sphere with four punctures

To begin with, let us consider the conformal block on a sphere with four punctures. Before
considering the degenerate field insertion, we see that the insertion of the energy-momentum

tensor (3.7), for the four-point conformal block, gives rise to

4 Al . 9 4 4

$a(z) = Zl ((Z —FETi a@) 11 o (20) /(H Vay (21)). (3.11)

Since the four-point conformal block satisfies 0 = 377, A, <Hl ) Va(zz)> (a =—1,0,1), where
. N0 i, 0

A= ; 5o Ao = ;(zia Z: : 8% + 2A;%), (3.12)

we can rewrite z; derivative in (3.11) in terms of a derivative with respect to only one position,

say z3. Then, we choose the position of the puncture as z; = o0, 29 = 1, 23 = ¢ and z4, = 0.

After some algebra, we obtain ¢9(2) <Hl W Va, (2 > / <HZ L Va, (zi > with
A Ay A2
e L EEY:

_Z<Z_1;<Z_q) ((1 )al‘9 (z—q) ZA —Ay) ) (3.13)

This reproduces the Seiberg-Witten curve of the SU(2) gauge theory with four flavors in the
limit where € 5 — 0.

Then, we consider the insertion of the degenerate field ®54(2) in the conformal block:
U(z) = (Ps1(z) Hf‘zl Vai(2:)). To study the constraint equation which the null state condition
((L_1)* + B*L_5)®5; = 0 implies, we compute the action of these Virasoro operators on the

degenerate field. Let us introduce the action of the Virasoro operators as

T(w)d(z) =) WL,Z@(Z). (3.14)

neL
By differentiating the above OPE with respect to z, we obtain the OPE between descendant
field 0® and the energy-momentum tensor

T(w)dd(2) ﬁ@@) + %a@@ +

! 282@(2) e (3.15)

w —

The action of (L_1)? on the primary is thus given by the differential operation (L_1)*> ®(z) =
0?®(z). By combining this and the action of L_s, the null state condition leads to the following

differential equation

U(2). (3.16)

o 1 0
[ 6+Z<2_ZZ z— 2; 0%
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Since ¥ satisfies the similar relation to (3.12) (in this case the indices run from 1 to 4 and also

z), we obtain

- 1 0

0=|b7%02 — 2 AT 3.17

b e (@ D+ a) e .17

where ¢, is the same as (3.13) and A is the conformal dimension of the degenerate field:
A= _1_ 3
2 4

We translate the parameters to the gauge theory ones by using (3.2) — (3. 4) We then take

a limit where e — 0, where the conformal dimensions behave as A, h* = 11 m3 + O(es),

A, 1% = my(e; —mg) + O(ez) and so on. Thus, we obtain
l—q)  0F(a)

0=(—€0?+V ( 7O 3.18

( €1 + (Z 61) Z(Z-l)(Z—Q) alnq (Z>7 ( )

where V(z;€;) is the same one as (2.22) and ¥© = lim,, ,o ¥ /(] Va,(2:)). We have used the

asymptotics (3.10) and therefore a;rl(q) =a?—mi—m}+me + M , where the first four

terms come from —(A™ — Az — A,) because of the definition of the conformal block (3.5).
Note that in the case ¢; = 0, the second and the third terms in the right hand side of (3.18)
is ¢5W except that the Coulomb moduli is changed to 8f . Therefore, we have “derived” the
Schrodinger equatlon analyzed in the previous section. The wave-function and the degenerate
conformal block ¥ play the similar roles.

Note that while in the analysis in section 2, the energy was a priori unknown parameter, we
“know” its value here by using the AGT relation. This will be an important point in subsection
3.3.

We could extend this argument to a generic quiver gauge theory. The Schrodinger equation
obtained by inserting the degenerate field then involves one variable z. While a quiver gauge
theory corresponds to an integrable system with many canonical variables, it is expected that
the Hamiltonian of the Schrodinger equation is not for this many body system itself, but for
the wave-function associated with the Baker-Akhiezer function related with the system [47, 48].
This leads to the Schrodinger equation with single variable z.

It may be helpful to comment on the relation to the Hitchin system. In [49] it was shown that
the Hitchin system associated with a four-punctured sphere is the Gaudin model of SL(2)-type.
Let ®¢ be the representations of the generators of SL(2):

) )
o= 2 90—y L
TR A T

We introduce the Higgs field
PO o
o = o g0 ) (3.20)

13

d
+ 4,  ®F —tf§+2jiti. (3.19)



where

L e
o= (3.21)
i=1
Then the quantum spectral curve
det (P(z) —€d,) =0 (3.22)

implies the so-called Gaudin Hamiltonians H;:

0? Ji(ji + 1) H;
2 1\J1 i o
6322_Z<(2—zi)2+z—zi>_0 (3.23)

This equation resembles the differential equation (3.17). Let us give a rough sketch of the
connection between them. In the limit b — 0 the last term of (3.17) reduces to the accessory
parameter terms C;/(z — z;). Since in [50] the accessory parameters C; are identified with
the eigenvalues of the Gaudin Hamiltonians H; through the H -Liouville correspondence, the
Schrodinger system for SU(2) gauge theory with four flavors corresponds to the quantization

of the Hitchin system for the four-punctured sphere. See [31] for recent development.

Torus one-point function

The torus one-point conformal block was identified with the Nekrasov instanton partition
function of the ' = 2%, SU(2) gauge theory [20]: ZN72"(a,m;e1, e2) = B(a™, a;b), where

(Vo (O™ = [da® ... |¢A"™ 5 B[?. In order to obtain the differential equation, we consider

the full correlation function with one additional degenerate field insertion:
(®o,1(2)Var (0)) (3.24)

Note that we have shifted the momentum of the external field in (3.24) as o/ = o+ /2 due to
the degenerate field insertion.

Due to the null field condition, the correlation function (3.24) satisfies the following differ-
ential equation [51]:

(<7202 = + (C(2) = 2m2)0. — Aw(P(2) +2mm)) (@21(2)Var (0)) 2"

T

= (%% +mn — ! > <¢2,1(Z)Va’(0)>£un ’ (3'25)

2rlmT

where ((z) and 7, are defined in appendix B. We write the correlation function as [42]
(@2, (2)Var(0))7™ = (01 (a17)" % (7)) W el (3.26)

14



Here ¥ (z|7) is elliptic theta function. In terms of W, the differential equation gets simplified

as

1 b? R 1 \I/( | ) 21 0
2 4 2 2rlmT 7 T OT

<—b28f —(Ay —z——)P(z) —m(l+—) + =——U(z|7). (3.27)
By translating the parameters to the gauge theory ones, as in the case of a sphere with four
punctures, the above equation leads to

(€102 + m(m — e1)P(2) + O(e2)) ¥ (2|7) = %6162%\1’(2\7), (3.28)

where we have used that Ay h? = (m+5)(e. —m —5) = m(e; —m) + O(ez) and the fact that
all the terms in the left hand side in (3.27) except for A, term and the derivative term are of
order O(ey). Then, we consider the limit where e; — 0. Since W is the correlation function, the
chiral half of should behave as

1 .

exp {—; <a2 Ing+ Finst(€1) + (’)(62))1 : (3.29)

1€2
where the first term comes from ¢ =21 in the full correlation function. We claim that the
leading term ]:"inst(el) is the same as the one obtained by the same limit in the one-point

conformal block:

2m(e; —m) 1

B=(n(r)) <2 exp (—— (ﬁnst(el) + (9(62)>) . (3.30)

€1€2

2m(e1 —m)
Note that we have multiplied (n(7)) %2 in order to be consistent with (3.26), and therefore

Finst(€1)(= Finst(€1) —2(m?* —me;) Inn(7)) is different from the instanton prepotential of SU(2)
gauge theory. Note also that the first factor 19?2/ % in (3.26) is of order % which is irrelevant

in our analysis. Then, by ignoring e, terms, we obtain the following differential equation:

OF (e1)

(—ef&f +m(m — 61)77(2)) TO(z)7r) =4 g O (2)7), (3.31)
where we have defined ;if . = a? + %fi—irfj;, including the classical part. The left hand side is

the Hamiltonian of the elliptic Calogero-Moser system introduced in section 2. Note that the

elliptic Calogero-Moser system is also the Hitchin system for a torus with a puncture [6].

3.2 Insertion of degenerate field into irregular conformal blocks

The original AGT relation is the map between the Virasoro conformal blocks and the instanton

partition functions for the N/ = 2 superconformal SU(2) quiver gauge theories. It is to be

15



anticipated that we can formulate analogous relation for the SU(2) asymptotically free theories
[21]. We then have to define the “irregular” conformal blocks in the CFT side which correspond
to the “wild” singularities of the quadratic differentials 5"V (2) of these gauge theories. Coherent
states [21] which live in the Verma module, which are called the Gaiotto states, are the basic
building blocks of these irregular conformal blocks for SU(2) gauge theories with Ny =0, 1,2,3
flavors.

The Nekrasov instanton partition function for the SU(2) pure super Yang-Mills theory is

Zinst(a, A, €1, €3) ZA Zi(a; €, €2) Z(
k=0

where a = a/,/é1€5 and b = \/€s/€1 are dimensionless parameters. (For a moment we also use

A4k
) 7y, (b)), (3.32)

the dimensionless dynamical scale A — A,/é1€5.) See appendix A for details of the construction
of the partition function. Notice that the k-instanton factor Z; is a homogeneous function with
degree —4k. Gaiotto found out in [21] that the partition function is equal to a certain irregular

conformal block of the Virasoro algebra as follows
ZinSt(a7 A; b) = <A7A2|A7A2>7 (333)

where the conformal dimension is A(a) = Q?/4 — o®. Here the two Gaiotto states |A, A?) are
associated with the two wild singularities of the punctured sphere on which the conformal block

is defined. The Gaiotto state |A, A%?) =|A) + - - - satisfies the coherent state condition

Ao

2\ __
LU]A,A>_(A+28A

) IAA2), LA, A?) = A%|A, A, (3.34)

and L,|A, A?) = 0 for n > 2, where |A) is the highest weight state with conformal dimension

A.
In [22, 52] the explicit solution for the Gaiotto state |A, A?) is given in terms of the Shapo-

valov matrix Qa(Y;Y”). The Shapovalov matrix is the following Gram matrix:
QA(Y;Y,) = <A|LyL_Y/|A> (335)

Here Y = {Y}, Y5, --- } = [1™2™2...] is a Young diagram with |Y| =YY, = > jm; boxes,
and L_y denotes L_y,---L_y, - L_y,. In [22, 52] the authors proved that the following state

solves the constraint equations (3.34)

Ay = 57 QM) Y) Loy |A). (3.36)

[Y|=n

16



This result also means that the existence of the Gaiotto state has been proved. In this way, we

can rewrite the AGT relation for the pure SU(2) Yang-Mills into the following form

Zii (o, Ay ) = AT QN[ 1)), (3.37)
In order to rewrite the Nekrasov partitions for gauge theories with fundamental matters as

irregular conformal blocks, we introduce the coherent state |A, A, m) which satisfies
Li|A A, m) = —2mA|A A,m),  Lo|A, A,m) = —A2|A A, m), (3.38)

and L,|A, A,m) =0 for n > 3, where m corresponds the mass of a hypermultiplet in the gauge
theory side. By using this coherent state, we can recast the Nekrasov partition functions for

N; = 1,2 theories in the following irregular conformal blocks [21]

ZNy=1

inst (057 m, A7 b) = <A7A7m‘A7A2/2>7 (339)
ZNf:Q(au my, Ma, AJ b) = <A7A7 m2|A7A;m1>- (340)

inst

See [22] for the relation to the Shapovalov matrix elements. These non-conformal AGT relations

have been proved recently in [53], by using the Zamolodchikov recursion relation [54, 55, 56].
In the rest of this subsection, we study the differential equations which the null state con-

dition impose on the irregular conformal blocks, as in the previous subsection. We will follow

the discussion of [57] where the case of the pure super Yang-Mills theory was discussed.

SU(2) pure super Yang-Mills theory

We study the insertion of the degenerate field ®5; into the irregular conformal blocks. The
irregular conformal block for the pure super Yang-Mills theory in the presence of the degenerate

field is given by
U(z) = (A, A% D91(2)|A, A?). (3.41)

We set A" = A(a+b/4) and A = A(a — b/4) in accordance with the fusion rule. In order to
derive the differential equation for ¥, we consider the insertion of the energy momentum tensor

in the conformal block. Since the higher-order Virasoro generators annihilate the Gaiotto state
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L,>2|A, A?) = 0, we can rewrite it as follows:
<A/, A2| T(w)®271(2) |A, A2>

= Z 1 <A/aA2HLn> (13271(2)”A,A2>

— wn+2
1 1 1
(AN Ly B ()], A7) 4 o (A 2] By () Lol A, A2) o (A, A2 0, (2) |, A7)
z 0 AQ 1 A2 A2 1 2 2
= ——— 4+ — — 4+ — \\ — (A" A*| D LolA A 42
(w(z—w)@z+(w—z)2+<w +w3 (z)+w2< AT @21 (2) Lol AT, (342)

where we have used the coherent state condition (3.34). The following relation holds for the

last term of the above equation

1 I\ 8 (9
<A ,1& ’@271<2)L0’A,1X > = 5 (2 a + A + A A271 z Z) ‘IJ(Z) (343)

We can show this relation by using the commutation relation [Lg, ®21(2)] = (20, + Ag1)P21(2)
and (3.34):

A0
Ea—A\I/(Z> = <A/, A2|<L0 - A,) @271(2>|A, A2> + <A/, A2| (132’1(2)([/0 - A)|A, A2>

= —(A+ A)U(2) + (A, A%|[Lo, ©21(2)]]A, A?) + 2(A, A% 31 (2) Lo| A, A7)

= — (A + A — Ay — z%) W(2) + 2(A A% ®y 1 (2) Lo|A, A?). (3.44)

By substituting (3.43) into (3.42), we obtain the following expression

z 0 A21 <A2 A2)
+—2 4

w(z—w)dz  (w—2)? w T w

w w3
1 A O , 0
+2_U}2 <§a—A+A+A —Ag,l—za)]@(z). (3.45)

(N N2 T(w) Dy (2)|A, A2) = [

Let us study the constraint equation for ¥ following from the null state condition ((L_)*+
b>L_5)®5; = 0. As analyzed in subsection 3.1, the action of (L_;)? on the degenerate field is
simply (L,1)2<I>2’1 = (‘93(1)2,1. The action of L_5 can be evaluated by extracting the term with
the power w® from (3.45). The result is

/x2 n_[_10 (Ll 1
<A,A |L_2(I)271(Z)|A,A > = |: Z@Z +A > + 23
1 (AD , )
57 (58_A + A+ A=Ay, —Z&) }\I/(z) (3.46)



Now we are ready to complete the formulation of the Schrodinger equation. The null state

condition and (3.46) imply the following differential equation

59, T AoA 2

1 AD  A+A—A
) 320 (A0 AT 2L g2y =0,  (347)

[b—%zzai S ( +1

022 z
for the irregular conformal block in the presence of the degenerate field. We will interpret
this equation as the Schrodinger equation for the Nekrasov partition function in the presence
of the surface operator. As in subsection 3.1, we recover all {2-backgrounds €; o by scaling
the parameters as A — A/h, A — A/h?. Now we take the limit e, — 0, while keeping ¢;

finite. Then, this limit simplifies the differential equation for the normalized function ¥ (z) =
hrneg—)ﬂ \IJ(,Z) / Zinst

{e§z28—2 + A? (z + %)} PO () = [aQ _a + AoF(e) TO(2). (3.48)

022 4 4 0A

This takes the form of the Schrodinger equation for the sine-Gordon system
02 : :

(—e% 202 + 2A% cos 0) U(e) = EW(e®), (3.49)
where the 2-background plays the role of the Planck constant. Notice that the right hand side
a® + AOyF(e1)/4 is precisely the classical and the instanton part of u. This quantum Coulomb
moduli thus corresponds to the energy eigenvalue of the sine-Gordon system. It is known that
the sine-Gordon model is the 2-periodic Toda-chain system. Since a degeneration of the Hitchin
system on a torus with a marked point, which is the elliptic Calogero-Moser system, implies
the Toda-chain system [58, 59], the sine-Gordon system corresponds to the Hitchin system on
a sphere with two degenerate points. We expect that a quantum Hitchin system describes
the corresponding asymptotically free gauge theory as well as superconformal one. Then the
degeneration of the Hitchin system plays a key role [60].

As we explain in appendix C, the wave-function W takes the form of the expansion ), _, cp 20t
Let us consider the normalized wave-function

B(2) = = 00(2) = exp (—L (Fler) + eoW(er; 2) + - )) | (3.50)

€1€2

For this normalized correlation function, the differential equation take the form

9\’ G, 3
—2 e -2 o Il —2 - =
[b (zaz> b2 (26 1)zaz+(5<b (6—1) 2)
2, 1y 320 A9J  A+A Ay _
+A (z+Z> 5t 1ant 5 ]w(z)_o. (3.51)
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Notice that we can eliminate the constant term of this differential operator by using the following

identity

0 (5‘2(5 -1) - g) _ ot AQ_ Bzt (3.52)

Then, the normalized wave-function also satisfies the following simple equation

o\> ) 1\ Ad
—2(_ 9\ _ -1, 9 2 A O
[b (zaz) 2a b 282+A (z >+43A

where we use b2(25 — 1) = —2ab™! + 3/2. When the Q-background is recovered by rescaling,

¥(z) =0, (3.53)

we obtain the equation of the form

o\ 0 1 A O
2 I . i 2
[61 (Z@z) 2a€1282 +A (Z ) + 61624 OA

Note that this equation is not singular at €; 5 = 0. Then, we obtain the wave function in the

W(z) = 0. (3.54)

limit €5 — 0
TP L) IR

€2 (22)2—1—/\2 <z+1> P(z) = (Qaz + -
0z z 0z 4 OA

SU(2) gauge theory with one flavor

Let us next consider the SU(2) gauge theory with one fundamental flavor. Since the irregular
conformal block for the theory is given by the inner product of two different Gaiotto states, the

insertion of the degenerate field implies
U(z) = (A, A, m|Py(2)|A, A/2), (3.56)

where m corresponds to the mass of the flavor. We again consider the insertion of the energy-

momentum tensor

: — 0 2mA A2
(A, A, m|T(w) gy (2)|A, A2)2) = Zw n=2,m (28—+A21(n+1)) A% — ——t 5| )
1
+E<A/,A,m|<b271(z)Lo|A,A2/2>.
By using Lo|A, A,m) = (A 4+ Adp)|A, A, m), we find the following relation:
ov
Aa_A == —(A/ + QA)\I/ + <A/, A, m|[L0, (1)2’1(2)]|A, A2/2> + 3<A,, A, m|<1>271(z)L0|A, A2/2>
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Then, we obtain the relation
(A", A, m|T(w)®q1(2)|A, A?/2)

z 0 AQ 1 2 2mA A2 1 0 ’ 0
= — — — A° — A—+ A +2A — Ay —2— || U(2).
[w(w —2)0z i (w—2)? w * 2w3 - 3w? \\ OA e 217 %, (2)

The power expansion in w gives the action of the Virasoro generator L_o
<A,, A, m|L_2<I>271(z) |A, A2/2>

10 2mA A2 1 0 0
= |- —-A%— —+ — (A= + A"+ 2A = Agy — 2— | | ¥(2).
[ 2 0z z * 223 * 322 ( OA e > Z@z)} ()

Now we can derive the differential equation for the irregular conformal block. The null state

condition implies the constraint on ¥

2 2
(b2zza— - Z—122 + 22 (A— _2mh AQ) + ! (/\aiA + A"+ 2A — AZ,I)) U(z)=0.

223 z 3
(3.57)

Let us recover the € o by rescaling the parameters. We again obtain the Schrodinger system in

the limit e; — 0

[(—:fz28—2 + 2* <A2 _2mh A2>] TO () = [a2 _4 + éaﬂel)] TO(2). (3.58)

022 223 2 4 3 OA

It also takes the form of the Schrodinger equation where the potential is similar to ¢35 (2) in
the Seiberg-Witten curve. The energy eigenvalue is the quantum Coulomb moduli u(e;) again.
Let us derive another differential equation for the normalized wave function 1 (2) = 27°U(z).

We can simplify this differential equation by using the following identities

4 A +2A — A 4 1
5 (5—2(5 1) - 5) -2 ; 2 b2 1) - 5=k (359)

Then, we obtain the differential equation

L[ 9\ 1\ 8 A2 2mA 1.9
<b 2 <z£> — <2ab t— 6) 5 + 2 (@ - — —A2> - §A6_A> Y(z) =0. (3.60)

Taking the limit e — 0, we obtain the Schrédinger equation for the gauge theory with one

flavor
0\° A2 2mA OW (ex; AOF
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SU(2) gauge theory with two flavors

Let us move on to the SU(2) gauge theory with two flavors. The irregular conformal block

with a degenerate field is given by the inner product of the Gaiotto states |A, A, m) as
\I/(Z) = <A',A,m2|¢271(z)|A,A,m1). (362)
Again we insert the energy-momentum tensor into the conformal block

<A/, A, mo |T(w)<I>271(z)|A, A, m1>

zZ 0 AQJ B 2m2A _ 2m1A B A2

= | = 4T A2 — | v
w(w — z) 0z * (w— 2)? w w? w? (2)
1
+ E<A,,A7m2‘®2’1(Z)L0‘A,A,m1>. (363)
As we have studied in the cases of Ny = 1,2, we obtain
v
Ag—A = — (A" + A)U + (A", A, m|[Lo, Po1(2)]| A, A2/2) + 2(A", A, m| Py (2) Lol A, A?/2).

(3.64)

Combining these results, we can write down the expectation value (A’ A, ma|L_o®o1(2)|A, A, my).
We then find the differential equation associated with the null state condition:
82 3 (9 A2 27TL1A 2m2A 1 (9
b2 — a4+ = — — —A? —(A=—+A"+A-A U(z) =0.
< 92 270z T2 ( 24 23 Z T3 OA e 2 ()

In the limit e — 0, this equation reduces to the following Schrodinger equation
0? A2 2miA 2meA
(6%22— + 22 (—— L LmA Amed AQ)) TO(2)
z

z4 23 z
2
_(2_a AIF@)) o
= (a 1 + 5 A U (2). (3.65)

Again, the Schrodinger equation for the gauge theory with two flavors has the potential which

is similar to ¢35V (2). The energy eigenvalue is just the deformed Coulomb moduli u(e;). We
expect these characteristics are universal for asymptotically free N = 2 gauge theories.

The differential equation for the normalized partition function is also given by

L 9\ L0 A2 2miA 2moA A D

By taking the limit e — 0, we obtain another Schrodinger equation for the gauge theory with

Ny = 2 flavors

2
(10 (1) o (5 -2t 2mh )

_ (zaz% N %agxl)) b(). (3.67)
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3.3 Monodromy of ¥ and relation with quantum integrable system

As found in [25], the monodromies of the conformal block with the degenerate field insertion
along the A- and B-cycles correspond to the Wilson and t” Hooft loop operators on the surface
operator in the gauge theory. In [25, 26], these monodromies have been calculated in the

Liouville theory:

2mia;

Uy (a;,z+ A')=exp (:F
€1

) W (a:2),

U, (a5, 2+ B) =V, (a; F %2@»,, 2), (3.68)

where U(z + A(or B)) denotes the monodromy along the A(or B) cycle. The + sign in (3.68)
reflects the two-fold degeneracy of the solution to the quadratic differential equation obtained in
the previous subsections. Since W is expanded in €; as (3.10), the second equation is equivalent
to the condition

1 OF (61)

\Ij iy BJ =
+(a;, 2+ B) exp(:|i261 9,

+ (’)(62)) U, (a, 2). (3.69)

These indicate that the monodromies of ¥ around A and B cycles are, in the e — 0 limit, the
2mia; 1 9F(e1)

multiplications of the phase factors e” a1 and e’ 1 94

to the monodromies of W(z;¢€;) in (3.10)

, respectively. Therefore, these lead

. ' 1
Wy(z+ A er) = £2mia;, Wi(z+ Blie) = i_a}—(gl)'

> (3.70)

These are reminiscent of the proposal (2.5). We will see that these conditions are indeed
related with the analysis in section 2. Note that the relation between the loop operators in the
asymptotically free gauge theory and the irregular conformal block with the degenerate field
insertion analyzed in the previous subsection has not yet been found. However, it is natural
that the monodromy condition (3.68) holds even in the asymptotically free case.

As we have seen in subsections 3.1 and 3.2, the differential equation in the limit e — 0

becomes generally to
(=602 +V(z161)) ¥O(z) = g(2)u(e) WO (2), (3.71)

where ¢g(z) is a function of z whose choice depends on the choice of a particular gauge theory.
As observed in the above examples, the zero-th order part in €; of V(z; €;) is the Seiberg-Witten
curve modulo moduli dependent term. This V() is the same one which we have introduced
in section 2 as a potential. Furthermore, u(e;)(ox qafa—(qq)) in the right hand side corresponds to

the energy F in section 2.
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Now, recall that U can be written as (3.10). The differential equation is solved order by

order as in section 2
—2® 4+ a2’ + V(zie)) = g(2)ule). (3.72)

where we have defined as W = [“z(2/;€;)d2’. We expand z, V and u as

r = Z o, V= Z Vi, u= Z fuy,. (3.73)
k=0 k=0 k=0

At lower orders, we obtain

—5 + Vo= g(2)uo,
—2xox1 + o + Vi =g(2)uq,
—2wmy — 22 + 2 + Vo = g(2)ua, (3.74)
and so on. Note that compared with the situation in section 2, u(e;) has €;-dependence which

leads to the nonzero values in the right hand sides of higher order equations. Similar to (2.9),

z;, can be written as

1 1
zo=\/Vo = g(2)uo, w1 = 5—(25+ Vi —g(2)wm), @ =5—(z) — 2T+ Vs~ g(2)uy).
21’0 2%0
(3.75)

The ¢;-dependence of u(e;) has led to the last terms in x (K > 0). Note that there could be
the choice of sign of xy: g = 4+/Vy — gug. This would result in the two-fold degeneracy in
(3.68). Here we have chosen the plus sign for simplicity.

In order to relate this with the proposal in section 2, let us consider the contour integral of
xdz. We analyze these only in the lower orders in ¢;. The contour integral of the differential

x1dz becomes

x5+ Wi 0 . 0
%xldz = 021-0 1d2 + U1a_uo ZEQdZ = |:Ol + Ula—u(]:| j{xodz, (376)
where @1 is the same one defined in section 2. In the next order, the contour integral of zodz
becomes
A 0 u? 92 0
%‘thzz |i02 + ula—uoOl -+ éa—ug + UQa_’U,O:| %.’L’odz (377)

Since @; and O, are the same as the ones considered in section 2, the proposal in section 2
implies that

1 0

% AJZdZ:&(E = Uo) + (€1U1 + G%Ug + .. )8—%&(E = U[))
2,,2 2
€Tuy 0° .
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and similar equation for the B cycle integral. Therefore, we obtain

1 1 OF
—_— = a E = — — E = B
i P xdz = a( u(er)), 5 jixdz % ( u(er)), (3.79)

up to O(e}) terms. At this stage, recall that we have already known the form of u(e;), which
is the derivative of the deformed prepotential with respect to the gauge coupling constant In g.

Recall also that, in section 2, we have seen that the following relation holds
u(er;a) = E(a; €1)|a—a- (3.80)

where F is the energy obtained in section 2 by computing the A cycle integral, namely E(a)
in the step 4. It follows from this that the periods (3.79) are

1 - 1 . 8.7(61)
5 A:z:dz =aq, ééxdz = 0 (3.81)

where we have used F (€1)|a—a = F(€1). These are the expected monodromy conditions satisfied
by the conformal block with the degenerate field (3.70).

We have only considered the lower order correction in €; above. However, we expect that
this relation holds for higher orders. In summary, if we assume the proposal [15] in section 2
about the deformed prepotential, we recover the expected monodromies of the conformal block.
Conversely, the monodromy condition (3.70) leads to that the deformed prepotential is indeed
obtained by the method in section 2.

4 2d-4d Instantons and Surface Operators

In this section, we interpret conformal blocks with degenerate field insertion in the context of
the ramified instanton counting [25]. We will focus on the irregular conformal block associated

with the pure super Yang-Mills theory for simplicity.

4.1 Degenerate field insertion and 2d-4d instanton counting

As we have studied in the previous section, the following irregular conformal block would
capture the dynamics of the SU(2) super Yang-Mills theory with the surface operator via the
extended AGT conjecture:

T(2) = (A, A2 Dy (2)|A, A2). (4.1)

Here we take A’ = A(a+0b/4) and A = A(a—b/4) in accordance with the fusion rule. In order

to give an insight into the instanton counting in the presence of these extended operators, we
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will study the irregular conformal block as the Nekrasov partition function. As we learned from
the AGT relation for the pure Yang-Mills theory [22], the expression in terms of the Shapovalov
form is important for our purpose. Now let us expand the irregular conformal block by using
the formula (3.36)

ZAQ‘Y‘Q (1M 71) Qar (171 Y2) (A, Y2 | @4,1(2)[A, Y2). (4.2)

In this section, we derive the information of 2d- and 4d-instantons, or ramified instantons, from
this expression.
Since we have to expand the irregular conformal block not only in A but also in z to compare

with instanton expansion, let us expand ®91(2)|A,Y’) in the Verma module Va as

Dy,1(2)|A,Y) Z VI gY | A Y, (4.3)

where we define § = A’ — Ay; — A. See appendix C for details about this formula. Using this

expansion, we can rewrite ¥(z) as

W(z) = D0 AT BEQRN (1M 1) @[ ¥2) Qa1 )
Y.y’
— 9 Z ZAZ\YH-Zn n— |Y|5YQ ([1|Y|] ) (44)
n=0 Y
The point is that we can separate the contributions of 4d- and 2d-instantons as A2Y1+27 zn=¥V1 —
AT where A = A2z is the 2d-instanton factor. Then the 2d-instanton number is counted
by I = n — |Y|. This 2d-instanton number can be negative in the presence of the 4d-instanton
k = |Y| # 0, and this configuration represents a 2d-antiinstanton bounded to a 4d-instanton.

See [61] for related discussion.

4.2 Explicit computations

To study the instanton partition function for the surface operator, we compute the instanton
expansion of the normalized partition function 2~°W¥(z). Throughout this section, we use the

formulae for the coefficients § which are given in appendix C.

|Y|=n=0 : constant term

Let us start with the lowest term. In our normalization, this term is one as follows:
A Q' (e0) = 1. (4.5)

26



|Y|=0, n=1 : one 2d-instanton

Next we compute the term for Y = e and n = 1. By using the explicit form of 3} given in
appendix C, we find
_ A+ Ay — A b
A’21B1 Q%' (e50) = A : = A . (4.6)
24 2(a=(§+))

Since this term is proportional to A = A%z, it is purely one 2d-instanton effect.

|Y|=1, n=0: one 4d-instanton and one 2d-antiinstanton

The term for Y = [1] and n = 0 is given by
) b
A28 QRN 1) = —AT T — = AT :
24 2(a+ (5 + )

Since the instanton numbers are (k,[) = (1, —1), the term describes a bound state of a 2d-anti-

(4.7)

instanton and a 4d-instanton.

|Y|=1, n=1 : one 4d-instanton

The term for Y = [1] and n = 1 describes the purely 4d-instanton contribution:
(14+0)(A"+A; —A)\ 1
20/ 2A
P9
4la=(G+5) (a+ (G +3)

|Y|=2, n=0 : two 4d-instantons and two 2d-antiinstantons

M?ﬂ@;ﬂﬂyzﬁ(l—

(4.8)

Let us move on to a little more higher orders. The following two labels contribute to the

instanton for |Y| =2 and n = 0:

A2 |8 QRN(1% 1) + B2QEN(1%2)| = A2 [5(0 - 1) Q4! (151%) + (Ags — 8) Q31 (1%2)]

b2
= AS\7? : (4.9)
b, 1 b, 1
8(a+ (3 +)) (a+(F+3))
This term corresponds to the 4d-instanton number k£ = 2 and the 2d-instanton number [ = —2.

|Y|=0, n=2 : two 2d-instantons

Finally we compute the term for Y = e and n = 2. The coefficient 512 which is given in

appendix C gives the following instanton factor:

A'22B0 Q5 (o7 0) = N6 = X2 (4.10)



This is the purely two 2d-instanton effect [ = 2.
By combining these results, we come to the instanton expansion of the partition function

corresponding to pure SU(2) Yang-Mills theory in the presence of a surface operator:

] 1
SO () — 14\ AN
S Py P ey R Y PN )
2¢1 + € L
_ At LT + AN
45§52(a—(%+%))(a+(%+%)) 85%(a+(%+%))(a+(%+61))
e 1 b (4.11)

8et(a—($+3)) (a—(F+4a))
Here we recover €;o by rescaling the parameters. In this way we find that the degenerate
field inserted in the irregular conformal block describes the Nekrasov-like partition function
for ramified instantons. It supports our expectation that we can construct such instanton
partition functions by inserting the degenerate field into conformal block, without involving
mathematics for ramified instantons. Notice that the result of our approach agrees with the
ramified instanton counting [32]. In fact, the formula (4.11) is coincident with the partition
function (B.6) in Appendix.B of [32] through the redefinition a — a — €3/4 and the decoupling
limit of the adjoint hypermultiplet:

m— o0, m’r— A miy— AATL (4.12)

The agreement implies a direct relationship between these two different approaches. This is an

important area for further research.

4.3 Adding fundamental flavors

It is also straightforward to add matters to the previous results. For instance, the degener-
ate field inserted in the irregular conformal blocks for Ny = 1,2 flavors gives the following

expressions for the corresponding partition functions

\If(z)Nle = (A’,A,m]CIJQ,l(z)]A,AQQ)
_ 26 Z Z m"72p272q/\n+2q2"7qﬁgp.1n,gqle(1‘1’ Y). (4.13)

n,p,q Y
\I/(Z)Nfzg = <A/, A, m2\®2,1(2)|A, A, m1>
— Zé Z Z m?f1—2p1m;2—2p2Am+nz Zm_mﬂg’l’qnl—%z Q£1(2p2 . 1fng—2pg7 Y) (414)

ni2,pr,2 Y

It would be interesting to study the structure of these correlators and rewrite it as Nekrasov-like

partition functions.
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5 Conclusion and Discussion

In this paper, we have considered the relation between N = 2 supersymmetric gauge theories
and quantum integrable systems. We have seen that the deformed prepotential can be obtained
from the monodromies of the wave-function which is calculated from the Schrodinger equation
of the integrable system. We have then derived this equation from the conformal block with
the degenerate field insertion. By using the AGT relation, we have successfully related the
deformed prepotential emerging from the wave-function with monodromy operation of the
conformal block with the degenerate field. We have also studied the instanton counting of
the instanton partition function with the surface operator which corresponds to the irregular
conformal blocks with a degenerate field.

In this paper, we concentrated on the case with the SU(2) gauge group which corresponds to
the Liouville theory. It would be important to consider higher rank generalization. In [16, 17],
the proposal [15] in section 2 has been checked for the SU(N) pure super Yang-Mills theory
by analyzing the corresponding Baxter equation. It would be interesting to consider such the
differential equation in the point of view of the Toda field theory. The loop operators in the
Toda theory [62, 63] might be related with the analysis in [16].

The correspondence between the Hitchin systems and Nekrasov-Shatashvili’s integrable sys-
tems also merits intensive investigation. Our result suggests that Hitchin systems of degenerated
type are associated with asymptotically free gauge theories. It is therefore important to study
the degenerated Hitchin systems from the perspective of the AGT relation [64, 65, 66]. The
analysis of the Hitchin system from M-theory perspective [67] would be useful.

In section 4, we recast the degenerate irregular conformal block into the Nekrasov-like
partition function. The further study of these conformal blocks would give us a fresh insight
into the instanton counting in the presence of surface operators. For higher rank theories, this
formulation in terms of the Virasoro algebra should be extended for the W-algebra [23, 24, 68].

In [28], the matrix model description for surface operators was given for the case of €; +¢€5 =
0. It would be interesting to study the monodromic characteristic of the wave-function by using
the matrix models. The matrix model for higher rank theories [47, 69, 48] would help us to
study surface operators of SU(N) gauge theories.

Extended observables such as the Wilson loops are important to probe the phase structure
of gauge theories. The richness of phases of N' = 1 gauge theories is well-known [70], and
there are many phases which we cannot distinguish by the Wilson-"t Hooft operators. N = 1
analogues of surface operators would play an important role to classify these phases, and we

expect that it will work for the A/ = 1 version of Gaiotto quivers [71, 72].
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Appendix

A Nekrasov’s Instanton Partition Function

The Nekrasov partition function is a generating function of the Seiberg-Witten prepotential.
Formally, the partition function is defined by the regularized volume of the instanton moduli

space

Zinst A , €1, €2 Z q / dV01 a,€1,€29 (Al)

Mgk

where d Vol g, ., is an instanton measure factor with an equivariant torus action. We can obtain
the precise form of it by applying the equivariant localization method to the path integral over
the instanton moduli space. For instance the partition function for SU(N) supersymmetric
gauge theory with hypermultiplets takes the form [11, 73, 74]

g7 .
Zmatters<a, Y’ m,e€, 62)) (AQ)

Zinst<6a A7 €1, 62) - Z

= TNy nl 4@ 61 )

where Y = (Y3, -+, Yy,) is a vector consists of N, Young diagrams, and its norm |Y| is defined
by > |Y,|. Here @ and € 5 are the weights of the maximal torus action U(1)N~t x U(1) x
U(1), which is the Cartan of the isometry of the instanton moduli space SU(N,) x SU(2)?* ~
SU(N.) x SO(4);. The expansion factor ¢ is the dynamical scale A*Ne=Ns for gauge theory
with N; < 2N, flavors, but, on the other hand, it is the UV gauge coupling constant ¢ = ™"
for the superconformal theory Ny = 2N..

The partition function (A.2) consists of the contributions of the vector multiplet and the

hypermultiplets. The denominator [] ngﬁ comes of the vector multiplet integral. The precise
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form is given by the eigenvalues of the torus action on the tangent space of the moduli space

n};ﬁ(&’, €1,€2) = H (aa —ag —ly,(i,7)e1 + (ay,(4,7) + 1)es)

(4,7)€EYa
x ] (a0 = as+ (v, (i,5) + Der — ay, (i, j)ea). (A.3)
(i.9)€Yp
d= (ay, -, ay) is the eigenvalues of the adjoint scalar field. An arm length and leg length of

a Young diagram are defined by ay (i,j) =Y; — j and Iy (i,j) = Y, —

The contributions of matter fields come of the matter bundle over the instanton moduli
space, which is the bundle of the Dirac zero modes in the representation of the matter field
we are interested in. Since these zero modes are fermionic, this contribution appears, when we
apply the localization method to the path integral, in the numerator of the instanton measure.

For (anti)fundamental hypermultiplet, the instanton measure factor is

N¢

qund.(&»a}_}am;elaGQ) - H H (aa+€1(i_1)+62(j_1) _m+€)’ (A4)
a:l (ivj)EYDt

Zantifund.(c_ia ?7 m;eq, 62) = qund.((_i> }77 €—Mm;€, 62)' (A5)

The adjoint matter bundle is the tangent bundle of the instanton moduli space. It contributes

to the instanton measure as

zaa (@Y mier ) = [[ ] (aa—as—Iv,(i, 4)er + (ay, (i, 5) + L)ex — m)
a,B=1 (i,7)€Ya

X H —ag + (ly,(i,7) + 1)er — ay,(i,j)ea —m).  (A.6)
(4.5)€Yp
Notice that zvec,(}?)_1 =11 ng 5= zadj,(?, m = 0) since the vector multiplet also transforms in
the adjoint representation and this multiplet gives a bosonic contribution.

Let Z; be the k-instanton part of the partition function:

o0

Zinst(c_i7A; 61762) - qu Zk’(c_ia 61762)' (A7)

k=0

We compute 1 and 2-instanton partition functions theories in what follows.

1-instanton

Terms with |Y'| = 1 contribute to 1-instanton part of the Nekrasov partition function (A.2).
Such Young diagrams take the form of Y = (0,e,0,---), (e,0,0,---) ---. For adjoint hyper-

multiplets, the contribution of the fixed point Y = (O,e,e, ---) to the instanton measure is
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given by

Zadj.(a:> (D> o, 0, - )7 m;ey, EQ)
Nc
= (e —m)(e2 —m) [[(a1 — ag + € = m)(—a1 + ag — m). (A.8)
BA41
The vector multiplet factor is zvec.(?) =1/ zadj,(?, m = 0). For fundamental hypermultiplets,

their contribution is

qund.(aa (Da 0, .- )7 m;ey, 62) - (al —m+ 6)7 (Ag)
Zantifund.(aa (Da o0, - )7 m;e€y, 62) = qund.(aa (Da e, 0, - )7 €—m,e€, 62)
= (ay +m). (A.10)

Thus 1-instanton Nekrasov partition functions for SU(N,) gauge theory with N, fundamentals

or an adjoint:

N N
[I;2i(aa —m; +¢)

Z Ny k=1(a, m, €1, €2) = N ; (A.11)
a=1 €1€2 HB(C;E&) a@a(aa,ﬁ + E)
N, N,
. S (e —m)(e2—m) 1 (daps+€—m)(aas+m)
ZN—or pe1(d,m, €1, €9) = ’ 7 ) A.12
N=2*k 1( 1 2) ; €16 ﬁg) aaﬂ(aa,ﬁ + E) ( )

For SU(2) gauge theory with an adjoint, the 1-instanton partition function take the form:

(—e1+m) (2 —m) (4a® — 12 — 2¢€169 + ey — €22 + €am — m?)
€1€9 (2@"‘61 +€2) (261—61 —62)

ZNZ?*,k:l(aa m, €y, 62) = -2

(A.13)

2-instanton

Let us consider N, = 2 gauge theories for simplicity. The Young diagrams which contribute to
the 2-instanton partition function must satisfy [Y| = 2. There are three types of such Young
diagrams: Y = (0,0), (H,e), (co,e)---. Let us compute the contribution of ¥ = (o0,0).

The adjoint factor becomes

2aai. (@, (O, 0),m; €1, 62) = (€1 — m)*(eg — m)?
X (a12 + €1 — m)(a12 — €1 +m)(as + €a — m)(aja — €3 +m). (A.14)
The contribution of the fixed point ¥ = (H,e) is also given by the following polynomial:
Zadi. (G, (H,®),m; €1, €2) = (61 = m)(e2 — m) (€1 — €2 — m)(2e2 — m)

X (@12 + m)(ara + €1 + e — m) (a1 + €2 + m) (a2 + €1 + 2e5 — m). (A.15)
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Finally, the Young diagram Y = (o, e) gives

Zadi. (@, (CO, @), m; €1, €2) = (€1 —m) (€2 —m)(—€1 + €a —m)(2¢; —m)

X (@13 + m)(ara + €1 + e —m) (a2 + €1 + m) (a2 + 2¢; + e —m).  (A.16)

Notice that z.q;.(a1,az, (Y1,Y2)) = zaq;. (a2, a1, (Y2,Y7)). For instance, the 2-instanton parti-

tion function for SU(2) gauge theory with an adjoint is

Zadj.(ay (0,0),m;er,€2) I Zadj.(c_[: (H,0),m;er,e)
2adj. (@, (O, O), 0; €1, €2) Zadj (A, (H,),0; €1, €)

ZN:Q*,k:Q(C_i, 61762) =

([D).)7m; €1a€2)

Zadj.(_c_ia ( B,'),m; 61,62) X Zadj.(ay (ED7°)7m; 61762) X Zadj.(—
7([D7.)70;61762>

+ —
Zadj~(_67( 57.)70;61762> Zadj~(a7<m7.)70;61762> Zadj.(_

o
9
.
a

_ (8mOe? +8mber? —128am® —8mPa® 4 - +20 €7 €3 + 20 €1657)
€1262(2a— €1 —2€6) (2a+ €1+ 2€)(2a—€e3 —2€1) (2a+ €2+ 2€)

(61 —m) (63 —m)
- (2a—€ —€)(2a+e +6) (A.17)

We can compute the deformed prepotential by using the above results as

1
——Finst = 10g (14 qZk=1 + ¢* L + -+ -)
€1€2
1
= qZp=1 + ¢* <Zk—2 ~5 ;3:1) + e (A.18)

classical and perturbative part

The classical part of the partition function is given by

o
Zelass = €XP <—ﬂ7'a2> ) (A.19)

€1€2

This part corresponds to the gauge coupling term of the action 02 Fjaes X 7.

The perturbative parts are given by Barne’s double-Gamma function

d 1 o0 tsle t dt
La(elen, &) =expraalt - = = |5 | G rang e
0 s=0

= 1
~ H : (A.20)
T 4+ mey 4+ nesg

m,n=0
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See [46] for details of the function. The perturbative instanton measures are then given by

2heer = [ I Talas; + erler, e2) ™' Taay; + ealer, e2) ™, (A.21)
1<J

Zhmd = H Ty(a; + € —mler, e2), (A.22)

g = H D(ai; + € —mler, e2), (A.23)
i,j

where we follows the convention of [20].

B Calculation of F

In this appendix, we calculate the energy at zero-th order in ¢; which was used in the analysis in
section 2. In the gauge theory point of view, this corresponds to the evaluation of the Coulomb
moduli u. We consider the models corresponding to the N' = 2* gauge theory and the SU(2)

gauge theory with four flavors in turn.

N =2* SU(2) gauge theory

First of all, we fix our notation. The Weierstrass elliptic function P is double periodic with

periods m and 77 and is expressed as

Vi (z[7)
P(2)==C(2), ((2) = 5 +2m,
1 (z[7)
21 =01 (2|7) ] = 197 (z]7)].=
2 ARG 1G] B
3 (270 6 97 (2[7)]:=0
where ¥, (z|7) is elliptic theta function. The Weierstrass function satisfies
P(2) = 4P(2)* = g2P(2) — g3, (B.2)
where
4 =\ n3g"
=—(1+240
. 3< + ;1_@)7
8 = nl¢"
— | 1 —-504 B
9 27( 50 ;1_qn>, (B.3)
We also define gy = —2n; whose expansion is
1 = ng"
=—|(1—-24 . B.4
n=g (1o ) (3.1



We consider A cycle integral of Py (2.18)

w_fMS——P (B.5)

where € are expanded as € = 1+ ME&;(q) + M?E(q .. (The coefficients Fy(q) are functions
only of ¢q.) These coefficients can be written in terms of fn defined by
1
:—fp@w@ (B.6)
T Ja
as
o Ji - 81((1)2 &) f1 f2
& &fi &  3&hH  3&f | fs
_ _ _ o — , B.
BU=" "% "3 "3 "1 T (B.7)

Since f, are written in terms of g; as

92 93 39192
fa=

_ B.8
fi=g1, fa= 12 20 (B.8)
the coefficients are expressed as
g1 1
= — = —— 2
&1(q) 1 12+ q+6q¢*+8¢° +.
92 gi 1 2 3
=== —-—===q¢+3 6 .
93 — 9192 g 3 2 3
=" 4 — = ——q" — 12 - B.
Therefore, the energy F(a) = 4a*£ can be written as
m?  m?*(4a® +m?)  m?(192a° + 96m3a* — 48m*a® + 5mS)
E(a)=4(a* - — 4.
(@) (“ 2T 2 47 3245 T )
(B.10)
SU(2) gauge theory with four flavors
The zero-th order one-form Pydz (2.24) can be written as
P,
Py = az) (B.11)
2(z=1)(z—q)
where Py is the following polynomial of degree 4:
Py=mjz* + (= (1 + 2¢)mg — mi +m§ + (2¢ — )mi + (¢ — 1)E) 2°
+ (q(g + 2)mmg + (14 29)m; — 2gmg — (¢* + 2 — 1)mi + (1 — ¢*)E) 2*
+ (=¢*mg — q(q + 2)mT + ¢*(m§ +m7) + q(¢ — 1)E) 2 + miq*. (B.12)
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Also, the derivative with respect to E defines the holomorphic one-form:

_ 0(Pdz)  (q—1)dz
0B /Ry

(B.13)

For simplicity, we consider the equal hypermultiplet mass case. This implies that my =
my; = 0 and my = m; = m. Note that these parameters are related with the hypermultiplets

masses (; as

1 1
mo==(u1 + p2), m1 = —(us+ pa),

2 2
N 1 . 1
mo = 5(#1 — f2), M= 5(,“3 — fia). (B.14)
In this choice of the masses, by redefining £ = F — (2(1‘1_—7”12), the polynomial reduces to the degree
3 polynomial:
Py(2) = (¢ = 1)B2(z — 2)(z — 2-), (B.15)
with
1 m? 2(1+q)m>  m*
2t 2(+q+( )= *( q)\/+1_qE+E2 (B.16)
In this case, the holomorphic one-form becomes
(g—1dz 1 [g—1 dz

wo = (B.17)

VP 2\ 2 E 20— 20— k22)

where in the last equality we have rescaled z as z — zz_ and k* = z_ /2.
In order to obtain the expression for the energy in terms of a, we take a derivative of
= 27rz fA P,ydz with respect to E

Ou _ | ,1, k2), (B.18)
oF 27rz z+E

where F(a, b, c; k:2 ) is the hypergeometric function. We expand the right hand side in the large
E region as 1/ F (5,5 L1k = (BE)"Y2(ho(q) + hl(q)f + hg((])ﬁ + ...) where h;(q) are
functions of only q. After integrating by E , we obtain

a=VE (ho(q) - hl(q)%2 - h23<q”g—j v ) . (B.19)

We then solve this in terms of E:

_ 2 2 h22hh o h2 4
B = (14 2hohi = + olZhohy = 3h)m”
hg 3 at

(B.20)
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2qm?

Finally, by returning to the original F = E — G- We obtain
a* +2m?a® + m*  13a® + 36m2a® + 22m*a* — 12m%a? + 5m®
E=a*>—m?*+ 57 q+ 3940 7 +0(¢%).
(B.21)

C Action of Degenerate Field on Verma Module

In this appendix, we provide the quantities we use in section 4 to compute the instanton

partition function via the AGT relation.

C.1 Kac determinant

In section 4, we report the instanton partition function in the presence of a surface operator.
The computation for the first few terms employs the Kac determinant at some lower levels. We
provide here the level-2 Kac determinant for reference.

The level-2 Kac determinant is the determinant of the following Shapovalov matrix of level-

(a4 6A
QA"Y'_2_< 6A 4A<2A+1)>' (G1)

Let us substitute the AGT parametrization A(a) = (b+1/b)?/4—a? and ¢ = 1+6(b+1/b)? into

the Shapovalov matrix. We then find that the Kac determinant can be factorized as follows:

Ky(A(a)) = det Qa |jy|=2

S (w4 (1)) (- (o a) ) (- () e

where the factors are related to the 2-instanton Nekrasov partition function through the AGT
relation. The determinant for A’ = A (a + b/4) takes the following form

Ky (A(a+0b/4)) = —%8 (Ada+3b+2b7") (da—b—2b7") (da—b—4b7")
X (da—3b—2b"") (4a+5b+2b"") (4a+3b+4b7"). (C.3)

We need this factorized form in order to obtain the Nekrasov-like expression for the irregular

conformal block with the degenerate field. The following formulae also play an important role
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in section 4.
b b 1 3b 1
A(&+Z>__(Q_Z_2_b><a+z+2_b)’ (€4)
b 3b 1 b 1
A(“_Z>“(“‘4 - b) (‘”1*%)’ €

2
b b 3b 1
5:A(a+1>—AQ,l—A( —Z):—b a—z—ﬁ). (C.6)

C.2 Expansion coefficients

The degenerate field on the descendant state has the following form of the expansion in the

Verma module

Op1(2)]A,Y) = ZMIEORY A YY), (C.7)

Y/

It is easy to check this z-dependence of the expansion as follows: let us expand ®5;(2)|A,Y)

in accordance with the level decomposition

021(2)|AY) =Y |A Y n;2). (C.8)

The commutation relation between a primary field and a Virasoro operator then implies

Lo®21(2)|AY) =Y (A +n)|A n; 2)

n

0
= (Za + AQ,l) Qo1 (2)|AY) + Doy (2)(A+|Y])AY). (C.9)
This means that the z-dependence of the state is
z§|A',Y7n; 2y = (6 —|Y|+n)|A, Y, n; 2) o 227V, (C.10)
z

where 6 = A" — Ay; — A

Take Y = e for example. Then the expansion (C.7) becomes

Op1(2)]A) =D 2By AL YY), (C.11)

Yl

Here [y denotes the coefficient for the empty Young diagram gy = [y. These expansion

coefficients are determined by using the identity

an)gjl(Z)‘A> =2z" <Z% + A271(n + 1)) (1)2’1<Z)|A>, (012)
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where n > 0. For n = 1 this equation gives

Ny =64 20y, (C.13)
(4A"+2)B12 + 382 = (6 + 1+ 2A41) 51, (C.14)

The equation for n = 2 implies

6A/Br2 + (4N + ¢/2)Bs = 6 + 3As1, (C.15)

Thus, we get the first few coefficient for the degenerate field on the primary state |A)

g AR, A
1 — QA, )

8, B A" +2A5; — A
o _ C.17
(m) Q livi=2 <(A/+A2J_A)(1+A’+Az,1—ﬁ>> o

Here QA is the Shapovalov matrix of level-2. By using the relation, we obtain the following

(C.16)

simple result which we use in section 4:

1
B2 = . (C.18)
802 (a—b—g) (a—5—3)
The factors in the denominator relate to the instanton measure via the AGT relation.
For the first descendant state Y = [1], the expansion (C.7) is
o1 (2)|A, [1]) = D BTN A YY), (C.19)
Y/

By using the commutation relation and (C.11), we have
@21 (2)|A, [1) = Loy (2°]A) + 2781 A [1]) + )
— (627 HAY + (14 0)2°B1 |A 1)) + (2+6)2" B2 A [12]) + -+ )
=2 TS|AY 4+ 2°(1 = (1+0)B1) |A, [1])
+ 2081 — (2+6)B12) | A [17]) — 202+ 8) B2 | A 2]) + -+ . (C.20)

In this way we can determine the expansion coefficients recursively:

Bl = -6, (C.21)
Bi=1-(1+0)p, (C.22)
Biz =61~ (2+0)B1e, (C.23)
Bi=—(249)pBs. (C.24)
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There are two Young diagrams with two boxes. We study the diagram Y = [1?] first. The
expansion is
0o (2)|A[17]) = Y IR A YY), (C.25)
Y/
By using the commutation relation and (C.19), we obtain the following expansion in the Verma

module

Do 1(2)|A, [17]) = Da1(z) - Loy |A[1])
=Ly (=27 |AY + 251 — (1+6)81) |A 1)+ )

~ T (S| (1 (1 8)8) A (1) + )
= 27 H5(—1 4+ 0) |A) — 27| A U] 4 (C.26)

Hence the expansion coefficients are given by

BE=05(6-1), (C.27)
PE— (C.28)
BL =1-201+46)81 + (2+0)B2, (C.29)
B3 = (1+06)(2+0)Ba. (C.30)
We compute the expansion for Y = [2] next:
By (2)|A, [20) = Y 2L A YY), (C.31)
=

By using the commutation relation and (C.11) again, we have

D01 (2)[A, [2]) = Lo (2°|A) + 2108, [A 1)) +---)
— 272 (z% - A2,1> (z‘S |AY + 21108, |A[1]) + - - )
= 2°|A[2]) + 208, A 2 1)) + -

=2 ((6 = Dg)2 A + (140 — Agy) 208y A 1)) + - ) .

(C.32)
The expansion coefficients are given by
Be =001 -4, (C.33)
BT =—B1(1 46— Ayy), (C.34)
Bl =—PB12(2+6 — Agy), (C.35)
B3 =1-0202+0—Asy). (C.36)
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In section 4, we use these formulae for §’s to rewrite the irregular conformal block as the

ramified instanton partition function.
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