FILTERED MODULES CORRESPONDING TO
POTENTIALLY SEMI-STABLE REPRESENTATIONS

NAOKI IMAI

ABSTRACT. We classify the filtered modules with coefficients corresponding to
two-dimensional potentially semi-stable p-adic representations of the absolute
Galois groups of p-adic fields under the assumptions that p is odd and the
coefficients are large enough.

INTRODUCTION

Let p be an odd prime number, and let K be a p-adic field. The absolute
Galois group of K is denoted by Gg. By the fundamental theorem of Colmez
and Fontaine [CF], there exists a correspondence between potentially semi-stable
p-adic representations and admissible filtered (¢, N)-modules with Galois action.
The aim of this paper is the classification of the admissible filtered (¢, N)-modules
with Galois action corresponding to two-dimensional potentially semi-stable p-adic
representations of G i with coefficients in a p-adic field F.

If K = Q, and E = Q,, the classification is given in [FM, Appendix A] under the
assumption that p > 5. If K = Q,, and E is general, these filtered (¢, N)-modules
are studied in [BM] and [Sav], and the classification is given by Ghate and Mézard
in [GM] under the assumptions that p is odd and E is large enough. In this paper,
we generalize the results of [GM] to the case where K is a general p-adic field.

In the case where K is a general p-adic field, filtrations are determined by many
weights and many elements of P! (E). In fact we need [K : Q,] elemens of P!(E) to
parametrize two-dimensional potentially semi-stable p-adic representations. These
elements of P*(E) play a role similar to Fontaine-Mazur’s £-invariants.

After writing of this paper, the author has known that there is preceding research
[Do] on this subject by Dousmanis. The author does not claim priority, but there
are some differences. In [Do], a classification is given by Frobenius action, and in
this paper, we give a classification by Galois action. Let F' be a finite extension
of K. A potentially semi-stable representation p is said to be F-semi-stable, if
the restriction of p to the absolute Galois group of F' is semi-stable. In [Do], a
classification of F-semi-stable representations is given for a general finite Galois
extension F' of K. In this paper, we give a class of finite Galois extensions of K
such that any potentially semi-stable representation is F-semi-stable for a field F’
in this class, and give a classification of F-semi-stable representations and a more
explicit description of Galois action of Gal(F/K) for F in this class, assuming
p # 2. This difference is conspicuous in the supercuspidal case. Let Fy be the
maximal unramified extension of Q,, contained in F. In [Do, 5.3], it is proved that
Gal(F/K)-action on a filtered (¢.N)-(Fy ®q, E)-module comes from a Gal(F'/K)-
action on the two-dimensional FE-vector space in the supercuspidal case. In this
paper, we study the Gal(F/K)-action explicitly by using a structure of Gal(F/K),
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of coure, assumeing F' is in some class. Then, in this paper, we first fix a large
enough coefficient field, and do not extend it in the classification.

This paper is clearly influenced by the paper [GM], and we owe a lot of arguments
to [GM]. We mention it here, and do not repeat it each times in the sequel.

Acknowledgment. The author is supported by the Research Fellowships of the
Japan Society for the Promotion of Science for Young Scientists. He would like to
thank Gerasimos Dousmanis for permitting this paper. He is grateful to a referee
for a careful reading of this paper and suggestions for improvements.

Notation. Throughout this paper, we use the following notation. Let p be an odd
prime number, and C,, be the p-adic completion of the algebraic closure of Q. Let
K be a p-adic field. We consider K as a subfield of C,. The residue field of K is
denoted by k, whose cardinality is q. Let Ky be the maximal unramified extension
of Q, contained in K. For any p-adic field L, the absolute Galois group of L is
denoted by G, the inertia subgroup of G is denoted by I, the Weil group of
L is denoted by Wy, the ring of integers of L is denoted by O and the unique
maximal ideal of Oy, is denoted by pr. For a Galois extension L of K, the inertia
subgroup of Gal(L/K) is denoted by I(L/K). Let v, be the valuations of p-adic
fields normalized by v,(p) = 1.

1. FILTERED (¢, N)-MODULES

Let E be a p-adic field. We consider a two-dimensional p-adic representation V
of Gk over E, which is denoted by p : Gx — GL(V). As in [Fon], we can construct
Ky-algebra By with a Frobenius endomorphism, a monodromy operator and Galois
action. Further, we can define a decreasing filtration on K ®g, Bs;. Let F be a
finite Galois extension of K, and Fj be the maximal unramified extension of Q,
contained in F. Then we have Bsct;F = Fy. The p-adic representation p is called
F-semi-stable if and only if the dimension of Dy, (V) = (By ®q, V)" over Fy is
equal to the dimension of V' over Q,. If p is F-semi-stable for some finite Galois
extension F' of K, we say that p is potentially semi-stable representation.

Potentially semi-stable representations are Hodge-Tate. To fix a convention, we
recall the definition of the Hodge-Tate weights. For i € Z, we put

Digp (V) = (C,(i) @g, V).

Here and in the following, (¢) means 7 times twists by the p-adic cyclotomic character
of Gg. Then there is a Gg-equivariant isomorphism

P Co(—i) ®x Digr(V) = Cp @g, V

=
of (C, ®q, £)-modules. The Hodge-Tate weights of the representation V' are the
integers i such that D5.(V) # 0, with multiplicities dimg (D% (V).

Next, we recall the definition of the filtered (¢, N, Gal(F/K), E)-modules. A
filtered (¢, N, Gal(F/K), E)-module is a finite free (Fy ®g, E)-module D endowed
with

e the Frobenius endomorphism: an Fjy-semi-linear, E-linear, bijective map
¢:D— D,

e the monodromy operator: an (Fy ®q, E)-linear, nilpotent endomorphism
N : D — D that satisfies N¢ = poN,
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e the Galois action: an Fp-semi-linear, E-linear action of Gal(F/K) that
commutes with the action of ¢ and N,

e the filtration: a decreasing filtration (Fil’ Dg);ez of (F ®q, E)-submodules
of Dp = F ®p, D that are stable under the action of Gal(F'/K') and satisfy

Fil'! Dp = Dp for i < 0 and Fil' Dp = 0 for i > 0.

Let D be a filtered (qﬁ, N, Gal(F/K),E)—module. Then, by forgetting the E-
module structure, D is also a filtered (q§, N, Gal(F/K),(@p)—module. We put d =
dimg, D. Then /\;l,U D is a filtered (¢, N, Gal(F/K),Q,)-module of dimension 1
over Fy. We put

d

tu(D) = max{i € Z | Fil'(F ®p, /\FOD) 0}, tn(D) = v,(N)

where \ is an element of F* that satisfies ¢(x) = Az for a non-zero element = of
/\Cl[l;0 D. We say that D is admissible if it satisfies the following two conditions:
e For any Fy-submodule D’ of D that is stable by ¢ and N, we have ty(D’) <
tn(D’), where D% C Dp is equipped with the induced filtration.
By [BM, Proposition 3.1.1.5], we may replace the above second condition by the
following condition:
e For any (Fy ®q, E)-submodule D" of D that is stable by ¢ and N, we have
ty(D") < tx(D’), where D}, C D is equipped with the induced filtration.
Let ko be a non-negative integer. By the results of [CF], there is an equivalence
of categories between the category of two-dimensional F-semi-stable representa-
tions of Gx over E with Hodge-Tate weights in {0,...,ko} and the category of
admissible filtered (¢, N, Gal(F/K), E)-modules of rank 2 over Fyy ®g, E such that
Fil™(Dy) = Dy and Fil'(Dp) = 0. This equivalence of categories is given by
the functor Dg;  defined above. The aim of this paper is the classification of the
objects of later categories under the assumption that E is large enough.

2. PRELIMINARIES

Let p : Gk — GL(V) be a two-dimensional potentially-semi-stable represen-
tation over E. We assume that p is F-semi-stable, and put D = Dg p(V). We
recall the definition of Weil-Deligne representation associated to p. Now we have
Wk /Wp = Gal(F/K). Let mg be the degree of the field extension Ky over Q,.
We define an Fy-linear action of g € Wx on D by (¢ mod Wg) o =09 where
the image of g in Gal(k/k) is the a(g)-th power of the g-th power Frobenius map.

We assume that Fy C E. According to an isomorphism

Fy®q, E = H E;a®bw— oi(a)b,
oi:Fo—FE
we have a decomposition
D= H D;.
oi:Fo—FE
Here and in the sequel, o; is an embedding determined by the (—4)-th power of the

p-th power Frobenius map for 1 < ¢ < [Fy : Qp]. Then D;, with an induced action
of Wi and an induced monodromy operator, defines a Weil-Deligne representation.
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The isomorphism class of this Weil-Deligne representation is independent of choice
of F and o; (cf. [BM, Lemme 2.2.1.2]), and is, by definition, the Weil-Deligne
representation WD(p) attached to p.

We note that, in the above decomposition of D, the Frobenius endomorphism
¢ induce E-linear isomorphism ¢ : D; = D,,;. Naturally, we consider a suffix i
modulo [Fp : Q,], and we often use such conventions in the sequel.

A Galois type 7 of degree 2 is an equivalence class of representations 7 : I —
GL3(Q,) with open kernel that extend to representations of Wx. We say that
an two-dimensional potentially semi-stable representation p has Galois type 7 if
WD(p)|r, =~ 7. The potentially semi-stable representation p is F-semi-stable if
and only if 7|7, is trivial.

For a group G, an element g € GG, a normal subgroup H of G and a character

x:H— @;, we define a character y9 : H — @: by x9(h) = x(ghg™?!) for h € H.

Lemma 2.1. Let 7 be a Galois type of degree 2. Then T has one of the following
forms:

(1) 7~ X1l D X2|15, where x1, X2 are characters of Wi finite on Ik,

(2) 7~ Ind%;(x)hK = X|rx @ X|1x, where K' is the unramified quadratic
extension of K, x is a character of Wi that is finite on Ik, and does not
extend to Wk, and o € Wi is a lift of the generator of Gal(K'/K),

3) T~ Ind%ﬁ/ ()1, where K' is a ramified quadratic extension of K, and x
is a character of Wi such that x is finite on I+ and x|1,., does not extend
to IK.

Proof. This is a classical lemma, but we briefly recall a proof.

We extend 7 to a representation of Wy, which is denoted by 7. If 7 is reducible,
we are in the case (1), so we may assume that 7 is irreducible.

First, we treat the case where 7 is reducible. In this case, 7 ~ x @ x’ for some
characters x, x’ of Ix. By irreducibility of 7, we have x’ = x?. Then 7|w,, is
already reducible for the unramified quadratic extension K’ of K. So we are in the
case (2).

Next, we treat the case where 7 is irreducible. Let I} be the wild inertia subgroup
of I'x. Then 7] 1y is reducible, because a dimension of an irreducible representation
of a p-group is a power of p and p # 2. Then 7|w,, is already reducible for a
ramified quadratic extension K’ of K. So we are in the case (3). O

To avoid the problem of the rationality, we assume that E' is a Galois extension
over Q,, F' C E and the following:
For all p-adic fields K’ such that K C K’ C Fand [K’ : K] < 2, and
for all characters x of Wy that are trivial on Ip, the restrictions
X|1,., factor through E*.
For example, if F contains the |I(F/K)|-th roots of unity, then this condition is
satisfied.
In the sequel, let p: Gx — GL(V) be a two-dimensional potentially semi-stable
representation over E with Hodge-Tate weight in {0,...,k}, and 7 be its Galois
type.

Lemma 2.2. (¢f. [GM, Lemma 2.3]) If p is not potentially crystalline, then T is a
scalar.
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Therefore, there are following three possibilities:

e Special or Steinberg case: N # 0 and 7 is a scalar.
e Principal series case: N =0 and 7 is as in (1) of Lemma 2.1.
e Supercuspidal case: N =0 and 7 is as in (2) or (3) of Lemma 2.1.

Next, we study the structure of the filtrations. We assume p is F-semi-stable,
and take the corresponding filtered (¢, N, Gal(F/K), E)-module D. We have a
decomposition

Fag, B[] B= H( 11 E) II &
jriF—E JKSE \jp:FE, jr|k=j j:K—E
where jp and j are Q,-embeddings and we put
E; = 11 E.
JrF—=E, jr|lk=]
According to the above decomposition, we have decompositions
Dp= ][] Drjand Fi' Dp= [[ Fil, Dp.
J:K—E JK—E
Because Fil' Dy is Gal(F/K)-stable, Fil; Dy is free over E;. We take integers
0 S k‘j71 S kj72 S ko such that
Dy, = Fil;** Dp 2 Fill %2 Dp = Fil; ¥ Dp 2 Fil, % Dy = 0.
Then the Hodge-Tate weights of p are {J;, e, p{kj,1, kj2}-
We are going to prepare some lemmas.
Lemma 2.3. There is o Gal(F/K)-equivariant isomorphism
Foxg E= E;
of E-algebra.

Proof. Let jo be a natural inclusion K C E. Take an extension jg : E = E of
j: K < E. Then a Gal(F/K)-equivariant isomorphism

I == 11 =
Jr:F—=E, jrlr=jo JriF—E, jrlk=j

of E-algebra is given by sending jp-components to (jg o jr)-components. ([l

Lemma 2.4. Ifk;1 < kjo, then Filj_kj’1 Dp C Dpj is spanned by a Galois invari-
ant element over Ej.

Proof. A generator of Filj_kj‘1 Dp over Ej generates an E}‘-torsor with Gal(F/K)-

action. An E}-torsor with Gal(F/K)-action is tirivial, if H'(Gal(F/K),E}) =
0. So it suffices to show that H'(Gal(F/K),E}) = 0. By Lemma 2.3, E) is

isomorphic to (F ®k E)*, and it is further isomorphic to Indizlilf/m E*. By
Shapiro’s lemma, H'! (Gal(F/K),Indgzlilf/K) EX) = H'({idp}, EX) = 0. O

Lemma 2.5. Let K', M be p-adic fields such that K ¢ K' ¢ M C F and M
is a Galois extension of K'. Let x : Gal(M/K') — E* be a character. We put
m = [K': K|. Then there exist x1,...,Tm € M @ E that satisfy the followings:
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e Forz € M ®k E, we have gz = (1® x(9)~ ")z for all g € Gal(M/K') if
and only if x =Y _1" | (1 ® a;)z; for a; € E.

e Fora; € E, we have Y. (1 ® a;)z; € (M ®k E)* if and only if a; # 0
for all 1.

Proof. We have a decomposition

MexES ] E= ][] ( 11 E>: II &

jMiM—E K" E \jp i M E, jar| or=4" iK' E

where jy; and j' are K-embeddings and we put

Ej = 11 E.

Jv:M—E, ja| g =5

Let (zj/); € [1.x1 g Ej» be the image of z under the above isomorphism. Then,
gz = (1® x(g)~")a for all g € Gal(M/K’) if and only if gz;; = x(g)"'a; for
all g € Gal(M/K') and all j/ : K’ < E. Further, x € (M ®k E)* if and only
if z; € EjX, for all j/. As in the proof of Lemma 2.3, we can show there is a
Gal(M/K')-equivariant isomorphism M ®y+ E = E; of E-algebra. So, to prove
this Lemma, it suffices to treat the case where m = 1.

We assume that m = 1. Take o € M such that g(a) for g € Gal(M/K) form a
basis of M over K. Then x € M ®x E can be written uniquely as

> gle)®a,

g€Cal(M/K)

for ag € E. If ha = (1 ® x(h)™ ")z for all h € Gal(M/K), we have a;;-1, =
x"!(h)a, for all g,h € Gal(M/K). By putting a; = aiq,,, we have

r=01®a) Y  gla)@xg).

g€Gal(M/K)

It suffices to put z1 = deGal(M/K) g(a) ® x(g)- 0

3. CLASSIFICATION

3.1. Special or Steinberg case. In this case, 7 ~ x|, @ x|, for some character
x of Wi that is finite on [k, and there exists a totally ramified cyclic extension F'
of K such that x|;, is trivial. So we may assume that p is F-semi-stable, and x
determine the action of Gal(F/K) on D, which is again denoted by x.

Since N¢ = p¢ N, we have that Ker NV is ¢-stable and free of rank 1 over Fy®q, F.
So we can take a basis ey, es of D over Fy®q, I such that N(e;) = ez and N(ez) = 0.
Again by N¢ = p¢N, we must have ¢(e1) = Zey + vez and ¢(ez) = Ley with
a € (Fy ®q, E£)* and v € Fy ®g, E. Modifying e; by a scalar multiple of e,
we may assume v = 0. Let (a;); € [],,.p,z £ be the image of a under the
isomorphism

Fy®q, E = H E.

o;:Fo—F
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Then, by calculations, we have

tu(D) = —[E: K] > (kjn1+kj2),
J:K—FE

tn(D) = [E : Fy] (mo - zzvp(ai))
So the condition t(D) = tn(D) is equivalent to that
2[K : KO] va(ai) = Z(kj’l + k‘j72 + 1)-
i J
For j : K — E satisfying k;1 < kj2, by Lemma 2.4, we take a;,b; € E; such
that Fil;kj'1 Dp = Ej(aje1 + bjes), and (aje; + bjes) is Gal(F/K)-invariant. We
note that a; = 0 or a; € E;* and that b; =0 or b; € E.

The only non-trivial (¢, N)-stable (Fy ®q, £)-submodule of D is D = (I ®q,
E)es. By calculations, we have

tH(DIQ):—[EK]{Z kj,1+ Z /fj’2+ Z kjyz},

a;=0 a;#0 kji=kj2

tn(D3) = —[E : Fo) Z’Up(ai)-

So the condition ty(D4) < tn(D5) is equivalent to that
[K : Ko} Z’Up(oq) S Z kj71 + Z kj72 + Z kj72.
i CLJ‘:O a]-;éo k‘jylzkjﬁg

Since (aje; + bje2) is Gal(F/K)-invariant, g € Gal(F/K) acts on a; and b; by
x(9)~!. By Lemma 2.3 and Lemma 2.5, there is 1 € Ej; such that a; = ajry and
bj = bjxy for af;,b; € E. Then, for j such that a; # 0,

Filj_k’”1 Dr = Ej(ajz1e1 + bjxien) = Ej(er — £je2)
for £; € E.
Proposition 3.1. We assume that N # 0. Then T ~ x|i @ X|1, for some

character x of Wi that is finite on I . If we take a totally ramified cyclic extension
F of K such that x is trivial on I, then D = (Fy ®q, E)e1 @ (Fy ®q, E)ez with

N(er) = ez, N(ez) =0, g(e1) = gel, ¢(e2) = éez

for a € (Fy ®q, E)*,
ger = x(9)e1, ge2 = x(g)ez
for g € Gal(F/K) and
Ej(e1 — Ljes) for £, € E ifjel,
for j such that k;j1 < kj 2, where

20K Ko) Y wplew) =D (kja + kj2 + 1),

J
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and I, I are any disjoint sets such that Iy UI, = {j | kj1 < kj2} and

[K : Ko] va(ai) < Z k‘71 + Z k‘j72 + Z k“,g.

jeL JEI> kji=kj2

3.2. Principal series case. In this case, 7 ~ x1|r, ® x2|r, and N = 0. We can
take a totally ramified abelian extension F' of K such that xi|;, and x2|;. are
trivial. Then x; and x2 determine the action of Gal(F/K) on D, which is again
denoted by the same symbols.

3.2.1. Irreducible case. First, we assume that xi|r, = Xx2|r, and D has no non-
trivial ¢-stable (Fy ®q, £)-submodule. In this case, we say that ¢ is irreducible. If
not, we say that ¢ is reducible. We put x = x;.

Take bases e;1,e;2 of D; over E for 1 <1 < my so that

d(e1,1) = aeaq + ceza, dler2) =bea1 + dea s
for a,b,c,d € E, and
o(ei1) = €ir1,1, Pleio) =e€it1,2
for 2 <4 < mg. Let eg,ez be a basis of D over Iy ®q, E determined by (e;1)i,
(e;,2); under the isomorphism D = Hl D;. We will use the same notation in the
classification of other cases.

Since ¢ is irreducible, b # 0 and ¢ # 0. Modifying e; 1 by a scalar multiple of
ei 2, we may assume d = 0. If X? — aX — be is reducible in E[X], by replacing the
bases, we can see that ¢ is reducible. This is a contradiction. So X? — aX — bc is
irreducible in E[X].

Conversely, we suppose that a,b,c € E are given, d = 0, and X2 — aX — be
is irreducible in E[X]. Then the above description determines an endomorphism
¢. We prove that this endomorphism ¢ is irreducible. If ¢ is reducible, there are
A; € GLy(E) such that

Ayl (‘CL 8) Ay, A7' Ay, A7MAs, . ATM AL,

are all upper triangular matrices. Then, multiplying these matrices together, we
have that A;l (Z 8) Ay is an upper triangular matrix. This contradicts that

X? —aX — be is irreducible in F[X].
As above, the endomorphism ¢ is given by a,b, ¢ € E such that X? —aX — bc is

reducible in E[X]. Now, by calculation, we have

tu(D)=—[E: K] > (kj1+kj2),

JK—E

tN(D) = [E : Fo] vp(bc).

So the condition ¢y (D) = tn(D) is equivalent to that
—[K : Ko} vp(bc) = Z(kj’l + k“,g).
J

Since ¢ is irreducible, D has no non-trivial (¢, N)-stable (Fy ®q, E)-submodule.
So there is no condition on the filtrations. For j such that k;; < k;2, by Lemma
2.3, Lemma 2.4 and Lemma 2.5, we have

Fﬂ;kj’l DF = Ej(ajel + bjeg)
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for (aj, b]) S Pl(E)
By studies of the other cases, ¢ is irreducible only if N = 0 and 7 =~ x|1, ® Xx|1,
for some character x of Wi that is finite on Ig.

Proposition 3.2. We assume that ¢ is irreducible. Then N =0 and 7 ~ x|, @
X|1x for some character x of Wi that is finite on Ix. If we take a totally ramified
cyclic extension F' of K such that x is trivial on Ir, then D = (Fy ®q, E)er @
(Fo ®Q, E)es with

p(e11) = aea1 + cez o, Pler2) = beas
for a,b € E* such that X? — aX — be is irreducible in E[X],

Plei1) = eit11, Pleia) =eit12
for 2 <i < myg,
ger = x(g9)e1, ge2 = x(g)e2
for g € Gal(F'/K) and, for j such that k;j 1 < kj 2,
Fllj_k]1 -DF = Ej(ajel + bj@g)
for (aj,bj) € PH(E), where
—[K : Kol vp(be) =Y (kj1 + kj2).

J

3.2.2. Non-split reducible case. If D has two or more non-trivial ¢-stable (Fy®q, E)-
submodules, we say that ¢ is split. If not, we say that ¢ is non-split. We assume
that x1|r, = X2|r, and that ¢ is non-split and reducible. We put x = x1.

Since ¢ is reducible, we can take bases e; 1,e;2 of D; over E and a;,b;,d; € E
for all ¢ so that

¢(€z‘,1) = @i€i+1,1, ¢(€i,2) = bi€i+1,1 + di€i+1,2
for all <. Replacing the bases, we may assume that a; = d; = 1 and b; = 0 for
2 < i < n. Since ¢ is non-split, a3 = d; # 0 and b; # 0. We put @ = a; and b = b;.
Conversely, we suppose that a,b € E* are given. Then the above description

determines an endomorphism ¢. We prove that this endomorphism ¢ is non-split.
If ¢ is split, there are A; € GLy(FE) such that

A2_1 <8 2) Al, A?TIAQa A21A37"'7 A1_1A7”0

are all diagonal matrices. Then, multiplying these matrices together, we have that

ATt (8 Z) A; is a diagonal matrix. This contradicts that b # 0.

As above, the endomorphism ¢ is given by a,b € E*. The condition tg(D) =
tn(D) is equivalent to that

—2[K : Kolvp(a) = > (kj1 +kj2).
J
Now we have bases e;1,e;2 of D; over E such that
p(e11) = aea1, dle1) = bez 1 + aez 2
for a,b € E*, and
d(ei1) = eir1,1, Pei2) = €ip1,2
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for 2 < i < my.

For j : K — F satisfying k;1 < kj2, by Lemma 2.4, we take a;,b; € F; such
that Filj_kj’1 Dp = Ej(ajer +bjes), and (aje; + bjes) is Gal(F/K)-invariant.

The only non-trivial (¢, N)-stable (Fy ®q, £)-submodule of D is D} = (I ®q,
E)e;y. The condition ty(D]) < tn(D}) is equivalent to that

—[K : Ko]vp(a) < Z ki1 + Z kj2 + Z kjz2.
b;=0 b; #0 kj1=kj 2

As in the special or Steinberg case, for j such that b; # 0,
Fil, ' Dp = Ej(—&je1 + e2)

for £; € E.
By studies of the other cases, ¢ is non-split reducible only if N = 0 and 7 ~
X1 @ X|1, for some character x of W that is finite on If.

Proposition 3.3. We assume that ¢ is non-split reducible. Then N = 0 and
T =~ Xl ® X|1,c for some character x of Wi that is finite on I. If we take a
totally ramified cyclic extension F of K such that x is trivial on I, then D =
(FO ®Qp E)€1 @ (FO ®Qp E)€2 wzth
p(e1,1) = aea1, dle12) =bezq +aez
fora,be E*,
¢>(€z‘,1) = €i+1,1, ¢(€¢,2) = €i+1,2
fO’I” 2 S 1 S mo,
ger = x(9)er, ge2 = x(g)e2
for g € Gal(F/K) and
ks E; ifj el
Fllj kj1 Dp = j€1 ij 1,
Ej(—Lje1+e2) for L5 € E ifje Iy
for j such that k;1 < kj o, where
—2[K : KoJvp(a) = > (kj1 + kj2),
J

and I, I are any disjoint sets such that Iy U Iy = {j | kj1 < kj2} and

7[K : Ko] vp(a) S Z kj,l + Z kj,g + Z ]fj72.

j€nh jEl2 kj1=kj 2
3.2.3. Split case. The remaining cases are the following two cases:
® Xi|rx = Xa|1, and ¢ is split.
® Xilre # Xolrk-

First, we assume that x1|r, # xa|r,. Let e1, ez be a basis of D over Fy ®q, F
such that Gal(F/K) acts on e; by x1 and es by x2. We put

de1) = aer +vez, ¢(ez) = Peq + dey,

where a, 3,7,0 € Fy ®q, E. Since ¢ commutes with the action of Gal(F/K) and
X1l|Ix 7 X2|1,, we have f =~ = 0. So, in the both cases, we may assume that ¢ is
split.

We take bases e; 1, e;2 of D; over E so that

(725(6171) = (16211, ¢(6172) = b€2,2
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for some a,b € E* and

dein) = eir1,1, d(ei2) = €it1,2
for 2 < i < mg. Let e1,ep be a basis of D over Fy ®q, £ determined by (e;,1)s,

(€5,2); under the isomorphism D = [, D;.
Then the condition ¢ty (D) = tx(D) is equivalent to that

(S) (K : Kol vp(ab) = (kj1 + kj2)-
J

For j : K — E satisfying k;1 < kj2, by Lemma 2.4, we take a;,b; € E; such
that Fll_k’ ' Dp = Ej(aje1 + bjez), and (aje; + bjes) is Gal(F/K)-invariant.

Slnce (ajer + bjes) is Gal(F/K) invariant, g € Gal(F/K) acts on a; and b;
by x1(g)~! and Xg(g)_1 respectively. By Lemma 2.3 and Lemma 2.5, there are
x1, w2 € Ej such that a; = ajz1 and b; = bjxs for a},b; € E. Then, for j such that
a; # 0 and b; # 0, we have

1 J : DF = (a]xlel —+ b 1’262) Ej(el — ijoeg)

for £; € £, where we put zo = 2] L.
If a # b, the non-trivial (¢, N)-stable (Fy ®q, E)-submodules of D are D} =
(Fo®q, E)er and Dy = (Fy®q, E)ez. The condition ty (D) < tn(Dj) is equivalent

to that
(K : Kolvp(a) < Y kja+ Y kia+ Y. ko

b;=0 b; #0 kj1=kjo
The condition ty(D}) < tx (Dé) is equivalent to that
(K Kol op(0) < 3 kjat 3 kgt D ki
a;=0 a; #0 kj1=kj 2

If @ = b, the non-trivial (¢, N)-stable (Fy ®q, E)-submodules of D are DI,
Dy and Dy = (Fy ®q, E)(e1 — Lep) for £ € EX. For £ € E*, the condition
tu(D%) < tx(D%) is equivalent to that

(Se) K :Koluyla Z Biat 3 o

=0 kJ 1= kZJz
+ Z {6502, 25)kj0 4+ (1 —t5(L,£5))kj2},
ajbﬂéo

where
|{jr : F = E | jp-component of £;x, € E; is 2}’
[F: K]
If t;(£,£;) < 1/2, the condition (S¢) is automatically satisfied by the condition
(5)
We assume that ¢;(£, £;) > 1/2. Then we have
‘Ker(xlxglzGal(F/K)%@;N 1
[F: K] =3
because Gal(F/K) act on xo by x1x5 - This implies that x1|7, = x2|r,. and

To = (.’I?E)jF S H E

JriF—E, jr|k=j

t5(L, L5) =
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for some zp € EX. Then £z = £ and ¢;(£,£;) =1

Proposition 3.4. We assume that N = 0 and ¢ is split reducible and T ~ x1|1, B
Xa|1, for some character x1,x2 of Wi that are finite on I . If we take a totally
ramified cyclic extension F of K such that x1, X2 is trivial on I, then D = (Fy®q,
E)e]_ (&3] (FQ ®Qp E)EQ with

d)(el,l) =aez, ¢(€1,2) = b€2’2
for a,b € E* and
Plei1) = eir1,1, dei2) =e€it12

for 2 <i<mgy and

Ejel 'Lf] € Il7
Fﬂ;kj’l DF = Ejeg 'Lf] € I2a
E;(e1 — £jxpes) for £ € EX ifjels

for j such that k;1 < kj 2, where

(K Ko]vp(ab) = Z(kj’l + kj2),

and I, I, I3 are any disjoint sets such that Iy UIo U Iz = {j | kj1 < kj2} and

[K Ko’Up Zk 1+ Z k2+ Z ka,

jel j€IUIs k‘] 1= k?J 2
[K K() Up E k]1+ E k‘jz—i- E k'Jg,
JjEl2 JjeELUI3 kj1=kj 2

and, if a =b and x1|1, = X2|1,, further

[K:Ko]vp(a)§ Z kj,1+ Z j2+ Z k]2+ Z ]ﬂjg

jEIg,f.jﬂZE:E j€I3,2jIE$é£ JjeEI1 Ul J 1= k] 2
for all £ € E*.

3.3. Supercuspidal case. In this case, N = 0 and 7 ~ Ind%ﬁ/ (X)) for a qua-
dratic extension K’ of K and a character y of Wy that is finite on Ix.. Let k' be
the residue field of K’'. We take a totally ramified abelian extension L of K’ such
that x|, is trivial.

For a uniformizer 7’ of K’ and a positive integer n, let K7, , be the Lubin-Tate
extension of K’ generated by the 7'"-torsion points. For any p-adic field M and a
positive integer n, we put Ug/?) =1+ p7%;. Then we have

Gal(KL, . /K') = (O /i) 2 K x (U JURL).

For any p-adic field M and a positive integer m, let M,,, be the unramified extension
of M of degree m.
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3.3.1. Unramified case. We first treat the case in (2) of Lemma 2.1, where K’ is
unramified over K and y does not extend to Wx. We take a uniformizer = of K.
This is also a uniformizer of K’. We take positive integers m; and n; so that L is
contained in K, K7, ,andput F'= K], K . Then pis crystalline over F', and
F' is a Galois extension of K.

We put f(X) = 7X + X7. For a positive integer n, let f(™(X) be the n-
th iterate of f(X). We take a root § of f(")(X) in K. , that is not a root of

fu=D(X). Then K, = K’'(f). We can see that K(f) is a totally ramified

extension of K and that 1F is an unramified extension of K () of degree 2m;. Now

the restriction Gal(F/K (0)) — Gal(K, /K) is an isomorphism, and Gal(F/K) is

a semi-direct product of Gal(F/K(6)) by Gal(F/K,, ). We take a generator o of

Gal(F/K(0)). Then the restriction o|k- is the non-trivial element of Gal(K'/K).
We consider a decomposition

v jus) =u,, o x U, —

of abelian groups such that o(y1) = 71 for 1 € U,, 1 and o(y2) = 75 " for 7o €
Un,,—. There is an exact sequence

1 U /o vy — vl juisy

where the first map is induced from a natural inclusion and the second map is
induced from a map
1 1 _
U = U5 g alg)g™".
Then, by the above exact sequence, we see that
~ 1 1 ~ 1 1 1
Uns.t 2 Use /U, Uny = 2 U (URURD)

and |Un1,+| = |Un17*| = qn171~
Now, the restriction Gal(F/K,, ) — Gal(K} , /K') is an isomorphism. Then
we can prove that, under an identification

Gal(F/K], ) =2 Gal(K,, [K') 2 k™ X Uy, 4+ x Uy, —,

T™,n1

we have
(%) o Y0 =69, 07 ly0 =y and 0 o = 45!

for § € k'™, v1 € Up, 4 and vy € U, ..
Considering x|7, as a character of

I(F/K) 2 k™ xUp, 1+ X Un,.—,

we write x = w?® - x1 - X2, where w is the Teichmiiller character, s is an integer,
and x; and x2 are characters of Uy, 4 and U,, _ respectively. The condition that
x does not extend to Wi is equivalent to that x # x? on W/, and it is further
equivalent to that xy # x? on Ix,. This last condition is equivalent to that s # 0
mod ¢+ 1 or x3 # 1.

Now we have [Fj : Q] = 2mom,. We take bases e; 1, e;2 of D; over E for
1 <i < 2mgmq so that

dein = wi(d)eq, Y1ei1 = x1(71)éi1, Yeei1 = Xx2(72)€i,1,

deio = w®(d)e;2, Y1€i2 = X1(71)€i2, Taeiz = Xa(72) tein

for § € k'™, v1 € Up, 4 and vy € U, ..
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Remark 3.5. A normalization of bases here is different from that in [GM, 3.3.2].
We prefer that the action of 0 on e; 1, e;2 is the same form for all i. In stead of
this, the action of o does not preserve lines generated by e; and ey as we see in the
below.

Since o takes D; to Dj4y,,, we have that

0€;i1 = QitmoCitmo,2s 0€i,2 = DitmoCitmo,1

for some ;4 my, bitm, € EX by (). Because 0™ = 1, we see that

mi

[T (@it 21mo—mobit2im,) =1
=1

for all . Replacing e;; and e; 2 by their scalar multiples, we may assume that
0€i1 = €i4mg,2, 0€;2 = €j4mg,1-

Since ¢ takes D; to D11 and commutes with the action of I(F/K), we have
that

1
Plein) = eit1,1, P(€i2) = ——e€it12
Q41 Bit1

for some ayy1,B;41 € E* for all i. Since ¢ commutes with the action of o, we
have a; = Biym, and B; = a;qm, for all i. Replacing e;; and e; > by their scalar
multiples, we may further assume that a; = 8; = 1 for 2 < ¢ < my.

Let e1, ea be a basis of D over Fy ®q, £ determined by (e;,1):, (€i,2); under the
isomorphism D = [, D;. Then oe; = e; and oes = e;.

The condition tg(D) = tn(D) is equivalent to that

(U) (K : Kolvp(enBr) = > (kj1 +kja).

J
For j : K — E satisfying k;1 < kj2, by Lemma 2.4, we take a;,b; € E; such
that Fﬂ;kj’l Dp = Ej(ajel + bj@g), and (ajel + bjeg) is Gal(F/K)—invariant. By
o(ajer +bjes) = (ajer + bjez), we get o(a;) = b; and o(b;) = a;. So a; € Eff if
and only if b; € E.
Since (aje; + o(aj)es) is Gal(F/K)-invariant, 0%(a;) = a; and g € I(F/K) acts
on a; by x(g)~!. We prove that there are x;1,2;2 € E; such that
e a; satisfies the above condition if and only if a; = a;12;1 + aj2z;2 for
some a; 1,a;2 € E,
e for ;1,052 € E, we have a;1Tj1 + aj2Tj2 € E;( if and only if aj1 7é 0
and aj2 # 0.
By Lemma 2.3, we may replace E; by F @k E. Then o0*(a;) = a; if and only
if a; € K}, ®x E. By Lemma 2.5, we get the claim. We put z;(a;1,a;2) =
a1 + aj0x;0 and 29 (a;1, a52) = o(2;(a;1,a52)). Then we have

ok
Fil; ™" Dp = Ej(z;(aj1,a;52)e1 + 27 (a1, a52)ea)

for (aj1,a;2) € PL(E).

The non-trivial (¢, N)-stable (Fy®q, E)-submodules of D are D} = (Fo®q, E)ex,
Dy = (Fy ®q, E)ez and Dy = (Fy ®q, E)(e1 — Le) for £ € (Fy ®g, £)* satisfying
the following;:
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If £ corresponds to (£;); under the isomorphism
Foee, ES [ E
o;:Fo—F
then £;41 = g’j: £, for all i.
The condition tg(D}) < tn(D}) is equivalent to that

kg + kj
K:Kolupla) < Y o2 3T kot > ke,

aj1a;j2=0 aj,1a;,270 kj1=kj,2

the condition ty(Dj) < tn(DY)) is equivalent to that

kii+k;
K : Kolv,(B) < Y % + Y Kt Y ke
aj,lajg:O aj11aj,27f0 k‘j'l:k]‘,Q
and the condition tg(D%) < tn(DY) is equivalent to that

MS Z kjo + Z kjo

aj,1a;,2=0 kj1=kj,2

(Ue)  [K : Ko

+ Y {tj (£ (aj,1,a52)) ki1 + (1 —t; (L, (aj,haj,z)))kj,z}»
ajylaj,ggéo
where
. . z7(aj,1,a;5,2) i .
t»(i} (1., )) _ ’{jF F—=FE | jr-component of 736;(%17%2) c Ejis SJF}’
J y (4,15 ¢g,2 [F . K] .
Here and in the sequel, £;,. is the jr-component of £ € Fy ®q, £ C F ®q, E.
If ¢;(£, (aj1,a52)) < 1/2, the condition (Ug) is automatically satisfied by the
condition (U).
To prove that t;(£, (aj1,a;2)) < 1/2, we assume that t;(£, (a;,1,a,2)) > 1/2.
We consider a decomposition

E;= I E= I1 ( I1 E)

jr:F—=E, jrlk=j JFy Fo—E, jry k=3 \jr:F—=E,jr|r,=Jr,

Then there is jp, : Fo < E such that jg |k = j and

zj(aj,1,a;2)

'{jp F—FE ) Jjr|lF, = jr, and jp-component of 7 (05,1,05,2) ckl;is —£; }

[F : Fo

is greater than 1/2. Here £;,. is independent of jr such that jp|r, = jr,, because
£ € Fy ®q, E. Then we have

[Ker(x(x) 1 I(F/K) = @) | 4
[F: Fol -y
because I(F/K') act on 27 (a;1,a;j2)/(x;(aj1,a;2)) by x(x7)~*. This implies that

J
X‘IK’ = XU|IK/7 and contradicts the condition that y does not extend to Wx. Thus

we have proved that t; (£, (aj1,a;,2)) < 1/2.
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Proposition 3.6. We assume 7 >~ IndW; (X)|1, for the unramified quadratic ex-
tension K' of K and a character x of Wy that is finite on Ix and does not
extend to Wy. We take a uniformizer m of K and a totally ramified abelian ex-
tension L of K’ such that x is trivial on Iy, and take positive integers my and nq
so that L is contained in K, K, We put F = K, K Then N = 0 and

T™,mny° m™ny°
D = (F() Xq, E)61 D (F() XqQ, E)eg with

1 1 "

olei1) = —eiyi1, P(ei2) = = €iv1,2, ifi=0 (mod 2my),
o B1
1 1 "

olein1) = =—€it11, P(ei2) = —eitp12, if i = mp (mod 2my),
b1 ay

Plein) = eir11, P(ei2) = €it1,2, ifiZ0 (mod myg)

fOT a17B1 S EX7

oer = ez, oea =e1, ger = (1@ x(9))e1, gea = (1®x7(9))e2
for g € I(F/K) and, for j such that k;1 < kj 2,

Fil;kj’l Dp = Ej (xj(ajJ, aj72)€1 + l‘?(aj71,(lj72)€2)
for (a;1,a;2) € PY(E) where
(K : Kolvp(arpr) = > (kja + kj2)
J
and
R S Ll R oL
aj1052= aj1052=

The definition of o is in the above discussion.

3.3.2. Ramified case. Next, we treat the case in (3) of Lemma 2.1, where K’ is
ramified over K and x|1K, does not extend to Ix.

Let o be the non-trivial element of Gal(K’/K). We take a uniformizer n’ of K’
such that 1o(7’) = —7'. Then we have (K, ) = K’ ,  for a positive integer n and
any lift © € Gk of 1. So K7, , K, is a Galois extension of K. By the class field
theory, the abelian extensions K/, and K’ of K’ correspond to (7’ x (1 +p%)

and (—7') x (1 +p'%,) respectively. Then the abelian extension K, K., of K'
corresponds to (7') x (1 +p%,). So we see that K., K ., = K2K’

We take positive integers m; and n; so that L is contained in KleK;,,QMH,
and put F' = K3,, K7, ,, ;. Then F'is a Galois extension of K, and p is crystalline
over F because 7|7, is trivial.

We consider an exact sequence

() 1 — Gal(F/K') — Gal(F/K) — Gal(K'/K) — 1.
Since the restriction Gal(F/K3,,, ) — Gal(K7, ,,, ,/K') is an isomorphism,
Gal(F/K') = Gal(F/K., o, 1) x Gal(F/K},,.)
> Gal(F/ KL gn, 1) X K x (UG UMY,
Let o be a generator of Gal(F /K, 2,,+1), and dy be a generator of k'™

We prove that the exact sequence ({) does not split. We assume there is a
lift © € Gal(F/K) of 1y such that > = 1. By multiplying ¢ by an element of
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Gal(F/K, 5,,4+1) C Gal(F/K'), we may assume that € I(F/K). Let P(F/K)
be the wild ramification subgroup of I(F/K), and I'(F/K) be the tame quotient
group of I(F/K). Let ¢ be the image of ¢ in I'(F/K). If  # 1, we multiply ¢ by
the element 5(()(1_1)/2 of k' C Gal(F/K},, ). Then we have . € P(F/K), but this
contradicts that p # 2. Thus we have proved the claim.

For any lift + € Gal(F/K), we have 1> € Gal(F/K’). Since the exact sequence
() does not split and p # 2, multiplying ¢ by an element of Gal(F/K’), we may
assume that 12 = §p and « € I(F/K). We fix this lift ¢ in the sequel.

We consider a decomposition

UI((l/)/U(lel+1) = U2n1+1’+ X U2n1+1,7

of abelian groups such that 1o(y1) = 1 for 71 € Uan, 414+ and 1o(y2) = 75+ for
Y2 € Uapy+1,—. There is an exact sequence

1= U ot s uld) ot s vl jogmnty,

where the first map is induced from a natural inclusion and the second map is

induced from a map
Ul((l,) — Uf((l,); g to(g9)g™*

Then, by the above exact sequence, we see that
Usny 41,4+ 2 UL JUTY, Uy 1= 2 U ) (UL UEHY)

and |Uzn, 41,4 = [Uzn,+1,-| = ¢
We can prove that, under an identification

Gal(F/Ky,,,) = Gal(K}) 5, 41/ K') = K™ % Uy 1,4 X Uzny 1,

we have
—15, _ 1., _ 1., -1
L0 =0, ¢ yie ="y and (" yaL =,
1 X
for 6 € K7, 11 € Uany+1,+ and 72 € Uzp, 41,
Since K7, ,,, 4, is not a normal extension of K, we have 1 'or # o. We put
K" = K/ 50, 1K 11 95, 11- Then 0 is a generator of Gal(F/K"), and ¢ determines
an automorphism of K”. So we have ¢t~ '0%. = ¢2. Since o't 1o is an element of

Gal(F/K') of order 2 and fixes Koy, , it is 5(()q_1)/2. Hence we have
(%) o= adéq_l)/g.
Considering x|7,., as a character of
I(F/K') 2 K™ X Usny41,4 % Uzny41,—,

we write x = w® - X1 - X2, where w is the Teichmiiller character, s is an integer,
and x; and x2 are characters of Ugy,, +1,+ and Uap, 41, respectively. The condition
x does not extend to Ik is equivalent to that y # x* on [g/, and it is further
equivalent to that x3 # 1.

Now we have [Fy : Q,] = 2mgmy. We take bases e;1, €;2 of D; over E for
1 <17 < 2mgmy so that
lej1 = €42, 5€i,1 = WS(5)€i,17 Y1€i1 = X1(71)€i,1, Y2€i,1 = X2(72)€i,1,
L€i2 = Ws(éo)ei,la dejo = ws((s)@i,% V1€i2 = Xl(’}’l)@i,z, Y2€i2 = X2(72)_1€¢,2

for § € k'™, v1 € Up, 4 and vy € U, ..
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Since o takes D; to Djym,, as in the unramified case, we may assume that
0€i1 = €itmy,1. Then we have that oe; o = (—1)°€;1my,2 by (%).

Since ¢ takes D; to D,;1; and commutes with the action of I(F/K), we have
that

1
o(ei1) = ai+1€i+1,17 Plei2) = ot €it+1,2

for some ;41 € E* for all i. Further, since ¢ commutes with the action of o, we
have o; = a4, for all i. Replacing e;; and e; o by their scalar multiples, we may
further assume that a; = 1 for 2 < i < my.

Let e1, ex be a basis of D over Fy ®q, £ determined by (e;,1):, (€;,2); under the
isomorphism D — [L; Di. Then oe; = ey and gey = (—1)%es.

The condition ty (D) = tn(D) is equivalent to that

(R) 2K : Kolvp(an) =Y (ki1 + kj).
J
For j : K — E satisfying k;1 < kj2, by Lemma 2.4, we take a;,b; € E; such
that Filj_k”‘1 Dr = Ej(aje1 + bjez), and (aje1 + bjes) is Gal(F/K)-invariant. By
L(ajel + bj@g) = (ajel + bjeg), we get L(aj) = bj and L(bj)ws(ao) = aj. So aj S E]X
if and only if b; € E .
Since (ajer + t(aj)ez) is Gal(F/K)-invariant, o(a;) = a; and g € I(F/K') acts
on a; by x(g)~'. We prove that there are z; 1,2, € E; such that
e a; satisfies the above condition if and only if a; = a;12;1 + aj2z;2 for
some a; 1,a;2 € E,
e for aj 1,052 € E, we have a;1Tj1 + aj2Tj2 € E;( if and only if aj1 7é 0
and aj2 # 0.
By Lemma 2.3, we may replace E; by F ®x E. Then o(a;) = a; if and only if
aj € K} 9,11 @k E. By Lemma 2.5, we get the claim. We put z;(a;1,a;,2) =
a; 1251 + a;52%5 2 and I; (aj71,aj,2) = L(J?j (aj71,aj,2)). Then we have

o —k;
Fil; ™" Dp = E; (zj(az1,aj2)er + (a1, aj2)es)

for (aj71, G,j,g) S ]P)l(E)

The non-trivial (¢, N)-stable (Fo®q, F)-submodules of D are D} = (Fy®q, F)ei,
Dy = (Fy ®q, E)es and Dy = (Fy ®q, E)(e1 — Leg) for £ € E*. The condition
ty(D]) < tn(D}) is equivalent to that

ki1 + K
K Kolvplan) < 3 % Y ket Y ke
aj,lajg:o aj,la]’_g;éo k/‘jvlikjﬁg

and this condition is automatically satisfied by the condition (R). The condition
ty (D)) < tn(D4) is also equivalent to the same condition. For £ € E*, the
condition ty(D%) < tn(D%) is equivalent to that

(Re) [K:Kolvp(a) < > Ko+ D kjo

aj,1a;5,2=0 kji1=kj,2

+ Y {tj(ﬂa(aj,baj,z))’fj,lJr(1—tj(&(aj,lﬂj,z)))’fj,z}

aj1a;j270
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where

zj(aj1,a;,2)

[F: K]

As in the unramified case, we can prove that ¢;(£, (aj1,a;2)) < 1/2, using the
condition that x # x* on Ixs. So the condition (Rg¢) is automatically satisfied by
the condition (R).

‘{_jF F—FE ’ jr-component of 23(05,1,05,2) € Ejis —S}‘
tj (2, (aj’l,(lj’g)) = .

Proposition 3.7. We assume 7 ~ IndW; (X) |15 for a ramified quadratic extension
K’ of K and a character x of Wk such that x|1,., is finite and does not extend
to Ix. We take a uniformizer © of K' and a totally ramified abelian extension L
of K' such that x is trivial on Iy, and take positive integers my, and ny so that L
is contained in Ky, K o, . Weput F = Ky, K/, , . Then N =0 and
D = (FO ®Qp E)61 @ (FO ®Qp E)62 wzth

P(ein) = aileiJrl,la p(ei2) = aileiﬂ’?v ifi=0 (mod mo),

Bleir) = €ir1.1, P(ei2) = eir1,2, ifi#0 (mod my)
for ay € E*,

oer = eq, Le] = eg, ger = (1 ® X(Q))€17

oey = (—1)%eq, tes = (1@ w*(0o))ex, ges = (1@ x7(g))e2

fors € Z and g € I(F/K') and, for j such that k;1 < kj 2,
FIIJ_le DF = Ej (acj(aj_,l, aj72)61 + (E; (aj,l, ajyz)eg)
for (a;1,a;2) € PY(E) where

Q[K : Ko] vp(al) = Z(kj’l + k‘j,g).
J
Here w : k' — OF, is the Teichmiiller character, and the definitions of o,,dy are
in the above discussion.
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