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SUMMARY

Thepurposesofthisthesisareprimarilytoresearchonbehaviorof

groundwaterflowinsaturatedandunsaturatedzone,topresentthefundamentals

ofthetheoryofgroundwaterflow,andtodevelopthemosteffectivemethodsfor

so!vinggroundwaterflowproblemsrelatedtocivilengineeringpractice.The

mathematicalmodelprovidesafiniteelementsolutiontotwo--orthree-dimen-

sionalproblemsinvolvingtransientflowinthesaturatedandunsagurateddomains

ofnonhomog'eneous,anisotropicporousmedia.Inordertodeterminerelationships'

betweenvolumetricmoisturecontent(e)andhydraulicconductivity(K),and

betweenpressurehead(tp)andvoiumetricmoisturecontent(e)inalaboratory,

anapparatuswasconstructedandtestproceduresweredevelopedtomeasurepre--

ssureheadandvolumetricmoisturecontentbyusingpressuretransducersand

low-energygammarayattenuation.Thevalidityandtheaccuracyofthetwo-or

three-dimensionalfiniteelementapproachhavebeeninvestigatedwithcomparing

thenumericalresultswiththelaboratoryexperimentaldata.Therelationships,

K-eandip-e,whichwereobtainedbythenewapparatuswereusedasinputdata'N

fornumericalanalyses.Goodagreementsbetweencomputedandraeasuredpressure

headprofileshavebeenobtained.Toestimatehydraulicpropertiesofaquifers,

newmethodsofanalyzingdrawdowntestdataweredevelopedandillustratedwith.
`someexamples.Namely,analysesofdrawdowntestdataforpartiallypenetrating

wellinaconfinedoranunconfinedaquiferhavebeenshowntodetermineaniso-

tropichydraulicconductivitiesandstoragecoefficients,andanalysesofdraw-

downtestdatawhichareobtainedinthemuchgroundwatersuppliedaquiferwere

developedwithaconceptionof"IslandModel".Todemonstratetheflexibility

ofthefiniteelementapproachanditscapabilityintreatingcomplexsituations

whichareoftenencounteredinthefield,thegroundwaterflowthroughsandbank

atfloodwaterlevelsandtheflowthroughaqutferduetoanexcavationwereana-

lyzed.
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CHAPTER1

INTRODUCTrON

1.1Introduction.
Waterisanessentialcommoditytomankind,andthelargestavailable

sourceoffreshwaterliesunderground.Whilethroughoutrecordedhistory

thereisevidencethatmankindhasfearedandrespectedthedestructivepower

ofwater.Intheformoftidesandfloods,itisoneofthemostpowerful

forcesofnature.Hiddeninrockcrevicesandsoilpores,itexertsunbeliev-

ableforcesthatteardownmountainsidesanddestroyengineeringworks.Dam

designersandbuilders,highwaypeople,railroadengineers,andmanyothers

havelongknownofthegreatimportanceofcontrollingwaterinporesandcracks

inearthandrockformations.Whengroundwaterandseepageareuncontrolled,

theycancauseseriouseconomiclossesandtakemanyhumanlives.

Inbrief,mostfailurescausedbygroundwaterandseepagecanbeclassi-

fiedinoneoftwocategories.

(1)Thosethattakeplacewhensoilparcticlesmigratetoanescapeexitand

causepipingorerosionalfailures.

(2)Thosethatarecausedbyuncontrolledseepagepatternsthatleadtosatu-

ration,internalflooding,excessiveuplift,orexcessiveseepageforces.

Category1includesfailuresofdams,levees,reservoirs,andthelike,eaused

bythemigrationofsoilparticlesinducedbyavarietyofdefects.Category2

includesfailuresofdams,drydocks,andretainingwallscausedbyexcessive

saturation,seepageforces,andupliftpressures.Inthiscategoryarelisted

'thedeteriorationandfailureofpavementsfrominternalflooding,theuplift-

ingofcanalliningsafterdrawdown,failuresoffillsandfoundationscaused'

byseepageforces,andupliftpressuresintrappedwater,landslides,and
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similarcases.

Thespecificproblemswhicharetobedealtwithcanbedividedinto

threeparts:

(1)Estimationofthequantityofseepage

(2)Definitionoftheflowdomain

(3)Stabilityanalysis

rngeneral,theseproblemistodeterminethevelocityandthepre'

waterintheinteriorofasoilmasswithgivenboundaries,undercertainim-

posedconditionsalongtheseboundaries.Mathematicallyspeaking,theproblem

isintheclassofboundary-valueproblems.Duringthelastfewdecadesgreat

progresshasbeenmadeinthernathematicalanalysisandthesimulationtech-

niquesoftheseproblems.

Inthefirstprecedingworks,theLaplaceequationwascommonlyusedas

thegoverningequationofsteadystateflowinporousmedia.Namelythereis

nochangeinconditionswithrespecttotime,andregardingwaterasanincom-

pressibleflowmakesthedensityofwateraconstant.Indealingwiththe

steadystateseepageofwaterthrough,forexample,earthdamsandembankments,

civilengineershavetraditionallyreliedonthegraphicalmethodofflownets,

theoryofcomplexvariables,andconforma1mapping.

However,asagreatmanykindsofcivilengineeringworksareperfomed

withexpeditionbyusingmanykindsofconstructionmachineries,itbecomes

necessarytoobtainusefulsolutionstoseepageconditionsduringthenon-

steadyperiod.Formanyyears,thehydrologisthasbeenaccustomedtoanaly-

zingtheflowbehaviorwithapproachofanalyticalmathematics.Engineersand

hydrogeologistswhohaveattemptedtouseanalyticalmethodsarewellaware

thattheseapproachisveryusefulinsomecases,butunfortunately,thereare

fartoomanysituationswheretherealgeologicsystemunderinvestigationdoes

notmatchthesimplifiedversionadoptedbyearlyresearchers.Inotherwords,
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ifoneattemptstoanalyzealmostanygivenhydrogeologicprobleminthefield,

hesoonfindsthatthenaturalvariationinthehydraulicpropertiesofthe

flowregirnepresentsmanyproblernsifheiimitshisapproachtoanalyticmathe-

matics.'

Withtheadventofthedigitalcomputer,however,variousnumericalmeth-

odshavebeenperfectedinrecentyearsthathavemadeitpossibletosolve

rathercomplexproblemsintheflowofgroundwater.Suchmethodshaveenabled

engineersandhydrogeologiststodevelopamuchbetterunderstandingoftheway

inwhichcomplexgeologicalconditionseontrolwatermovement.Themethods

havebeenconcernedwithbothregionalgroundwaterflowproblemsandtheques-

tionofthelocaldistributionofseepagearoundwellsandstructuressuchas

damsandcanals.

Inalloftheprecedingwork,theeffectofflowintheunsaturatedzone

onthepositionofthefreesurfacehasbeenconsistentlyneglected.While

therearemanysteadystatesituationswhereonecansafelymakethisassump-

tion,thecaseoftransient,freesurfacemovementisanentirelydifferent

matter.Thereareprobablyanurnberofsituationswheredrainageorirnbibition

israpidenoughthatonedoesnoteommitaseriouserrorinusingthenonsteady

numericalmethods,butitisbecomingclearthattheroleoftheunsaturated

zoneincontributingtogroundwaterseepageneedsmoreattentionthanithas

receivedandwithconsideringtheeffectofunsaturatedzoneinanalysisit

willbepossibletosolvetheproblems,whicharealmostimpossibletobe

solvedbytheconventionalmethod,suchasbehaviorsofflowthroughanearth

damwhenwaterlevelraisedattheupstreamside,flowthroughanembanknent

whenthewaterlevelofariverchangedandgroundwaterlevelfractuationdue

towaterinjectiontoawellorinfiltrationofrain.

Thereforethepurposeofthisthesisisprimarilytoresearchonbehavior

ofgroundwaterflowinthesaturated-•unsaturatedzoneanditsapplicationto
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fundationengineering.Namelyinthisthesisfollowingfourstepsofinvesti--
'gationwillbetakensystematically:

(1)Evaluationsanddiscussionsofthegoverningequationoffiowinthesatu-,

rated-unsaturatedporousmedia

(2)Developmentofnumericalmethodstoanalysesthebehaviorofgroundwater

flowinbothzonesusingtwo-andthree-dimensionalfiniteelementmethod

(3)Improvementofsomemethodstodeterminehydraulicpropertiesofbothzones

inthelaboratoryandthefield

(4)Applicationofdevelopedmethodstorealgeologicsystems

1.2ReviewofPreviousStudies•
Thestudyofphysicsofflowthroughporousmediahasbecornebasicto

rnanyscientificandengineeringfields,quiteapartfromtheinterestit

holdsforpurelyscientificreasons.Suchdiversifiedfieldassoilmecha-

nics,groundwaterhydrology,petroleumengineering,waterpurification,indus-

trialfiltration,ceramicengineering,powdermetallurgy,andthestudyofgas

masksallrelyheavilyuponitasfundamentaltotheirindividualproblems.

Allthesebranchesofscienceandengineeringhavecontributedavastamountof

literaturesonthesubject.

Whenthepreviousstudiesontheflowthroughporousmediaarereviewed,

itisconvenienttoclassifythemintothefollowinggroups;

(2)Studiesonmethodsfordetermininghydraulicpropertiesinthefield

(3)Studiesonmethodsfordetermininghydraulicpropertiesinthelaboratory

(4)Studiesonmethodsforestimatinggroundwaterbehaviors.

Theobjectsofthestudiesin(l)aretoinve'stigate'thegoverningequ-

ationofflowthroughporousmedia.Althoughthefundamentalsofgroundwater

flowwereestablishedmorethanacenturyago,itisonlywithinrecentyears
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thatthesubjecthasmetwithscientifictreatment.Informationonflowthrough

porousmediaisscatteredinamultitudeofjournalsandbooks.Amongthebooks

thatdealgenerallywiththistopic2onethatmustbementionedisacomprehen-
1)

sivetextbookpublishedbyMuskat,whiehinspiteofitsage,stillcontainsmany

usefulinforrnations.Morespecializedaspectsofthephysicsofflowthrough

porousmediaarecontainedinbooksforspecificapplications.Thus,onground-
2)3)waterhydrologyonemustmentionaclassicbooksbyTodd,Harr,andPolubarinova-

Kochina.Onsoilphysics,therearebooksbyChilds,Scheidegger,andHillel.

DeWiesteditedacompilationofrecentdevelopmentonthesubject.Bearpre-

sented,inanorderedmanner,thetheoryofdynamicsoffluidsinporousmedia,

asapplicabletomanydisciplinesofscienceandengineering.

Theobjectsofthestudiesin(2)areprimarilytodevelopmethodsof

determiningthehydrauliccharacteristicsofaquifersorwaterbearinglayers

withadrawdowntest.Thepreviousstudiesindealingwithadrawdowntestare

summarizedinsection1.2.1.

Thestudiesin(3)aretodevelopexperimentalmethodsofdeterminingthe

hydraulicpropertiesofunsaturatedsoils.Thissubjecthasbeenmainlystudied

inagriculturalengineering.Recently,itisrecognizedthatinthemovementof

thegroundwaterthewatercontentandpermeabilityoftheunsaturatedregion

usuallyplayveryimportantrolesaswellasthehydraulicpropertiesofsatu-

ratedsoils,sothatmanyresearcheshavebeendoneonthissubject.Someof

thesepreviousworkswillbereviewedinsection4.1.

Theobjectsofthestudiesin(4)aretodeveloprationaltechniquesof

theseepageanaiysesandtopredictthedistributionofpressureheadandthe

velocityinsoilstakingintoaccountthegeologicalformationandthehydraulic

boundary.Indealingwithsteadystateseepagetraditionallythegraphical

methodofflownetshasbeenreliedbycivilengineers.Forunsteadystate

seepagetheearliestinvestigatorsattemptedtosolveunsteadygoverningequation

-5-



byfindinganalyticalsolutions,usingsuchtechniquesasseparationofvaria-

bles,Laplacetransformation,Green'sfunctionsandconformalmapping.Adis-

tinctadvantageofsuchanalyticalmethodsisthatthesolutionsarederivedin

algebraicformsanditiseasytostudythebehaviorofthesystemsintermsof

convenientdimensionlessvariables.However,•theprocessoffindingananaly-•

ticalsolutionbecomescumbersomeanddifficultexceptinthecaseofsimple

initialandboundaryconditionsandmaterialcompositionoftheflowregion

!nrnanypracticalproblems,however,thedegreeofheterogeneityandani-

sotropythattheengineerencountersinthefieldmaybesuchthatthesetradi-
'

tionalmethodsareextremelydifficulttoapplyunlesscertainsimplifyingas-

sumptionsaremade.Suchdifficultieshaveledtothedeveloprnentofnumerical

methods.Thepreviousstudiesonthenumericalapproachwillbepresentedin

section1.2.2.

1.2.1Previousstudiesondrawdowntest

Thefollowingisasurnmaryoftheoreticalandexperimentalworkthathas

beendoneintheareaofflowtowells.Severalmajorareasoutsidethescope

ofthepresentstudyhavebeenexcludedfromthiscompilation.Theseinclude

multi-phaseflow,anisotropicandheterogeneousporou$media,compressiblefluid

flow,stratifiedandmultiple-aquif.ersituations,multiple-wellproblems,and

!eaky-aquiferboundaries.Withtheaboveexclusions,thefieldofflowtoward

wellsinporousmediabreaksdownintothefollowingclassifications.

(1)Steady-state,confinedflowinanaquiferoffinitethickness;totally

penetratingwell(Fig.1.1)

Forthepurposesofthisdiscussion,confinedflowmeansthattheaquifer

isboundedofaboveandbelowbyhorizontal,impermeablesurface.Anaquifer

consideredisfiniteinlateralextent.Confinedflowtowardatotallypene-

tratingwellispurelyradialflowandisoftenmodeledbyflowbetweentwo

-6-



.concentrlc circles of constantpiezometric head.The .governmg differential

.equat1on .IS

1 aah =o

.

r
) (1. 1)

11) 12)
where h=lpt-X3• Muskat andPolubarinova-Kochina havederived the solution, which

canbe found .In anybasic textonground waterflow.The outer circle is the

"radiuS of influence lt of thewell. This conceptisnotwell difined, .sincethe
11)

piezometric head .varles logarithmically withtheradius. However,Muskat ob-

served that any reasonable assumption for the"radiusof influence tt'glves suf-

ficiently .preclse values forthe discharge flowrate.

Åë
x

Ground level
l

- --.---.-. .-...--.

NN"N
Nx l

.-..- --m-p

Piezometric head

'Aquifer

1l1

1

lll

t11

I
1impermeable
ll

strata

Fig.1.1 Totally penetrating well
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(2) Steady-state,confinedflowin an aquiferoffinitethickness; partially

penetratingwell(Fig.1.2)

Nowthereisanadditional velocity direction.

Thus,thedifferentialequationis

lg.(rgh.)+Qggl},,h-o (1.2)

11)
Muskat distributedsinksalongthe well axisandadjustedtheirintensity to

approximatetheboundarycondition of constantpotentialalongthewell bore.

A theoreticalsolutionforthecase of afinitewellradiuswasproposed by
13)

Kirkham.Kirkhamusednumerical techniques toevaluatecoefficientsof a

Fourier-Besselseries.
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Fig.1.2Partially penetratingwell
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(3)Steady-state,unconfinedflowinanaquiferoffinitethickness;totally

penetratingwell(Fig.1.3)

Unconfinedflowmeansthatpartoftheboundaryoftheflowdomainisa

freesurfacewhoselocationisinitiallyunknown.Thismakesthemathematical

solutionmuchmoredifficulttoobtain.Themostcommonwaytohandlethefree

surfacetheoreticallyhasbeentousetheDupuit-Forchheimertheory.This

theoryisbasedontheassumptions,aspresentedbyDupuit,that1)forsmall

inclinationsofthefreesurface,thestreamlinesareessentiallyhorizontal;

and2)velocitiesareproportionaltotheslopeofthefreesurfaceandinde-

pendentofdepth.Actually,onedoesnotneedtheassumptionofdepth-indepen-

dentvelocitiestoformulatethetheory.FlowthatobeysDarcy'slawandthat

hasnegligibleverticalvelocity(impliedbyassumption1)enablestheequations

offlowtobeaveragedintheverticaldirectionyieldingtheDupuitequation

1di9ii;(Bh2

Asmentionedpreviously,surfaeesofseepageareneglectedinthistheory.

Flowratesareexact,butthefree-surfaceprofilesareinerror,especially

wherecurvaturesofthefreesurfacearelarge;e.g.,intheneighbourhoodofa

wellbore.Themathematicaldifficultiesoffree-surfaceflowmotivatedmany

researcherstoturntoexperimentalandnumericalmethods.Finitedifference
14)

techniqueswereusedbyBoultontoobtainflowratesandfree-surfaceprofiles

whichincludedthesurfaceofseepage.Boultonalsoworkedwithasandbedmodel
i5)

forexperimentalverification.Kirkhamgaveananalyticaisolutionbasedupon
afictitiousflowregionabovethefreesurfaceandemployinganinteration,

procedure.•Analternateapproach,usingforceanalysisandtrialnglesoffilt-
16)

rationrequiringnoiteration,wasdevelopedbyKashef.

-9-



Åë

'Groundlevel

lII.I1Freesurface

'

11 ll

Nsurfaceofseepage

Aquiferl s,1l111lrmpermeablestratum

Fig.1.3Totallypenetrating well

(4)
'Steady-state,unconfinedflowin

anaquiferoffinitethickness; partially

penetratingwell(Fig.1.4)

Dupuittheorycannotbeapplied tothiscasebecausethevertical velo-

city nearthebottomofthewellisnot negligible.Thefinitedifference tech-
17)

.mques,similaronebyBoultonwasalso employedbyBorelifortheflow toa
18)

partially ,penetratingwell.Taylorand Brownobtainednumericalsolutions from
19)

afinite elementanalysis.Daganused matchedasymptoticexpansionsto derive

an analyticalsolution.Thewellwas modeledbyalinesinkofuniform strength,

and thesurfaceofseepagewasneglected. Aninnerexpansion,validfor dis-

tances .farfromawellbore,wasobtained bythemethodofmatchedasymptotic ex-

.panslons. Thezerothordertermofthe outersolutionistheDupuit solution

fora totallypenetratingwell.This techniquegivesanapproximate analytical

solution totheproblemplusinsight intothevalidityoftheDupuit solution
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10)
and Muskat'sconfinedflowsolution for apartiallypenetratingwell.

Åë
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L:ig.1.4Partially penetratingwell

(5) Steady-state}partallypenetrating wellinaninfinitelythick aquifer

with animpermeabieroof(Fig.1.5)
20)

Anapproximatesolutionwas first presentedbyHarr.Thewellwas re-

presentedbyaline-sinkofconstant intensityperunitlength,andthe we11
12)

wall becameanellipsoidofconstant potential.Polubarinova-Kochina gavethe

same solutipnandshowedthatitwas validforfree-surfaceflowwith thelinea-

rized ,free--surfaceboundarycondition .Shementionedthatimproved accuracy

can
tt

beobtainedbyvaryingthestrength ofthesinkdistributionalog thewell.

.axls .Mathemetically,thelinearized ' free-surfaceboundarycondition saysthat

the free-surfaceforunconfinedflow .IS atthesameelevationasthe piezometric

head forconfinedflow.
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(6) Unsteady,confinedflowinan aquifer
'offinitethickness;totally

pene-

trating well(Fig.1.6)
'

Theintroductionoftimecomplicates themathematicalsolution consider-

ably. Hereoneisconcernedwith time-dependent,radialflow.Theaquifer con--

sidered isinfiniteinlateralextent . Thedifferentialequation,which .m-
21)

cludes waterandaquifercompressibility effects,waslucidlyderivedby Nornitsu

inthe formasfollow

laa.(rg:)-\ge (1.4)

where histhepiezometrichead,Sis the
istioragecoefficient[S=yb(ct+nB)] ,and

Tis thetransmissivityoftheaquifer. Notethattheverticalcoordinate
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dependence hasbeen integrated outof the .equatlon
.

Theis,known asthe fatherof unsteady we11 solutions,gave the first,

widely popularized, unsteady solution . His"well function"solution to theabove

equation hasbeen extensively tabulated . The differentialequation strictly

describes aconfined, .arteslan aquifer ' butTheis' solutionhasalso beenused

asan
.approxlrnate solution forfree-surface flow withalinearized, free-surface

boundary condition.
22)

Jacoband Lohmansolved thecase of the time-varyingdischarge undercon-
23)

ditions ofconstant headand compared theirresults withfieldtests . Hantush
24)'

dealtwith we11s insandsof non-uniform thickness. Boultonintroduced elastic

and delayed-yield effectsto theTheis modelby addingatime-dependent integrai

termto the differential equation. Dischargeflow ratesthatwere certain spe-
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25)26)cifiedfunctionsoftimeweretreatedbyAbu-ZiedandScottandHantush.Peri-

•27)28)odicpumpingrateswereinvestigatedbyLennoxandBerg.Kriz,etal.derived

theTheissolutionbyreducingthepartialdifferentialequationtoanordinary

differentialequationthroughasimilaritytransformofdimensionZessvariables.

Theydevelopedanimprovedprocedurefordeterminationofthestoragecoeffici-

entandtransmissivityusinggraphical"typecurves".

(7)Unsteady,unconfinedflowinanaquiferoffinitethiekness;totally

penetratingwell(Fig.1.7)

ThebasisformanyanalysesinthisareaistheBoussinesqequationuti-

lizingtheDupuitassumptions:

iaah-BL-ah

wherehisthepiezometrichead.Thisnon-linearpartialdifferentialequation

muststillbelinearizedinordertoobtainananalyticalsolution.Asmentioned

previously,theTheistsolutionhasbeenappliedasanapproximationtothecase

ofunconfinedflow.Thus,thefree-surfacedrawdownnearthewellisquitein-

accuratebecausenoaccountistakenoftheverticalvelocity.Thisvertical

velocityissignificantnearthewellbore.
29)

ThepotentialtheoryformulationwassolvedbyBoultonusingalinearized,

free-surface,boundaryconditionwhichwasvalidforrelativelysma11drawdowns.

Hemodeledthewellwithaline-sinkofconstantdischargeperunitlength.The

surfaceofseepagewasneglected,butacorrectionwasappliedtothesolution

tocompensateforthisassumption.Thesolutionforthefree-surfacedrawdown

asafunctionoftimewasobtainedforconstantdischargeconditionsbyusinga

Fourier-Besselanalysis.TheTheiS7solutionwasshowntobevalidforflowin

-14-



anunconfinedwellprovidedthedurationofpumpingwassuffieientlylong.

Throughnumericalintegration,correctioncurveswereobtainedfortimesnear

thestartofpumping.
30)

GloverandBittengerimprovedtheTheis7solutionbyemployinganiteration

proceduretotakeintoaccountthereductioninsaturatedthicknessoftheaqui- .

ferasthefreesurfacefalls.AlinearizedBoussinesqequationwasderivedby
31)

Hantushforwellsinslopingsandsunderconditionsofconstantdischarge.
32)

McNeary,etal.solvedthecaseofcbnstant-headoperationwithvariablestora-

tivityandtransmÅ}ssivitybynumericalintegrationoftheparabolicBoussinesq

equation.
33)

Boultonextendedhisearliersolutioninthecaseofconstant-headpro-

ductionforawelloffiniteradiusbyFourier-Besselanalysisandcontour

integration.Forthistypeofpumpingoperation,thesurfaceofseepagecanbe

retainedinthemathematicalformulation.Thesolutionforthewelldischarge

asafunctionoftimeisnearlyconstantatfirst,butthenapproachestheJacob
22)

andLohmanresultforanartesianaquiferatlongtimesafterpumpstartup.
34)

AnanalogmodelusinganRCnetworkwasbuiltbyStallman.

Numeriealintegrationofthenon--linearBoussinesqequationwasperformed
35)

byKriz,et' al.forconstantdischargeflowratesandlargedrawdowns.The

partialdifferentialequationwastransformedintoandordinarydifferential

equationbyadimensionalsimilaritytransformation.Anapproachusingthe
36)

hydraulictheoryoffree-surfaceflowwastakenbyMahdaviani,whonumerically

integratedthecharacteristicequationsobtainedfromtheenergyandcontinuity

equationsforthesystem.Hydrostatieequilibriumwasassumed,whichrnadethis
37)

approachsimilartotheBoussinesqtheory.FoxandAliduplicatedthiswork.

EsrnaliandScottextendedtheresultsofKriz,etal.toconstant-headopera-

tion.

Boulton'sanalyticalsolutionwasverfiedbyHerbertwitharesistance
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networkanalog. Thissolutionis particularlyusefulforshorttimes afterthe
40)

startofconstant-head welldrawdowntest .TaylorandLuthinhavetreated a

finite-radiuswell withasurfaceof seepageandpartiallysaturated flowabove
41)

thefree-surface usingafinite--difference method.Boultonanalyzed somedraw-

downtestsfor totallypenetratingwells inanunconfinedaquifer.He teokinto

accounttheslow yieldofwaterfrom abovethefreesurfaceasitfalls

concludedthat drawdownversusdistance curveswerelesssensitiveto delayed

yieldeffects thandrawdownversustime curves.
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tt
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Fig.1.7Totally penetratingwell

1.2.2Previous studiesonnumerical approach

Theexplosive developmentofthe numericalapproachinrecenttimes has

beenmainlydue totherapidevolution ofhighspeeddigitalcomputers inthe

lasttwenty-five years.Thankstothe numericalapproach,inseveral fieldsof
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scienceandtechnology,complexproblemshavenowcomewithinthereachofcri-'

ticalanalysis.FinnemoreandPerryhaveadaptedarelaxationtechniqueinana-

lyzingsteadyseepagethroughanearthdam.Anotherfinitedifferenceapproach
43),44)

tothesteadystateseepageproblemhasbeendescribedbyJeppson.!nrecent

yearsanincreasingnumberofattemptshavebeenmadetosimulatenonsteadyflow
45)

withafreesurfacebymeansoffinitedifferencemodelbyDesai,Szaboand
46)

McCraig.

Finitedifferencemodelshavecertainrestrictionsastothekindofgeo-

logicalsituationsthatcanbehandled.Thefiniteelementmethod,ontheother

hand,hasbeenfoundtobeeasilyadaptedtoproblemsofseepagethroughcomplex

systemswhereafreesurfaceexists.Thefiniteelementmethod,whichwasfirst

devisedasaprocedureforstructuralanalysis,hascometoberecognizedasan
effectiveanalysistoolforawiderangeofphysicalproblems.Amongtheseare-.

problemsinthefieldofflowanalysis,asubjectofwhichishereininterpretedto

encompassnotonlytheflowoffluidsbutalsoheatflow.

Theapplicationofthefiniteelementmethodtoflowanalysisproblemswas
47),48)

developedbyZienkiewiczinrelativelyrecentyears,but,nevertheless,asig-
49)50)nificantliteratureonthetopichasalreadyemerged.TaylorandBrownandFinn

werethefirsttoapplythismethodtosteadystate,freesurfaceproblems.Finn's

approachhasbeenextendedbyVolkertpincludenonlinearflow.Neumanwas

abletodevelopaniterativemethodofconvergingtoasolutionthateliminates
49)53)theambiguityeffectreportedbyTaylorandBrown.Neumanhasdevelopeda

finiteelementmethodforanalyzingnonsteadyflowwithafreesurfacethatis

anextensionofthetechniqueusedinsolvingsteadystateproblems[Neuman

andWitherspoon,1970].Themethodisbasedontheoriginalformofthenon-

lineargoverningequationsandthereforeenablesonetoinvestigatenonsteady

freesurfac.eproblemsforawidevarietyofconditions.Largeverticalgradi-

entsareeasilyhandledinsystemswithcomplexboundariesandarbitrarydegrees

-17-



ofanistropyandheterogeneity.' wriendealing withradialflpwtoawelloperat-

ingataprescribedrate,onemusttakeinto accountbothstorageinthewell

andtheactualdistributionofvelocitiesalong thewellbore.Themethodcan

alsohandletheeffectsofelasticstorage,an importantconsiderationinana-

lyzingmultipleaquifersystems.Inaddition, watercanbeaddedtoortaken

awayfromthefreesurfaceatprescribedrates tosimulateinfiltrationand

evaportranspiration.Toobtainvariationswith time,themethodusesanimpli-

cit,timecenteredschemethatisaccurateand unconditionallystable.Asa

resultonlyasmallnumberoftimestepsare requiredtoreachthefinalsteady

state.

Inalloftheprecedingwork,theunsaturated regionabovethefreesur-

faceisnotconsideredinthecalculation.It standstoreasonthatinorder

tomodelaflowregionwherebothsaturatedand unsaturatedregimescoexist,

oneshouldcombinethephysicalfeaturesgoverning'thenatureofeachofthese

importantphenomena.Inrecentyears,there havebeenagrowingnumberof

attemptstoconsiderflowinthesaturatedand unsaturatedzonessimultaneously.

Finitedifferenceschemesforsimulatingboth ofthesezoneshavebeenemployed
56)57),58)58)

byRubin,TaylorandLutin,VermaandBrutsaert ,andFreeze.Freezehasbeen

abletosimulatetransientsubsurfaceflowin athree-dimensional.Withthis
58)

three-dimensionalmodel,Freezehasbeenable tosimulatenaturalflowsystems

inhypotheticalbasinsanddevelopaninsight intothemechanismsinvolvedin

thedevelopmentofperchedwatertablesandin thearealvariationofwater

tablefluctuations.Theseproblemsarealmost impossibletobesolvedbythe

precedingwork.Thefiniteelementmethodwas firstappliedtoproblemsin-
59)

volvingsaturated-unsaturatedflowinporous mediabyNeuman,butnotmany

researcheshavebeendoneyet.
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1•3ScopeofThisStudy

Thepresentworkisessentiallyanattempttodevelopthefiniteelement

methodforanalyzingtransient,multi-dimensionalfluidflowinsaturated--un-

saturated,heterogeneousporousmedia.Thisnewmethodmakesitpossibleto

identifythosefieldsituationswhereflowintheunsaturatedregionisan

importantfactorthatcannotbeneglectedandinthemultiple-aquiferwithfree

surface.Unfortunately,considerationeftheunsaturatedzoneinvolvesadded

rnathernaticalcomplexityandrequiresdataonunsaturatedsoilproperties.

Then,thepurposesofthisthesisaretobreaktheiceintreatingbothzones

simultaneously.

Chapter2discussesthephysicsofthesaturated-unsaturatedgroundwater

motion.Thegoverningequationofsaturated-unsaturatedflowisderivedfrom

thelawofmassconservationandfromtheDarcy'slawandRichard'sequationof

motionandiscomparedwiththeKlute'sdiffusionequationwhichhasbeenwide-

lyusedintheanalysisofunsaturatedflow.Typicalboundaryconditionsare

enumerated.

rnChapter3,thegoverningequationofflowthroughsaturated-unsaturated

zonesisformulatedintothefiniteelementdiscretizationswhichareevolved

intothestudyofeithertwo--dimensionalmodelsorthree-dimensionalmodels

withradialsymmetry.Thesemodelstakeintoaccounttheeffectsofhysteresis

inthevolumetricmoisturecontent-pressureheadrelationshipsinunsaturated

zone.Inconjunctionwiththefiniteelementdiscretizationweightedresidual

Chapter4dealswiththeexperimentalstudyofhydraulicpropertiesof

unsaturatedSoil.rntreatingunsaturatedzone,agreatdealmoredataare

requiredthanarerequiredforthesaturatedzone,butthesepropertiesof

soilsmustbeknowntoapplythefiniteelementapproachtoactualflow

problems.,Themainpurposesofthischapteraretoproposearationalbasisof

gettingexperimentalrelationshtpsbetweenpressurehead(tp)andhydraulic
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conductivity(K)andbetweenpressurehead(th)andvolumetricmoisturecontent(e)

with"theinstantaneousprofilemethod"byusingthesourceoflow-energygamna

rayattenuationandpressuretransducer,andtoutilizetheseexperimentaidata

inChapter5tocheckthenumericalsolutions.

InChapter5)inordertocheckthevalidityofthefiniteelementap•-

proachdevelopedinChapter3,laboratoryexperimentalstudyoninfiltration

anddrainageintwo-andthree-dimensionalsandmodelboxiscarriedoutrespec-
,

tively.Thenumericalmodelisthenusedtosolvethesetypicalproblemsand

theresultsareeomparedwithexperimentalresultsforconsistency.Therela-'

tionshipsofthepressurehead-moisturecontentandthehydraulicconductivity

-moisturecontentwhichareobtainedinChapter4areusedasinputdata.

InChapter6,newmethodsofanalyzingdrawdowntestsaredescribedandil-

lustratedwithsomeexamplestodeterminehydraulicpropertiesthatarerequired

tosimulateapracticalflowprobleminthefield.Firstly,somemethodsof

analyzingdrawdowntestswithpartiallypenetratingwellisdevelopedtodeter-

mineanisotropichydraulicconductivitieswhicharetakenintoaccountquite

easiiyinthefiniteelementmethod.Methodsofhandlingtheeffectofpartial

penetrationaredescribedinsection6.2,wheretheresultsofsuchmethodsare

successful,onecannotonlydeterminetheanisotropicpermeabilitiesand

storagecoefficientbutalsoobtainsomeideaofthethicknessoftheaquifer

beingtested.Secondarily,theanalyticalsolutionsofunsteadyflowdueto

drawdowntestarederivedintheconceptionof"lslandModel"thattheshapeof

groundwaterlevelisfixedbytheeircularwatersupplywhichisequilibrium

withthepumpingrate.Byusingthesesolutions,newmethodsofanalyzingdraw-

downtestswhichareperformedinaconfinedaquiferandanunconfinedaquifer

aregivenrespectivelyandtheeffectofinfluenceregionisevaluated.

InChapter7,havinglookedintothereasonablenessandvalidityofthis

finiteelementmodelinChapter5,thepossibleapplicationofthismodelis
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finallydescribed.Before progressinginto thevariouslevelsofapplica-

tionstheinputdataand boundaryconditions arediscussedandevaluated.The

applicationsofmodelsto fieldsituation aretheflowsthroughsandbankat

floodwaterlevelsandthe flowthrough aquiferduetoexcavation.

Finally,inChapter 8,thesummaryof thisthesisispresentedandthe

.varioussuggestionsfor futurestudiesare

'

.gzven.

-
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CHAPTER2

PHYSICSOFSATURATED-UINSATURATEDGROUI-IDWATERMOTION

2.1Introduction

lnsolvingaspecificphysicalproblem,suchastheflowofaliquidthrough

aspecifiedporousmediumdornain,itisnecessarytodevelopthefundamental

equationsdescribingthetransportoffluidinaporousmedium.

Inthischapter,firstly,Darcy'slawisdiscussedastheequationofmo-

tion.TheexperimentofDarcywillnotbeuniquelydefined,therefore,thereis

considerableambiguityinpostulatingadifferentialequationwhichwouldbe

equivalenttotheresultsoftheexperiments.Infact,thedifferentialequa-

tionwhichisnowcommonlycalled"Darcy'slaw"isnotanequivalentexpres-

sionforDarcy'sfinding,althoughthesedofollowfromit.However,theywould

equallywellfollowfromothertypesofdifferentialequations•

ThisisespeciallytrueifgeneralizationsofDarcy'slawtoanisotropic

compressibleandunsaturatedporousmediaareattempted.Somediscussionwillbe

devotedtothissubjectlaterinthischapter.

ItistobeexpectedthatDarcy'slawwillhavelimitations.Indeed,sueh
'limitationsoccurgenerallyashighandlowflowrates,aswellasinrelation

tovariousothereffects.TherangeofvalidityofDarcy'slawanditslimita--

tionswillalsobediscussedinthischapter.

Secondly,Richard'sequationisdiscussedasthelawofcontinuityorcon-

servationofmass.Coupledtheequationofmotionwiththelawofcontinuity,

thegoverningequationsforsaturated-unsaturatedflowwillbederivedandcom-

paredwiththeKlute'sdiffusionequationwhichwaswidelyusedintheanalysis

ofunsaturatedflow.

WhenaproblemisdescribedsimultaneouslybyanumberQfdependentvaria-
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bles,thesamenumberofequatiorisisneededforacompletesolution.Beinga

generaldescriptionofanactualphenomena,itisobviousthatthepartialdif-

ferentialequationitselfdoesnotcontainanyinformationconcerningthespe-

cificva!uesofquantitiescharacterizingaspecificcaseofaphenomenon.

Therefore,anypartialdifferentialequationhasaninfinitenumberofpossible

solutions,eachofwhichcorrespondstoaparticularcaseofthephenomenon.

Toobtainfromthismultitudeofpossiblesolutionscorrespondingtoacertain

specificproblemofinterest,itisnecessarytoprovidesupplementarytoacer-

tainspecificproblemofinterest,itisnecessarytoprovidesupplementaryin-

formationthatisnotcontainedinthepartialdifferentialequation.Finally
.section2.5willincludeadiscussionoftheinitialandboundaryeonditions

offlowoffluidsthroughporousmedia.

2.2EquationofMotion

rn1865,HenriDarcypublishedinanappendixtohisbook"LesFontaines

PubliquesdelaVilledeDijon"theresultsofhisexperimentsontheflowof

waterthroughgranularmaterial.Usingaeylindricalsample,thedirgctionof

flowbeingalongthecylinder,hefoundthedischargeperunitareaofcross--

sectiontobeproportionaltothegradientofpiezometricheadinthedirection

offlow,i.e.

Here,Qisthedischargethroughthesample,Aisthegrossareaofthesample's

cross-section,AhistheheadlostinalengthAÅíandKisconstantforagiven

sample.Thisexpression,andvariousrearrangementsofit,havebeennamed
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Darcy'slaw anditisthebasicrelationshipinquantitativestudyoftheflow

offluids throughporousmedia.

Darcy's laworiginallywaslimitedtoone-dimensionalflowinasteady

statefor ahomogeneousincompressiblefluid.WhenDarcy'slawisextendedto

aformal generalizationoftheequationofmotion,someproblemsariseasfollows:

(1)to three-dimensionalflow

(2)tothe flowinanisotropicmedium

(3)tothe flowinananisotropicmedium

(4)to unsteadystateflow

Several researchershavederivedDarcy'slawfromthegeneralNavier-'Stokesequa-

tionsfor viscousflowtoextendDarcy'slawtoaboveproblems.Underunsteady

state conditionstheNavier-StokesequationforlowReynoldsnumbers(neglecting

thehigher orderinertialterm)becomes

av.
p--Ka--t+p-gtilli-:-=vv2vi(2.2)

HereÅëis aforcepotentialdefinedas

tp=-xigi+-

gi=(O,o,-g) istheaccelerationduetogravity,p,vandparerespectiveiythe

pressure,

1)*viscosityanddensityofthefluid.Themassaveragevelocityviisin-

troduced intoEq.(2.2).

av.*

Inabove equationpV2v*irepresentsthedensityoftheforceduetothefluid"s

viscosity, whichresiststhemotion.Itisaviscousforceperunitvoiumeof

fluid.These resistanceforcesdependuponthefrictionofflutdparticleswith

-29-



soilparticles.Theforcesofinternalfrictionfluidparticleswithfluid

particlesarenegligiblysmallincomparisonwiththeforcesofexternal

friction.Theresistanceforcesofferedbyasinglesphereforthespecialcase
ofslowviscousflowofaNewtonianfluidisgivenbyStokeg?'ia)w.Thislawcan

beexpressedinageneralizedformas

inwhichf pistheresistanceordragofasingleparticle,urepresentsthedy-

namicviscosityofthefluid,distheparticlediameter;forirregular-shape

nonuniformparticles,dwouldbethecharacteristiclengthoftheaverage-size

velocity),andXrepresentsacoefficientthattakesintoaccounttheeffects-

ofneighboringparticles.ThecoefficientXwilldependuponthelocalstream-

lineconfigurationaroundtheparticleand,hence,mustbesomefunctionofthe

geometryoftheporesystem.MorespecificallyXwilldependupontheporosity,

theshapeoftheparticles,andthedistributionofthesizesoftheparticles.
ThetotalresistanceFofferedbyalloftheparticlesintheelementwillR

thusbe

inwhichNrepresentsthenumberofparticlesintheelement.FRisrewrittenin

theanotherform

ConsideringthatthecoefficientBretainsthesamevaluefortheunsteadymove-

mentasforthesteady.Eq.(2.4)withthehelpofEq.(2.7)becomes
*p"/i+pgO..=--(vlB)v*i(2•8)t'
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andthisequation canbeshownin.thenextform

*av.*B)agtll'(B)p'-Ka'r]-'t'(2'9)

v.=-(IUIV
4)

Averagingover thecross-sectionweobtain

*k.-BÅë"'BaV"i•(2.lo)Vi'- .pPexi"(V)at

- e-wherevisthe averagekinematicviscosity(=u/p).Thus,theequationofmotion

derivedinthe formofEq.(2.10)isvalidforaninhomogeneousfluidinlaminar

flow throughan
'permeability willbediscussedindetailinotherchapter.Eq.(2.10)isthege-

neralizedform ofDarcy'slawfornonsteadystateflowandtheformoftheexten--

sionofDarcy's lawtothree-dimensionalflowinanisotropicmedia.

Another derivationsofDarcy'slawfromNavier-Stokeseq.arepresentedby
4),5),6)

Whitaker(1966
7),8),9),1967,1969)andbySlatteryÅq1967,1969,1972).Theyused

theSlattery-Whitaker averagingtheoremwhichdiscoveredsimultaneouslyandinde-

pendentlyby Slattery(1967)andbyWhitaker(1967).Thistheoremenables

onetoexpress thevolumeaveragesofspacederivativesintermsofthespacede--

rivativesof volumeaverages,therebymakingitpossibletoproceedwiththein-

tegrationof differentialequationsfromonescaleofmeasurementtoanotherin

amathematically reigorousfashion.

Thesecond termontheright-handsideofthemotionequationEq.(2.10)ex-

pressesthe averageacceleration.SinceinpracticeDarey'slawisalwaysex-

pressedinthe formnegl,ectingthelastterminEq.(2.10),itisimportantto

knowunderwhatconditionscanonejustifyneglectingthisterm.Forflowsin

whichtheloeal inertialforcescanbeneglectedwithrespecttotheviscous(

resistance) .forces,polubarinova-Kochik9)(lg62)hasindeedshownthatthe.
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accelerationtermintheequationofmotiontends veryrapidly(e.g.,withina

fractionofasecond)tozeroaftertheonsetof flow.Hence,oneisjustified

indeletingthistermfromtheequation.

Thesameinterestingwayoflookingatthis problemhasbeensuggestedby
6)

Whitaker.Tousetheauthor'sownwords(Whitaker ,1969,pp.25)"lfatubefill-

edwithfluidissubjectedtoasuddenchangeis thepressuredrop,essentially

steadyflowoccursfortimesgreaterthantowhere to=d2!4v.Heredisthetube

diameterandvisthekinernaticviscosity.Forthe purposeofestimatingmicro-

scopictransienttimesinporousmedia,apractical lowerboundonvis10-'2cm21

sec,andanupperboundondmightbeontheorder of10-icm.Thisgivesamicro-•

scopictransienttimeontheorderof1sec,and ifthetransienttimeforthe

macroscopicprocessismuchlarger(sayonthe orderofminutes),weshouldbe

treattheflowasquasi-stead..."khenthefluid isincompressibleandthepor-

ousmediumisrigid,allthetransienteffectsare causedentirelybytemporal

ehangeintheexternalboundaryconditions.In practicethecharacteristictime

ofsuchchangesisusuallyatleastontheorder ofminutes,indicatingthatthe

timederivativeinEq.(2.10)canprobablybe neglectedinmanysituations.

Thenforahomogeneousincompressiblefluid, p=const,u=constandthemotion

.Eq.(2.10)maybewrittenintermsofthepiezometric headfi=z+p'/V•

*---efi (211)vi='(KijYIV)o.j .

ThisequationisDarcy'sexperimentallaw.

Althoughupperevaluationsdonotcontribute totheformulationofanew

law,theseconfirmtheearlybeliefthatDarcy's lawisofthenatureofstatis-

ticalresultgivingtheempiricalequivalentof Navier-Stokesequations.

Itisimportanttodefinearangeofvalidity ofDarcy'slaw,becauseDarcy's
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lawisnotuniversallyvalidforallconditionsofliquidflowinporousmedia.

InderivationofDarcy'slawfromNavier-Stokesequation,itisassumedthatthe

flowislaminar(i.e.,nonturbulentslippageofparallellayersofthefluid

oneatopanother,andinertialforcesarenegligiblecomparedtoviscosforces).

Laminarflowprevailsinsiltsandfinermaterialsforanycommonlyoccurring

hydraulicgradientsfoundinnature.Incoarsesandsandgravels,however,hy-

draulicgradientsmuchinexcessofunitymayresultinnonlaminarflowcondi-

tions,andDarcy'slawmaynotalwaysbeapplicable.Inflowthroughconduits,

theReynoldsnumber(Re),adimensionlessnumberexpressingtheratioofiner-

tialtoviscousforces,isusedasacriteriontodistinguishbetweenlaminar

flowandturbulentflow.Byanalogy,aReynoldsnumberisdefinedalsoforflow

throughporousmedia:

R=v*dlv(2.12)e

wherev*isthemeanflowvelocity,dtheeffectiveporediameter,andvisthe

kinematicviscosityofthefluid.

Thelimitcanbefoundbyplottingthedimensionlessfanningfrictionfac--

torf,usedinhydraul.i'cs,againstRe.Thefactorfisdefinedby

(2.13)
2pLv*2

whereApisthepressuredifferenceoveralengthofporousrnedia,Lmeasured

alongthelineofflowandotherquantitiesareasdefinedabove.Datafromsev-

eralinvestigationsareplottedinFig.2.1.Departuresfromalinearrelation-
12)

shipappearwhenRereachestherangebetweenabout1and10,thusindicating

,anupperlimitforthevalidityofDarcy'slaw.

Tfwetakev=O.O18cm21sec(forwater),then

v*dÅqO.O18•.O.18(2.14)
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wherev*is expressed incmlsee,d-in cmnextswe taked=O.1cm,then

'v*Åq O.18-"1.8(cmlsec) (2.15)
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thisrneansusedDarcy'slaw,then,

V*=Ke.O•18•-1•8(cmlsec)

whenwetakeK=1.0Å~10-2cmlsec

ahÅq18180

thisvaluesareverylargehydraulicgradient,andDarcy'slawcanbeemployed

inthevastmajorityofcasesconcerningtheflowofwaterinsoil.

Onthecontrary,forverylowvelocities,someinvestigators(Swartzen-

druber(1962),MillerandLow(1963))haveclaimedthat,inclayeysoils,lowhy-

draulicgradientsmaycausenofloworonlylowflowratesthatarelessthan

proportionaltothegradient,whileothershavedisputedsomeofthesefindings
15)

(Olsen(1965)).Apossiblereasonforthisanomalyisthatthewaterinclose

proximitytotheparticlesandsubjecttotheiradsorptiveforcefieldmaybe

morerigidthanordinarywater,andexhibitthepropertiesofa"Binghamliquid"

(havingayieldvalue)ratherthana"Newtonianliquid."Theadsorbed,or

bound,watermayhaveaquasicrystallinestructuresimilartothatofice,or

evenatotallydifferentstructure.Soraesoilsrnayexhibitanapparent"thresh-
'oldgradient,"belowwhichthefluxiseitherzero(thewaterremainingappar-

entlyimmobile),oratleastlowerthanpredictedbytheDarcyrelation,and

onlyatgradientsexceedingthethresholdvaluedoesthefluxbecomeproportion--

altothegradientFig.2.2.

Finallythereseemtobeaveryimportanthydrologicalproblemthatmayre-

quiretheapplicationoftheDarcy'slawtotheflowinunsaturatedsoils.For

theaboveproblem,anexperimentforthedirectverificationofDarcy'slawin
16)

unsaturatedrnaterialshasbeencarriedout(ChildsandCollis-George,1950).

Theydevisedamethodwherebythemoisturecontentandsuctiondownalongcolumn
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Yield

Hydraulicgradient

Fig.2.2 Possibledeviations fromDarcy'slawatlowgradients

ofporousconductor wereuniform, thepotentialgradientbeingduesolelytothe

gravitational component.Various magnitudesofpotentialgradientwereimposed

bysuspendingthe columnatvarious anglesofinclinationtothevertical.From

theresultsitcould besafely inferredthattherateofflowforagivendegree

ofsaturationwas
.proportional ,tothepotentialgradient,asinthecaseofsat-

uratedmaterials. Thusifmay bepossibletoassumethattheDarcy'slawisap-

plicabletounsaturated flowin anisotropicmediaintheform:

v.1

ah=--K..(Åë)ax.IJJ

(2.18)

wherev.isthei (volumetric)flux (volumeofwaterperunitareaunittime).
ahlax.isthehydraulici head gradient,whichmayincludebothsuctionandgravi-

tationalcornponents andK..isaIJ functionofthepressurehead(th)orafunction

ofthevolumetric watercontent (e),andnotaconstant,asinsaturatedflow.
17)

Eq.(2.18)issometimes calledthe Richard'sequation,becauseRichardshasshown

firstlythatthe modifiedDarcy' slawappliestounsaturatedsoils.Millerand
18)l9)

Miller(1956)point .outanlmportant differencethatsincethemoisturecharac-

teristicissubject tohysteresis ,thepressurehead(orsuction)(V)isnotuni-

quelyrelatedto thevolumetric moisturecontent(e),foritdependsalsoupon
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thehistoryofwettinganddryingbywhichthatvolumetricmoisturecontent.

isreached.

However,therelationofhydraulicconductivity(sornetimescalledcapil--,

laryconductivity)tovolumetricmoisturecontentK..(e)isaffectedbyhyste-IJ

resistoamuchlesserdegreethanistheK..(th)function,atleastinthe.IJ20)

mediathusforexamined(ToppandMiller,1966).Thus,Darcy'slawfor'unsatu-

ratedsoilcanalsobewrittenas

vi=-Kij(e)ax.J

which,however,stillleavesonewiththeproblemofdealingwiththehysteresis

betweentpande.Amorecompletereviewofthisproblemwillbebroughtata

laterchapterofthisresearch.

2.3EquationofContinuity

Intrasientgroundwatermotion,thedistributionofpotentialwithinthe
'

flowregionundergoescontinualchangewithtime.Thenatureofthetime-

dependenceofconservationofmass,subjecttotheconstraintsoftheequations

ofmotionandofstate.Theconservationlawasappliedtofluidorheat

transferisalsoknownastheequationofcontinuity.

ConsiderafinitesubregionoftheflowregionasdepictedinFig.2.3,

Undertransientconditionsofflow,waterentersandleavestheflowregionat

differentratesatdifferentpartsoftheenclosingsurface(controlsurface).

Theamountandidentityofmatterinthecontrolvolumemaychangewithtime,

buttheshapeandpositionofthisvolumeremainfixed.Thespecialcase,when

theinflowexactlyequalstheoutflowsothatthereisneitheramassexcess
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Fig.2.3 Fluxes crossingboundarysurfaceef an arbitrary

.

subregion oftheflowregion

nora massdeficiency ,isthe phenornenonof$teadystateflow .Since

'masscan

neither becreatednor destroyed, themassconditionhasto be adsorbedintoor

released fromthe particularsmall partoftheflowregion under consideration.

The equationof continuity,then, isastatement,equating the summationof

therates atwhich massentersor leavesthecontrolvolume ofthe flowregion

andthe rateatwhich .massls absorbedbythesubregion. According toSokolnikoff
21)

and Redheffer(1966), theiawof conservationofmasscanbe stated as

ÅÄÅÄV'nd6=
ÅÄdivVdV (2.20)

s v

ÅÄwhereV

isthevelocity ofthe fluid
ÅÄn

istheunit normal

s isthecontrol surface

andd6 isthedifferential surface area.Physically,theright hand sideof
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Eq.(2.20)amountstodividingafiniteregionSintoalargenumberofsma11

voumeelementsandsumminguptherateoffluidincreaseineachelemntin

ordertoobtaintheoverallfluidmassincreaseinV.Thelefthandsideof

Eq(2.20)simplystatesthatthefluidexcessarisingoutoftirasientflowof

fluidacrosscontrolsurface(lefthandsideofEq.(2.20))isaccommodatedby
'-anequivalentincreaseinthefluidcontentwithintheelement(righthandside

ofEq.(2.20)).Thisisbutarestatmentoftheconservationequation.Note

alsothatthelefthandsideofEq.(2.20)isthecauseandtherighthandside

istheeffect.
17)

Insoilphysicsliterature,Richards(1931)wasprobablytheearliestto

expresstheequationofcontinuityfortransientsoilwatermovementinthe

formofaparabolic,partialdifferentialequation.Familiarlyknownasthe

Richard'sequation,itcanbewrittenincartesiancoordinatesas,
'

-divpV=-e.pV=a2(pe)(2.2i)
ÅÄwherepisthedensityofwater,VisspecificfluxorDarcyvelocityvector

andeisthevolumetricmoisturecontent,definedasthevolumeofwaterper

unitvolumeofsoil.InEq.(2.21)thedensityofwaterpisassumedtobeinde-

pendentofspaceandtime,Eq.(2.21)reducedto,

•-e.•ee-divV=V=

whichisalsoanexpressionoftheconservationofmass.
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2.4GoverningEquationofFlowinPorousMedia

Inpracticalproblemsoffluidflowinporous media,themosteasily

measuredphysicalparameteristhefluidpotential. Also,initself,the

variationinfluidpotentialisaphenomenonof considerableinterestin

studyingflowthroughporousmedia.Hence,inthe practicaluseofEq.(2 .

22),itisconvenienttomakefluidpotentialthe dependentvariable.Thus '

substitutingEq•(2.19)intoEq.(2•22),assumingthat .X3ISaconstant

duringthetimeinterval

divK(e)=bt(e) (2.23)

Eq.(2.23)isthegoverningequationforflowthrough porousmedia.

RewritingEq.(2.23)inthecartesiancoordinate andinthetensor

notation,onehas

(224)at= ax.[D(e)a..+Ki3(e)] .

whichistheso-calleddiffusionequationderivedby

D(e)=Kij(e)-
gaig-e--

'(2.25)

whereD(e)isthesoil-moisturediffusivityinsoil physicsliterature.

ltmaybeappreciatedthataV/aeisa'measureofthe storagepropertiesof

thegeologicalmaterialandisthefirstderivativeof thepressurehead, vJe

totheincrementofthevolumetricmoisturecontent, e.Thefunctionalre-

lationshipbetweenthande(so-ca'11edwaterretention curve)isshownin Fig.

2.4.AsseemfromFig.2.4,themoisturecontentetends tobecomeconstant

whichisequaltoporosityofsoil,n,assoonasÅëÅrtp ,i.e.,whenthe
cr

suctionisles$thantheairentryvalue(IJcr)andD becomesessentially

discontinuousasaVJ!aeÅÄco.ThereforeEq(2.24)cannot beusedforthe satu--

ratedzone.Withthisequation,sincethemovementof waterinunaturated
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Fig.2.4 Variationsinthemoisture content

zonemust be distinguished fromthemovementofwater insaturated zone,it

isquite inconvenientto solvetheproblemsuchas advancementof wetting

frontin the saturated-unsaturated sdilmedia. AlthoughEq.(2.24) hasbeen
22)23)24)

used .qulte ofteninthe flowanalysis,solutionsare obtainedonly inthe

problems for unsaturated zone.

Meanwhile,itisknown thatthevolumetric .molsturecontent eisex-

pressed as

e=nsW (2.26)

wheren is theporosityof thedegreeof .saturatlon.

Choosing thas onlyone dependentvariableandapplying thechain ruleof
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differentiation tothetime derivativeontherighthandsideofEq.(2. 23),

Eq.(2.23)canbe transformedto thefollowingequation.

div K(tp)i(l;(. a

thX3 )=(nS)atw
'

d-Qa31{-.=dtp(nS.)at

dS
(2.27)[S.dtp"dv]at

Thetwotermson therighthand sideofEq.(2.27)denotetwodistinct physi-
25)

calphenomena.The firstterm representsthedeformabilityofthesoil

skeletonwhichis anologousto thecosolidationproblemexpressedby Biot's
26)

equation.This termisusually ignoredintheproblemsofflowthrough porous

mediabyassumingthattheporous mediaisrigid.Hereweconsiderthat the

soilmediumis slightlycompressible andalsoincludesthelastterm which

representsthe desaturationof thepores,thatis,thecapacityofthe soil

toabsorborrelease .mo1sture duetosaturationchanges.

Assumingthat theporosity ndoesnotchangeduetothevariation of

pressuretpin unsaturatedzone, Eq.(2.27)rnayberesucedto:

div K(tp)K5(v+x3 )=(c(e,)+Bs.)"a,+s(2. 28)

where
Unsaturatedzone

B-

Saturatedzone

whereSdenotess thespeeific storage(definedaSthevolumeofwater instantane-

ouslyreleased frornstorageper unitbulkvolumeofsaturatedsoilwhen this

loweredbyone unit),C(tp)is thespecificmoisturecapacity(defined as
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deldth)andSisasinkorsourceterm.InEq.(2.28),theadvantagebeing

thatC(e)remainsfinitethroughouttherangeofflow.

C(V)attainsamaximumvalueincoarsesand,neartheairentryvalue

(tpcr),wherelargechangesineoccuratsmallchangesoftp.Itvanishesat

suctionsmallerthantheairentryvalueorforQÅrtpcr(looselycalled,"at

saturatedsoil").

ClearlyEq.(2.28)hastheadvantageoverEq.(2.24)thatisappliedfor

thewholeflowregion,includingsaturatedandunsaturatedflow.SoEq.(2.28)

iscalled"thegoverningequationforsaturated-unsaturatedflowthrough

porousmedia."

2.5InitialandBoundaryConditions

Thesupplementaryinformationthat,togetherwiththepartialdifferen-

tialequation,definesanindividualproblemshouldincludespecificationsof:

(a)thegeometryofthedomaininwhichthephenomenonbeingconsidered

takesplace,

(b)allphysicalcoefficientsandparametersthataffectthe.phenomenoncon-

sidered(e.g.,mediumandfluidparameters),

(c)initialcondotionswhichdescribetheinitiaistateofthesystemcon-

(d)theinteractionofthesystemunderconsiderationwithsurrounding

systems,i.e.,conditionsontheboundariesofthedornaininquestion.

2.5.1Initialcondition

LetusnowconsiderthesurfaceintegralinEq.(2.28).Atanyinstantof

timet,thereisaninitialdistributionoftpwithintheflowregionbound-

arybythe,surfaceS.Thisregionrnaybeapartoralloftheflowregion•
ThisdistributionofWformstheinitialconditionforthetransientfluido

flowproblem.
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tp(xi,O)=tp.(Xi) (2.29)

2.5.2Boundaryconditions

Thefolwregionasawholecommunicatesacrossitsboundarieswithits

surroundings.Thenatureofthiscommunication isreflectedintheconditions

thatexistontheboundaryoftheflowregion. Thenaturesoftheseconditions

.aretermedboundaryconditionsand,ingeneral ,thesearefourtypes.Inaddi-

tion,theremanyexist"mixedboundaryconditions "ofspecialtypes,whichwill

beomittedforthepresent.

a.No-flowboundary

Whennofluidentersor!eavestheflow regionacrossitsboundary,the

boundaryiscalledano-flowboundary.Influid flow,animpermeablebarrieror

aplaneofsymmetryofflowisanimpermeable boundary.)tathematically,thisis

identicaltotheconditionthatthereisno gradientinpotentialacrossthis

boundaryandhence,

"th.(Kij(th)"a..+Ki3)ni=j

inwhichfidenotesthenomaltotheboundary.

b.Prescribedfluxboundary

rtmaysohappenthattheflowregion receivesfluidfromordischarges

fluidtoitssurroundingsataknownorprescribed rate.Forexample,asoil

maybereceivingrainfallinfiltrationata constantrateorawellmaybedis-

chargingtheflowregionataconstantor variablerate.Suchaconditionis
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knownasaprescribedfluxboundarycondition.Mathematically,thisamounts
•tosayingthat,foraunitsurfaceareaoftheboundary,ahlanisknown,and

hence,

(Kij(tp)- gall;..+Ki3)ni=-v(xi,t)(2.31)

.SuchaconditioniscalledaNeumannprobleminpotentialtheory.Indeed,the

noflowboundarycondition,(a),canbeeonsideredasaspecialcaseof

Neumannproblem.

c.Prescribedpotentialboundary

Thethirdtypeofboundaryconditionariseswhentheflowregioninter-

actswithaverylargereservoirofthefluidandreceivesfluidfromordis-

chargesfluidintothispracticallyinfinitereservoir.Inthiscase,the

potentialontheboundarywillbedeterminedbythefluidpotentialinthein-

finitereservoir,whichmayfluctuateintimeinaknown,hence,

ip(Xi,t)=tpb(Xi,t).(2.32)
ThistypeofboundaryconditioniscalledaDirichletprobleminpotential

theory.

rnmostproblemsofpracticalin'terestdifferentpartsoftheboundary

ofaflowregionmayexperiencedifferenttypeaofboundaryconditionsandthus

theseproblemsaremixedinitial-boundary-valueproblems.

d.Seepagefaces

Aseepagefaceisanexternalboundaryofthesaturatedzonewherewater

leavesthesystemandtpisuniformlyzeroasshowninFig.2.5.Undertransient

conditions,thelengthoftheseepagefacevarieswithtimeinamannerthat

cannotbepredictedapriori.Ifonetreatstheseepagefaceasaprescribed

pressureheadboundarywithtp=o,thelengthofthisfacerernainsfixed,and
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this iscontrarytotherealityoftransientflow .Ontheotherhand,thesee-

page facecannotbetreatedasaprescribedflux boundarybecausethevaluesof

Q aregenerallyunknownthere.

'Freesurface

E Seepageface(hsx3)

M

reservior

N

Fig.2.5Seepage face

Alongtheseepageface,wateremergesfrom theporousmediumintotheex•-

ternal space.Theemergingwaterusuallytrickles downalongtheseepageface.

(Fig .2.5).Theseepagefaceispartoftheboundary ofthephreatieflowdomain.

Its geometryisgenerallyknown,exceptforits
.upperlimit,whichisalsolying

on the(spriori)unknownfreesurface.Thelocation ofthispointiS,therefore,

part oftherequiredsolution.

Theseepagefaceisexposedtotheatmospheric pressure(neglectingthe

thin layerofwaterflowingaboveit).Actually, inorderforwatertoemerge

from theporousmediumdomain,thepressurejust insidetheboundaryshouldbe
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somewhathigherthanatmospheric. Withtp=Oalong theseepageface,the bounda-

ryconditionisdescribedas
.

h=x3onSe (2. 33)

2.5.3SourcesandSinks

Inadditiontothemovement offluidthat iscausedbytheinitial and

boundaryconditions,fluidmaybe arbitrarily extractedfromoraddedto the

'flowregionatoneormorelocations .Suchlocations ,usuallyofvery small

orinfinitesimalspatialextentare calledsinks orsources.Sourcesand sinks

materiallyaffectthemassbalance expressedby Eq.(2.28).Hencetheir effects

wouldhavetobedulyincorporated

-

intoEq.(2.28) ,aswillbedone

-

subsequently.
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CHAPTER3

FINITEELE),IENTANALYSISOFFLOWINSATURATED-UNSATURATEDSOILS

3.1.Introduction

Theapplicationofthefiniteelementmethodtoflowanalysisproblems

isarelativelyrecentdevelopmentbut,nevertheless,asignificantlitera-

tureonthetopichasalreadyemerged.

Thefinitedifferencemethodhasbeenmainlyusedbeforethedevelop--

mehtofthefiniteelementmethodinsolvingtheflowproblemsnumerically.

Onemightreasonablyinquirewhatadvantagesthefiniteelementmethodhas

whencomparedwiththefinitedifferencemethods.Forsimpleregularmesh

networks,thedifferenceequationsderivedbythetwomethodsareidentical.

However,forcertaincomplexproblems,thefiniteelementmethodhasseveral

advantages.Boundaryconditionsarehandlednaturallybythemethodincon--

trasttothefinitedifferencemethod,wherespecialformulashavetobede-

velopedfortheboundariesinmanyinstances.Themeshsizecanbevaried

readily.Smallelementsmaybeusedinareasofrapidchangeandlargeele-

mentsrnaybeusedwherevariationsarelesssevere.Alsothepresenceofin-

homogeneitiesandanisotropyistakenintoaccountquiteeasily.

Althoughalotofseepageflowproblemshavebeensolvedbythefinite
1)2)

elementmethod,mostofthemaremerelyconcernedwithgroundwaterinthe

saturatedregion,sothattheunsaturatedregion(capillaryzoneandabsorbed

waterzone)abovethefreesurfaceisnotconsideredinthecalculation.Tn

themovementofthegroundwaterthewatercontentandpermeabilityofthe

unsaturatedregionusuallyplayveryimportantrolesaswellasthestorage

coefficientandpermeabilityofthesaturatedregion.Particularlyinanalyz-

ingtheproblemsofthefreesurfacechangedueto' thewaterrisingorinfil-

trationofrainfall,themethodwhichismerelyconcernedwiththesaturated
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regionmaynotbepossibletoobtainthesatisfactoryresults.

Problemsofseepageintheunsaturatedregionleadtoquasilinearpartial

differentialequationsthatareextremelydifficulttosolvebyanalytical

methods.Onlyone-dirnensionalflowproblemsweresolvedbyYoungsandPhilip.

lylanyattemptstosolvethesetwo-orthree-dimensionalequationsbythefinite
5)6)

techniqueshavebeenreportedintheliterature.Thefiniteelementmethodwas

firstappliedtoproblemsinvolvingsaturated-unsaturatedflowinporousmedia
7)8)

byNeumanbutnotrnanyresearcheshavebeendoneyet.

Boundaryconditionsintheformofprescribedheadsandnon-zeroquality

offlowcanbedealtwitheasilyintheconventionalfiniteelementformulation.

However,moredifficultcircumstancesarisewhenthereisafreesurfaceinthe

unconfinedflowproblem.Freesurfaceforsteadyflowisdeterminedusuallyby

usingiterativeprocedures.Thelocationofthefreesurfaceisfirstguessed

andthenmodifiedsuccessivelyonthebasisofthevaluesoffluidheadscom-

'putedateachstepofiteration,andtheprocedureiscarriedoutuntilthe

movementsofthefreesurfacebecomeessentiallynegligible.Locationofthe'

transientfreesurfaceismoredifficultandanumberofprocedureshavebeen
1)2)

proposed.

But,thesernethodshavefundamentallimitationsindeterminationoffree
-surface.Thefirstlimitationisthatitisimpossibletosolvethebehaviors

offlowthroughanearthdamwhenwaterraisedattheupstreamsideinthecase

whichthereisnosaturatedzoneatthebottomofearthdamorbank.Itisthe

reasonthatthesemethods,asindicatingabove,treatthegroundwaterinthe

saturatedregion,sothatonlythesaturatedregionisdividedintofiniteele-

ments.

Thesecondlimitationisthatitisimpossibletosolvethebehaviorof
.flowinaninhomogeneousdomain,suchasillustratedonFig.3.i(a).Inthis

case,forexample,onesolvedafterthesemethodthechangeoftransientflow
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patternduetothesuddendrawdownonthe righthandside.Theresultmustbe-

comeasshowninFig.3.1(b).
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Fig.3.1(a)Flowinaninhomogeneous domain
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tt
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Ftg.3.1(b)Resultofcalculationof

.Fig.3.1(a)

Thisresultisdistinctlyinerroratthe pointthatthegeologicalconditions

arechangedintheeoordinates.Thiserror' iscausedbythemethodofdeter-

minationoffreesurfaceafterthesemethod.

Ontheotherhand,thefiniteelement methodwithsaturated-unsaturated

fJowdoesnotrecognizethiscumbersome difficultyandcaneasilyhandleir-

regularlyshapedflowregion.Ageneral procedureproposedbyNeumanshowsthat

theso-calledfreesurfaceislocatedby findingpointswherethepressure
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headvanishesandthesurfaceofseepageishandledbyaspecialiterative

method.Withthismethodonewillbeabletohaveacluetosolvetheproblems,

whicharealmostimpossibletobesolvedbytheconventionalmethod,suchas

behaviorsofflowthroughanearthdamwhenwaterraisedattheupstreamside,

flowthroughanembankmentwhenthewaterlevelofariverchangedandground
.waterlevelfractuationduetowaterinjectiontoawell.

Inthischapter,finiteelementmethodwillbeusedtosolvetheinitial-

boundaryvalueproblemsofsaturated-unsaturatedgroundwatermotionintwo-di-

mensional,axisynmetricandthree-dimensionalregion.

3.2Two-DimensionalFiniteElementAnalysis

3.2.1ApplicationofGalerkinmethod

Variationalandweightedresidualmethodshavebeenemployedcornmonlyfor

arrivingatafiniteelementrepresentation.Variationalprocedureswerepri-

marilyusedintheinitialstagesofthefiniteelementmethod.However,

weightedresidualprocedures,particularlytheGalerkinmethod,havebeenfound
'tobemoregeneralfortheflowproblemwhichisgovernedbynon--linearequa-

9)10)
tions.Thepossibleadvantageofsuchmethodsisthat:

(a)Thesearchfora'functional'equivalenttotheknowndifferntialequa-

(b)Thatthemethodscanbeextendedtoarangeofproblemsforwhicha

'functional'maynotexist,orhasnotbeendiscovered.
'Theseapproacheswillbeoutlinedhere.Letusconsideraproblernofsolv-

ingapproximatelyasetofdifferentialequationswhichtheunknownfunction{Åë}

hastosatisfyintheregionV.

Thegoverningequationwillbewrittenas
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and itsboundaryconditionas

c({Åë})=o (3.2)

this havingtobesatisfiedonboundaryS.

Ifatrialfunctionwhichsatisfiestheboundary conditionsiswrittenin

the generalform

{Åë}a=[N]{Åë} (3.3)

.m which,asbefore,[-N]areprescribedfunctionsof co--ordinatesand{Åë}isa

set ofnparameters,theningeneral.
A({Åë}.)'"RiO (3.4)

The bestsolutionwillbeonewhichinsomesensereduces theresidualRtoa
least valueatallpointofV.

Anobviouswaytoachievethisistomakeuseofthe factthatifRis
identicallyzeroeverywhere,then

(3.5)

where Wisanyfunctionofthecoordinates.Ifthenumber ofunknownparameters

{Åë} isnthenifn,linearlyindependent,functionsWiare chosenwecanwrite

a suitablenumberofsimultaneousequationsas

st.(Åë)=WiRdV=WiA([N]{Åë})dv=o
v

(3.6)

from which{Åë}canbefound.Inotherwords,thefunction st(Åë)mustvanishforn

each valueofn.Wiistheweightingfunction.

Galerkinmethodisthattheweightingfunctionismade equaltotheshape

functiondefiningthapproximation,i.e.,Wi=Ni.This processleadsingeneral

to

Eq.(2.28)isanon-lineardifferentialequation,in
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dependentupontheunknownparametertp.Andthefiniteelement formulation of

thisequationmaybedonemosteasilywith theGalerkinmethod.

RewritingEq.(2.28)inthevectorform,this equationbecornes,

K}•Aifh-B-sPii-h-o,
(3 .7)

where

A=K(tp)

B==C(il,)+BSs

h=tp+x3
Initialandboundaryconditionsarealso rewittenasfollows;

(A)Initialcondition

h(xi,O)=Ho(Xi)

(B)Boundaryconditions

(a)Prescribedheadboundary (3 .8)

h(xi,t)=Hb(xi,t)

(b)Prescribedfluxboundary
.

ah

'WhereHo,Hb,Vareprescribedfunctionsand
'•
nistheunitouter norma1 vector.

3•2.2Formulationbyweightedresidual procedure

Atthebeginning,onechoosesatrial functionhwhiehsatisfies thegiven

initialandboundaryconditionsasfollows.
.

h(Xi,t)=Nn(Xi)h.(t)(n=1 ,2,•••) (3. 9)

whereN(x.)isasetoflinearlydependentnl coordinatesfunctions andh
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aretime-dependentcoefficientsyettobedetermined.

SinceEq.(3.9)maynotcompletelysatisfyEq.(3.7)withEq.(3.8),substi-

tutionofEq.(3.9)intoEq.(3.7)mayproducearesidualRsuchas

K}'Ai5(N.(Xi)h.(t))-Bkstt-b(N.(Xi)h.(t))"R(3'10)

.Inordertofindthebestsolution,onemustchooseatrialfunctionhsuch

thattheresidualRvanisheseverywhereintheflowdomain.

Followingtheweightedresidualprocedure,integrationofEq.(3.10)over

theentireflowdomainVwithasetofweightfunctionsWk(xi)yields

vWk(xi)RdV'
vWk(xi)[e7'AK}{N.(xi)h.(t)}-B-stt-a{N.(xi)b.(t)}]dv=o(3.n)

SincetheGalerkinmethodsetstheweightfunctionsWk(xi)equaltotheshape

functionsNk(xi)' ,Eq.(3.11)becomes

N.[K5.AS5N.h.-B-stt-a-(N.h.)]dv=o(3.12)
v

11)
ByusingGreen-Gausstheorem,

aNh
K}N")'MMv=ovAS5N.'K5N.h.dV- sAN..h.'nda+ vBNnat(3•13)

wheretheentireflowdomainisdiscretizedintoNelementsofthefiniteele-

mentsofthefiniteelementmesh,Eq.(3.13)isalsoappliedtotheeachelement

aNeh

Vfi(hmNm)=veNn[K5'mhmeat
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Fortheentireflowdomain,

N aNhA.Kl;N•K5N rn rn ANK}Nh•Ildo]-o (315)Z[inmhmdV+BiNnv.i=1V.

at v-.Inms. .

1

Atthismoment,wedefine the permeabilitytensorK..(V)asIJ

K..(tp)-K?.K(th)IJljr
(3.16)

whereK9,isthepermeabilityIJ

tensor atthefullysaturatedcondition ' K.(V)is

afunctionofpressureheadtpor a functionofvolumetricmoisture content e

andOfKrEl•Insaturatedregion, Kr becomes1.

Itisassumedthatthepermeab i
litytensor(K9.)andthespecific13

storage
(S)areconstantineachelements

whi leK(th)andC(tp)varylinearlyr

accordingto

Kr=KENfi (3.17)

ec=C2N2

(3.18)

where2standsforthecornersof the triangleasshowninFig.3.2.
.

ve

2.p

1.n

Fig.3.2Single triangularelement

Foratriangularelementas shown inFig.3.3,Eq.(3.15)isdeduced toa

setofquasilinearfirst-order differentialequations

- 57--



dtp

AnmVm+Fnmde=Qn. Bn . Dn n,m=1,2,'''',N

'

(3.19)

Xl

Fig.3.3 Two-dimensional triangular elements

where,foraverticalcross-section described bythe coordinatesxandx3t1

e aNe

Anm=e$KrkKSijveNekaxni

.a

=Z4Act-K' K?3 (b +bc)mmn +K?3cc]nm

(3.20)
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Fnm=
ellive(C2Ne2Nfi+NfiBSs)dv

NoLA+c+c)+4BS]: (n=m)"Zl2[(2Cnpqse (3. 21)

(nfu)

NNe(LV)n (3 22)Qn=-ZVNndO="'Zct2 .

s

Bn= .liKr2Ki,v.NeÅí-a.2.v=z-\g--i(r(K?,b +Kg,c)nn (3. 23)

D=ZSNedVnn (3. 24)

eev
'

wherebandn carethevaluesdependentoncoordinatesn, .The subscripts ns p,q
refertothe threecornersofeachtriangleasshown inFig.3.2, Ais the area

ofthetriangle, ct=1forplaneflow,Rristheaverage relative conductivity

givenby'Kr= (Kr+Kr+Kr)13.Theterm(Lv)represents theflow rate across any

sideofthe triangle,oflengthL,whichincludesnodal pointn, vis assumed

tobeuniform alongL.

3.2.3 !ntegrationovertime

Thematrix differentialequationsobtainedinthe .prevlous .sections areof
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atypeinwhichspecifiedvalues ofthefunctions and,whennecessary,ofits

firsttimederivativesatthe start,uniquely definethisfunctionthroughout

thetimeinterval.

Suchacategoryofproblems knownas' initialvalue'or'marching'canbe

solvedbywritingsuitablerecurrence relations .Fromtheseastep--by--step

processallowsafullsolutionof theproblems .

Therecurrencerelationcan beestablished indifferentways.Forinstance,

afinitedifferenceschememaybe useddirectly ortheGlerkinweightedresidu-

alprocessappliedwithineach interval.However ,sincegeneraluseofthesec-

ondprocesswillrequirefurther studies,the conventionalsemidiscretization

procedure,i.e.,finitedifference isadopted tointegrateEq.(3.19)intime

domain.

Iftheentireflowsystem remainsunsaturated atalltimes,goodresults
12)

canbeobtainedbyemployingthe time-centered scheme(Crank-Nicolsonscheme),

Ak+1/2+2Fk+1/2 k+1)iP-2Q
k+1/2-2Bk+i12d.2Dk+112

(nmAtknm
Ak+i/,2Fk+i/,)tpk

.( nm- Atknmm
(n,m=l,2,''''N)(3.25)

k+1andAt=t-t k.Tnordertoevaluatethecoef•-

ficientsinEq.(3.25),onemust knowthevalues
.fipk+112.ttk+1/2=tk+Atk/2.n

Atthebeginningofeachtimestep, theseare predictedbylinearextrapolation

frompreviouslycalculatedvalues accordingto

kk-1thn-tpn+ 2Atk-1
(thn-tpn'
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Theresultingsetofsimultaneouslinearalgebraicequationsisthensolvedby
9)k+1ahighlyefficientGausseliminationmethodforthevaluesoftpnatallnodes.

DuetothenonlinearnatureofEq.(3.25),theseresultsmustbeimproved

tpk+i12.i12(thk.tpk+i)(3.27)

Afterhavingreevaluatedthecoefficients,theequationsareagainsolvedby

uesaslongasitisnecessarytoachieveasatisfactorydegreeofconvergence.

IfapartofthesystemissaturatedandSsinthispartiszero,thevalues

ofFnmcorrespondingtonodalpointsinthesaturatedzonevanishbecauseCis

zero,andthegoverningequationstherebecomeelliptic.Thismeansthatsudden

changesinboundaryconditionsaroundthesaturatedzonehaveaninstantaneous
effectonthevaluesoftpeverywhereinthiszone,andthisnolongeraconti-'

-nuousfunctionoftime.Forexample,byimposingacertainboundaryconditionat

timet=tk ,anvaluesoftpinthesaturatedzonechangeinstantaneouslyandthe
vaiuesofipkatthestartofthetimestep,Atk,becomeunknown.Thus,then•

right-handsideofEq.(3.25)isunknown,andtheequationscannotbesolved•

Toovercomethisproblem,onemustadoptafullyimplicitbackwarddiffer-

enceschemeintermsofW,

(All;il/2+AltkFlti:i12)lp:+1.Q+i!2..Bk+i/2-D+1!2+AIkFlllXi12zl,l;
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3.2.4Treatmentofseepagefaces

Aseepagefaceisanexternalboundaryofthesaturatedzonewherewater

leavesthesystemandtpisuniformlyzero.Undertransientconditions,the

lengthoftheseepagefacevarieswithtimeinamannerthatcannotbepredict-

edapriori.Ifonetreatstheseepagefaceasaprescribedpressureheadbound-

arywithtp=O,thelengthofthisfaceremainsfixed,andthisiscontraryto

therealityoftransientflow.Ontheotherhand,theseepagefacecannotbe

treatedasaprescribedfluxboundarybecausethevaluesofQtherearegener-n

allyunknown.How,then,shouldaseepagefacebetreated?

Theinherentdifficultyintreatingseepagefaceshasbeenovercomeinthe

presentworkowingtotheeasewithwhichprescribedpressureheadandprescrib-

ednorma1fluxboundaryconditionscanbeassignedateachnodewiththefinite

elementmethod.Theproposediterativeprocedurewouldbequitecumbersometo

usewithconventionalfinitedifferencetechniques,particularlyinanisotropic

mediawithirregularlyshapedseepagefaces,becauseprescribedfluxboundaries

arerelativelydifficulttohandle.

Referenceismadetoallnodeswhich,atanystageofthecalculation,can

belongtoagivenseepagefacebyhavingzerovaluesoftpnandnegativevalue

iteration,thissetequaltozeroalongtheinitiallengthoftheseepageface

andthelatteristreatedasaprescribedipboundary.Atthesametime,Qis

setequaltozeroatallnodeswithtpÅqOandthissegmentistreatedasapre--

scribedfluxboundary.ThesolutionisexpectedtoyieldnegativevaluesofQt

atnodeswheretpisprescribedtobezero,andnegativevaluesoftpatnodes

whereQisprescribedtobezero.If,instead,apositivevalueofQisencoun-
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teredatanodewhereVi=O,thevalueofQthereissetequaltozeroand,in

thenextiteration,thisnodeistreatedasaprescribedfluxboundary.

Ontheotherhand,ifapositivevalueofthisencounteredatanodewhere

Q=O,thevalueofit)thereissetequaltozeroand,inthenextiteration,this

nodeistreatedasaprescribedpressureheadboundary.Experiencehasshown

thatinorderforthesolutiontoconverge,thismodificationoftheboundary

conditionsshouldalwaysproceedsequentiallyfromnodetonode,startingatthe

saturatedendoftheseepageface.

!naddition,afterhavingsetQequaltozeroatanynodeduringagiven

iteration,Qatallthesubsequentnodesmustalsobesetequaltozero.The

iterativeprocesscontinuesinthemannerdescribedearlieruntilasufficient

degreeofconvergenceisachievedateachnodeinthenetwork.

Ttshoudbenotedthatduetotheeasewithwhichprescribedfluxboundary

conditionsaretreatedinthefiniteelementmethod,thehandlingofseepage

facesisconsiderablymoresimplethaninthefinitedifferenceapproach.

.3.3AxisymrnetricFiniteElementAnalysis

3.3.1Finiteelementdiscretization

Theapplicationofthefiniteelementmethodtocertainaxisymmetricsatu-

rated-unsaturatedflowsthroughporousmediaispresentedinthissection.The

typicalproblemofradialflowtioawellpenetratinganunconfinedaquiferis

showninFig.3.4.Theformulationofthegeneralaxisymmetricflowproblemus-

ingfiniteelementanalysiswillfirstbediscussed,afterwhichtheapproach

willbeusedtosolvetheaxisymmetricflowtoawell.
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Thephysical situation .IS one of three-dimensionalflowwith axialsymme-
.try.Thus,cylindrical

coordinates arethe naturalselection.The mediumwillbe

devidedintoconcentric 'rmgs of constant triangularcross-section intheaxi-

symmetriccase(Fig.3.5 ). In this case) thesolutionwillbea functionof

onlytwospacecoordinates, r and z. Asshown inFig.3.5,A' representsthe

cross-sectionofan axisymmetric annular elementofvolumeV, then,thefunc-

tionsNnforanygiven element remain independentoftheposition ofthiseleT

ment.Theintegralof NNm
n over the volume oftheelementin Eq.(3.20)can

thereforebewritten as

.2r

NNdV=nm
[ N NnmdA ]ide= 2riNNdAnm (3.29)

v o A A
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.

wheref isthe average valueofrforthe triangle

-ri+r2+r3r=

3
.

(3.30)

this becomessimp1y

-A(2Tr)12 if
.

nfm

NNdV= (3.31)
nmv

(2Tr)2•12 if n=m

then,the finiteelement analysisfor axisymmetric flowis simp1y formulated by

usingthe factorct=2Tf .In Eqs.(3.20),(3 .21),(3.22) and(3 .23) .

3.3.2 Axisymmetric flow toawell

Whena, wellhas been completedin anunconfined aquifer and discharges at

arateQ ,flowinto thewellboreis notuniform along its length. Asshown
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inFig.3.6,the boundaries along thewellboreconsistofanuppersegment(r2)

acrosswhichnowater can flow intothewellduetotheunsaturatedstateofthe

porousmedium,aseepageface (s) ,andaboundary(ri)wherethetotalheadat

anyinstantoftime' IS uniform andequaltotheelevationofthewaterlevel,

L(t).Thetotaldischarge from

dischargefromthe aquifers into thewell,QA(t),andtheamountofdischarge

contributedfromwell storage.

Qp(t)

T
r2Watertable

s

r ,
`'--QA(t)

L(t) t ',z

rw
Pl

Fig.3.6 Diagram of

r

wellinunconfinedaquifer.

Ifoneassumes that L, Q,p andQAvarylinearlyduringeachtimestep,then

amaterialbalance calculation forthewellleadsto

AL=
At

T(r2-r2)Wt
( Qli+i/2.Qli+i12)(3.32)

whereAListhechange .m the heightofthewaterlevelinthewellduringAt,

ristheeffective radius of the well,andristheoutsideradiusofthepro-
W t

ductionpipe.

Thetotaldischarge from the pumpcanberegulatedatthegroundsurface
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bycontrolingthecapacityofthepump.Inthiscase,Q(t)isaprescribedP
k+112functionoftimeandEq.(3.32)involvesonlytwounknowns,ALandQA.

Duringeachtimestep,anestimateofALforthefirstiterationisob-
k+112k+112k+1!2tainedfromEq.(3.32)onthebasisofQAandQp,andLoldinEq.(3.

k33)belowissetequaltoL.Theaveragevalueofthewaterlevelinthewell

forthetimestepisthenadjustedaccordingto-

'L:2lll2.xLg•:312+(i-A)(Lk+L);o.sEAsi(3.33)

whereAisanunder-relaxationfactor.ExperiencehasshownthatXshouldin-

creaseasQAapproachesQpandshouldusuallyexceedO.7.Duringsubsequentit-

erations,Eq.(3.32)isusedrepeatedlywithEq.(3.33)untiladesireddegreeof.

convergenceisachievedforeatallnodes.Attheendofthetimestep,then

3.4Three-DimensionalFiniteElementAnalysis

3.4.1lsoparametricelements

Insections3.2,3.37emphasiswasplacedonthesolutionoftherelative!y
simpletwo--dimensionalproblems.However,themethodisequallyapplicablein'

themoreimportantfieldofthree-dimensionalflow.Thepurposeofthissection,

therefore,istoconsidertheextensionofthefiniteelementmethodsothata

generalthree--dimensionalsaturated-unsaturatedaquifersystemcanbeconsider-

ed.Three-dimensionalproblemsembraceclearlyal!thepracticalcases,though

forsome,thevarioustwo-dimensionalapproximationsgiveanadequateandmore

economicaltmodel'.

Thesimplesttwo--dimensionalcontinuumelementinsections3.2,3.3wasa

triangle.J Inthreedimensionsitsequivalentisatetrahedron,anelementwith
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fournodalcorners.Butadifficultynotencounteredpreviouslyispresented.

Itisoneoforderingofthenodalnumbersand,infact,ofasuitablerepre-

sentationofabodydividedintosuchelements.Itisimmediatelyobviousthat

thenumberofsimpletetrahedralelementswhichhastobeusedtoachievea

givendegreeofaccuracyhastobeverylarge.Thiswillresultinverylarge

numbersofsimultaneousequationsinpracticalproblems,whichmayplacease-

verelimitationontheuseofthemethodinpractice.Furtherthebandwidthof

theresultingequationsystembecomeslargeleadingtobigcomputerstorage

requirements.Therefore,incaseofthree-dimensionalanalysis,'isoparametric

elementisadoptedtoreducetotalcomputationsanddatapreparationeffort.A

detailedformulationofthecompletefamilyofisoparametricelementsisgivenin
9)13)

thetextbyZienkiewicz.Then,onlytheessentialswillbesummarisedinthis

sectionastheelementcharactericticsarelaterutilizedforcomputingthe

problemofsaturated-unsaturatedflow.

Thevolumedefinedtheflowdomainisfirstsubdividedintoanumberof

elementsinterconnectedatadiscretenumberofpointsornodes.Inthisstudy

cubicisoparametricelementsshowninFig.3.7areusedasthesecanifdesired
14)permitcloseapproximationtocurvedsurface.LetthevariableVthroughoutthe

domainbeapproxirnatedby:

i=nt
tp=ZNitpi(3.34)i=1

inwhichNlaretheappropriateinterpolationfunctionsdefinedpiecewiseele-
i

mentbyelement,thiarethenodalvaluesoftpinthediscretiseddomainandn

isthenumberofdegreeoffreedom.

Thesearetheverysamemethodsasusinginsection3.2toformulatethe

governingequationsintofiniteelementdiscretizationexceptforadopttingele-

mentshapefunctions(orinterpolationfunctions).

ConsiderthecubicisoparametricelementshowninFig.3.7withpositions
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r3+1--12+1

10x3v(lsr:NA
3//.sp4.'6Nx(NINIll1

13... N1719021....

12

axirl-11f16'20+1-8Fig.3.7Three-dimensionalcontinuumelementnodenumberingconventiondefinedwithinitbycurvilinearco-ordinatesri(whichtakeupvaluesofÅ}1on

oppositefaces).Lettheseco-ordinatesberelatedtothecartesianx.byexpres-

Enm=Kij v.K2N2axiax

inwhichtheexpressionaN'e/ax.dependsonderivativeswithrespecttolocalnl

co-ordinates.
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Table 3.1Interpolationfunction

ah/ar1 ah/ar2 ah/ar3
'

N'
1 (1/8)RST(1/8)ST (1/8)RT (1/8)ms

Nt
2 (1/8)-RST--(1/8)ST (1/8)"R'T (118)-ms

Nt
3 (1/8)RST-(1/8)ST -(1/8)'R'T (1/8)- ms'

Na (1/8)RST(1/8)ST -(1/8)RT (1/8)-ms'

Nt
5 (1/8)RsT(1/8)S-T (118)ReT -(i18)RS

N'
6

(1/8)'RS'i-(118)S'T- (1/s)R'T- -(1/8)iis

N'
7

(1/8)-R'S-T-(1/8)g'T' -(1/8)'R"'T" -(1/8)-RS-

Nt
8

(118)Rgi(118)geT* -(118)R-Tk -(1/8)dss

N'
9 (1/4)RST..-(112)::ST (1/4)RT- (1/4)RS-t

N'
10

N'
11

N'
12

Ni
13

N'
14

N'
15

Ni6N'17N'18N'19N'20N'21

(114)RST-(114)ST
(114)RS.T-(1/2):IST
(i14)RST(i/4)ST
(1/4).R .S..T(1/2):.1.ST
(1/4)RST-(114)ST
(1/4)RS.T (1/2):-IST

(1/4)RST(114)ST
(1/4)RST(1/4)ST
(1/4)RST-(1/4)ST
(1/4)RST-(114)ST
(1/4)RST'(1/4)ST

RST.•-•(2)rST1

-(1/2).r2RT

-(1/4)RT

d(112).r e2RT

(1/4)RT
-(1/2):2'R'•T

-(1/4)RT

-(1/2)r aR'T'

(1/4)RT
-"(1/4)RT
-t

d- (1/4)RT
"-(1/4)RT"k-(2)r2RT

(114)RS*-

(1/4)RS

ms
-ms-•

-RS'

ms-•

3kt
ms

-"2R=1+rlRsl-rlRsl-rl

-"2ssi+r2Ssl-r2Sslrr2

'
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Toevaluate this matrices it mustbe noted that two transformationsare

necessary.In the first place asN .In termsof loeal (carvilinear)

co-ordinates itis necessary todevise some meansof expressmg
. theglobalderiv-

ativesofthe type occurrmg
. inEq. (3.36)in terms oflocal derivatives.

Inthe second
.

place the element ofvolume (or surface) over whichtheinte-

grationhasto be carried out needs tobe expressed .mterms of thelocalco-or--

dinateswith an .approprlate change oflimits of integration t

Consider for •lnstance theset oflocal co-ordinates r acorresponding

setofglobal co-ordinatesx i •By theusual rulesof partia1 differentiationone

canwritefor instance theri derivativeas

DN.1-=

ar1

aN

bx
1+
1

aN.ax1

axar2

2aNi+ax13 ax

ar

31

(3.37)

Performing the same di fferentiation with respect to theother twoco-ordi-

natesand writingin matrix form onehas
.

aNi ax1 ax2 ax3 aN.1 aN.1

ar1 ar1 ,erl ,ar1 ax1 ax1

aN.1

ar2 =
ax1

ar2

ax2

,ar2

ax3

,ar2

aNi

ax2 =[J]
aNi

ax2
(3.38)

aN.1 ax1 ax2 ax3 aN.1 aN.1

ar3 ar3 ,ar3 ,ar3 ax3 ax3

Zntheabove, the matrix [J] .IS knownasthe Jacobian matrix .

TofÅ}nd nowthe global derivatives one inverts [J]and writes

aN. aN
1 i

ax1 ar1

aNi

ax2 =
-•

aNi

ar2
(3.39)

aNi DNi

ax3 ar3
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Interms oftheshape function definingthe co-ordinate transformation [N'],

theJacobian matrixis .wr1tten

aN[J]=[Z--ialiiF:-'h'-X

k

i
l]J

(3 .40)

Here,the Jacobianmatrix hasthe followingform:

ij

(3 .41)

Theinverseof [J]canbe found

a-a a
li 2131

-11[J]= IJI 12
-a

2232
(3 .42)

a--a a
!3 2333

where

IJI-( JnJ22J33 +J12J23J31 + J13J21J32)
(3 .43)

-( J13J22J31+J12J21J33+JnJ23J32)

and

J22J23 J21J23 J21J22
an= a12= a13=

J32J33 J31J33 J31J32

J12J13 JnJi3 JnJ!2
a21= a22= a23=

J32J33 J31J33 J31J32.

J12J13 JnJi3 JnJi2
a31= a32= a33=

J22J23 J21J23 J21J22
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Thentheinverse of [J]can begiven

-1[J] =[b..]lj (3.44)

where

b..=
lj.

(-1)i"j:L-a
IJI ji

ByusingEqs. (3.39) and(3.44) 'it 'IS possible todevise somemeansofexpress-

ingtheglobal derivativesof the typein terms oflocal derivatives:

m m
axi

=[b..]IJ
ar.J (3.45)

Interporating Eq.(3.45) into Eq.(3.36) ,the integrand inEnm canbeexpressed

intermsof local co-ordinate .

3.4.2Numerical integration byGauss quadrature

The transformation ofthe variables and .reglon, with 'respecttowhichthe

integrationis done, isachieved by the following

dxidx2dx3 = det[J]dridr2dr3 (3.46)

whichisvalid irrespective ofthe number of co-ordinates used.

Byusing the' lnverseof [J], the evaluation ofthe elementpropertieshas

beenreduced tothat offinding integrals ofthe form of Eq.(3.36).Bytrans-

formation,this can bewritten as

11 1,r e n - mE ij-1-1
[bik]

ark ark det[J]dridr2dr3

(3.47)
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Toperformintegration of theformindicated' inEq.(3.47),a Gaussianquadrature

schemeisused.In this techniqueapolynomial f(x)ofdegree 2n-1maybeinte-

gratedexactlyas thewei ghtedmeanofitsH.1. particularvalues ofspecified
.16)Gaussianpoznt,

thatis,

11 1

I= f(ri,r2,r3)dridr2dr3
-1-1 -1

nn= zz ZHH.H.f(ril',rg,r}) (3.48)

m=1j=1

Table3.2shows the positionsandweighting coefficients forGaussianinte-

.gratlon.

Table 3.2 Samplingpoinsand weightsinGauss-

Legendrenumerical mtegratlon

n Hk i-
2 1.00000OOOOO

O.5555555556
3

o.oooooooooo O.8888888889

O.3478548451
4

O.6521451548

O.2369268851

s O.4786286705

o.oooooooooo O.5688888889

..
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CHAPTER4

EXPERIMENTALSTIJDY ONDETERMINING PROPERTYOFSOIL

4.1 Introduction

Thehydrologic behavior.ofsoils istoalarge extentdetermined by how

the conductivity ofpartially saturated soilvarieswidelyas a func-

.tlon ofthevolumetric .molsturecontent and/orthe pressureheadwhich .IS alsoa

function ofthe volumetric .mo1sture contentasshown inFig.4.1.These proper-

.tles ofsoilsmust be known ifthe analysisoffinite elementmethodon flow

through porousmedia .IS to beappiied infield situations.

A
l $

' Av Mv vto xpt "= -
pt

ÅrH

N ": vca :ca vdi :N opt
. v

Volumetric moisturecontent
(e)

Fig.4•1 Unsaturated propertyofsoil

Sincethere isno reliableway topredict thesevaluesfrommore fundamen-

tal soilproperties, these .propertles mustbemeasuredexperimentally. A number

of techniquesfor .measurmg hydraulic conductivities havebeenreported inthe

- 77-



literature.Mostmethodsarebasedonthesolutionoftheone-dimensionalcon-

tinuityequationforsteadyandunsteadyflow,withorwithoutthegravityterm.

lnsteadyflowsystems,flux,gradient,andwatercontentareconstantwith

time,whileintransientflowsystems,theyvary.Themostcommonlyusedmethods
1),2),3) '

arebasedonsteadyflow.Whilemanysuchmethod$aredescribedinthelitera-
4),5)
ture,theyareallbasedonessentiallythesameprocedure.Thetestedsample,

orcore,ismountedeitherinaplexiglasstubeorinapressurizedrubber

sleeve,andasteadyflowofwaterisestablishedthroughit.Asteadyflow,

i.e.,inflowequalsoutflow,isreachedwithin2-40hours,dependingonthe

sample'spermeabilityandthemethodused.Atthisstagethepressuresateither

endofthesample,theratesofflowandthesaturationaredetermined.But

steady-statemethodshavethedisadvantageofrequiringrelativelylongtimesto

establishsteadyfiow.Duringthistime,changescanoccurinthehydraulicpro-

pertiesofthesarnpleandtheporousendbarriers.Theuseofmercuricchlotide,

phenol,orthymolinthewatertoreducebiologicalactivityiscustomary.If

thewaterthatisusedinthemeasurementsdiffersmarkedlyinionicstrength

andcompositionfromthesoilsolutioninitiallypresentintheporesofthe

sample,theremaybeconsiderablechangeintheconductivityofsoilscontaining
'

clayduringtheflow.Thereforesteady-statemethodsareprimarilylaboratory

methods.

Nowawidelyusedtransient-flowmethods(unsteady-statemethods)for

measurementofconductivityanddiffusivityinthelaboratorymaybegrouped

into:(1)outflowmethodsand(2)instantaneousprofilemethods.

Theoutflowmethodhasbeenusedtoobtainestimatesofthemeasurementof

thevolumeofwateroutflowasafunctionoftimefromasampleplacedinapre-
6),7)

ssurecell.Theslabofsoilisplacedonaporousplateormembraneandis

broughttoequilibriumwithacertaingas-phasepressureinthecell.Byin-

creasingthegas(e.g.,air)pressureinthecellbyasmallincrement,wateris
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forcedoutthroughthemembrane.Thevolumeofwaterdrainingoutofthesample

ismeasuredasafunctionoftime.Theprocedureisthenrepeatedbyfurtherin-
.creasingthegaspressure.Thesedataarethenintroducedintothesolutionof

theunsteady,one-dimensionalcontinuityequationinwhichtheeffectofgravity

isneglected.Byfittingtheexperimentaloutflow-timecurvetothetheoretical

curve,onecanobtainavalueofthesoilwaterdiffusivitythatcanbeassoci-
atedwiththemeanwatercontent(orpressurehead)ofthesoilsampleduringthe'

incrementofoutflow.

Butinmanycasesthetheoreticalandexperimentaloutflowcurvescannot
7)

bematched,indicatingthattheassumptionofnegligiblemembraneresistancein
8)

theanalysisisnotvalid.Jacksonhasexaminedthemethodandconcludedthat

itisnotpracticaltousepressureincrementssmallenoughtovalidatetheas-

sumptionofconstantKandC,andthatitisextremelydifficulttoobtainre-

plicatedresultswiththemethod.

Laboratorymeasurementsofconductivitycanalsobemadeonlongcolumns

ofsoil,notonlyonsrnallsamplescontainedincells.Insuchacolumn,steady-
9)

stateflowcanbeinduced.Ifthecolummislongenoughtoa'11owthemeasurement

ofpressuregradientsandofwater-contentgradients,theK(e)andK(V)relation-

shipcanbeobtainedforaconsiderablerangeofewithasinglecolumn.If

periodicpressureandwetnessprofilesaremeasured,thefluxvaluesatdifferent

timeandspaceintervalscanbeevaluatedbygraphicintegrationbetweensucces-

sivemoistureprofiles.Thisprocedurehasbeencalledthe"instantaneouspro-
10)

file"method,anditcanbeappliedinthefieldaswell.Thetheorydoesnot

assumeuniformityofthehydraulicpropertiesoftheflowsystem,andthebound-

aryconditionsdonotneedtobeconstant,orknownindetail.Methodsofthis

typeseemtoofferthebestpossibilityforhydrauliccharacterizationofsample

orfieldsoils.Inthelaboratory,pressuresaremeasuredbypressuretrans-
11),12),13),l4)

ducertensiometers.Moisturecontentmaybemeasuredbyagarnrna-rayattenuation



11),13),14).15)16)system,byaneutronscatteringdevice.

Thepurposesofthischapteraretoproposearationalbasisofgetting

experimentalrelationshipsbetweenmoisturecontent(e)andhydraulicconductivity

K(e)andbetweenpressurehead(tp)andvolumetricmoisturecontent(e)bythe

instantaneousprofilemethodbyusingthesourceoflow-energygamma--rayattenu-

ationandpressuretransducertensiometer.

4.2InstantaneousProfileAnalysis

Inessence,themethodofinstantaneousprofilesconsistsofdetermining

gradient,andthevolumetricmoisturecontentatanyinstantoftimeafterthe
'commencementofdrainageorinfiltration.Oncetheseareknownforaparticular

time,itisthenpossibletofindtheinstantaneoushydraulicconductivityfor

eachelevationbydividingtheappropriatevelocityvaluebythepotentialgradi-

entvalue.

ThecontinuityequationwhichalreadyhasbeengivenEq.(2.22)insection

2.3maybeappliedtoone-dimensionalflowsystemas

wherevistheflowvelocity(cmlsec),eisthevolumetricmoisturecontent

(cc/cc),andzistheelevationabovethedatumplanedefinedaspositiveinthe

upwarddirectionassketchedinFig.4.2.Inthecaseofdrainage,thecurves

presentedinFig.4.3whichwillbeobtainedfromtheexperimentalinformation

givethevariationsofwatercontentwithtimeforseveralcolumnelevations.

Usingthisinformation,itisastraightforwardmattertofindtherelation

betweenaelatandzatseveralrequiredtimesasshowninFig.4.4.
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Integration of Eq. (4.1)with respect toz yields:

ae dz=-V+C(t) (42)at .

Itshouldbe noted thevelocity .zs zeroat the surface, thenEq.(4.2)becomes

- v(
zaez,t)=zats

dz (4.3)

whereV(z,t) is the velocityat positionz andzs is theelevationofsurface.

Thevelocity profiles areobtained by integrating graphicallywithrespectto
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z-ae/etprofilecurves,and the resulting velocity profileSaregiveninFig.

4.5.Theseprofilesrepresent the instantaneous velocitiesdownthecolumn

attimestated.

a t
o 1

ri t
" '

2
tu t
Åro 3

- t
pt

t5

4

Velocity (cm/sec)

Fig.4.5 Instantaneous velocity profiles

Thefirstpartofthe method'isthe determinationofthepressurehead(tp)

profilewithtimeatseveral elevations .

mthe colummasshowninFig.4.6.
'

Sincethetotalpotential his equal to the negativepressurehead(V)(inthe-

caseofdrainage)andthe gravitational component z,thetotalpotentialprofiles

ateachtimemaybereadily plotted and are presentedinFig.4.7.Thesecurve

maythenbedifferentiated graphically ,to .glve thepositivepotentialgradient

(ahlaz)profilesasshown in Fig.4.8.

FromFig.4.5atid Fig.4.8, itis a relatively simplemattertodetermine

theinstantaneoushydraulic conductivity for any elevationandtimefromDarcy's

lawwhichalreadyhasbeen
.

.glven Eq.(2.18) in section2.2.

(v)
K= (-gl2}-)il, t

(4.4)
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Fig.4.9 The water content-instantaneoushydraulicconductivity
relation showingtheeomputedvalues,

Thelaststepof the method istheplottingofthecurverelatingthe

valuesoftheinstantaneous hydrauliceonductivityandthewatercontent.This

relationshipisgiven .In Fig.4.9, wheretheconductivityscaleislogarithmic

toenablethelower conductivities tobepresentedaceurately.
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4.3ExperimentalApparatusandProcedure

4.3.1Measurementofmoisturecontentbygammarayattenuation

Inthedeterminationofunsaturatedpermeabilityofcolummsofsoil,some

experimentalmethodsofmeasuringthedistributionofsoilwatercontentalong
17),18)

thelengthofthecolummhavebeenreported.Gravimetricsamplingisthecommon

methodused.Thisdisturbsthesystemsothatinformationaboutwaterdistribu--

tionasafunctionoftimemustbeputtogetherfrommeasurementsmadeonrepli-

catedsystems.Becauseofundetecteddensitygradients,cracksandotherflaws

whichrnayoccur,truereplicatedsystemsaredifficulttoproduce;thus,serious

errorsmayresultinwaterdistribution-timestudies.

Then,somemethodsofnondestructivemeasurementaredesirable.Methods
19)

involvingmeasuringelectricalortherma1propertiesofporousblocksaresecond-

arilyapplied,however,thesemethodshavethefollowinglimitations:
(1)laginfollowingwatercontentchanges'

(2)insufficientrange

Toconquesttheselimitations,tworadieactivetechniqueshavebeenused

formeasuringsoilwatercontent,theneutron-scatteringmethodandthegamma

rayabsorptionmethod.rntheneutron-scatteringmethod,theregionofneutron

scatteringisverywide,andsoitisdifficulttogetanaccuratecoordinateof

measuringpoint.While,thegammaraymethodenableaccuratemeasurementof
20)

soildensityandwatercontentatgivenpositionsinacolumnofsoil,basedon

thefactthatscatteringandabsorptionofgammaraysarerelatedtothedensity

ofmatterintheirpath.

Themethodisnotspecificforwater,asinthecaseoftheneutoron-scat-

teringmethod.However,ithastheadvantagethatgammaraysmaybeeollimated

bysuitablegeometryandshieldingtoanarrowbeamwhichgivesresolutionin

positionatwhiehreadingsaretaken.Asneutronsarenotreadilycollimated,
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and asthecountingtechnique commonlyusedcountsthescattered neutronsrather

thantheunscattered,the neutronmethodismoresuitedtowater-content measure--

mentsofalargebulkofsoU .

Tousethegammaraymethodtodeterminewatercontent,the soildensity

mustbeknowntothesamedegreeofaccuracy.Thismayreadilybe determined at

a fixedvalueofwatercontent andusedforsubsequentdeterminations ofwater
contentprovidedthesoil' densityremainsunchangedthereafter. Then,the method

has onemajorlimitationwhich .restrictsitsuseinmeasuringsoil watercontent .

A changeindensitywhich occursinthesoilbecauseofshrinking andswelling

willaffectgammaabsorption. Hence,useofthemethodisrestricted toeondi-

tionswherebulkdensitychanges arenegligiblecomparedwithehanges inmoisture

densitytobemeasured,or whereindependentmeasurementspermitcorrectionfor

changesinbulkdensity.Then, inthisstudy,thewatercontent wasmeasuredby
21) 11)

usinggammarayattenuation, followingtheprocedureofDavidson etal.,Watson.

However,incontrasttoprevious worksasindicatedinTable4.1, low-energy

gammaradiation(100vcuries ofcobalt60)ratherthancesium137 oramericium

241 wasusedasthesourceof gamrnaphotons.

Table4.1Summaryofgammaattenuationmethod

Reference Gammafasource
22)

Gurr.C.G 1962
23)

H.Fergusonetal.

s13720millicuriesofCesium

1962
21)

Davidsonetal. 1963
24)

ToppG.Cetal.

s137200millicuriesofCesium

1966
25)

G.C.Toppetal. l967
26)

Yenetal. 1968
27)

Topp 1969
13)

G.Vachaudetal 1971
28)

R.S.Saksena 1974

-87-



Thearrangement of the sourceand detectoris shownschematicallyin

source holder wasmadeoflead bricksarrangedinacube

about6.0cmona .Sl de. The sourcewas placedin the centerofoneoftheblock

facesinsuchaway that it was about2 cm fromthe face.

Thetotal thickness of thelead collimatorwas 5.0cm,andthecollimator

slitwas7.0cmhigh andO.6 cmwide.The detector wasinsertedinaleadannular

ringwiththefront ofthe probe flush againstthe rearofthecollimatorso

thatthecollirnation slit was centered on theface oftheprobe.Thus,with

minorexception, the probe detectsonly thosegammarayswhichpassdirectly

fromthesource through the sampleand collimation holetotheprobe.

y-source
60Co100pCt

tlL t-

50
tt ttt.

,:-
:-.

.-
.

oan tt itlt GM-721x3
'wh'-ri.'---.'- -- '

-
oth -:t ---

'Lead Detector
-tt-t- shield

20
'.Sandittttt

60 -- -.. ...

-t t- tt
sl'

.

100 Z5

Fig.4.10 Schematic position ofthe gammabeam

(Schematic .representatlon ofthe gammasource holder,collimation
andprobe )

Asma11conveyor was placed ona vertical guide trackbetweenthesource

coi1imator .In suchawaythatthe conveyorcouldbemovedverti-

callythroughthe stationary gammabeam.Theguide trackmaintainedtheconvey-

orataconstant position with regardto thecollimator face.Duringarun,

soilthroughwhich waterwas .movlngwas placedon the conveyorinsuchawaythat
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thegammabeampassedthroughthesoilinadirection perpendiculartothedirec-

tionofwatermovement .Bymovingtheconveyoritwas possibletopassthe

beamthroughanyverticalsectionofsoil.

Itwasnecessary tocalibratecountsagainst moisturecontent.Thevari-

ouscontentsoils werepackedwithsamedrydensity (Yd=1•5glcm3)inacry--

licrectangular boxes7.0cmhigh,10.0cmwide,and 20.0cmlong.Thecuveas

showninFig.4.11 wasobtainedbyplottingtherecord ofthecountsper10

secondsobtainedat aparticularmoisturecontent.Th isgraphofmoisturecon•-

.tentagamstcounts wasusedtotransformthecounts obtainedduringarunto

.molsturecontent.

400

300

Yd=1•5glcm3
-xo250
o-Å~

e

;,-••

z

200

OO.1O.2O.3o.4e(cm3lcm3)

,Fig.4.11Calibrationcurveforsand

4.3.2Measurement ofporewaterpressure

Toknowthe relationofmoisturecontentandpore waterpressure,itis

necessarytomeasure porewaterpressureatthesame time.Thesatisfactoryuse

ofapressure transducerforpressureheadmeasurements requiringrapidresponse

29)30)31)hasbeenpreviously reportedbyKlute,andWatson.
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Then,inthisexperiment,pressureheadwasmeasuredatthesametimefor

5differentdepthsinthecolumnbyusingtensiometersandtransducers(the

rangeofmeasuringfrom-100glcm2to+looglcm2),eachtensiometerwasconnected

toitsowntransducer.Fivetensiometerswerearrangedverticallyalongthe

columnat10cmintervalsasshowninFig.4.12.Theactiveareaofeachtensio-

meterwasaceramicplatewhichhasabubblingpressureofapproximately2000cm

ofwater.Thetensiometerunits,illustratedinFig.4.13,arescreweddirectly

intotheacrylicbox.Eachtransducerwasconnectedbyamultichanneldataac-

--.qulsltlonsystem.

Mariotte
burette

.

t Pressure
transducer

Detector
probe

No.1
Gammad-source

No.2

:----
-::-
--- ----

t- -- -'

-----
:•:•:

No.3
ooo

+----------s---------

No.4

No.5

70

(A)Frontview

Fig.4.12Aschematicrepresentationofthe
(A)frontviewshowingrelative
tem,(B)sideviewshowing

-- 90-

100 (B)Sideview

experimentalapparatus:
positionofthegammasys-

relativepositionsoftensiometers



Sand Ceramic disc

Gasket
O-ring Water

"r-J. ' J- r - -x.-i

Pressure
transducer

.

Arnp1ifier Recorder

Fig.4.13 Pressure transducer assemb1ydetails

4.3.3Experimental procedure

Thesoilsample used .

mthe .experlment was Toyoura standardsandwitha

specificgravityof2. 65. The materia1 was carefully packedintotheacrylic

ractangularbox 7.0cmheigh, 10.0 cmwide, and 60.0cmlongwithaparticulardry

density(yd=1.50g/cm3) .uslng a tremie to prevent segregation andtampedfrequent-

lytoproduceat' ight packing. The modeof packingwas identicalinallexperiments.

Bothendsofcolumn were madeof fine screen through whichwatermovedintosoil.

A.Seriesl(Water applied on top of the co1umn )

Test1-1.Theair-dried co1ummof sand atan initial uniformwatercontent

(o.olcm31cm3)hadwater applied on toP ofthe surface bykeepingaheadof

water8.5cminheight' as shown in Fig.4.12. The quantity ofwaterenteringthe

columnwasmeasuredbyusing a Mariotte burette asshown inFig.4.12•
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Porewaterpressurewasmeasuredbypressuretransducers.Theuseofthis

equipmentpermittedaccurate(Å}O.5mmofwater)pressuremeasurementstobemade

onadynamicsystem.

Tomeasuremoisturecontent10--secondcountswasmadeateach10cminter--

valalongthecolumn.Theconveyorwasthenpositionedtotheplacewherethe

firstwatermeasurementwasdesiredwaterflowintothesoilwasstarted,anda

iO-secondcountwasmade.

Boththecountandthetimeatwhichitwasstartedwererecorded.Because

oftherapidentryofwaterintotheair-drysoil,countsweremadeasfrequently

aspossibleduringtheearlypartoftherun.Aswatermovedintothesoil,the

conveyorwasmovedtowhateverpositionawaterdeterminationwasdesired.In

thiswayarecordofcountsper10secondsasafunctionoftimewasobtainedat

variouspositionsalongthesoilcolumn.

Infiltrationoccurredfor16minutesafterwhichthewettingfrontreached

thebottom(z=O).Infiltrationexaminedforaperiodof25minutes.

Test1-2.AttheendofTest1-1,toobtainthehydraulicconductivityK(
s,

SrÅÄ1007o)insaturatedstateconstant-headpermeabilitytestwasperformed.Fig.

4.14showsthesetup.Thelowestelevationinthesandcolumnwasthusafixed

piezometricsurfacesthissurfacewastakenasdatumingradientmeasurements.

Undertheseconditionsthehydraulicgradientwasknownand,frommeasuringthe

rateofvolumeoutflowfromthebottornofthecolumn,thesaturatedhydraulic
conductivity(K)couldbedetermined.s

Test1-3.Inthethirdtestofexperiments,thecolumnswerefirstallowedto

becomesaturatedbyinfiltratingwater,keepingthesurfacessaturated,until

waterdrainedfromthebottom.Sincetheflowconditionwasthatofdrainageof

thesaturatedcolumntoatmospherea' titsbase,thebaseofthecolumnwascon-

structedsothatairatatmosphericpressurewasalwaysrnaintainedduringan

experimentontheundersideofthescreensupportingthesand.
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Mariotte
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Fig.4.14Setupforconstant-headpermeabilitytest

commencedthemomentthepondedwaterdisappearedthrough
Drainageexaminedforaperiodof35hoursmeasuringthe'

headandvolumetricmoisturecontenttoobtaintherela-

process.

ofexperimentswasinitiatedattheendofTest1-3.

wassubmittedtoanothereycleofinfiltrationandredistribution

scanningcurve.Onrewetting,waterwaspondedconstantlyonthe

toadepthof8.5cm,buttheinitialwatercontentdistributionin

wasthatobtainedattheendoftheTest1-3redistributionand'

toastaticequilibriumwaterprofile.Infiltrationoccurredfor
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B.Series2(Waterapplied from the base of thecolumm).
Test2-1.Theair-dried columnof sand at an initialuniformwatercontent

(o.Olcm3/cm3)hadwater appliedfrom the base of thecolumnbyaconstantheadof

water31.5cm.inheightas shownin Fig.4.15. So thelowerendofthecolumn

wasthenirnmersedundera freewater surface. The rateofinfiltrationwasre-

ducedtoslowerconstant ratesby meansof capillaries fedfromaconstanthead,

andthemoistureprofiles wereallowed to .attam theirequilibriumconditions.

Inthistest,thevariations of pressure head and volumetricmoisturecontent

weremeasured.

----.---
...

-.- -t
-

- .

'ql
e 1co-
on coJ'

A
:....--.

e ----t..

Fig.4.15 Setup for water applied fromthebase

Test2-2.Attheendof Test2-1 ,the initial watercontentdistributionin

thesoilcolumnwasobtained .The potential head wassuddenlyloweredtoahead

ofwater15.2cminheight atthe bottom. The pressureheadandvolumetricmois--

turecontentwaschangedby this process. These variationsweremeasuredfora

longperiodoftime.
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4.4ExperimentalResultsandDiscussions

4.4.1Relationshipsbetweenhydraulicconductivity(K),volumetricmoisture

content(e)andpressurehead(ip)

ThetesultsrelativetoTest1-1arereportedinFig.4.16(a),Fig.4.16(

b).Fig.4.16indicatesthevariationofthevolumetricmoisturecontent(e)with

timeatfiveelevationsinthecolumnforthe25minutesofinfiltration.These

valuesofthemoisturecontent(e)wereobtainedbyusingthecalibrationcurve

inFig.4.11.

AsitisclearfromFig.4.16,themoisturecontentatthewettingfront

changedsorapidlythatitisdifficult,toobtainhydraulicconductivityatlow

moisturecontents.Thereforetheresultsrelativetodrainageprocess(Test1-3)

wasmainlyusedtodeterminetherelationshipsbetweenhydraulicconductivity(K)

andvoiumetricmoisturecontent(e).

TheexperimentalinformationobtainedfromTest1•-3hasbeensummarizedin

Figs.4.17,4.18,and4.19.Fig.4.18indicatesthevolumetricmoisturecontent

variationwithtimeforeachdepth.Iftheselinesarereplottedwithtimeasthe

parameter,asshown'inFig.4.18,usefulsoil-waterrelationsmayreadilybecal-

culated.Itispossibletocalculatemoisturefluxthrougheachdepthincrement
,byintegratingmoisture-timecurvewithrespecttodepth.Theslope(deldt)is

measuredatparticularpointstntime.

Inasimilarmanner,Fig.4.19givespressureheadchangeswithtimeatthe

samecolumnelevations.Fromthisresultshydraulicheadprofilescanbecalcu--

latedbyaddingpressureheadtodepthforeachtensiometer.ByusingEq.(4•4),

thehydraulicconductivitycanbecalculatedbydividingfluxesbythecorres-

pondinghydraulicgradientvalues.Thegradientsareobtainedbymeasuringthe
siopesofhydraulicheadversuselevation.CorrelatingeaehtimethevalueofK'

withthemeanwatercontent6obtainedinzjduringthemeantime(tK+1-tK)/2

permittedustoobtaintheK(e).TheresultsaregiveninFig.4.20.
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Thehydraulicconductivitywhichwasobtainedfromtheresultsofconstant-

headpermeabilitytestofTest1-2WasKs=2.084Å~10-2cmlsec.

InFig.4.20,therelationbetweenK-eisshown.Ontheotherhand,there-

lationsbetweenKandVwassometimesusedheretofore.Variousempiricalequa--

tionsforthatrelationofconductivitytopressurehead(Q)ormoisturecontent
'(e)havebeenproposedbymanyresearchersasindicatedinTable4.2.InTable

4.2,theempiricalparametersaredependupontheliquid,thesoil,andthecapi-

11arypressurehistoryofthesystemandthevaluesoftheparametersmustbe

determinedexperimentally.Andthennofundamentallybasedequationofgeneral

validityisavailablefortherelation,andexistingknowledgedoesnotallowthe

reliablepredictionofunsaturatedconductivityfrombasicsoilproperties.

Thereisgeneralagreementthattherelationofconductivitytopressure
.headdependsuponhysteresis,andisthusdifferentinawettingthaninadrying

15),24)
soil.Namely,ifFig.4.21iscomparedwithFig.4.22,ofwhichresultsareobtained

inthesamecondition,itisclearthattherelationofconductivitytomoisture

contentisaffectedbyhysteresistoamuchlesserdegree.Onemaythusneglect

anyhysteresisinK(e)anduseauniquerelattonship.

.
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Table 4.2 Empirical equationsforthe relation ofhydraulicconductivity

of unsaturatedsoilto pressurehead .ormolsturecontent

Empirical .equatlon Reference

a 32)
K= Gardner,W.R

(-tp) m+b

K= Ko( a/tp)M Schleusener,R.A.

Scott,V`H.and

mcosh[(tplb)]--1

35)
K= a[ ] King,L.G.

cosh[(tp/b)M]+1

K= Ko exp(mtp)

K=

e-er )3 39)
K= Ko( e-e Kroszynski,V.

sr
K=K+ae+be2 Bruch,J.C.ando

where
.

a,b and m:Emplrical parameters dependinguponthe liquid,

thesoil, andthe capillarypressurehistory of

thesystem.
Ko :Thehydraulic conductivityinsaturated state.
es :Volumetric moisture contentinsaturated state.
er :Residual volumetric moisturecontent.
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4.4.2Relationshipsbetweenpressurehead(ip)andvolumetricmoisture

content(e)

Togettherelationshipsbetweenpressurehead(ip)andvolumetricmoisture

content(e),thevariationofthevolumetricmoisturecontentandthatofthe

pressureheadwithtimeareused.

TheresultsfromTest1-1arereportedinFig.4.16(a)andFig.4.16(b)and

thosefromTest1-3areshowninFig.4.17andFig.4.19.Usingthethesefigures,
.itshouldbenotedthatarelationship(e-V)isobtainablebyplotting,forany

elevation,thepressureheadatsuccessivetimes;Whenthisprocesswascarried

outfordifferentelevations,therelationship(e-ip)onthesandwasdefined

asshowninFig.4.23.

InFig.4.23,datapoints(closedsquares)forthescanningcurveswhichis

obtainedfromselectionsofdatafromTest1-4forrewetting,thetensiometer

positionat20cmfromthetopofthecolumm,areaddedandlinewasdrawnby

eyeasabestfit.
Insoilscience,thecurvesinFig.4.23arecalled"retentioncurves",as

theyshowhowwaterisretainedinthesoilbycapillaryforcesagainstgravity.

Someauthorsrefertothedryingretentioncurveasa"desorptioncurve"andto

thewettingcurveasa"sorptioncurve".

ItisevidentfromFig.4.23thathysteresisintherelationshipbetween

pressureheadandvolumetricmoisturecontentexist$insoils.Thereasonswhy
41)

thehysteresisloopexistsintheretentioncurvemaybeasfollows.

(1)Thegeometryofthevoidspaceofsoilwithmanybottlenecks,i.e•,the

inkbottleeffect.
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(2) Theangleof contact ctisac functionof the direction ofthedisplace-

ment,ctmayc have differentvalues if equilibrium •IS approachedby

advancingor receding overaface .Fig.4.24 showsthis phenomenonfor

.analr-water interface .

(3) Theairin thevoid spacemaybetrapped .In theprocess ofwaterad-
•vanclng.

/
t

Air Air

-e-- ---"-)

acl
?

N'

Water
ct (Åqct)

c2 cl

Water

(a)Water wetting (b) Waterdrying

Fig.4.24 Contact angle betweena water-air interfaceand asolid

Point AinFig.4.23 .IS the critical capillary head th.Ifcc thedrainage

process isstartfrom a saturated samp1e, nowater will leavethe sampleuntil

thecritical capillary head .IS reached.As thevalue oftpiscc increased,the

initial smallreduction .In e is associated withthe retreatofthe 'alr-water

meniscii intothepores at the external surfaceof the sarnp1e. Then,atthe-
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critical valueththelargerporesbegincc todrain.

Thereasonofthisphenomenonmaybethetimelaginairentry intosoil.

The soilporesareprobablysmallerat thesoilsurfacethanthey areinthein-
.terlor ofsoilmass.Thereisa"skin effect"duetothesmaller surfacesoil

pores .Whenthesurfacesoilporesare emptied,thewaterdeclines inthecapil-

laries foraconsiderabledistancedownward ,sincethesoilpores arelarger

beneath thesoilsurface.Thesoilwater tensionatthesoilsurface wouldvery

quickly increase.Theentryofairinto thesoilwouldoccurshortly afterthe

water tablereachedthebottomofthesoil column;assumingthatthe lengthof

the columnissuchthattheair-entry valueofthesoiiisexceeded .

rnsamemanneroftherelations (K--e),variousempirical equationsforthe

relations ofpressureheadtomoisture contenthavebeenproposed, asindicated

.m Table4.3.

Table4.3Empiricalequations fortherelationof
pressureheadto .molsturecontent

Empiricalequation Reference

e-er=exp[a(th-b)]e-e

sr
cosh[(Wlb)M+c]-d]e=a[cosh[(th/b)M+c]+d

e=a+blog(W-c)e

where

a,b,c,d,andm:empirical parameters
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ThemainloopsinFig.4.23,dryingcurveandwettingcurvewhichareobtainedby

makingtheair-driedsoilsaturatedandthesaturatedsoildriedrespectively,

areuniqueforagivensoilandcanbedeterminedexperimentally.However,if,

atanypointonthedrying(orwetting)curvetheprocessisreversed,hystere-

sis,asshownbythescanningcurveinFig.4.23,isexhibited.Inthewetting

processtheeversustprelationmovesalongtheseanningcurveuntilitmeetsthe

wettingcurveandthenmovesupthewettingcurve.Thedryingandthewetting

curvesformtheboundaryofthe"hysteresisloop",withinwhichthesoilcan

assumeanyvalueofsaturationandtp,dependingonthepasthistoryofthepro-

cess.Althoughanumberofanalyseswhichtookintoaccountthephenomenonof

•43),44),45),46)thishysteresishavebeendonefortheunsaturatedsoil,allofthemhaveused

experimentalhysteresisdatadirectlyandtheirproceduresareverycomplex.

Ontheetherhand,severalattemptstoestimateanyhysteresisloopfrom

themaindryingandwettingcurveshavebeenproposed.Themostofthemare

samemethodsinapplying"independentdomaintheoryt'whichwasformulatedby

Everett.Amongthem,Mualem'smethodseemstobethesimplestandthemostef-

ficient.Inthisstudyhismethodhasbeenusedwheneverthehysteresishadto

betakenintoaccountintheflowanalysesinChapter5.

4.4.3EvaluationanddiscussiononGreenandAmptmodelandpressuredistri-

butionatequilibrium' condition

A.GreenandAmptmodel
53)

TheGreenandAmptmodelofinfiltrationhasbeenthesubjectofconsid-
54)55)56)57)

erableattentioninrecentliteraturewiththeneedtomodelsimplytheinfil-
.

trationcomponentinhydrologicalstudies.
58)

ThemodelisbasedonthefollowingformofDarcy-typeequationfora

uniformprofileinverticalinfiltrationasdepictedinFig.4.25,
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H-HOc
q=Kszf

+zf
.

(4.5)

whereqistherateofthe infiltration intothesoil;Kisthehydrauliccon-s

ductivity(whichisauniform soil under pondingapproximatesthesaturated

conductivity);Hisconstanto depth of pondedwateratthesoilsurface;zfis

thedistancefromthesurface tothe .wetlng front(i.e.,thelengthofthewett-
edzone);Hisnegativec pressure headat thewettingfront.

v Ho

.

.1.,.t-'t-.--t--.--..'--.--.-;--tt-

--.. .,-- Wettingfront

Fig.4.25 Vertieal infiltration

Thismodelassumesthat theflow of wateroccursinauniformlysaturated

reg•iononaccountofa hydraulichead gradientcausedbyaconstantsoilwater
pressureheadatthewetting' front and gravity.Theadvancingwettingfrontis

thusapreciselydefined surface boundary abovewhichthesoilissaturatedand
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belowwhichthesoil isunsaturated.Theseassumptionssimplifyandlinearize

theflowequation, makingitamenabletoanalyticalsolution.

!nordertofind themodeltobesatisfactoryforinfiltrationthroughan

unsaturatedsoil,the resultoftheadvancingwettingfrontwithrespecttoTest

1-1isshowninFig.4.26. ByusingFigs.4.16(b)and4.26,thedistributionsof

totalhead(h=zP+zf-z) areshowninFig.4.27.

60

e
v.A-50

ept

cR4o
ve"udl330pt

.s:
"-20os"co8lo"

o 51015Time(min)

Fig.4.26 Advancingofwettingfrontwithtime

Itisobviousin Fig.4.27thegraduateoftotalheadisconstantinthewetting

zoneforeachtime,and Hisequaltotheinitialpressuteheadofair-drysoil.
c

Fig.4.28showsthe infiltration(Q)plottedasafunctionoftime.Aecordingto

Fig.4.16,itisevident thatbehindthewettingfront,thesoilisuniformly

wet.Sinceanuniforuly wettedzonecanbeassumedtoextendallthewaytothe
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cumulativeinfiltrationQshouldbeequaltotheproductofthewettingfront

depthzfandthewetnessincrementB--et-ei(whereetisthetransmission-zone

wetnessduringinfiltrationandeiistheinitialprofilewetnesswhichprevails

beyondthewettingfront):

whereAistheareaincrosssectionofsoilcolumn.Therefore,

QB-T(4.7)f

ByusingFig.4.26andFig.4.28,theaveragevalueofBwasobtaindasO.31,and

thisvalueisnearlyequaltothevaluegettedbygammarayattenuation.

Theinfiltrationrateisthusseentobeinverselyrelatedtothecumu-

lativeinfiltration.RearrangingEq.(4.5),nextequationisobtained:

q=
ddQt=K.Ho" llc+Zf(4.s)f

'ThenthevalueofKsforeachtimecanbecalculatedbyusingthebothresults

ofQversustandzfversust.TheaveragevalueofKsisobtainedas1.9Å~10-'2

cm/sec•ThisvaluealsowellagreeswiththevalueobtainedbyTest1-2.Thus

itcanbeunderstoodthatattemptstoreconciletheGreenandAmptmodelwith

theclassicalflowequationtssuccessfulfortheinfiltrationthroughtheair

drysandysoil.However,inactualfieldconditions,particularlywherethe

initialmoisturecontentisnotuniform,Hmaybeundefinable.Inmanyrealc

situations,thewettingfrontistoodiffusetoindicateitsexactlocatidnat
.

anyparticuiartime.Thenthismodelremains'aquasi--empiricalmethodfounded,
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on crudetheory.

B. Pressure distribution at equi1ibrium condition

Inorder toperform the nonsteady numerica1 analysis offlow throughpor-

ous media,the distribution ofinitial pressure headtho inthe entire flowdomain

must beused astheinitial condition .Test2-1 was carriedout to obtainthis

distribution andinfiltration from thebaseof thecolumn occurred for 2days

Fig.4.29gives theadvances of capillaryzone.
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Fig.4.29 Advances ofcapillary zone

As thisphenomenon is analogous to risein capillarytube where the waterrises'

to acertain heightabove the free surfacewith afull saturated tube belowthe

meniscus,the nearly saturated zone abovethe freesurface iscalled thecapil-

lary fringe. Thishcc in Fig.4.29 isthecapillary rise forthis soil andits
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valuebecameabout 25 cm.

Fig.4.30shows thechangeofmoisture distribution abovethefreesurface

withrespecttotime ' andafter2daysthis change reachedthenearstatic

equilibriumcondition .Fig.4.31representsthe distributionofpressureheadat

thiscondition.Xn Fig.4.31,aszincreases upward,sodecreasesthandtheulti-

matestraightline was
.gottonastherelationship

(Åë-z)inthecapillaryfringe.

Then,inthiszone the totalpotential(h)may be

h= il, +z=O (4.9)

60 jCapillaryfringehcc
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.tleoo

N tt120
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20 ts6
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10

o O.1O.2 o .3

Volumetricmoisturecontent(e) cm3!cm3

Fig.4.30 Distributionofwater content forstandardsand
duringinfiltrationfrom bottom (Test2-1)

Thedistribution ofpressureheadabove the capillaryfringemustbetpo

whichisinitial pressureheadofairdrysoil becausethevolumetricmoisture
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contentdidnotchangeduringthis successivetime .

.--h 60
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-20OPressure

Fig.4.31Pressurehead
equilibrium

Bytheway,theopencircles
ofmoisturecontentfromthewetting,

ofpressureheadisequivalentto

result,theequilibriummoisture

tentioncurveofwettingprocess.

4.5Conclusions

rnthi,schapter,theneed

profileswaspointedoutand

2040head(V),cm

distributionin
condition

pointsinFig.4.30
'curveofFig.4.23

theheightabove

profilecantherefore

fordeterminingthe

availablemethodsare
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wereplottedofthevalue

withconsideringthevalue

freesurface.Fromthis

beapplicabletothere-

hydraulicpropertiesofsoil

reviewed.Experimentaltests



have beenperformedtodeterminethehydraulicpropertiesofunsaturatedsoil

during theflowofwaterinaverticalsoilcolumnandatechniqueforhandling

the datawassystematicallydescribedandillustrated.Throughoutofthis

chaper,thefollowingmainconclusionsareobtained.

(1) Theinstantaneousprofilemethodfordeterminingsoilhydraulicproperties

basedonsimultaneouslymonitoringthechangingmoisturecontentandpres-

sureheadprofilesduringinternaldrainageisoutlinedandthismethodis

probablyeasiertocarryoutthanaltanativemethods.

(2) Atechniqueforusingalow--energygammaradiationapparatusformeasuring

watercontentinthecolummofsoilhasbeendescribed.Althoughitsuse
'inlimitedtoporousmaterialswhichdonotshrinkorswelluponwetting,

itdoesprovideameansforaccuratemeasurementofwatercontentwithout

disturbingthesystemintowhichwaterismoving.Furthermorerapidmeas-

urementofwatercontentbecomespossibleatanypositioninasoilsothat

watercontentchangeswithtimemayeasUybefollowed.

(3) Thetensiometer-transducersysternprovidesamostvaluablemeansofmeas-

uringpressureheadwithrapidresponseandwithprovisionofacomplete

recordofthepressureheadchangeswithtime.

(4)
'Thehydrauiicconductivityinrelationtovolumetricmoisturecontentof

thesandwasobtained.

(5) Differentflowconditionshavebeenimposedtomapoutconvenientlythe

hysteresisdomaininip(e).

(6) ApplicationsoftheGreenandAmptinfiltrationequationwerediscussed

andgoodagreementsbetweenthemodelandexperimentaldatawereshown,

thenitwasfoundthattheGreenandAmptapproachissatisfactoryforin-

filtrationthroughtheair-drysandcolumnwheretheinitialmoisturecon-

tentisuniform.

(7) Thedistributionofpressureheadandmoisturecontentabovethefreesur-
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thisdis-

tributiontothenumericalanalysisofdrainageandinfiltration insoil

asainitialconditon.
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CHAPTER5

CO)vfi?ARISONOFEXPERIMENTALANDNUb,IERICALRESULTS

5.1!ntroduction

Inordertoinvestigatethevalidityandtheaccuracyofthenumerical

analysissolution,ingeneraltwomethodsareused,i.e.,numericalresultsare

comparedwiththeanalyticalresultsofsimpleproblemsforwhichrigorousana-

lyticalsolutionsareavailableandnumericalresultsarecomparedwiththe

experimentalresults.

Theflowprobleminthisthesisinvolvessocomplexconditions,thatis,

thesaturated-unsaturatedflowregionandthenonlinearequation,thatthereis

noanalyticalsolutiontotheauthor'sknowledge.Theninthischaptertocheck

thevalidityofthetwo-orthree-dimensionalfiniteelementanalysisonthe

saturated-unsaturatedflowproblems,anditsapplicabilitytopracticalproblems
'offlow,laboratoryexperimentalstudiesoninfiltrationanddrainagefortwo-or'

three•-dimensionalsandboxwerecarriedout.Numericalresultsarecomparedwith

theexperimentalresultsusingasinputdatathepressurehead-moisturecontent

relationshipandthehydraulicconductivity--moisturecontentrelationshipthat

wereobtainedinChapter4.

5.2ExperimentalStudyonFlowthroughSandModel

5.2.1Experimentalapparatusanditsprocedurefortwo--domentionalsandmodel,

A.Experimentalapparatus

Theexperimentalsandboxwasconstractedof3cmacrylic.Thesandbox
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measures80cmlong,50cmtalland10cmdeepasshowninFig.5.1.Theleft

handandtherighthandsideofthesandboxarefreetoenableentryandexitof

water,whiletheremainingthreesidesarerenderedimpermeable.

Thepressureheadswereregularlymeasuredwiththehelpof15piezometers

setupatthebottomofsandbox.Inaddition,thelevelsofthefreesurfaCe

were'alsomeasuredwiththehelpof8poroustubessetupatthefaceoffront

side.Air-dFysandwhichisthesamesandusedinChapter4wascarefullypacked

intothisboxwithanapproximatelyconstantdrydensity(yd=1•5g!cm3)•

B.Experimentalprocedure

a.Infiltration

Beforethestartoftheexperiment,tÅqO,thewatertableswasbroughttoa

heightof7cmabovethebase,bylettingthewaterlevelsonthelefthandside

andontherighthandsideofthemodelstandatthatelevationforalongperiod

oftime(about24hours).Att=O,thewaterlevelonlefthandside'wassuddenly

raisedtoanelevationof47cm,creatingaraiseof40cm,andwasmaintainedat

thatelevationthroughthedurationoftheexperiment.

Duringthecourseofthisexperiment,lastingover3hours,thepressure

headsweremeasuredatthebottom,andthelevelsofthefreesurfacewerealso

measured.

b.Drainage
Attheendofinfiltrationexperiment,thewatertableswerebroughttoa

heightof47cmabovethebase,bylettingthewaterlevelsonthelefthandside
.

andontherighthandsideofthemodelstandatthatelevationfor2days.At

t=O,thewaterlevelontherightsidewassuddenlyloweredtoanelevationof

7cm,creatingadrawdownof40cm,andwasmaintainedatthatelevationthrough
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thedurationoftheexperiment.

Duringthecourseoftheexperiment,lastingover3hours,thepressure

heads,thelevels,offreesurfaceandthequantityofwaterremovedfromstorage

weremeasuredasafunctionoftime.

S.2t.2Experimentalapparatisanditsprocedureforthree-dimensional

sandmodel

A.Experimentalapparatus

Theexperimentalsandbox-measures106cmlong,100cmtalland82cmdeep

asshowninFig.5.2.Therighthandsideofthesandboxisfreetoenableentry

andexitofwater,whiletheremainingthreesidesarerenderedimpermeable.

Impermeablewall(CDGHinFig.5.2)wassetatthecenterofthesandbox,

thenifwaterissuppliedatthefaceofABCD(theletterslocateinFig.5.2),the

flowthroughsandmayoccourfollowingthearrowinFig.5.2,andtheflowmay
removefromthefaceofCDEF.Thisisathree-dimensionalflowbehaviour..

Thepressureheadsweremeasuredwiththehelpof72piezometerssetup

atthebottomofsandbox.Znaddition,thelevelsofthefreesurfacewerealso

measuredwiththehelpof26poroustubessetupatthethreeimpermeable

sides.ThesoilusedinthisexperimentwasthesamesandinChapter4.The

airdrysandwascarefullypackedintothesandbox50cmheight,100cmwide,
and106cmlongwithanapproximatelyconstantdrydensity(yd=1.50g/cm3)•

B.Experimentalprocedure

a.Znfiltration

Theoutlinesofthisexperimentalprocedurearesamemethodsofthetwo-

dimensionalexperiment.Namelybeforethestartoftheexperimentthewater

tableswerebroughttoaheightof7cmabovethebase,bylettingthewater

levelsontheABCDsideandontheCDEFsideofthemodelstandatthatelevation
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for a long periodoftime (about 24 hours) . Att=O,the waterlevelontheABCD

side was suddenlyraised to an elevation of 47cm,creating araiseof40cm,and

was maintained atthat elevation through the durationof theexperiment.

During thecourse of this .experlment
' lastingover 2hours,thepressure

heads were measuredatthe bottom, andthe levelsofthe freesurfacewerealso

measured.
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Fig.5.2Schematic figure of sand box (for three-demensionaiflow)

.

b. Drainage

At theendofthe infiltration experiment, thewater tableswerebroughtto

a height of the base of sand box, byletting thewaterlevelsonABCD

side and on CDEFsidestandat that elevation forthe long periodoftime.The
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sandinthesandboxwasinitiallysaturated,atzerotimethewaterlevelonCDEF

sidewassuddenlyloweredtoanelevationof7cm,creatingadrawdownof40cm,

andwasmaintainedatthatelevationthroughthedurationoftheexperiment.

Duringthecourseofthisexperiment,lastingover1hour,thepressure

heads,thelevelsoffreesurfaceandthequantityofwaterremovedfromstorage

weremeasuredasafunctionoftime.

5.3IY[aterialProperti'esandlnitial-BoundaryConditions

5.3.1)iaterialproperties

Thedatarequiredtosolvetheflowprobleminsaturated--unsaturatedsoil

byusingthefiniteelementmethodwithEq.(2.28)areasfollows.

(1)SpecificstorageSsandpermeabilitycoefficientKsinsaturatedcondition.

(2)Effectiveporosityneofconstitutivematerial.

(3)Functionalrelationshipbetweenthevolumetricmoisturecontenteandperme-

abilitycoefficientKinunsaturatedcondition.r

(4)Functionalrelationshipbetweeneandpressureheadil]inunsaturatedcondi-

ThesepropertieshavebeenalreadyobtainedfromtheexperimentsinChapter4,and

theninthissimulationfollowingvalueswereadopted.

(1)Fortheflowprobleminunconfinedaquifer,itisavalidapproximationto

ignorechangesinthedeformationofthewaterandporousmedia.Consequently

thespecificstoragecanbeneglected(i.e.,Ss=O).Thepermeabilityinthe

saturatedzonewasmeasuredtobeK=2.08Å~10'2cm/sec.s

(2)Theporosityofthesandmediumwasalsomeasuredtoben=O.428sincethe

bulkdensityusedwas1.50glcm3.However,itisevidentfromFig.4.23thatthe

valueofeffectiveporosityofthissandwasmeasuredtobene=O.30.Thisdif'

ferencefromntonisthecauseoftrappedairexistinginsand.
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(3)The experimentally observed relationsbetween volumetric .molsturecontent

andpressure head,for boththe dryingprocess and the .wettmg process,aswellL

asthosebetween relative conductivity(K)r and pressure headareshownin
Fig.5.3.
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Fig.5•3 Unsaturatedproperty of soil

Asnoted inChapter 2, thespecificmoisture capacity C(e)thatappearsin

Eq.(2.28)can becomputed from theslopeofthe moisture content-pressureheadcurve.

Forsaturated flow(tpÅrO) ,c(e) wassetequalto zero ,and K equalto1.Both
- r

'functionsK(e)

and"(e) were storedincomputer mernory as a seriesoflineseg-

mentrepresentation with linear interpolation between the co-ordinatepoints.
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Whereashysteresis intherelationshipbetweenthepressureheadtpandthevolu--
.metrlc .molsture contenteisimportanttosomeapplicationsandnumericalproce-

1),2),3),4)
dures mustbe usedandhavebeenverysuccessful.Thesenumericalmethodstake

5),6),7),8),9)
.mto account hysteresis,whichmustthenbemeasuredindependently.Inprinciple

the relationship
"aninfinite

numberofthem,someinterpolationmustbeusedinpracticebetween

two ..consecutlve scanningcurves.Tosimplifytheproblemevenfurther,itwould

beuseful to knowaprioritheminimumnumberofscanningeurvesthatareneces-

saryto predict accuratelyanyotherscanningcurve.Toanswerthisquestion,a

physical understandingofhysteresisisnecessary.Someresearchesclarified

greatly the qualitativeconceptsthatunderliethephenomenonofcapillaryhyster-
.esls. The applicabilityoftheindependentdomaintheorywasexploitedtosoil

5), 10)
physics. Further developmentsinthetheoryarediscussedalsoderivedaration-

al interpolation formulathatpredictsallscanningcurveswithinaloopfromthe

knowled&e ofthe boundariesoftheloopalone.AsitispointedoutbyMualem,

other mode1sexistatpresent,buttousetheauthortsownwords"thesemodels

needmoremeasured dataandthisfact,aswellastheircomplexity,makesthemon

little practical use."ThefundamentalachievementofMualem'sanalysisisto

yielda simp1e formulathatcanbeusedaccuratelyinmanypracticalcase.Then

inthis study hisanalysishasbeenused.AdetailedanalysisisgiveninhÅ}s
12)

report, soonly theessentialswillbesummarisedin,thissection.Thevarious
.scannlng curves areobtainedasfollows:

(1)The .Prlmary dryingscanningcurveisgivenby

e
Wi

e.intp
-e.(tp)+Ig".(tpi)-"8\[tp]l[e,(v)-e.(tp)](s•i)
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The .scannmg .curvels obtainedinsidethemainloopasitshouldbe,because
(e-ed

W
) .IS multipled byafactorsmallerthanunity.

(2) The .prlmary .wettlng scanningcurveisgivenby

e

liJllJmax

Wi
eW

[e-e(tp)](V)+[e"..eW (tp,)][ed(Vi)-e.(tpi)](5.2)

As follows from Eq.(5.2) ,thescanningcurvesapproachthemainwettingcurve

during theprocess.

(3) Wetting aftera seriesofalternatingprocessofdrainageandimbibitionis

.glven by

iPt v
e

-e-- -e-- -e(tp)
tpmintp2 tpN W

+[ew(tpN--1) -eW
ed(ÅëN)-e.(iPN)

(tp)e-e(tp)

+
(Nl2)-1

jil[e.(tp e.(tp2J+1)gg(V2-)'ee.W[:iJ))(s.3)

(4) Drainage aftera seriesofalternatingprocessesofdrainageandimbibition

is given by

Vi il,

e
il,

-eee
.v2mm

N---ilJ

e(tp)-e(tp)
+[e.(tpN)- e(e)]W

e.-e.tp)

+
j

(N-1)/2'

z[e=1W
(tp)2j--1

ed(Q2)-e.(Åë2)"ew(tp2j+i)]e.-e.(Åë2j(5•4)
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Inall casesthe dependenceof e on th .IS expressed as asimplefunctionofe(ip)W

anded(tp) .Eq.(5.1) givesthe .Prlmary drying .scannlng curvebywayofexamplethe

curvefrom apoint A inFig.5.4 and similarly Eq.(5.2) givesthecurvefromapoint

Bfora .wettmg process.

tpmin e -
t1 Drytng
I,

Eq.(5.4)
l1

Eq.(5.1)
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Fig.5.4 Hysteresis .m the volumetric moisturecontent
-pressure head and showing the methodofl!laulem
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Parametersin Eqs.(5.1)-(5.4)areindicatedin Fig.5.4.Thevalue ofemustbeu

equaltothe effectiveporosityn.e

5.3.2Initial andboundaryconditions

A.Boundary conditions

a.Two-dimentional sandmodel

Thesize oftheentireflowdomainandthe finiteelement mesh areshownin

Fig.5.5.This modeliscomposedof221nodalpoints,192elements . Theboundary

conditionswere imposedasfollows.InFig.5.5AH isanimpermeable boundaryand

CDEFisalsoan effectiveimpermeableboundaryin theabsenceof rainfalloreva-

porationbecause watercannotflowoutofthisdomain .FGisa no-flow boundary

aslongastpÅqO butbecomesatconstantheadboundary (seepageface) ' allowing

outflow,oncetp attainsthevalueiP=O.Theboundary conditions can bespecified

inthetotal pressure.

AlongAHandCDEF

ah
=oaz

AlongAC l

h=47cm(constant)

AlongGH

h=7cm(constant)

AlongFG

ah-5;i-=OtpÅqO

h=zth=O(seepageface)
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b. Three-dimensionalsandmodel

Fig.5.6givesthethree-dimensionalfiniteelementsubdivisionoftheentire

flowregion'byusing867nodesandS76lower-orderelements.Theboundarycondi-

tionsby referencetothisdomaincanbesetdown.Attheupperandlower
ah.boundaries ofthisdornain,thereisnoverticalflow,andthequantityazis

equalto zero.ZnFig.5.6theboundaryconditionsareasfollows.

AlongthefacesofABKJ,AFPJ,andFENP

ax=OOray=

AlongtheimpermeablewallCDGHLIY[PQ

More detailedfigureofthefaceBENKisshowninFig.5.7.
-e

On thefaceofKSTL

On

h=47cm(constant)

h=7cm(constant)
On thefaceofUXWV

ah=otpÅqo-5Xpt'

h=zÅë=O(seepageface)
On

'thefacesofBSTCandDUVE

ah=o
ax
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B.InitialConditions

Theaimofthenumerical simulation wastousea distribution ofinitial

pressurehead"ointheentire flow domain.Intheexperiment sandwascarefully

packedintheboxwiththe bulkdensities Yd=1•5glcm3. Scatter ofthebulkden-

sitiesmaybeexist,for puruoseof numericalsimulation, however,thesandwas

assumedtobehomogeneous.According totheresultsofthe experimentinChapter

4,hydrostaticequilibrium wasinitially obtainedasindicated bytheprofilesof

pressureheadforinfiltration and drainageexpeVimentin Fig.5.8andFig.5.9,

respectively.Theseprefiles ofpressure headwereapplied to numericalanalysis-

esoftwo-dimensionaland three-dimensional flowmodelas initialconditions.In

Fig.5.8theinitialcondition was establishedbysetting the negativevalueofthe

pressurehead(tp)atthetop ofcapillary fringeequalto the elevationheadand

linearlyincreasingthehead tozeroat thefreesurface.
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5.4ComparisonsofExperimentaldata withNumerical Results andDiscussions

5.4.1Two-dimensionalsandmodel

A.Infiitration

Asafirststepincomparison of•experimentaland numericalresults,the

computedpositionsofthefreesurface, e=O,atvarious times areshownincom-

parisonwiththeexperimentalresults ofinfiltrationin Fig.5.10.Intheclas-

sicalapproaehthefreesurfaceis treatedasamoving material boundary,whereas

inthepresentworkitismerelyan internalisobarwhich happenstoseparatethe

saturatedandunsaturatedportionsof theflowdomain. At t=3600sec,thezero-•

pressuresurface(freesurface)attains aquasi-steady configuration,and•the

saturatedzonereachesastateofnear equilibrium.The computedpressurehead
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distributionsonthebottomatvarioustimesareshowninFig.5.11,whichalso

showsexperimentalresultsofinfiltration.Thenumeralsonthecurvesinboth

figuresrepresenttimeinminutesfromthestartofinfiltration.Theagreement

betweencomputedandmeasuredprofilesinFigs.5.10and5.11forstandardsand

wasconsideredsatisfactoryforbothpointsoffreesurfacepositionsandpressure

headsatbottom.Theseagreementsshowthattheindependentmeasurementsof

tp(e)andK(e)musthavebeenessentiallycorrectforthissoil.Furthermore

theseagreementsimprovetheaccuracyofthisnumericalanalysissolutionand
,wouldsuggestthatifthehydrologiccharacteristicsoftheporousmaterialare

accuratelyknown,thenthecomputersolutionofthedifferentialflowequation

developedforthisstudywouldenablethepressureheadprofilestobeeasily

obtained.

Fig.S.12presentscomputedandexperimentalout-flowratewithrespectto

timeforthecaseofinfiltration.The.computedresultsdonotexactlyequate

totheexperimentaZdata.Thisdeviationisprobablyduetotheexpectederror

inregionwithafairlycoarsemeshonseepageface.

Thissimulationperiodwas120minutes,thetotalcomputertimeusewas

352seconds.AfullybackworddifferenceschemewasusedtosolveforVduring
atimeincrement.Convergencewasmeasuredintermsofthemaximumabsolute'

changeinAilJnatanynodeduringaniteration.Usuallybetween2toiOitera-
tionswererequiredduringeachtimesteptoreducemaxIAthlbelowO.Olcmn

beforeadvancementtonexttimeincrement.

B.Drainage
Fig.5.13showsthecomparisonbetweenthebehaviorofthecomputedfree'

surfaceandthatoftheexperimentalresultsinthecaseofdrainage.Fig•5•14

alsopresentsthepressureheaddistributionatthebottomfordifferenttimes
.

with'comparisonofexperimentaldata.Inthiscomputationthetimeincrement
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wasvaried,rangingfromO.1secondsduringinitialtimestepstoasmuchas

10minutesafter120minutesofdrainagehaveelapsed.ItcanbeseenfromFig.

5.Z3thatthereissomedifferencebetweenthetworesultsatearZytime,with

thecomputedpositionremainingslightlyabovetheobservationposition.The

observedpotentialsarefallingmorerapidlythanthecomputedpotentialsand

hencetheexperimentalmodelisapproachingsteady-statemuchmorerapidlythan

thenumericalmodel.Thedepartureattenuatedatlargevaluesoftimeandthe

systemattainedsteady-stateafterabout10minutes.Thusthenumericalandthe

experimentalmodelsappeartotendtowardthesamesteady-stateconditon,but

followdifferenttransientpathsinattainingsteady-state.However,acareful

comparisoninFig.5.13revealsthefactthatthemagnitudesofthedifferenees

betweenthecomputedvaluesofpotentialsandthoseactuallymeasuredareless

than2cmatalltimesandalllocations.Thesedeparturesaresmallandcanbe

Thatthenumericalmodelcanbeapproachingsteady-staterapidlyisled

byusingthedryingcurveofmateriaipropertiesinFig.5.3inthecalculations '

thatis,innearsaturatedregionthedryingcurvemaybeprovtdingrelatively,

highvaluesofhydraulicconductivityKandrelativelylowvaluesofspecific
moisturecapacity(eeletp).Fig.5.15presentscomputedandexperimentaloutflow'

withrespecttotime.rnspiteoftherapidchangeofexperimentaldata,a

goodagreementexistsbetweencomputedandmeasuredoutflow.

5.4.2Three-dimentionalsandmodel

A.rnfiltration
-Theresultsofthethree-dimentionalfiniteelementanalysisarecompared

'withtheexperimentalresultsofthree-dimentionalseepageforinfiitrationat
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sectionsABKJandFENP(theletterslocatetherelativepositionofFig.5.6)in

Figs.5.16and5.17.
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Fig.5.16Comparisonofnumericalandexperimentalresults(forwetting)
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The defferenceincurvatureofthe profiles at thetwo sectionsconsidered is

clearly evident.Inthisexperirnent, steady-state conditions were attained

after about120minutesandFig.5.18 gives computedandexperimental steady-

state resultsofthepositionof free-surface . Overall ' theagreement between

the computedsolutionandthe experimental determined values isgood.
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B.Drainage

Figs.5.19aand19bshowbothresultsofexperimentandnumericalanalysis

atsectionsABKJandFENPforafewdrainagetimes.Steady-stateconditionwas

attainedafterabout60minutes.Fig.5.20alsoshowscomputedandexperimental

outflowwithrespecttotimeforinfiltrationanddrainage.Therearealsogood

agreementsbetweencomputedandmeasuredpositionsoffreesurfaceandthese

goodagreementsareextremelyencouragingandsuggestthatitisvalidtoapply

thisthree-dimensionalfiniteelementmodeltoanactualanalysisofafield

problem.Butitspossibilities,ofapplicationforfieldproblemsarelimitedby

thesizeofthecomputersavailable.Thissimulationrequired110kwordsof

corestorageand2hoursofcomputertimefor15timesteps.rneachtimestep,

theiterativeprocedurewasnecessarytoachieveasatisfactorydegreeofcon-

vergenceonanaveragetoO.Olcmusuallybetween2to10times.Toreducethe
13),14)

corestorageandcomputertime,sometechniqueshavebeenproposed.Forexample,

adiskortapeisusedtostoredatareadingfromcardsorJacobianmatrixfor

eachelements.Butthistechniquescanbeusedonlyforsteady-stateandlinear

problemesandifthistechniquesistooapplied,thedrasticincreaseincom--

putationaltimeislargely,thenitisverydifficultproblematthepointof

viewofcost.Itmustbe,however,emphasizedthatconsiderationofeconomyis

stronglyinfavourofnumericalmethodswhichyieldmorecomprehensiveresults

fasterandatlesscostthanalternativetechniques.

.
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5.4.3 Effects ofinitial conditionsandhysteresisofretening curve

Inorder toinvestigate thefurthervalidityandapplicability ofthe

finite e1ement analysisin thesaturated-unsaturatedflowproblem mainlyfor

two-dimension, numerica1 resultswerecomparedwiththeexperimental results
15)

obtained by AkaiandUno.Awatertankusedintheexperimentis 400cm long,

25cm wideand 50cmhighanditsfrontpanelwasmadebyathick glass.Sand,

whose average grainsizewas 1.5mnwaspackedinthewatertank and asandmodel

with porosity ofO.44was constructed.Thewaterpressuresin the sandmodel

were measured bypressure transducersatmanypoints.

Amongthemanyexperimental results,thefollowingfive cases arechose

for .comparlson withthefinite elementanalysis.

Case1.Change oftransient flowpatternduetothesuddenwater raise
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(a)Thebaserockispermeableandtheinitialwaterlevelis10cmabove

thebase.

(b)Thebaserockispermeableandtheinitialwaterlevelisonthebase.

(c)Thebaserockisimpermeableandnowaterexists.

Case2.Changeoftransientflowpatternduetothesuddendrawdown

Case3.Changeoftransientflowpatternduetothesuddenwaterraisewiththe

hysteresisphenomenon

Thefinite' elementmeshisshowninFig.5.21.Thepermdabilityinthesaturated

zoneandtheporosityofthesandmediumweremeasuredtobeO.33cm/secand

O.44respectively.Sincetherelationshipbetweeneandth,andalsotherela-

tionshipbetweeneandKrwerenotavailableunfortunately,theserelationships

hadtobeassumedasshowninFig.5.22fromtheexperimentaldatainwhich

e=O.44inthesaturatedstateande=O.O085whenthecapillarytension(pressure

Figs.S.23,5.24,and5.25showtheresultsofthefiniteelemeritanalysis

(solidlines)andtheexperiments(dottedlineswithppencircles),whenthe

waterrisewas20cm.Inthesefigpres,itisnotedthattheinitialcondition

ofwaterproducesthesignificantinfZueneeoftheflowpattern.Whenthewater

existinitiallyinthesandmedium(Figs.5.23and5.24),thewaterfrontad-
-

vancesintheconvexform,whileitadvancesintheconcaveformwhenthewater

doesnotexistinitially.Suchcomplexflowbehaviorsarewellanalyzedbythe

finiteeZementmethod.

Figs.5.26(a),and(b)areforease2,inwhichthewaterlevelwasre--

duced20cmdownfromtheinitiallevelof30cm.Fig.5.26(a)showsthe

comparisonbetweentheexperimentalresultandthesaturated-unsaturatedfinite
.

elementanalysis.Thesaturated-unsaturatedfiniteelementanalysiswascom-

paredwiththeconventionalsaturatedfiniteelementanalysisinFig.5•26(b).

Fig.5.26(a)indicatesthebothresultsagreeverywell.Fig.5.26(b)shows
.
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thatthe change of the free surface bythe conventional methodis faster thanby

thenew method. This .IS because the effective 'poroslty

nwase
usedinthe

conventional method' .m which it .IS assumeddischargeof water withthe amount

ofne occurs instantaneously when the elevation offree surface wasdown.

However, .In reality, the water discharge occurs gradually andthe saturated

mediumtransfered to the unsaturated state Wit along time.In orderto take
16)

into account the delayed effect ' very complex methods havebeenproposed. The

saturated-unsaturated finite element method describedin this thesiscan treat

this compiex phenomenoneasily and can solve muchmorecomplicated problems.

Fig.5.27 is for the case 3
'and

an examp1eof hysteresis analysis. The

water retention curve was assumedas shown in Fig.5.28 andthe hysteresis loops

are estimated by Maulemts method.
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5.5Conclusions

Thevalidityandtheaccuracyofthetwo--andthree-dimensionalsaturated-

unsaturatedfiniteelementapproachwhichhasbeendescrivedinChapter3have

beeninvestigatedtocomparethenumericalresultswiththeexperimentaldata.

Theresultswerethatthegoodagreementsbetweeneomputedandmeasuredpressure

headprofilesihavebeenobtained.Itshouldberemarkedthatthesaturated-

unsaturatedfiniteelementanalysisfortwo-andthree-dimensionalmodelisvery

powerfulfortheproblemsoftransientflowthroughtsoilandoffersarealistic

representationofactualnatureandapplicationstoawiderangeofproblems.

Inadditionanadvantagewhichhasnotbeendemonstratedhereininthecasewith

whichseepagethroughnonhomogeneousandanisotropicregionscanbeincluded.

Themoisturecontentfieldcanbedeterminedfromthepressureheadfieldby

usingthetp(e)relationship.AllcomputerrunswerecarriedoutonaACOS-700.

Themainconclusionsinthischapterareasfollows:

(1)Thelaboratoryexperimentsoninfiltrationanddrainagefortwo-orthree-

dimensionalsandboxwerecarriedoutwithmeasuringpressureheadandout-

flowrate.

(2)Theproblemsofinfiltrationanddrainageforsamemodelsweresimulated

(3)Therelationshipsofpressurehead(tp)--volumetricmoisturecontent(e)

andhydraulicconductivity(K)-volumetricmoisturecontentthathave.

beenobtainedinChapter4wereusedasinputdatatogetsnumerical

results.

(4)Thepressureheaddistributionatthehydrostaticequilibriumconditiont

aceordingtotheresultsofexperimentsinchapter4wasalsoappliedto

thenumericalsimulationasaninitialcondition.
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(5)Theresultsoftwo-andthree-dimensionalfiniteelementanalysiswerecom-

paredwiththelaboratorymodeltests.Thenumericalresultsshowedthe

verygoodagreementswiththeexperimentaldata.Theseagreementssuggest
,thatifthehydrologiccharacteristicsofporousmaterialareaccurately

known,thenthenumericalsolutionofthedifferentialflowequation

•developedinthisstudywouldenablethepressureheadprofilestobeeasi-

lyobtained.

(6)Thesaturated-unsaturatedfiniteelementmethodwasappliedtothevarious

problemswhoseinitialconditionsweredifferentandfoundtobeveryef-

fectivetodetecttherealisticchangesoftheflowpattern.

(7)Thenumericalanalysistotakeintoaccountofthecomplexphenomenonof

hysteresisisshowntobepossiblebyusingMaulem'smethod.

References

1)Hanks,R.J.,A.Klute,andE.Bresler:Anumericalmethodforestimating

infiltration,redistribution,drainage,andevaporationofwaterfromsoil,

WaterReso.Res.,5,1969,pp.1064-1069.

2)Rubin,J.:Numericalmethodforanalyzinghysteresis-affected,post-infiltra-

tionredistributionofsoilmoisture,SoilSci.Soc.Amer.Proc.,31,1967,

pp.13-20.

3)Staple,W.J.:Infiltrationandredistributionofwaterinvericalcolumnsof

loamsoil,SoilSci.Soc.Amer.Proc.,33,1969,pp.840-847•

4)Whisler,F.D.,andA.Klute:Thenumericalanalysisofinfiltrationconsidering

hysteresisintoaverticalcolumnofsoilatequilibriurnundergravity,Soil

Sci.Soc.Amer.Proc.,29,1965,pp.489-494.

5)Poulovassilis,A.:Hysteresisofporewater,anapplicationoftheconeeptof

-158-



independentdomains,SoilSci.,93,1962,pp.405-412.

6) Poulovassilis,A.:Hysteresisofporewateringranularporousbodies,Soil

Sci.109,1970,pp.5--12.

7) Topp,G.C.:Soilwaterhysteresismeasuredinasandyloamcomparedwiththe

hystereticdornainmodel,SoilSci.Soc.Amer.Proc.,33,1969,pp.645-651.
.

8) Topp,G.C.:Soilwaterhysteresisinsiltloamandclayloamsoils,Water

Resour.Ras.,7,1971,pp.914-920.

9) Topp,G.C.,andE.E.Miller:Hystereticmoisturecharacteristicsandhydraulic

eonductivitiesforglass-beadmedia,SoilSci.Soe.Amer•Proc.,3o,lg66,

10) Miller,E.E.,andR.D.Miller:Theoryofcapillaryflow:1,practicalimplica-

tions,2.experimentalinformation,SoilSci.Soc.Amer.Proc.,19,1955,

pp.267-275.

11) Mualem,Y.:Modifiedapproachtocapillaryhysteresisbasedonasimilarity

hypothesis,WaterResour.Res.,9,1973,pp.1324-1331.

12) Mualem,Y.:Aconceptualmodelofhysteresis,WaterResour.Res.,10,1974,

pp.514•-520.

13) Gupta,S.K.andK.K.Tanji:Athree-dimensionalGalerkin-finiteelement

solutionofflowthroughmulti-aquifersinSutterBasin,California,Water

Resour.Res.12(2),i976,pp.155-162.

14) Gupta,S.K.andK.K.Tanji:Anewapproachtoreducecorestorageandcomputa-

tionaltimeinfiniteelementsolutionanditsapplications."FiniteElement

inWaterResources",EditedbyW.G.Gray,G.F.PinderandC.A.Brebbia,Pentech

Press,1976,pp.2.179-2.194.

15) Akai,K.andUno,T.:Thestudyonquasi--one-dimensionalnon-steadyseepage
j

flowofgroundwater,Proc.JSCE,No.127,1966,pp.14-22,(inJapanese).

16) Boulton,N.S.:Analysisofdatafromnon--equilibriumpumpingtestallowing

fordelayedyieldfromsrorage,Proc.!CE,26,1963,pp.469-482.

-159-•



CHAPTER6

DRAWDOWNTEST),fiITHODSFORDETERMININGAQUIFERCHARACTERTSTICS

6.1Introduction

]hanycomplicatedfieldflowproblemscannowbesolvedbyapplyingfinite

elementmethod.However,thereliabilityoftheresultsobtainedbythis

methoddependslargelyontheaccuracyofthenumericalvaluesofthehydraulic

characteristicsofaquifersandalsoonproperlyassumedboundarycondition.Itis
'

obviousthattheresultofanygroundwaterflowcomputationwillbeerroneous

whenthesevaluesandboundaryconditionsareinsufficientlyknown.

Nomatterhowcarefullylaboratorypermeabilitytestsaremade,theyre-

presentonlyrninutevoZumesofsoilatindividualpointsinlargemasses.Their

valueinsolvingfieldseepageanddrainageproblemsdepend$onhowwellthey

representmassesofmaterialsthatactuallyexistinthefield.Whenusedwith

carefuleonsiderationoffieldconditions,laboratorymethodscanbeofcon-

siderablevalue.Nevertheless,inimportantprojectsitisoftenadvisableto

requirefieldteststhatmeasurethehydrauliccharacteristicsoflargemasses

ofsoilinsitu.

AdrawdowntestisoneoftheTnostusefulmeansofdetermininghydraulic

propertiesofaquifers.Itmayyieldreliableresultswhich,ingeneral,are

representativeofalargerareathanaresinglepointobservations.Basedon

theworkofDarcy,Theis'orJacob'sformulahavebeencommonlyapplied.To

obtainthehydrauliccharacteristicsofanaquifertobeeornputedbypumping

awellandobservingtheeffectofthispumpinginanumberofotherwellsin

thevicinity.Theseformulasfortheanalysisofpumpingtestdataarebased

oncertainassumptionsandgeneralizations.Erroneousresultsofthecomputa-

tionsofthehydraultccharacteristicsofanaqutferaresotaetimesascribedto'
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incorrectnessoftheformulaapplied,whereastheactualcaseoferroristhe

factthatfieldconditionsdidnotsatisfytheassumptionsonwhichtheformula

isbased.Therefore,inthischapterspecialattentionispaidtothecondi-

tionsandlimitationsofthesemethodsofanalysisandnewmethodsforthe

analysisofdrawdowntestdatawillbeshown.

Firstly,itisnotalwayspossibletoinstallthewellscreenoverthe

wholethicknessoftheaquifer.Insuchacasethewellispartiallypenetra-

ting.AroundapartialZypenetratingwell,theflowlinesintheaquiferareno

longerhorizontalbutareradialinaverticalsense.Thereforeitisnecessary

tounderstandtheeffectofpartialpenetration.Insection6.2formulasand

methodsaredescribedtoavailinevaluatingthedatafromdrawdowntestsunder

partiallypenetratedaquifers,withsomeillustrativeexamples.

Secondly,drawdowntestssometimeshavetobeperformedneartheboundary

oftheaquifer.Insuchinstances,theassumptionthattheaquiferisofin-
Kfinitearealextentisnolongervalid.Therefore,formulasandmethodsof

evaluatingdrawdowntestresultsinaquiferswithcircularconstantheadbound--

ariesarepresentedinsection6.3.

Eachformulaisdevelopedinanonsteady-stateandforconfinedandun-

confinedaquifer.
.
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6.2AnalysisofDrawdownTestDataforPratiallyPenetratingWells

6.2.1Introduction

Toobtaintheformationconstantsfromdrawdowntestdata,Theis'Method

orJacob'sMethodiscommonlyused.However,weareoftenconfrontedwiththe

caseinwhichwecannotobtaintheformationconstant,usingthesemetE6ds.

Forthisproblem,itisnecessarytoconsideragaintheassumptiononwhich

Theis'andJacob'sMethodsstand.asfollows;

(1)FlowwithintheporousmediumobeysDarcy'slaw.

(2)Thelayerishomogeneousandisotropicwithrespecttopermeability•

(3)Storagecoefficientistimeindependent.

(4)Thesystemisconsideredtobeofinfiniteradialextentwiththewell

atitscenter.

(5)Onlysinglephase(orsaturated)flowoccursintheaquifer•

(6)Thewellisassumedtohavenosurfaceofseepage.

(7)Headlossesthroughthewellscreenareneglected.

(8)Thepumpingwellistotalypenetratedintheaquifer.

Itseemsthatsoraeassumptionsofthosedonotsatisfytheconditions

ofactualfielddrawdowntest.Inthisconception,weconsiderthatitisquite

commonindevelopingaquiferstorageprojectsnottoopenuptheentireaquifer

thickness.rnotherwords,thelastassurnptiondoesnotsatisfytheconditions

ofdrawdowntest.Therefore,itisnecessarytounderstandtheeffectsofpar-
.

tialpenetrationandtoconsiderthedeviationsfromsimpleradialflow.

Intheeaseofpartiallypenetratingwell,watermovingtowardthepumping

wellhastoconvergeinsomemannerintotheopenwellfromallpartsofthe

aquifer.Thisdiversionofflowlinesfromthehorizontalleadstoamore

complicatedpressured'istributionpatternaroundthepumpingwellthanisthe

casewithcompletepenetration.Theproducespressurechangesintheaquifer
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thatmanybysubstantiallyaboveorbelowthosethatwouldbepredictedusing

theTheis'solution.

Theremaybesituationswherethetotalthicknessoftheaquiferisnot

known.Aswillbediscussedbelow,theeffectsofpartialpenetrationmaybe

usedtodeterminethethicknessoftheaquiferor,thatpartofthetotal

thicknessthatisrespondingtothedrawdowntest,andmaybeconsideredthe

anisotropyofpermeability.Therefore,thedrawdowntestwithpartiallypenetra-

tingwellwouldbemoreusefulthanthatwitheompletelypenetratingwell.

Inthissection,methodsofhandlingpartiallypenettationproblemsare

disccussed.

6.2.2Analyticalsolutionforpartiallypenetratingwellinaconfinedaquifer

Welis,ofwhichthewater-entrysecttonislessthantheaquiferthey
spenetrate,arecalledpartiallypenetratingwells.Unliketheflowtowardcom-

pietelypenetratingwellswherethemainflowtakesplaceessentiallyinplanes

paralleitothebeddingplanesoftheformation,theflowtowardpartially

penetratingwellsisthree-dimensionai.Consequently,thedrawdownobservedin

partiallypenetratingwellswilldepend,amongothervariables,onthelength

andspacepositionofthescreenedportiQn(water--entrysection)oftheobser-

vationwells,aswellasonthatofthepumpingorflowingwell.

In•aquiferwherethehorizontalconductivityisseveraltimesgreater

thanthevertical,theyieldofparttallypenetratingwellsmaybeappreciably

smallerthanthatofequivalentwellsinisotropicaquifer.

rntreatingtheproblemofflowtowardpartiallypenetratingwell(Fig.
.6.1),thefollowingassumptionsaremade.

(1)Theaquiferishomogeneous,anisotropicandextendsinfinitellywith

impermeableclaylayersaboveandbeiow.
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Fig.6.1 Partially penetratingwells in aconfined aquifer

(2)Theaquifer is also considered tobe horizontal and watersaturated

atalltimes.

(3)Theconductivities of mam
. aquiferin the horizontal andvertical

directionshave d ifferent ,buteonstant values,k ,k,respectively.
r z

(4)Thewe!1is ofa vanishingly smallradius and dischargingatacons-

tantrate.

A.Basicequationand solution

Thedifferential equation that describesthe fluid movementisgivenby

ka2h+krar2r 1'r ah+ar

kz
a2hah=s2sataz

(6.1)

whererandzare co-ordinates as showninFig.6.1, t istime, andSisthes

specificstorage.Then the hydraulic head,h(=Wz)' .Isnow afunctionofr,

z,andt.Theinitial and boundary conditionsto be imposed onthesolution

areasfollows:
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'h(r,z,O)=H(headinitiallyconstant)(6.2)

h(oo,z,t)=H(headatinfinityrernainsconstant)(6.3)

ahot)=o(noflowacrossboundary)(6•4)(r,,upperazaht)=o(noflowacrosslowerboundary)(6•5)

(r,b,Dz•Åíahdz.(flowrateintowellofzero

1iM2Tkrrb-ÅíDr-Q
r'Oradiusremainsconstant)(6.6)

Hantushhasstudiedthisproblemforamorecomplicatedsituationwherethere
1),2)

isalsoclayleakageintotheaquiferthatwasbeingpumped.Byimposingthe

conditionofnoclayleakage,i.e,Eqs.(6.4),(6.5),theHantush'ssolutioncan

besimplifiedto

C;"W(u.)+fr(u.,r*/b,Åílb,zlb)(6.7)where24Tkb=rc=H-h,u=(r")r*=vii-71iE-br(6s)

andCisthedrawdownofpiezometricsurfaeeatanytimeandatanypointin

aquifer,bisthethicknessofaquifer.

Notingthatoodcoedco(socauedwenfunction(6'9)
)=)W(urcour

andr2byi..sen::-.:-gz)sin(-n.-.g2)f(ur,r*/b,21b,Zlb)=T2n.ln

OO

'u reXP['to- 4cob2]co

describinganotherformoftheHantush'ssolution

co-to.eco {..f(2nb+Åí+z),2Tco(2nb-Åí-z)Xal(2nb+2-z)Xco

-..f(2"b-'2+Z)fCD(k+z)Xw(2-z)Jtu}+erf]dco(6.11)-erfr*r*rrk
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where

8Mkscr

C;*-QC
Forinfiniteaquiferthickness(b-xp),

co e-co (2-z)Xco(2+z)/Tco}dco (6.12){erf+erf4;*"cor*r*ur

Substitutingkikz=kinEq.(6.7),thesolutionfor antsotropicaquifer

isobtainedasfollows:

C*=W(u)+f(u,rlb,2/b,z/b) (6.13)

where
4Tkb (6.14)

g*= QC
r2 (6.15)

U4kS)ts

JavandelshowsinsomedetailhowEq.(6.13)canbe derivedandhasuseda
3)

heattransfermodelasanindependentmeansofverifying thesolution.By

cornparingEq.(6.13)withtheTheis'solutionforthe pumpingweilwithcomplete

penetration,itisevidentthatf(u,r!b,2!b,z/b)is simplyaddedtothe

exponetialintegraltodescribetheeffectsofpartial penetration.Forfull

penetration,2isequaltobinEq.(6.13)andtheresult isthesameofthe

Thei$'solution.Therefore,Eqs.(6.7),(6.13)aredefined asgeneralsolutions

fordrawdowntestinaconfinedaquifer.

Forrelativelylargevaluesoftime,thefunction fr (u,r*/b,2/b,z!b)r
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canbereplacedby2Ko(nrrr*/b)forallpracticalpurposesinwhichcaseEq.(6.

10)becomesindependentoftimeasfollows:

fr (u.,r*!b,21b,zlb)ÅÄfr .(r*lb,2/b,zlb)=(4b/2T).itlll(11n)

XKo(nTr*/b)cos(nrrzlb)sin(nÅínlb)(6.16)

Similarlyforrelativelylargevaluesoftime,thefunctionEq.(6.9)

becomes

W(u);ln(tlr*2)-ln(S12.25k)(6•17)

FromEqs.(6.16),(6.17),theapproximatesolutionofdrawdown(4)becomesfor

relativelylargevaluesoftime

C=(Q14TTk.b)[ln(t/r*2)-ln(S.!2.25k.)+fg(r*/b,2/b,zlb)](6.18)

ifana :yiferisisotropic(kr=kz=k,i.e.r=r*),Eq.(6.18)becomesHantush'

solutionasfollows:

C4.ilb[ln(tlri)-ln(S./2•25k)+f,(r/b,2/b,z/b)](6.lg)

'-

4= 2tft:[log(tlr2)-log(s,!exp(f.)Å~2.2sk)](6•20)

fs= ftb2.21ikKo(ngr)si.(ng2)...(ngz)(6.2i)

Moreoverifthepumpingwellcompletely.penetrated(2=b),Eq.(6.18)becomesto

beequaltotheJacob'sapproximatesolution.Eq.(6.18)isrewrittenwith

commonlogarithms

C=(2•30q/4Tk.b)[log(tlr2)-log(S,k.exp(-fg)/2.25ki)](6.22)

ZtisevidentthatthethirdterminEq.(6.18)istheeffectofpartialpenetra-

tionofthepumpingwell.
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B.Effects ofpartial penetration

The effectsof partial
Jpenetrationonthedrawdownaroundapumpingwell

isshownin Figs.6.2a, 6
. 2band6.2c.Thevariationisforavicinityofwell

inanisotropic aquifer (k =k).Regardlessofthelocationofthewellsand
rz

thespace positionof their screens,thetime-drawdowncurves,atrelatively

largevalues (tÅrs

slopeisthe sameaswould obtainedifthepumpingwellcompletelypenetrates

theaquifer. !nother words,theeffectofpartialpenetrationhasattainedits

maximumvalue.
Ifthe observation wellisrelativelyapart(rlbÅrO.5),thedrawdownis

givenbythe Theis' formula .Inotherwords,thedrawdowninsuchawellisnot
affectedby partial penetration;itisthesameasthoughthepumpingwell

completely penetrated in theaquifer.Hantushhasalsodiscussedthewells
1)

loeatedat r/bÅr1.5, regardless ofthespacepositionofitsscreen.
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6 et

,:

A rlbsQ.2

7 z/beO

8
s

Fig.6.2a

ct

Drawdowncharacteristicsforpartiallypenetratingwellina
confined
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Fig.6.2c Drawdowncharacteristicsfor partially penetratingwell in confined
aquifer

Fig.6.3 compares thedrawdowns observed in twoequalydistance wells,one

ofzero penetration and theother screened throughout itsdepthof penetration.
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Noticingitshowsthattwowellsequallydistantfromapartiallypenetra•-

tingpumpingwellmayregistertwodifferentdrawdowns.Infact,dependingon

thelengthandtherelativepositionsofthescreensiitispossibleforamore

distantwelltoreflectagreaterdrawdown.

Apartiallypenetratingwellwilldischargelessthanaeompletelypenetra-

tingwellifthetwoareoperatedatthesamepumpinglevel,otherconditions
controllingtheflowremainingconstant.rftheyarepumpedatthesamerate,

however,thepumpingleveloftheformerwillbelowerthanthatofthelatter..

Pumpingatthesamelevel,theyieldofpartiallypenetratingwellinan

anisotropicaquifer(krlkz)willdecreasewithdecreasingkzlkr,otherconditions

beingthesame.Theeffectoftheanisotropydecreasesasthewellpenetration

increase,asshowninFig.6.3.NoteinFig.6.3thatthefollowingdimensionless

timeisusedfortheabscissa.

t*=1=(kls)(tlr2)(623)
Ifkrlkzdoesnotdiffergreatiyfromunity,theanisotropywillnotbeof

particularconsequenceexeeptforverysmallpenetration.Ontheotherhand,

shouldkzlkrbeverysmall,theanisotropyoftheaquifermaycauseanapprecia-

bledecreaseintheyieldofthepartiallypenetratingwell.!fkzshould
actualiyvanish,theflowtowardthewellwillbecomepurelyradial,confinedto'

'thepartoftheaquiferinwhichthewellisscreened.

C.Methodsofanalyzingfielddata

Inevaluatingtheresultsofdrawdowntestdatawherepartialpenetration

mustbeconsidered,i.e.swhererlbÅqO.5,oneneedstoknowthegeologicalcohdi-

tionsoftheaquiferunderinvestigation.Indrillingtheexplorationwells,a

considerablenumberofcoreswelloftenbetaken,andananalysisofthepQro-
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sityofthesesamplesprovidesvaluabledataonthenatureoftheaquifer.Such

cores,ofcourse,provideonlyaverysrnallsampleofthetotalaquifersystem.

Thus,theresultsofa'drawdowntestcanbeveryhelpfulinprovidinganaddi-

rnthefieldofhydrology,basicmethodsofanalyzingfielddatahave

beendeveloped;Log-LogMethod,Log-LogDistanceDrawdownMethod,whichwUlbe

discussedbelow.Inaddition,Jacob'sMethodAdjustedforPartialPenetration,

whichisavariationofJacob'sMethod,andModifiedJacob'sMethodAdjustedfor

PartialPenetrationforanisotropicaquiferwillalsobepresented.

Alloftheabovemethodsrequiredatathataremeasuredinobservationwells

atsomedistancefromthepumpingwell.Ifonecouldmeasurefluidlevelsin

thepumpingwellitself,similaranalysiscouldbemadebutitisrarelypossi-

bletokeepthepumpingrateexactlyconstant.Thus,thefluidlevelsmay

fluctuaterapidly,makingitdifficulttogetreliabledata.Thedepthtothe

pumpingfluidlevelwill,ofcourse,bemuchgreaterthanintheobservation

wells,andthismaymakeitdifficulttoobtainaccuratemeasurements.For

thesereasons,ananalysisofthedrawdowndatainthepumpingwellisnot

oftenmade.

aLog--LogMethod

rntheLog-LogMethod,onecanusegraphicalmethodssimilartoTheis'

Method.Knowingthevaluesof2/bandz/bonecanprepareagraphoflogC*

versuslogt*(t*=1!4u)fortheappropriater/bbetweenpumpingandobservation

wells.AsisevidentinFig.6.3,separatecurveswillhavetobepreparedforeach

observationwell,unlessthevaluesofthethreeratios(2!b,z/b,r/b)are

identical.

Whenthedrawdowndatafromeachobservationwellhasbeenplottedon

'
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log-logpaperwiththesamedimensions percycleasusedabove,onecanmatch

thefieldresultstothetheoretical curveinthesamemannerasisdonewhen

usingtheTheis'curve.Whenthe curvesarematched,onecanreadthedi-

mensionlessparametersthatcorrespond toeachpointoffielddata.Itwillbe

foundthatonecanalsochooseany pointofthecurveoffielddataandstill

obtainthesameresultbyusingthe appropriatevaluesofCandtforthat
particularpoint.

kAnequivalentvalueCcanbe

determinedforanygmeasuredinthe

observationwellandasequivalent *valueoft,forthecorrespondingvalueof

realtime,t.Thepermeabilitycan becaleulatedfromEq.(6.14)

k--9UtL* (6.24)
4rrbC

andthecompressibilityfactorfrom Eq.(6.23)

S=(klt*)(t/r2)s

(6.25)

Thecompressibilityobtained inthismannershouldgiveavaluethatis

ofthesameorderasthecompressibility ofwater.Atthereservouirconditions
-

thatwillgenerallyprevailinwater storageoperation,thecompressibilityof

waterisabout4.6Å~lo-iicm'-i.

b.Log-LogDistanceDrawdownMethod

Whentheaquiferisconsidered anisotrpic,thepermeabilitymustbe

evaluatedkrandkzsrespectivery. Inthiscase,itisnecessarytodevelopa

newmethodandthe"Log-LogDistanceDrawdownMethod"isavariationofthe

Log-Logmethod.Knowingthevalues of2/bandz/b,one•canprepareagraphof

•- 173-



loggtversuslogt*similartothatshowninrr. Fig.6.4,and

.t;-u=(k./Ss)(tlr*2)r

(6.26)
.

AsisevidentfromFig.6.4,separatecurves willhavetobepreparedfor

eachr*lb.Here,asr*isdependentonahorizontal conductivitykrandaver-

ticalconductivitykz,estimatingthevaluesof zlkr,separatecurvesof

r*!bwillhavetobepreparedforeachobservation well.

Whenthedrawdowndatafromeachobservationwellhavebeenplottedon

log-logpaperwiththesamedithensionspercycle asusedabove,onecanmatch

thefieldresultstothetheoreticalcurveinthe samemannerasisdonewhen
usingtheTheis'curve.Oneobtainsagraphical.

solutionbyplacingthefield

resultsontopofthetheoreticalsolutionand shiftingtheplots,keepingthe

axesparallel,untilthefielddatafallonthe theoreticalcurves,whenthe

curvesarematched,onecanreadthedimensionless parametersthatcorrespond

toeachpointoffielddataandstillobtainthe sameresultbyusingtheap-

propriateofC;andt;forthatparticularpoint .

Atanydatumpoint,onethereforereadsthe drawdownC,anditscorre-

spondingvalueofC;.Thehorizontalconductivity kr,oftheaquiferbeing

pumpingmaybecalculatedfrom
QCr"

k=r4rrbC
(6.27)

Havingobtainedthehorizontalconductivity, onereadsfromthesamedata

pointusedabove,theradialdistancer,ofan observationwellandthedimen-

sionlessparameterr*.Theverticalconductivity

r* )2k=k( (6.28a)

zrr
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Fig.6.4 g:versust;fromEq.(6.7)for each r*lb•

c.Jacob'sMethodAdjustedfor PartialPenetration

Duringthetimeperiodin whichtheultimatesemilogarthmic straight line

forms,thedrawdownisgiven, dependingonthewellobserved,by Eq.(6.19) or

Eq.(6.20).Becausethesecondterm ,oftheseequationsareconstant with .tlme,

itisclearthatJacob'smethod canbeappliedifthenumericalvalue of this

constantcanbeobtained.The procedureisasfollows:

(1)Ontheobserved semilogarithmicplot,constructtheultimate straight

lineandextenditto thezero-drawdownaxis.

(2)Obtaintheslope, (m=ACIcycle)ofthislineanditstime intercept,

(t/r2)onthezero-drawdown .axls.

(3)Thepermeabilitycanbe calculatedfromEq.(6.20)
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factorfrom
09.
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Fig.6.5
The relationoffs versus r/b.

d.Modified Jacob'sMethodAdjustedfor Partial Penetration

This methodisanimprovedoneof"Jacob's. Method Adjusted for Partial

Penetration" todetermineanisotropie coefficients of permeability.

The proceduretodeterminetheformation constants isas follows.

(1) Horizontalpermeabilitycoefficient (k)r

Plotting drawdowndataobtainedineach observation wellon the common

semilogarithmic .paper,theultimatestraight
lines are gottenfor relatively

large valuesoftime.Iftheconfinedaquifer .IS homogeneousthese1ines become
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parallelasshown •m Fig.6.6. Toobtaintheslope(m=A41cycle)ofthese
linesthehorizontal permeability canbecalculatedfromEq.(6.22).

k=r
2.30Q14Tbm (6.31)

6162 63log(t/r2)
o

m

r2
C

rl

Fig.6. 6Semi-log plotofdrawdowndata

(2)Vertical permeability coefficient(k)z

Extending these linesto thezero-drawdownaxis,onecanobtaintheirtime

intercepts(6i =tlr l)for eachobservationwellonthezero-drawdown' axisas

showninFig.6.6.

FromEq.(6.22) thesevalues of6.aredescribedi

6i=ctexp
ri)(-fs

62=ctexp
(.fr,)(6.32a)s

63=ctexp r3)('fs.

wherect=Sk 12. 25k2.
sz r

Theratio ofabove values canbewritten
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rrBi2=6216i=exp(f2)1-fss

B13=63!6i=exp(fsrl-fsr3)
(6.32b)

k/kzral,

lnterpolatingknownfactors(21b, fr
3

z/b,r!b)inEq.(6.16),onecanprepare
srf2

sagraphoffrversusklkforeachob-zrs

fr ..e-.-----r3
servationwellasshowninFig.6.7.

r2
Sinceinmostanisotropicaquifers,the

r!
horizontalcoefficientofpermeability

fr

islargerthantheverticalone,then s

canbetreatedasklkÅq1.
zr

Calculatingthevaluesofexp(
Fig.6.7 Relationoffrversusk/kszr

rrfsi-fsj)Versuskzlkrthegraphof

B..versusk/kcanbegottenasshown
k/kazr

inFig.6.8.

Fromthegottenvaluesoftime'r."co- -e d-'--.-----
igsÅqtsÅr.gsÅqt2År

intercepts(6i)andi"Eq'(6'32b)"L"utBBii32thepointofBijcanbeeasilydecid'-Vpto

----

l'--e--•"'itt-sÅqt)XsU3År

edontheordinateofthegraph,asit
"- }

rl

aresult,theratio(a)ofklkcazr
canbedetermined.Havingobtained

ratioktok,theverticalconduc- Fig.6.8 RelationofBversusk/kzr
tivitykzmaybecalculatedfrom

k=ak (6.33a)
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(3)Specificstorage(S)s

Byusingtheratios(a)ofkztokrinFig.6.7,onecangetavalueof

fsiforeachobservationwellanddeterninethespecificstorage(Ssi)from

followingequation

S.i=2•25(k.21k.)6iexp(fgi)(6.33b)

e.TrialandErrorMethodforUnknownAquiferThickness

Ingeneral,thethicknessofaquiferisassumedfromtheboringlogsthat

havebeenobtainedfromboringapumpingwellandobservationwells.Butsome-

timesoneproblemthathasariseninconnectionwiththeaquiferbeingpumped

isthatthetotalthicknessmaynotbeknownpreciselyfromtheboringlogs.

Thequestionhasthereforebeenraisedhowdrawdowntestresultscanbeusedto

determinethetotalthicknessoftheaquiferthatisrespondingtothepressure

disturbancescausedbythewaterremoval.

Sincetherearenormallyseveralwellsavailableforobservationpurposes

atthetimeofthedrawdowntest,itisquitelikelythatoneormoreofthese

Wellswillbeiocatedforenoughfromthepumpingwellsothatthedistancerwlll

exceedO.5timestheaquiferthicknessb.Inthisevent,oneshouldfirstana-

lyzethedrawdownbehaviorofthedistantobservationwellswhereitisreason-

ablycertainthatrÅrO.5b.rnthiscase,theTheis'solutioncanbeemployed

directlybecausetheeffectsofpartialpenetrationshouldbenil..Onceonehas

obtainedamatchbetweenfielddataandtheTheis'curve,thetotaleffective

permeability-thicknesscanbecalculatedfrom

Onthebasisofthecoreanalysisresultsfromwellsthathavebeencom-

pletedintheaquifer,oneshouldhaveanapproximateideaoftheaverageper-
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meability,andthusthefirstestimateofbcanbedeterminedfromthevalueof

kbobtainedinEq.(6.34).AppropriatecurvesofC*versusttcanthenbepre-
paredforeachwellwhererÅqO.5bsincethenecessaryratios(Åí!b,zlb,rlb)can-

allbecalculated.Iftheobservedfielddatamakeasatisfactoryfittothese

curvesofdimensionlessvalues,onecanagaincalculatekbandcomparewiththe

resultspreviouslyobtainedforwellswithrÅrO.Sb.However,ifthefielddata

donotgiveagoodmatchbecausetheylieabove(orbelow)thetheoretical

curve,theassumedvalueofbmustbereduced(orincreased).Thisprocess

canberepeatedonatrialanderrorbasisuntilasatisfactorymatchisob-
'

tained.rnthismanner,bothbandkcanbedetermined.

D.Analysisofdrawdowntestdata

'Thefollowingdiscussionisonexamplecalculationsforthemethodsgiven

above,except"Log-LogDistanceDrawdownMethod".Thedrawdowntestdataare

takenfromarealaquiferprojectthatislocatedinOkayamaCity.Thegeologic

conditionsobtainedfromwelllogsisshowninFig.6.9.Thewaterlevelofthe

sand-gravellayerunderG.L.-13misdifferentfromthatoftheuppergravel

layer;therefore,thesand-gravellayerisrevealedaconfinedaquifer.Atest

welltocheckthethicknessofthesand-gravellayerwaspenetratedintothe

depthofG.L.-30m,thicknesscouldnotbeascertainedthough.Thepumpingtest

dataaretakenfromahypotheticalcasewherebothpumpingandobservation

wellspartiallypenetratetheaquiferofunknownthickness.'Thedepthofpene--

trationineachobservationwellis20mandthatofpenetrationinthepumping

wellis25m,asshowninFig.6.9.

Thedrawdowntestwasperformedonthisprojectusinganaveragerateof

30hours.Waterlevelsweremeasuredinobservationwells.
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k----9Z*---2TbC

FromEq.(6.

S."GEFt.)(t

10

lo2

andradialdistancesofeachwelltoobtain
.No.1rl/b=5.0150=O.1

No.2r2!b--8.7!50=O.17

No.3r31b=15!50=O.3

Onecaninterpolatetheresultstoconstructthecurveof4*versust*for

21b=O•5,zlb=O.4andeachr/bcurvesarecomparedwiththedrawdowndataasshown

inFig.6.10,theycanbematchedsatisfactorilytothefielddata.
!AtthematchpointwhereC*=3.1,t*=1.3Å~103,onereadsg=1Å~102cmandtlr2=

1Å~10'3sec/cm2.FromEq.(6.24),thepermeabilitycanbecalculated

7.oxlo3Å~3.1=6•91Å~10-3cmlsec(2Å~3.14)•(5.0Å~103)•(1.0Å~102)

25),thecompressibilityfactorcanbecalculated

.2)=(6•91XIO"3)Å~(1Å~10-3)1(1.3Å~103)=5.32Å~10-9cm-'l

lo-3-lo-2lo'it/r2(sec!ctn2)

1.0

10
ct

iO2

c(cruÅr

:Q=7.oxlo3orn3/secor-s.7taiÅí/1)=O.5.r=15.(tn

lMatchPointz!b,.o.4or-26•Ctn-de---Theissolution

Fig•6.10Analysisofdrawdowntestdataforpartiallypenetrating
wellsintheconfinedaquifer.
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b.Jacob 'sMethod Adjusted forPartial Penetration

The samedata are analysised bythe Jacob'sMethod AdjustedforPartial

Penetration, the valuesof the slopefor eachobservation wellarenearlysame

asshown inFig.6.11, therefore thepermeabilitycan beobtainedfromtheslope

ofstraight lines and Eq.(6.29)
2.30k=4Tbm 2.=4Å~3 30Å~7

.

.Oxlo3
14Å~5.0Å~1040

=6.41Å~10-3cmlsec

eb10 lo"S .210 t/r2(sec/em2)
o

ors5.Qm .

pt 1.0xloScnS/sec ors8.lm.

ars15.in
100 or-as.am

o o
i e

2oo oo
Ag o

-v

Fig.6.11 Semi--1og plotof drawdowndata forpartially penetratingwellsin
the confined aquifer (forQ=7• Oxl03cm3/sec ).

The compressibility factor canbe calculatedfrom thetime(t/r2)inter-

cepton the zero-drawdown .axls ,butfor theeffectof partialpenetration,

different values oftlr2 are
,obtainedfrom

.respectlve dataoftheobservation

well,as indicated inTable 6 .1.

Table6. 1( forQ=7. Oxl03cm3/sec)

r(m) 5eO 8.7 15.0 26.0
r/b O.10 O.17 O.30 O.52
Åí/b Oe5 O.5 O.5
z/b O.4 O.4 O.4 O.4
f 1.486 O.833 O.392 O.147

tlr2
(sec/cm5 2.3Å~10- 7 6.3Å~lod7 1.5Å~lo-6 1.5Å~lo-6

ss-

1.47Å~10.8 -82.03Å~10 -83.20Å~10 -82.51Å~10
ml
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rnterpolatingthepararneter 2!b,zlb ir!binEq.(6•21),'thevalues fs (rlb,

21b,zlb) areobtainedfor eachobservation wellbynumericalcalculation . Us-

.mg Eq.(6.30),thecompressibility factor canbecalculatedasindicated in

Table6. 1anditsaveragevalue is2.32Å~10-B-1cm.
In thesamefieldthe drawdowntestwasperformedusinganaveragerate of

Q-4. 33Å~lo3cm3!secforaperiod of30hours .Inthiscase,thepermeability can

beobtained fromtheslopeof straight linesinFig.6.12.
k--Z,•..I}9930Q2.3ox4 •33Å~lo3

481Å~10-3cmlsec=4Tbm4Å~3.14Å~5.0Å~10Å~33 .

lo'2tlr2(sec!em2)lo'i
o

or=5.0mQ=U.33xlO3em3/sec

er=8.7m

`r=15.0m
100

or=26.Qm

o

200
MroIIE

ee

C(em)

300

Fig.6.12 Semi-logplotof drawdowndataforpartiallypenetrating wells
aquifer(for Q"4.3Å~103cm3/sec).

The compressibilityfactor canbe calculatedasindicatedinTable 6.2,

itsaverage valueis1.97Å~10- iOcrn-i.This valueis,verysmallcomparedwiththe

valueof thepumpingtestusing anaverage rateof7.0Å~103cm31sec.This dis-

crepancy isdiscussedin paragraphE.
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Table6.2( forQ=4• 333Å~103cm31sec)

r(mÅr 5.0 8.7 15.0 26.0
r/b O.10 O.17 O.30 O.52
2/b O.5 O.5 O.5 O.5
z/b O.4 O.4 O.4 O.4
f 1.486 O.833 O.392 O.147

t/r2 2.0Å~lo"9 5.0Å~lo--9 1.2Å~lo-8 3.0Å~lo-8
(sec/cm2)

ss(cm-1)

9•56Å~lo-ii i.24Å~lo-1O 1.92Å~lo-1O 3.76Å~lo-1O

c.ModifiedJacob's Method Adjustedfor Partial Penetration

Theparameters 21b,z/bare obtained forthepumping'wellandtheobser-

vationwells

2/b=25/50 =o.s

zlb=20150 =O.4

and(rlb)canbe calculatedwith radial distancesfrom thepumpingcenterto

eachwell

No.1 ri/b=5 .O/50=O.1

No.2 r2/b=8
,.7/50=O.17

No.3 r3/b= 15150=O.3
.

Fig.6.13showsthe resultof pumpingdata plottedon thesemilogarithmicpaper.

Horizontalpermeability canbe determined fromEq.(6.31)

k=2.30Q14rrbmr =(2. 30Å~7.oxlo3)/ (4Å~3.14Å~5.
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g(om
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Semi--logplot of drawdowndata

Thevalues oftimeintercepts (6i )for eachobservationwellareobtain-

edas follows :

61=2. 3Å~1Oe7sec/c'm2

62--6
.
3Å~10-7see/cm2

63=1.
5Å~10'6sec/cm2

From these values theratios ( B.. )are
IJ

B12=62/61 = 2.74

B,3=63/61 = 6.52

Znterpolating knownfactors (2/b
'

zlb, r./b)i inEq.(6.l6),Fig.6.14canbe

prepared for each observation we11,and the graphofBijversuskzlkrcanbe

easily gotten as showninFig.6.15. Byusingvalues ofBi2,Bi3,theratio(a)

ofk tokzr ean bedetermined onFig.6.15 'i' e.a=k/k=O.105,thenthever-
zr

tical permeability coefficient is calculated withEq.(6.33a)asfollowing,
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k=z
O.105Å~6.41Å~10'3cmlsec=6.73Å~10-4cmlsec

Deciding the ratio(a)ontheabscissainFig.6.14, thevalueoffrforeachsi

observation well andthespecificstorage(S.)areSl determinedfromEq•(6.33b).

Theaverage valueofSiss

ss =9•73Å~10-7cm-1

10-2 1O-b1 kz/kr1
ta

fr
--pe

ee

t..".j,sA.e-e-ee--------itNb

'

sl ee-ee-eee-ee-e
Åílb=O .5

5

•z/b=O.4

fr
s

Fig.6.14Relationoffrversusk lk
r
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E.Discussionofanalysisofdrawdowntestdata

InsectionC,somemethodsofanalyzingfield dataaregivenandinsec-

tionDtheexample'calculationsforthemethods areshown.Comparingthese

methodswithTheis'andJacob'smethods,whichcan evaluateananisotropyof

permeabilityandtheaquiferthickness,provedthat theywouldbemoreeffec-

tivethanTheis'andJacob'smethods.

UsingJacob'sMethod,variousvaluesof compressibilityfactorfor

eachobservationwellareobtained.Thereforethe constantcompressibility

factorcannotbecalculated.Sometimes,Jacob's methodresultsabigvariation

foracompressibilityfactorofsecondtothirdpower indifference.

InsectionD,differentcompressibilityfactors areobtainedforeachave-

ragepumpingrate,thatis,ss=2.32Å~10-8cm-i,ss=1 .g7Å~lo-iOcm-iareobtained

fromQ=7.0Å~103cm3/sec,Q=4.33Å~103cm31secerespectively.Thisdiscrepancyiscon-

sideredasfollow. .A

ca

e-d-e-teee-

m eee-e
(e)isshowninFig.6.16.FromFig.6.16g

Volumetricstrain(e)
sma11. v

Fig.6.16
Adrawdowntestaimesatfinding

BehaviorofU'-'ev.

coefficientsofanaquiferbeforeagrpundexcavation. rntheactualexcavation

thedrainagerateofwaterislargerthanthedrawdown test.Thus,thecompres-

sionfactormustbeassumedalargervaluethanthat obtainedfromdrawdown

test.

Forexampleconsidertheconfinedaquiferas showninFig.6.17.Inthis
4)

casethedrawdownforunsteadystateisobtainedas follows;
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- i'C d--p--eCo '

=erfc(g)(6•whereCo
q=x12ms1.t(6.36) H

---
:-

e.11

-e 1;'l:' l;ill'li'iv/i,l:•l•i'•,;':'

andCisdrawdown,Cisdrawdown ro

atthefaceofexcavation,and
.erfc(g)isthecomplementaryerror Fig.6.17

Excavation trench ina confinedaqui-
function,i.e, fer .

erfc(g)=1-erf(g)(6.37)
Clc,

ThenumericalresultofEq.i.o

'o.e(6.3S)isshowninFig.6.18.If
o.6

asmallSsisgiveninEq.(6.36)
o."

thevalueofgbecomesasmallo.2

thenfrom18the O.oo1 o.oi O.1 1c10drawdownCatthedistancex
.

fromtheexcavationfacebecomes Fig.6.18
Numerical solution oferfc(g)

large.

ForthisreasonifthevalueSs obtained from srna11 .pumpmg rateisused

intheanalysisofthegroundexcavation, the larger result of theanalysis

mustbeobtainedcomparingwiththeactual drawdown.

Intheactualexcavationanalysis, .sometlmes this discrepancy hashappen-

ed.Forthiscauseintraditionalnotion ' ithas been considered thattheper-

meabilitycoefficientobtainedfrom drawdown testis larger than thatofthe

aquifer.Thereforethecompressibility factor has not been watched.However,

fromtheaboveevaluation,itbecomes clear that the drawdown intheactual

excavationissmallerthanthatofthe analysis.

Ontheotherhand,itcanbeconsidered that the permeability coefficient

isindependentofthepumpingratefrom the analysis .m section D.
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6.2.3.Analyticalsolutionforpartiallypenetratingwellinanunconfined

aquifer

Thesubjectofthisinvestigationistheflowtowardasinglewell,part-

iallypenetratinganunconfinedaquiferthatisinfiniteinlateralextent.

Thesaturatedregionisunconfined,possesingafreesurfacethatisini-

tiallyhorizontal.Thevelocitydistributionintimeandspacewithinthe

porousaquiferisobtainedforvariouspiezometricheadfunctionsinthewell.

Thenitispossibletorelatequantities,suchasfreesurfacedrawdown,well

dischargeflowrate,andpiezometricheadwithaquiferparametersandanswer

somepertinentquestionsregardingthebehaviorandeharacteristicsofthis

physicalsystem.

First,certainphysicalassumptionsabouttheproblemneedtobemade.

Eachonerestrictsinsomewaytheapplicabilityofthefinalsolutionto

therealphysicalproblemanddeterminesthenatureofthemathematicalmodel

ofthesituation.

(1)FlowwithintheporousmediumobeysDarcy'sLaw.

(2)Thewaterisassumedtobeincompressibleandtheporousmatrix

rigid.Thisassumptionissuitableforuneonfinedaquiferswherestor-
,ageyieldcorrespondstoaloweringofthefreesurfacewithessental-

lynocompressionoftheporousrnatrixorvolumetrieexpansionof

water.

(3)Onlysinglephase(orsaturated)flowoccursintheaquifer.

(4)Capillarityisneglectedatthefreesurface.

(5)Theporousmediumhashomogeneous,constant,anisotropicpermeabili-

ty.

(6)Theeffectiveporosityorspecificyieldoftheaquiferisassumed

tobeuniformandconstant.
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(7)Thewellisassumedtohaveno surfaceof seepage.

(8)Headlossesthroughthewell screenare neglected.

A.Basicequationandsolution.

Thephysicalsituationisone•of three-dimensional flow with axial syrnmetry

asshowninFig.6.19.Thuscylindrical co-ordinates are the natural selection.

Theoriginistakentobeonthewell axisatthe level of the horizontal free

surfaceattimezero.

Darcy'slawgives

vr=-kraah
r,vz=-kz-

gl/I--

(6.38)

Applyingtheequattonofconttnuity for incompresstble flow ytelds Laplace's

equationforthepotential,

a2ha2h1ahkrar2+krrar+kz
=oaz2

(6
. 39)

atallpointsofthesaturat-

edaquifer.
z

------
-

. -- ---.-}. -t- -}--.---t------
-.. t-- .r•'' X' --i -- --:------------

--- •-" - -e•k."'-- .-----------.

----
' . ' . ---e--t- .. . -- . . t--- ---.forthisproblemareasfollows: "-- -A

. n'1 ------t
N y et

pt
.(1)Thefreesurfaceisa

= N
tls•

boundarywhoselocationin r .

spaceandtimeisunknownbe- Unconfined aquifer

foretheproblemissolved.
Tmpervtous bottom

Therefor,letz=g(r,t)desig-

natethefreesurface.Since
Fig.6.19

Partially penetrating wellsin unconfined
atomosphericpressureoverthe aquifer.

freesurfaceistakentobe
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zero,thedefiningequationforhbecomes

h(r,z,t)..4=C(atz=C)(6.40)
Thekinematicboundaryconditioncomesfromthefactthatparticleinitia-

llyonthefreesurfaceremainsonthefreesurfaceasthesurfacemoves.

IY[athematically,thismeansthatthederivativefollowingthemotionofthe

equationdefiningthefreesurfacemustequalzero.Thus,thenonlinear,kine-

matic,free-surfaceboundarycondition,

syaaht+k.aah.+k.(aah .)2+k.(aah ,)2=o(atz=4)(6•4i)

whereSyistheeffectiveporosityorspecificyield.

(2)Onthenoflowacrosslowerboundary,

(3)Alongthewell(-22ÅqzÅq--2i),

-Åíiah

lil6M2Tkrr-.2,ardZ="Q(6•43)
Initiallythefreesurfaceishorizontal.Thus,

lh(r,t)=H(t=O)(6.44)

Thisisamixedboundary-valueproblemwithanon-linearboundarycondition

atthefreesurface.Notethattimeappearsonlyintheboundaryconditions

andnotinthepartialdifferentialequation.

Itisnowappropriatetointroducedimensionlessvariables

and .ft.r
Hzr
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to isthe timescalefactor.

Writingthesystemequationsindimensionlessfromgivesthefollowingset:

Differential equation

a2h*a2h*1ah*
ar*2r*ar* Dz*2

Boundary conditions

ah*+ah*ah* )2ah*o...i)(648)at*eaz*+E(ar*+e(az*)=(at•

ah*Q*liMar*=
r*o

rnitial condition

The parametereisdefinedas

Wheneis srnall,perturbationexpansiontechniquesmaybeusedtolinearizethe
5),6)

problem. ThedimensionlessdrawdownCttissolved.

1
1Åí!+Åí'/2+Z"+{(2!+2t/2+z*)2+rt2}1/2

4**= "Åí* [410g2!-Åí*/2+zt+{(Åíg-2t/2+z*)2+r*2}12
Åí!+Åí*/2-Z"+{(2!+2"/2-zt)2+rt2}1/2

.2!"'2"/2'-z"+{(2!-2t/2-z*)2+rt2}1/2
co coshA(1+zt)•sinhX(2t2)•coShA(1"2)•J(xrt)dX-f

o
co sinhX(2"2)'coshX2"COShXZ".J(Xr*)dXl+f

o
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where

C"*=C*IQ"=gk.HIQ(6•56)

t**=et*=k.tlSyH(6.57)

Substitutingkr=kz=kinEq.(6.55),thesolutionforanisotropicaquifer

isobtainedasthesameformofEq.(6.55).

tConsideringtheshallowerthepenetrationofapumpingwellisthemore

'superiortheeffectofpartialpenetrationbecomes,theeffectofpartial

penetrationonthedrawdownaroundapumpingwellfor2/H=O.2isshowninFig.6.20.

Thevariationsarearoundawellinanisotropicaquifer(k=kr=kz).Zfthe

observationwellisatrelativelylargedistance(r/HÅr1.2),thetime-drawdownis

givenbytheTheis'formula.Inotherwords,thedrawdowninsuchwellisnot

affectedbypartialpenetration;itisthesameasthoughthepumpingwellcom-

pletelypenetratedtheaquifer.ThesameresultisobtainedfromFig.6.21in

thecaseof21H=O.4.

InFigs.6.22a,6.22b,theeffectofwellpenetrationisshown.Itisclear

thatfortheobservationwellsetinrelativelysmalldistance(rlH=O•3),the

effectsofpartialpenetrationisstriking.Ontheotherhand,fortheebser-

vationwellsetatrlH=O.6itseffectisnotsostriking.
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lo24 H2tt
o

z/H=O.O5

2

2/H=O.2

Theis4

r/H=1.2
O.9

6 O.6

C. O.45

O.3

Fig.6 .20

Drawdowncharacteristicsfor partially penetratingwell inan unconfined aquifer

1 24Hr2tt
o

z/H=O.O5

2

2/H=O.4

4 Theis curve

6 r/H=1.2

4t o .
6

o . 45

o .
3

Fig.6 .21

Drawdowncharacteristicsfor partially penetratingwell inan unconfined aquifer
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1 10 1024(H/r) 2tt
o

z/H=O.05

2
r/H=O .3

4 Theis curve

6

2/H=O.8
Ct

o. 6

O.4

O.2

Fig.6 .22a

1 10 lo24(H/r) 2tt
o

z/H=O.05

2

r/H=O .6

4
.

Åím=O.8
.6
:s

Fig.6 .22b
Drawdowncharacterstics forpartially penetratingwellinan unconfinedaquifer
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C.Methodofanalyzingfielddata

Inevaluatingtheresultsofadrawdowntestwherepartial .penetratlon

mustbeconsidered,i.e.ewhererlHÅq1.2,oneneedstoknowthe. -geologicalcon-

ditionsoftheaquiferunderinvestigation.

Inthefieldofhydorology,basicmethodsofanalyzingfieid datahave

beendeveloped;"Log-LogMethod"foranisotropicaquiferand "Log-LogDts--

tanceDrawdownMethod"forananisotropicaquifer.

Bothoftheabovemethodsrequiredatathataremeasuredin
twellsatsomedistancesfromthepumpingwell.

observation

a.Log--LogMethod

IntheLog-LogMethod,onecanusegraphicalmethodsimilar toTheis'

method.Knowingthevaluesof2!H,231Handz/H,onecanprepareagraphof

logC**versuslogt**fortheappropriaterlHbetweenpumpingand observation

wellsfromEq.(6.55).AsisevidentfromFig.6.23separatecurves willhaveto

bepreparedforeachobservationwell,unlessthevaluesofthe threerations

(21H,zlH,r/H)areidentical.

Whenthedrawdowndatafromeachobservationwellhavebeenplottedon

log-logpaperwiththesamedimensionspercycleasusedabove, onecanmatch

thefieldresultstothetheoreticalcurveinthesamemanneras isdonewhen

usingtheTheiscurve.

Whenthecurvesarematched,onecanreadthedimensionless parameters

thatcorrespondtoeachpointoffielddata.Itwillbefound thatonecanalso

chooseanypointofthecurveoffielddataandstillobtainthe sameresultby

usingtheappropriatevaluesofC**andt**forthatparticular point.

Anequivalentvalueofg*tcanbedeterminedforanyC, measuredinthe
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1

Åí/H"el.3 2,/H=O.65z/H.O.5

rtsO.I
K"

O.2

v
A

O.3

go.i
o O.5

v3os

O.7

N o.
vcoco

1.0

pt

-q 1.4

.HOO.Ol
co
:pte•H 2.0

n
3.0

3.6N•" N.6

O.oo1
O.Ol O.1 1oo

Dimensionless time,t**

Fig.6.23 Relation of1'og4*versuslogt**fromEq. (6. 55)

observation well and anequivalent valueoft*t,forthecorresponding valueof

real time,t.The permeability canbecalculatedfromEq.(6.56)

k= g**QlcH (6
. 58)

andthe effective porosityfrom Eq.(6.57)

s=y kt!t**H (6 .59)

b. Log-Log Distance DrawdownMethod

tt Log-Log Distance DrawdownMethod"isavariationof"Log-Log Method".,

The characteristics ofthe aquiferkr,kzandS ymaybeobtained bymatch-

ingthe measured drawdownsandthetheoreticalcurvefromEq.(6.55).

Forthis purpose thevalues of2*,2!(pumpingwell)andz" (observation
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well)havetobeinsertedinEq.(6.55);4t*becomesafunctionof t**andr*.

Asetofcouvesg**-t*tfordifferentconstantr*aretobedrawn onalog-log

paper.SincemostanisotropicaquifershavekzlkrÅq1,rthastobe smallerthan

r/H.

Themeasureddrawdownshavetoberepresentedonasimilar logarithmic

paper.Bymatchingthemwithoneofthecurvesoftheset,five valuesareob-

tainedfromthebestfittingcurve,anequivalentvalueofCt*can' bedeter-

minedforanyg,measuredintheobservationwellandanequivalent valueof

t**,forthecorrespondingvalueofrealtimet.Sincer,HandQ areknown,the

valuesofkr,kzandS ymaybeeasiiyfoundfromnextequations.

k=C**QICHr (6.60)

k=(r*H/r)2k (6.61)

s=tklt**H (6.62)

yz
D.Analysisofdrawdowntestdata

Thefollowingdiscussiongivesexamplecalculationsforthe method$dis-

cussedabove.Thepumpingtestdataaretakenfromrealaquifers projectthat

islocatedinKyotoCity.

a.Log-LogMethod

Thegeologicalconditionobtainedfrornwelllogsisshownin Fig.6.24.

ThewaterlevelinthesandylayerisG.L.-11mandtheaquiferof sandylayer

isrevealedasanunconfinedaquifer.Atestwelltocheckthe thicknessofthe

sandylayerwaspenetratedintothedepthofG.L.-30m,however, thethickness
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10. O5m Observation
5 4Ctrn wells

.couldnotbeascertained.ThedrawdownPumpingweu .25m
-

testdataaretakenfromahypothetical,.••... r"t."•. ------- -'
.• t.v -.-- -e---.:--

casewherebothpumpingandobserva-t'';et
-"--

.' .'.• .-;'est -- v---l-ev--

t s
t -tionwellspartiallypenetratethet '' "'`'t

e-- --}ofunknownthicknessThe'::`''';'
••.e....s.-:•:--:•::;.

t:'

.

..r}-,•I-tdepthofpenetrationineachobserva-•''-''•-t t.. .... '-' x•;•'1..;.;-e-rr'••"••"s:-'

1e

-;--:tv:-r-;:s-'i•`:-i'-3.7•-,'

g
1t Sandandgravel rl

inthepumpingwellis13m,asshownin:
Fig.6.24.

Thedrawdowntestwasperformedon Fig.6.24

thisprojectusinganaveragerateofThe geological conditionof the field

7.0Å~103cm31secforaperiodof5hours.

Asafirsttrialinanalyzingthedrawdowndataof this drawdowntest ' H=

50mwasassumed,tria!curveswerecomparedwiththedrawdowndata .Trial curves

didnotgiveagoodmatch.

AsecondtrialcurvesofC**versust**was constructed on the .assumpt1on

thatH=10m.Trialcurvesagaindidnotfitthefield data.

AthirdtrialofH=20mwasassumed,theparameter Åít' 2!are obtained for

thepumpingwell

2*=Åí/H=13120=O.65

Åí!=23/H=6.5120=O.325

Observationwellsalsohavepenetrationof5m,

z*=z/H=5120=O.25
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and radial distancesofeachwellto obtain

No.1rf=2.25/20= O.113

No.2r:=5.40/20= O.270

No.3r!=10.05/20= O.50

Onecan interpolatetheresults toobtainthecurveofC**versust**for
Åí*, 2!,ztand eachr".Curvesarecomparedi withthedrawdowndataasshowninFig.

6.25; they canbematchedsatisfactorily tothefielddata.

**v

50 1

No.1(r=2.55m)
-------- ---------------d--I---p------ eNo.2(r=5.4ern)No.3(r=10.05m)
.p--t-}- -----d---

Ae10 s ee Matchpoint
o -----e-t---vv5

%i
1Qs7000crn3/sec
11Hs20m
11ls13rn
ll13x6.5m

1

1zs5tu1

10•

O.Ol

'1

o. 10tscN

Fig.6.25
Analysisofdrawdowntest dataforpartiallypenetratingwells
intheunconfinedaquifer (isotropic)

Using thematchpointand Eqs.(6.58),(6.59),thepermeabilityandthe

effective porositycanbecalculated asindicatedinTable6.3.

Bythe way,thesamedrawdowntest datawasanalyzedbyJacob'smethodas

shown in Fig.6.26.Thepermeability obtainedfromtheslopeofstraightlines

.Isas fo11ows:

2.30Å~7.0Å~lo3
4.7sxlo-2

4Å~3.14Å~2.0Å~103Å~13.5 (cm!sec)

.
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Table6.3
Analysisofdrawdown testdata for partiallypenetrating
wellsinthe unconfined aquifer(isotropic)

r(m) 2. 55 5 .40 10.05
(cnn) 27 .5 l5.5 10.0

t(sec) 6. 2xlo3 2. 75Å~lo3 2.75Å~lo3

tt o e60 O.34 O.22

tkt 6 .oo 2.65 2.65,

k(sec) 7. 64Å~lo'-2 7. 68Å~1o-2 7.63Å~lo-2

s 3. 95xlo'2 3. 99xlo'2 3.96Å~lo-2

t/r2(seelcmZ)

Butthevariouseffective 10-3 IO-2 10'1
,

e er= 2.55m
porositiesforeachobservation o4

6r= 5.U(im

wellareobtainedasindicated
10

eut o'en
o r=10.05m

inTable6.4.Themajorcause cy;Hll eee`Q=7.oxlo3cm3/sec

forthisdiscrepancymustbe H
esA

theeffectofpartialpenetra- 20 .ee4

s .
.tlon. `s

30

b.Log-LogDistanceDrawdown C(cm) .

Method

Fig.6.26 Semi-log plotofdrawdown data

Thegeologicalcondition
for
'ln

partially
the

'penetratlng

unconfinedaquifer
wells

.

obtainedfromwelllogsis

showninFig.6.27.Thewater
Table 6. 4

levelinthesandylayeris Effective porosityfromJaeob 'sMethod

G•L.-11.47mandtheaquifer
r (m) 2. 555.40 10.05

ofsandylayerisrevea!edan t1r2(sec1cm2 3. 9xlO'-"5.4xlO'g 7.2Å~10-"

unconfinedaquifer.Atestwell sy 8. 3Å~loe21.2xloel 1.5Å~lo-1

tocheckthethicknessofthe
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sandylayerwaspenetratedintoPumping we11 observation
vei1

thedepthofG.L.-40.4m.From

theresultofwelllogs,the
,t 't tl

g t t 1

:t

vealedH=23.2m.Thisassump-

tionisbasedonthattheclay
---

.; ,1-..
,t''''
t'' f'

:' :''

-.. s..

lte•-...••.•••

-t t--:t--t------t-tt-:

layerthatisregardedasan
-. :- -- -- .,

ili-----';-ti'•.'-m,-"a

•'

,
't"';')'t

-' .I:.:•1.:.:

----:.--:--------N.

e-.. -.-- --

----t-t --.
-,.t....': 1t

s.-- .t j: -----..".impermeablelayerliesat
, .---- t

3rn Sandy-gravel

G•L•-'34.67m.NE. 2lm
M

ineachobservationwellis

4.23mandthatofpenetration Impervious bottom

inthepumpingwellis6.93m, Fig.6.27
The geological condition ofthe

asshowninFig.6.27. field

Thedrawdowntestwas

performedonthisprojectusinganaverage rate of Q=3.23Å~lo3cm3!secfor a

periodof24hours.

TheparametersÅí*,2eareobtained

Åí*=2/H=6.93123.2=O.299

2e=23/H=3.46/23.2=O.149

Observationwellsalsohavepenetration of4. 23m

z*=zlH=4.23/23.2=O.182

Onecaninterpolatetheseparemetersin Eq.(6.55) ' curves relatingg**

(=Ck.H/Q)versust**(tk.ISyH)at different value ofr*( -(r/H),!i;-7iE-)zr have

beencomputednumericallyonalogarithmic paper as shown inFig.6.28• The

drawdownCasfunctionofthavedrawn onsimilar logarithnic paperand the
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measured pointsandtheoreticalcurveshavebeenmatchinFig.6.28.Thevalues

ofr* ,C**, trk*,r,CandtatthematchingpointsarepresentedinTable6.5.The

results showanaverageanisotropyofkzlkr=O•32andkr=1•92Å~10-icmlsec,kz=

6. 04Å~10-2cmlsec.

Ctt
4(cm)

i02 '

1 r=3m.D
-l- ----•--b------------ r.gm--e

'----e----e-----e
rsIM-O.;

e
--- ---•O•Z----.---
e

eeO•3D

o5 ,

1Q=3.23Å~103cm3/sec
10

IO-i

tH=23.2rn".At2=6.93m,
lSl,3=3.46rn
tz-4.23m

l

2
102

Fig.6.28
Analysisofdrawdowntestdataforpartiallypenetrating
wellsintheunconfinedaquifer(anisotropic)

SamedataisanalysisedbytheJacob'smethod,thevaluesoftheslopes

for the eachobsevationwellarenearlysameasshowninFig.6.29,therefore
,

the permeabilitycanbeobtainedfromtheslopeofthestraightlines;

k=
iiilitlQ-i.'g9143Å~'223.i}.OioÅ~i2=2.i2Å~io'-iem/sec
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Table6.5
Analysisof
wellsinthe

drawdowntestdata
unconfined

forpartially
aquifer(anisotropic)

penetrating

rÅqcrn) 300 900 2100
rt O.IO O.15 O.40
ctt Oe91 O.75 O.42
ttt 20 20 20
C(cm) 66 54 30.5
t(sec) 2.goxle3 2.90Å~lo3 2.9oxlo3

,
k(em/secr ) 1.92xlo-i 1.93xlo-i 1.92xlo'i

k(cm/secz ) l.15Å~lo-1 2.89xlo"2 3.74Å~1o'b2

s 7.18xloe3 1.81xloe3 2.34xlo'3
y

-

10eg loe3 10'2 ioritlr2(cm/sec)
o

or= 3i

20 Q=3.23xl03cm31see
brs hoo. e e e' rx21m

6o m=12 Asa
o6a`

8o ee
100

e

Ag
oNv

v

Fig.6 .29
Semi-log plotofdrawdown datafor partiallypenetrating
wellsin the unconfined aquifer.
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Table 6.6
TheeffectiveporosityCanEffeetive porosety fromJacob's Method

becalculatedfromthetime(tlr2)
r(m) 3 9 21

interceptonthezero-drawdown
tlr2

axis,butfortheeffectofpar-'(sec/cm2)
4.30Å~lo-8 4.3oxlo'8 1.00xlod6

'stialpenetration,differentval-
4.76Å~lo-5 4.76Å~lo-5 1.11Å~lo-3

ueaoftlr2areobtainedfromre--

spectivedataoftheobservationwell,asindicated inTable6 .6.This discrep-

ancyisverylarge.

E.Discussionofanalysisofdrawdowntestdata

InsectionCtwomethodsofanalyzingfield dataare givenandin .sectlon

Dtheexamplecalculationsforthemethodsare shown.

ComparingthesemethodswithTheis'and Jacob'smethods,asthese methods

canalsoevaluateananisotropyofth' epermeabilityandthe aquifer thickness

assameasthemethodsforaconfinedaquifer, therefore, theywouldbe more

effectivethanTheis'andJacob'smethod.
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6.3TransientflowinGroundwatertoWellsinIslandModelAquifer

6.3.1:ntroduction

!nTheis'orJacob'smethod,theassumptionhasbeenmadethatthehori-

zontalextentoftheaquiferwassogreatthatformathematicalpurposesit

couldbeconsideredasaninfiniteradialsystem.However,adjustingdrawdown

testdatagottenwithinrelativelylargetime,thedrawdownsinanobservation

wellareoftennolongerdependentoftimeandtheirbehaviorsbecomenearly

insteadystate.rtisdifficulttoexplainthisbehaviorbyusingTheis'
assumptionthatwaterissuppliedfromaninfiniteradialregion.i

Togiveanexplanationofthisreason,itisconsideredthatthedrawdown

withinrelativelylargetimebecomestokeeptheequilibriumwithsurrounding

watersupply,thatÅ}s,theexistenceofaninfluenceregionofwhichradialdis-

tancekeepsthebalanceagainstthepumpingratemustbeconsidered.Namely,

theheadaroundthisregionisequaltotheinitialheadofgroundwater.

Thisconceptioninwhichthatrnodeltsnamed"!slandModel"hasbeenap-

pliedforthemodelofanalysisinsteadystatedrawdowntestforalongtime,

butnottheanalysisofIslandModelinunsteadystatehasbeenyet.

TherslandModelisassameasthepracticalsituationboundedinsome

manner,e.g.sbyariverorareservior.Inthissituation,theanalysisofdraw-

downtesthasbeensolvedbythemethodofimagesforboundary.Thismethod,

however,isconfinedtotheassumptionthatthegroundwatersupplyfrommany

sourses,thatis,fromriver-bedwaterorneighboringgroundwaterisregarded

asonlyonepointwell.

Inthissection,first,thesolutionsofunsteadyphreaticflowdueto

drawdowntestarederivedintheconceptionof"IslandModel"thattheshapeof

groundwaterlevelisfixedbythecircularwatersupplywhichisequilibrium

withthepumpingrate.
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Byusingthesesolutions,themethodsofanalyzingdrawdowntestdataina

confinedaquiferandinanunconfinedaquiferaregivenandtheeffectofinflu-

enceregionisevaluated.Furthermore,theanalyseswhichhavebeenseparated

ineachcasesofsteadystateandunsteadystatepumpingtestareconsolidated.

rnthissection,theanalysesstandonfollowingassumptions.

(1)FlowwithintheporousmediumobeysDarey'slaw.

(2)Theaquiferishomogeneousandisotropicwithrespecttopermeability.

(3)Storagecoefficientistimeindependent.

(4)Onlysinglephase(orsaturated)flowoccursinanaquifer.

(5)Thewellisassumedtohavenosurfaceofseepage.

(6)Thepumpingwellusedinthetestingoperationswillalsobeassumedtobe

fullypenetratingandtooperateataconstantrateofwithdrawal.

6•3.2AnalyticalsolutionforIslandModeldrawdowntestinaconfinedaquifer

rndicatinginseetion6.3.1,theTheis'analyticalsolutionheretoforein

usewasderivedontheassumptionthatwaterissuppliedfromtheregionof

infinitedistanceindrawdowntest.Yieldingthisassumption,theradial

distance(r)fromdrawdowntestwelltotheobservationwellandthetime(t)

sincepumpingstartsarealwaystreatedintheformof(tlr2)ortheinverseform

ofthat,anddrawdowntestdataperforrnedinidealconditionseanbeplottedon

aeurveindependentlyofthepositionofwells.

Butwhendrawdowndata,whichwereobtainedwithinlargepumpingtime,are

adjustedaccordingtoTheis'orJacob'smethod,theresultsforeachobserva-

tionwellareonthecurveofTheis--Jacob'sanalyttcalsolutionuntillsome

time,andthentheydepartfromthatcurve,thatis,eachcurveofthem5ecomes

paralleltotheabscissaindependentlyoftime.

Toexpiainthisreason,itisabletoconsiderthatthereisaconstant
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headboundary infiniteradius (R)as shownin Fig.6.30.Inthis section,the

solutionof unsteadyradial flowina confined aquiferwillfirst be derived,

afterwhich themethodof analyzing drawdowntest datawillbe .glven.

Groundsurface

Q

Origtna1 ptezolnetric surface

--n-"--"Peetae- e- --- ----' v' .--.--..
'. kb s t-- -v

,-..

N Drawd(rwn
curve

.es-L-t"e . Sl e ---t;---.•"bl
"1 lt -- .e.--t

".
H

. b--..''•Confinedny- ..h's ll
tl

..-- ..e.-b}• "•:.v.aqutfer-pt

e..'''
.N'IIdNA 1 b-l•r•'

' -"---'bt"-
'

s--spt t It .dP

e.)-v -- -. ..v" ,

Impermeab1e
R

Fig.6.30Nonsteady radial flowtoa wellpenetrating
aconfined aquifer onanisland

A.Basic equationandsolution

The partialdifferential equation thatdescribes thefluid movementin

thissystem isagain

a2c1eC+=1 BC (6.63)
ct

s
at

wherectiss hydraulicdiffusivity of aquifer(=KIS drawdown inaqui-

fer(=H-h).

Eq.(6.63) mustbesolvedsubj ectto following conditions,
-
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C(r,O)=O(headinitiallyconstant)(6.64)
g(R,t)=O(constantheadatwaterboundary)(6.65)

aCQ(flowrateintowellofzeroliMrar=- 2TKb
r•Oradiusremainsconstant)(6.66)

Tosolve theinitialboundaryvalueproblemgivenbyEqs.(6.64),(6.65),and

(6.66),Laplace transformationisappliedtoEq.(6.63)usinginitialcondition

Eq.(6.64)

a2' i;+lgt-.q2'g.o(oÅq.sR)(6•67)

whereq2=plct
-,pistheparameterofLaplacetransformandgisLaplacetrans-

s

formofC.

Theboundary conditionsEq.(6.65)andEq.(6.66),treatedinthesameway,givet

-
nt

..orar-

Thesolution ofEq.(6.67)willbeoftheform

i;=A!o(qr)+BKo(qr)(6.7o)
whereIo(qr) isthezerothordermodifiedBasselfunctionofthefirstkindand

Ko(qr)isthe zerothordermodifiedBesselfunctionofthesecondkind.

Substituting Eq.(6.70)inEqs.(6.68),(6.69)andsolvingforAandB,eisgot-

tenfinally.

g=-7.Ki}E'rKb.{giTg2•g3}(6.71)

-211-



where

-gl= Ko(qr)/p (6 .72)

-g2=Ko(qR) (6 .73)

-g3= lo(qr)lplo(qR) (6 .74)

Eqs.(6.72),(6 .73),and (6.74)arenow respectively, determinedbythe rnversion

Theorem.

-u1 e=gl2 du
r2 14cttU

s

(6.75a)

g2=
texp(-R2/4ct.t)

(6.75b)

=1-
2

g3 Rn2ileXP(-ctsctn2t)xJo (rct)1ct3Jnn i(Rctn) (6.75c)

wherectaren theroots ofthecharacteristic equation

Jo(rctn) =o (6 .76)

Byusingthe DuhamelFormulasandcombining these resultsthesolution of "gis

derived,

g=-
aiti{ii;Kb

-x
[.2/4cttxedA-

co

R214ct

-x

s s

+---9-2rrKbR co
n;lexp [-.orct2(t-T)]sn

dT (6 .77)
ct3J(rct )
nl n
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rf R becomesaninfiniteradialdistanceinEq.(6.77),theresultis thesame

of Theis 'solution.

In generalthevalueofpermeability(K)isK=1Å~10-2t.vlO'"3(cm/sec) and

the value ofspecificstorage(ss)isss=1Å~10-5•-vlo-6(cm-i),thenthe value

of the ratio(cts=K/Ss)becomesaboutors=102t'v104(cm2!sec).Therefore ,onthe

righthand sideofEq.(6.77),thethirdtermisassmallasnegligible compar-

ing with thefirstandsecondterms,andsotheapproximatesolutionof draw-

down (4) isgivenby

C'4TKb[r2/4cttudU-R2/4cttudU]

=--
z;lt7ili;-Kb[Ei(-'r214ct.t)-Ei(-R214ct.t)]

=-z;itiRis'Kb[W(r2/4ct.t)-w•(R2/4ct.t)](6 .78)

whereEi (x)istheexponentialintegralandW(x)isthewellfunction. !tcan

be expanded asaconvergentseriessothatW(x)becomes

23xx-ee---ee- (679)w(x)=-o.s772-ln(x)+X-2•2!+3•3! .

For large valuesoftime(t),xissTnall,sothattheseriestermsin Eq.(6.79)

becomenegligibleafterthefirsttwoterms.Asaresult,thedrawdown canbe

expressed bytheasymptote

cÅÄ2•:-23Ri}is'RKb[(iogio(tlr2)-iogio(s./2•2sK)

-(logio(tlR2)-logio(S/2.25K))]s

2.30logio(R/r) (6.80)
=2rrKb
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Eq.(6.80) .is thesolution ofthernodelshowninFig.6.30forsteady state flow.

B. Effects of constantheadatouterboundary

Eq.(6.78) isused toevaluate4*asafunctionoft*forvalues ofR* rang-

.mg from 1.5 to100, inwhich

C*= 4nKbC/Q (6. 81)

t*=(Kl
S)(t!r2)s (6. 82)

R*=R/r (6. 83)

Dtmenston!esstime(tt)

o .1 10"
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$ R*sl. 5
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g
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eQ"
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pt 3
H 4
Hn 610

20
40

1OO

1.0

Fig.6.31g* versust*forlimitedaquiferwithconstant

headboundary
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Fig.6.31showstheresultingfamilyofcurvesfor'severalvaluesofR*.

ThetypecurvesdepartfromtheTheiscurveinpairswiththepointofdepar-

turedependingonthevalueofR*,anditisdistinctthatthedrawdowninthe

aquiferboundedbyconstantheadbecomessteadystateearlierthanthatinthe

infiniteextentaquifer.FromFig.6.31itisalsoobviousthatifthevalueofv

R*islargerthan100,theeffectsoftheinfluenceregionisnegligible.Tn

otherwords,thedrawdowninsuchaconditionisnotaffectedbyconstanthead

boundary.Aninterestingwayoflookingatthisresulthasbeensuggestedby
7).Mononobeforsteadystatewellproblem.Tousehisownwordslnactual

problem,theinfluenceregionextendssincepumpingstarts,whereas,byreason

oftheextentofaquifer,theeffectsofotherwells,andtheinfiltrationof

rain,theheadatcircularboundarydoesnothavetoDeconstant.Thereforethe

influenceregionisnotalwaysexpandingintotheinfiniteregion.

Ifalargepumpingrateiscontinuedthegroundwateraroundwellmaybe

driedup.Ingeneral,itwouldbesafetocalculatethedrainagerateassuming

theinfluenceregionmustbewithintherangefrom500metersto1000meters':

Weperformthepumpingtestattheconditionthattheobservationwellsareset

withinabQut20metersoftheradialdistancefrompumpingwell.Andsothe

valueofR*År100meansthattheinfluenceregionmustDewlthin2000meters.This

isatheoriticalexplanationoftheassumptionbasedonexperiences.

C.Methodofanalyzingfielddata

Theengineerwishestodeterminethevaluesoftheaquiferconstants(K,Ss)
.andtheradialdistancesoftheinfluenceregion,(R).Thepropertiesofthe.

aquiferwillpresumablytoknownfromearlierdrawdowntests,andtheapproximate

radialdistancesoftheinfluenceregionwillhavebeenpredictedbygeological

reconnaissance.
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ThebasicLog-LogMethodofinterpreting timeversusdrawdowndatahave

beendiscussedinsection6.2inrelation toinfiniteaquifers.Inthissection,

thedifferencesthatappearinthedata,and theadaptationsthatmustbemade

tothemethodsofinterpretation,duetothe presenceofboundarywillbegiven.

Log-LogMethod

Thepresenceofasuspectedcircular boundarywithintheregionofinflu-

enceofthedrawdowntestmaybeindicated bytheinabilitytornatchthelog-log

fielddataplotontimeversusdrawdownwith theTheis)method.Eq.(6.78)isre-

writtenbyusingdimensionlessdrawdown(4*) andtime(t*)

C*=-Ei(--r21t*)+Ei(-R2!t*) (6.84)

where

C*=4TKbg/Q

t*=4ctts (6.85)

ItisnecessarytoassumethevalueofRfor calculatingEq.(6.84)innumerical

method.Asindicatinginsection(6.3.1), thevalueofRisdefinedbythecon-

ditionsofthepumpingrateandthatof hydrology.

Ifadrawdowhtesttsrunforarelatively longtime,thedrawdownwillbe-

comeinsteadystate.Znthisstatethe drawdownisgivenbyEq.(6.80),the

valueofRcanbecalculatedasfollows:

R=r•exp(2TKbCIQ) (6.86)

InEq.(6.86),thevaluesofr,C,b,andQ areknownfromtherelativelylong

timepumpingtest.Theperrneability(K)is obtainedfromtheapplicationof

Jacob'smethod.Withthisraethod,anobservation wellnearthepumpingwellis

needed.Suchawellwillhaveahighvalue ofR*(=Rlr),andasreferenceto
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Fig.6.31shows,deviationfromtheTheiscurveduetotheeffectofthebound--

arywillnotoccuruntilconsiderablepumpingtimehaselapsed.Aroughestimate

ofpermeability(K)canbecalculatedonthebasisoftheearlydrawdowndata

fromsuchawell.AroughcalculationofthevalueofRisgotten.Knowingthe

valuesofR,onecanprepareagraphoflogC*versuslogt*/r2dependingonthe

valueofrfromEq.(6.84).Whenthedrawdowndatafromeachobservationwell

hasbeenplottedlog-logpaperwiththesamedimensionspercycleasusedabove,

onematchesthefieldresultstothetheoreticalcurveinthesamemanneras

insection6.2.

Whenthecurvesarematched,onecanreadthedimensionlessparametersthat

correspondtoeachpointoffielddata.Anequivalentvalueg*canbedetermined

foranyCmeasuredintheobservationwellandanequivalentvalueoftrklr2,for

thecorrespondingvalueofrealtime,tlr2.Thepermeabilitycanbecalculated

fromEq.(6.85)

K=-

andthecompressibiiityfactorcanbecalculatedfromEq.(6.85)-

Moreoverbythedataofdrawdownforarlativelylargetime,thepermeability'

canbeobtainedfromEq.(6.80)intheanothermethod•

K=-l2}:g29Tg2iogio(Rlr)(6•sg)
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D.Analysisofdrawdowntestdata

Thefollowingdiscussiongivesexamplecalculationsofthemethodgiven

above.Thedrawdowntestdataaretakenfromarealaquiferprojectthatis

locatednearLakeShinji,ShimanePref.inJapan.
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TheplaneviewofthisregionisshowninFig.6.32.Thisregionisbounded

bytheriveronthewestandbyseaonthenorth.Thegeologicalconditionob-

trainedfromwelllogsisshowninFig.6.33.
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Twosand-gravellayersrevealedasconfined,aquifersexistinthisregion.

Firstlythedrawdowntestperformedinthelowerpartconfinedaquiferis

goingtobeanalyzedforexampleusinganaveragerateofQ=4.17Å~103cm3/sec.

Thethicknessofthisaquiferisrevealedb=5.2m.Thedrawdowntestdataisana-.

lyzedbyJacob'smethodasshowninFig.6.34,aroughestimateofpermeability

isobtainedK=5.78xlO-2cmlsec.Fortherelativelylargetime(4ho'urs)drawdown

testdataoftheobservationwell(r=12m),thedrawdownwhichisregardedas

steadystateisC=52cm.InterpolatingtheseparametersinEq.(6.86).Therough

calculationofthevalueofRis,gotten

R=r•exp(2Tkb41Q)ÅÄ126m

Theradialdistancefrompumpingwelltotheriverandseaisabout175m.

FromtheseresultsthevalueofRisestimatedthefourcases,thatis,100m,

125m,15Ctn,and175m.Matchingthefieldresultstothetheoreticaicurvesfor

eachvalueofR,thefielddatamakeasatisfactoryfittothetheoretical

curvesforR=150masshowninFiR.6.35.Atthematchpointwherec*=5.0,

andt*/r2=2.3Å~103,onereadsc=5.2Å~locmandtlr2=10-2seclcm2forr=12m.

FromEq.(6.87),thepermeabilitycanbecalculated

5.0Å~4.17Å~lo3

FromEq.(6.88),thecompressibilityfactorcanbecalcuiated

s.4Å~6.14Å~10-2Å~10-2 .1.o7Å~lo'"6cm-i

S2.3oxlo3

!nterpolatingthesecalculatedvaluesinEq.(6.78),theresultofcomarisonof
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definitethattheoreticalcurvesgiveagoodmatchwiththedrawdowntestdata.

Fromthesteadystatedata,thepermeabilitycanbecalculatedfromEq.(6.89)

interpolatingR=150m,r=12m,c=52cm,Q=4.17Å~103cm3/sec,b=5.2m

K=
;S.OXs42iZli03-iogioaso!n)=6.2oxio-2(cm!sec)

Secondlythedrawdowntestperformedintheupperpartconfinedaquiferts

goingtobeanaiyzedforthesecondexampleusinganaveragerateofQ=3.69Å~102

cm31sec.Thethicknessofthisaquiferisrevealedb=2.10rn.Withthesameway

ofthefirstexample,RisestirnatedR=13.5m.AtthematchpointwhereC*=2.2Å~

lo-iandt*/r2=13,onereadsc=4.0cm,t/r2=lo-2sec!cm2asshowninFig.6.37.

FromEqs.(6.87),(6.88)thepermeabilityandthecompressibilityfactor

369Å~2.2Å~lo-i

'4Å~7.69Å~lo'3Å~lo-2

InterpolatingthesevaluesintoEq.(6.78),theresultofcomparisonoftheoretical

curveswiththedrawdowntestdataisshownisFig.6.38.Znthiscasetheoretical

curvesalsogiveagoodmatchwiththedrawdowntestdata.
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6.3.3 Analyticalsolutionfor Zsland Modeldrawdowntestin an unconfinedaquifer

Insection 6.3.2,the analytical solutiononaconfined aquifer hasbeende--

rivedand examplecalculations glven.

!nthis section,consider an unconfinedaquiferoffinite lateral extent

thatrests onanimpermeablehorizontal layersuchasthatshown schematically

inFig.6.39. Awellcompletely .penetratmg theaquiferdischarges at aconstant

rateQ,and waterisreleased from storagebygravitydrainage atthe freesur-

face,neglecting thestorageby compaction oftheaquifermaterial expansionof

thewater.

Originalfree surface

QGroundsurface

•,!,• "-Ul--=:.k.=--
N...

:tN-1NS1 II;;i:-r=-----

1Drawdowncurve

'.

Unconfined

aquifer

ljll11
.1

H

t 1

l •1z

r
1tupermeable

R

Fig.6.39 Nonsteady radial flowtoawellpenetrating a

unconfined aquifer onanisland

A.Basic equationandsolution

Withthe assumptionswhich are describedinsection6.3.1, the governing

partial differentialequation aregiven
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a2gi ac a2c
+ +

ar2r ar o (oÅqzÅqq,oÅqrÅqR) (6.90)

Eq.(6.90)must besolved subj ectto following eonditions

C(r,z,O)=o

g(r,o)=H (head initiallyconstant) (6.91)

C(R,z,t)=O headatoutboundary) (6.92)

a4
(onthe no flowacrosslowerboundary) (6.93)

gaclimrdz
= 2TK

(at thewell-bore) (6.94)

age4 sac
= --Z-------n

arraz n Kat z
-

g(r,t)=H- C(r ,g,t) (onthefree-surface
boundary) (6.95)

wheren,nrz isthecomponent ofunit outer nomalvectorinrdirection and

inzdirection respectively. Sisthey
effectiveporosityorspecific yield.

Eqs.(6. 90)-(6.95)can be linearized by usingaperturbation techniquesim-

ilartothat describedby
8)Dagan,,9)

provided theaquiferisthickenough andCre-

mainsmuchsmallerthang. Here this technique leadstoafirstorder lineariz-

edapproximation ,obtained simplyby shifting theboundarycondition fromthe

freesurface tothehorizontal planez=H.

This eliminatesgfrom Eqs.(6.90)-(6 . 95),oneobtains
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a2c1ac a2c
-oar2rar -7t (6 .96)

C(r,z,O)=o (6 .97)

4(R,z,t)=O (6 .98)

a4
(6 .99)

li.a4.--s--rar- (6 .100)

ac(r,H,t)=-azcty (6 .101)

where ct=Klsyy (6 .102)

rnsolving theinitialboundary valueproblem posedby(6.97)-(6.101) ' itis

convenient todividegintotwo components

C=gi(r,t)+42(r ,z,t) (6 .103)

ALthough bothgiand42satisfy Eqs.(6.96)-(6 .99),thereisachange in bound-

aryconditions Eqs.(6.100)and (6.101),which nowtaketheform

a2cl1aCl =o (6
.

Ci(R,O)=O (6 .105)

Ci(R,t)=O (6 .106)

aCi-Q= (6 107)limrar2rrKHr-)O

.
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a2c21 aC2a2c2+ar2r +=obraz2 (6.108)

g2(R,z,o)= o (6.109)

42(R,z,t)= o (6.110)

aC2
=o (6.111)

=o (6.112)

aC2 1' a(gi+C2)
=' ctat(r,H,t)

y
(6.113)

WhenLaplacetransform isappliedtoEqs.(6.104)-(6.113) with respect toCiand

42,Eqs.(6.104)-(6.113) aregivenasfollows;

a2Ti+1 aTio
ar2r

(6.114)

-Ci(R,p)=O (6.115)

limit- 1-Q (6116)
p2TKH .

a2T2+1 eT,+a2g2.o (6117)

ar2r araz2 .

'E;,(R,H,p)= o (6.118)

aT2
=o (6119).

=o (6120).

aE2 1--- (6121)=- ct(Ci+C2)P
y

.
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The solutionofEq.(6.114)withrespecttogicanbeobtainedwiththe condi-

.tlons ,Eqs.(6.115),(6.116).

d.-R-1Ci- 2TKbpln(r/R) (6. 122)

The solutionofEq.(6.117)withrespectto:2willbeoftheform

'i;2=AectZJo(ctr)+Be'-ctZJo(ctr) (6. 123)

where From the

condition(6.119),Eq.(6.123)becomes

i;2=Acosh(ctz)Jo(ctr) (6. 124)

To satisfytheboundaryconditionEq.(6.118)ormustbeaninfinite number of

real positiveroots

J(ctR)=O (6. 125)

on
aRn isdefinedasXn,thenEq.(6.124)canberewrittenas

-coC2=.;IA.COSh(X.ZIR)Jo(X.r/R) (6. 126)

The
constantvalueAcanbeobtainedfromtheconditionEq.(6.121),n

co
n;IAn(X.1R)Si"h(X.H/R)Jo(XiIR)

co

=- (P/cty)[(QolP)ln(rlR)+.ilA.COSh(X.H/R)Jo(A.rlR)] (6. 1.27)
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andtheexpressionabovecanberewrrittenas

co

nilA.C.Jo(A.r/R)=ln(rlR)(6.12s)
wherenow

Cn=-(cty/Qo)[(X.IR)Si"h(X.HIR)+(p!cty)COSh(X.HIR)](6•129)

and

OnagivenintervalOÅqrÅq-Rtheright-handsideofEq.(6.128)isexpandedinthe

formofFourier-Besselseries,

1"(r/R)=.Sll".Jo(Xi/R)(6•131)

COnStantSanRinEq.(6.131)are

=r[ln(rlR)]J(Xr/R)dR(6132)an

n

rntegratingoverrfromOtoR,onefinds

an=-2!(XfiJi(X.))(6•133)
FromEqs.(6.128),(6.131)and(6.133),theconstantsAnare

InterpolatingEq.(6.134)into(6.127)andusing(6.122),addingthetransforms

ofbothcomponentsgives
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coc=4i+g2=(Qo!p)in(rlR)+.ii(a.IC.)

XCOSh(X.ZIR)Jo(X.rlR)(6•135)

TheinversionoftheLaplacetransformofEisaccomplished,oneobtainsthe

firstorderapproximationtotheoriginalinitialboundaryvalueproblem.

Thefinalsolutionisexpressedasfollows;

C=-
2.Rii[in(rlR)

+!l2Jo(A.r/R)cosh(A.zlR)eXP[-t(A.K!RSy)ta"h(AnH!R)]

ZnEq.(6.136),lettbecomeinfinitetheresultbecomes

g=-

thisisjustthesteadystatesolutionofthemodelshowninFig.6.39.

Toillustratetheanalyticalresuits,acomputerprogramthatpermits

todeterminethedimensionlessratioC*(=2TKHC/Q)asafunctionofthedimen-
sionlesstimet*(=Kt/RS)forgivendimensionlessvaluesofr*(=r/R),z*(=zlR)y

andH*(=HIR),accordingtofollowexpressionofEq.(6.136)hasbeenprepared.

c*=-in(r*)--.:ti2Jo(Xi i),iill(]2gliilPii]nt*'ta"h(XnH*)](6.i3s)nnn

Theprogramhasbeenrunforvariouscombinationsoftheparamaters.
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InFig.6.40,drawdowncurvesat(z*=1)observationwells(r!R=100,20,10,5,4,and
2)arepresentedforRIH=10.Theabscissat*1(rrk)2(-agsI-)istheindependentyvariableintheTheisformula,whosedrawdowncurvehasalsobeenrepresented

inFig.6.40.

ThetypecurvesdepartfromtheTheiscurveinpairswiththepointofdeparture

dependingonthevalueofR*(=-- II-).rtisnotedonFig.6.40,assameasthecon-

finedcondition,thatthedrawdownintheaquiferboundedbyconstanthead

becomessteadystateearlierthanthedrawdownintheinfiniteextentaquifer.

C.Methodofanalyzingfielddata

Inanunconfinedaquifer,theengineerwishestodeterminethevalueofthe

inthesamewayofthecaseintheconfinedaquifer.Thegeologicalcondition

oftheaquiferisknownfromthewelllogs.Here,ananalysisofthedrawdown

dataintheobservationwellsisshown.

Log-LogMethod

ToprepareagraphofdrawdownlogC*versuslogt*fortheappropriater*

(=r/R)betweenpumpingwellandobservationwellsfromEq.(6.138),itisnec-

essarytoobtainthevaluesofR,H.Thethickness(H)oftheaquifercanbe

obtainedfromthewelliogsandthemeasuringtheexistentgroundwaterlevel.

ThevalueofRisassumedfromthesamewayofconfinedaquifer,namely,ifa

drawdowntestisrunforrelativelylongtime,thedrawdownwillbecomein

steadystate,andinthisstatethedrawdownisgivenbyEq.(6.137).Fromthat

equation,thevalueofRcanbecalculated

R=r•exp(2TKHCIQ)(6.139)
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InEq.(6.139),thoughtheknownvaluesareH,C,andQ,thepermeability(K)is

unknownvalue.Thepermeability(K)isobtainedfromtheapplicationofJacob's

method.Withthismethod,anobservationwellnearthepumpingwellisneeded.

SuchawellwillhaveahighvalueofR*(=Rlr),andasreferencetoFig.6.40)

devistionfromtheTheiscurveduetotheeffectoftheboundarywillnot

occuruntilconsiderablepumpingtimehaselapsed.Aroughestimateofpermea-

bility(K)canbecalculatedonthisbasisoftheearlydrawdowndatafromsuch

awell.InterpolatingtheseparametersintoEq.(6.139),aroughcalculationofthe

valueofRcanbegotten.GettingthevaluesofR,onecanprepareagraphof
logC*versuslogt*lr2dependingonthevalueofrfromEq.(6.138))inthat

.equatlon

t*=(K!S)•t(6.141)y

Byusingthematchpointmethod,onecanreadthedimensionlessparametersthat

correspondtoeachpointoffielddata.

Anequivalentvalueg*canbedeterminedforanyCmeasuredintheobserva-

tionwellandanequivalentvalueoft*lr2,forthecorrespondingvalueofreal

time,t/r2.ThepermeabilitycanbecalculatedfromEq.(6.140)

K=(Q/2"H)(c*/g)(6.l42)
andtheeffectiveporositycanbecalcu!atedfromEq.(6.141)
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D.Analysisofdrawdowntestdata

Thedrawdowntestdataaretakenfromarealaquiferprojectthatislocated

nearGoshyo,KyotoCityinJapan.Thegeologicalconditionobtainedfromwell

logsisshowninFig.6.41.Thedrawdowntestperformedintheunconfinedaquifer

isgoingtobeanalyzedforexampleusinganaveragerateofQ=2.67Å~10cm3/sec.

ThethicknessofthisaquiferisrevealedH=2.17m.Theresultofthedrawdown

testdataanalyzedbyJacob'smethodisshowninFig.6.42.Fromthisresulta

roughestimateofthepermeabilityisobtainedasK=1.12Å~10-3cm/sec.Forthere-

lativelylargetime(t=20hours)drawdowntestdataoftheobservationwell(r=

15.7m),thedrawdownwhichisregardedassteadystateisC=17.5cm.Interpolat-

ingthesevaluesintoEq.(6.139),theroughcalculationofthevalueofRis

gotten

R=r•exp(2TKHC/Q)

=1.s7Å~lo3exp(2Å~3.14Å~1.12Å~loV3Å~2.17Å~lo2xv.s/2.67Å~lo3)

=42.4m

ThoughtheKamoriverthatisregardedastheconstantheadboundaryex-

pumpingrateissma11andthegroundwatersupplyislargebecausetheregion

isthecenteroftheKyotoBasin,thevalueoftheinfluenceisestimatedfor

cases,thatis,R=25m,30m,40m,and50m.Allobservationwellshavepenetra-

tionsofz=2mandradialdistanceofeachwellisshowninFig.6.40.Then,in-

terpolatingthesevalues(z,R,ri,H)intoEq.(6.138),thetheoreticalcurves

aregotten.

thefielddatamakeasatisfactoryfittothetheoreticalcurvesforR=30m,as

showninFig.6.43.
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Atthematch pointwhereC*=5 .9Å~10-i,andt*=2Å~104,onereadsC=16cmandt=2.55

Å~10"secfor r=15.7m.FromEq.(6.142)thepermeabilitycanbecalculated

26.66Å~5.9Å~10-1 21xlO-"(cm/sec)K2xTx217Å~16 =7.

FromEq.(6.143) ,theeffective porositycanbecalculated

•55Å~lo4
919Å~lod4

.

Y2Å~10"

rnterpolating thesecalculated valuesinEq.(6.136),theresultofcomparison

oftheoretical curveswith drawdowntestdataisshowninFig.6.44.Itisdefi-

nitethat theoreticalcurves givegoodmatchwiththedrawdowntestdata.
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6.4Conclusions

Inthischapterformulasandmethodsavailabletoevaluatethedatafrom

pumpingtestsundertwospecialconditionshavebeendeveloped.Namely,firstly,

analysesofpumpingtestdataforpartiallypenetratingwellinaconfinedand

anunconfinedaquifershavebeenshowntodetermineanisotropichydrauliecon-

ductivitiesandastoragecoefficient.Secondly,toanalyzedrawdowntestdata

obtainedinthemuchgroundwatersuppliedregion,aconceptionof"IslandModel"

hasbeenappliedinunsteadystate.Theresultsofthisstudycanbeusedto

analyzedrawdowntestsinordertomeasurethetwoaquiferparametersKand

S.Theseanalyticalsolutionsareverycomplex,buttheycanberecognizedthat

theyhavegreatergeneralitythanprevioussolution.

Theconclusionsobtainedinthischapterareasfollows;

(1)Theunsteadyanalyticalsolutionofphreaticflowtopartiallypenetrating

wellinaconfinedaquiferisshown,Byusingthissolution,fourmethods

areprovidedtoevaluatedtheanisotropyofpermeabilityandthecompressi--

bilityfactor(orspecificstorage)ofconfinedaquifer.

(2)Foranunconfinedaquifertheunsteadyanalyticalsoiutionofphreaticflow

topartiallypenetratingwellwasobtainedandtodetermineanisotropie' per-

meabilitiesandaneffectiveporosity(orstorageyield)twomethodswere

developed.

(3)ThelimitationsofadaptingTheis'andJacob'smethodsforpartiallypenetra-

tingwelltestweredescribed•

(4)Foreachmethodthepracticalapplicationwasshown.

(5)Theunsteadyanalyticalsolutionsofphreaticflowduetodrawdowntestare

derivedintheconceptionof"rslandModel"thattheshapeafgroundwater

levelisfixedbythecircularwatersupplybothforconfinedandunconfined

aquifer.

(6)Byusingthesesolutions,themethodsofaaalyzingdrawdowntestdata
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performedinconfinedandunconfinedaquiferaregiven.

(7) Theeffectofinfluenceregionisevalua,ted,andatheoreticalexplanation

oftheassumptionbasedonexperienceswasgiven.

(8) Theexampleanalysistodeterminepermeabilityandstoragecoefficientare

shown.

(9) Theproprietyofthesolutionsisverifiedcomparingtheanalyticalresults

withthedrawdowntestdatatakenfromarealaquiferproject.
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CHAPTER7

APPLICATrONTOFIELDPROBLemS

7.1Introduction

Thevalidityandtheaccuracyofthesaturated-unsaturatedfiniteelement

methodhasbeeninvestigatedinChapter5bycomparingwithlaboratoryexperi•-

mentalresults.Itcanbeconcluded,withasenseofeonfidence,thatthe

numericalmethodscanprovidereliablebastsfordesignanalysis.Inthis

chapter,someapplicationofmodelstofieldsituationwillbedemonstrated.
,Tosimulateapracticalflowprobleminthefieldfollowingdataandconditions

mustberequired.

(1)Hydraulicpropertiesofsoilsthatconstituteaflowdomain.

(2)Initialconditionsinaflowdomain.

(3)Boundaryconditionsofaflowdomain.

Znsimulatingthemodeloflaboratoryexperiment,thesedataandconditionsare

relativelyeas"yobtained.Inmanypracticalsituations,however,onemay

encounterthesedataandconditionsthatareimpossibletobedefined.

Thepurposeofthischapteristwofold:beforeprogressingintothevari-

ouslevelsofapplications,(1)todiscussandevaluatetheabovedataandcondi-

tions;and(2)todescribetwoexampleapplicationsforbothtwo-andthree-di-

mensionalfieldproblems.

7.2HydraulicCharacteristicsofSoilinField

theunsaturatedzoneintheanalysisofseepagethroughporousmediainvolvesa

tradeoffbetweenthepossibleadditionalaccuracyandthedefiniteadditional

complexity.AsmentionedinChapter5,themethodrequiresanincreasedamount
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ofinputdataintheformofthecharacteristicip-e-Kcurveswhicharestrongly

dependentonsoiZtexture.Theconceptofsoilcharacteristicsthatvarywith

moisturecontentisnotcommoninsoilsengineeringbutiswellestablishedin

thesolutionofirrigationanddrainageproblemsinagriculturalengineering.

Thesedataarenotcommonlyco!lected,noraretheyfamiliartomostcivil

engineers.Thecurvescanbedeterminedinthelaboratorybythetechniques

thatarewellestablishedinChapter4.Dataforcompactedsoils,ontheother

hand,arealmostnonexistentandundoubtedlytherelationshipsaremorecomplex.
1)

ZtisclearfromcompactiontheorythatsaturatedpermeabilityisheavUyind-

fluencedbysoildensity,eompactiveeffort,andmoisturecontentatcompaction.

Thisconclusionundoubtedlyholdsfortheunsaturatedcurvesaswellandresults

sufferfromtheusualsuspicionsastotheirapplicabilitytoactualfield

sites.Itisencouragingtonotethatresearchisproceedinginthesoilphysics

fieldindevelopingdirectfieldmeasurementtechniques.Becauseofthepau-

cityofdataontheunsaturatedpropertiesofcompactedsoils,itisdifficultto

vouchforthesuitabilityofthesoilproperties,especiallyincasesofsimi-

litudeextrapolation.Rather,theemphasishasbeenonexaminingthepossible

implicationsofthecompleteanalysis.

Anumberofmethodsarenowavailableformeasuringtheunsaturatedhy-

draulicconductivityfunctionofsoilprofilesinsitu.Thepurposeofthis

sectionistosurveythevariousmethodsavailableforthemeasurementofhy-

draulicconductivityandwaterretentioncharacteristicsandtoidentifythe

principlesadvantagesanddisadvantagesofeach.Therearemainlytwokindsof

methodtoestimatethehydrauliccharacteristicsofunsaturatedsoilinsitu:

(1)Directmeasurementofthehydraulicconductivityfunction.

(2)Calculationofconductivityfromwaterretentiondata.
2)

lntheformer,manylaboratorymethodshavebeenappliedinthefield.

Itisgenerallymuchmoredifficulttosetsteadyflowregimesinthefieldthanin
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thelaboratory.Infiltrationtechniqueshavebeenproposedbasedonasteady
3)

applicationratebysprinklingorbasedonpondinginfiltrationthroughanimped-
4),5)

ingcrust.Inunsteady-statemethods,the"instantaneousprofile"techniqueswhich

havealreadybeendescribedinChapter4seemtoofferthebestpossibilityfor

hydrauliccharacterizationoffieldsoils.Thetheorydoesnotassumeuniformi--

tyofthehydraulicpropertiesoftheflowsystem,andtheboundaryconditions

donotneedtobeconstant,orknownindetail.Becauseinthismethodadif-

fusivityinaninternallydrainingprofileismeasured.Severalvariationsin

themethodofexperimentalprocedurehavebeenemployed.Thewatercontent
6),7),8)9),10)

distributionsweremeasuredbyusingneutronorgammarayorgravimetricsam-
11),12)

pling.Thepressureheaddistributionsweremeasuredbyusingtensiometersof
11),12)6),7),8),9),10),13)

mercury-waterorpressuretransducers.Inthesetechniquesreportedinthe
8)

literature,Hillel'smethodwasmadetogivethemostdeta"eddeseriptionofa

simplifiedprocedurefordeterminingEheintrinsichydraulicpropertiesofatt

completesoilprofileinsitu.Thesemethodshaveproventhefeasibilityof

determiningtheunsaturatedhydraulicconductivityfunctionofsoilsinthe

field.However,thesemethodshavecomplexityintreatingtheexperimental

apparatus.

Inthelatter,therehasbeenconsiderableinterestinthepossibilityof

calculatingtheconductivityfromotherpropertiesoÅíthemediumthatmaybe

easiertomeasure.Therearemanypublicationsthatdealwiththerelationship

ofconductivitytovariousaspeetsofporespacegeometryorwaterretention
2)

data.Thesemethodswerealsosummarizedandevaluatedintheliteratureand
14),15),16),17)

furtherworkswererecentlyproposed.Thoughthesemethodsgivethemeritto

datamustbeobtainedonsoilcorestakentothelaboratory.Itshouldbeun"'

derstoodthatnofieldsamplingtechniqueyetavailableprovidestruelyundis-

turbedsamples.Thereforethismethodsuffersfromabovelimitation.
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Bytheway,allofthemethods-thatarereviewedabovehave beenapplied

foronlythehydrauliccharacteristicsofsurfacelayeredsoils abovethedepth

ofthreeorfourmeters.Thisreasonisthatthesemethodshave beenestablish-

edonthesenseofagriculturalengineeringtosolvetheproblems involving

irrigation,dralnage,watereonservation,nutrtenttransportand- runoffpoilu-

tion,aswellasinfiltration.Thesemethodscanbealsoapplied todetermine

thehydraulicpropertiesofcentercoreofrock-filldamortocheck thequality

ofaconstitutivesoilofabank.Tosolveproblemsofgroundwater recharge
'

anddischargeduetopumpingorexcavation,itisnecessaryto' determinetheun-

saturatedhydrauliepropertiesofthesoiltexturewhiehislayered aboveand

belowthewatertableasshowninFig.7.1withhatching.Unfortunately, there

isnotechniquetoobtainthepropertiessofarasauthorknows. Itmaybe

believedthatthecaseofaccomplishingdeterminationofhydraultc properties
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ofsoilsinsituwillimprovewithadditionalfieldexperienceandimprovements

inequipmentandinstrumentationinthenearfuture.

Thevaluesofhydraulicconductivity(Ks)andstoragecoefficient(S)in

thesaturatedregioncanbedeterminedbyusingthetechniquesdescribedin

Chapter6.Thevalueofspeeificyield(S)eanbeconsideredtheequivalenty

valueofeffectiveporOSitY(ne).

7.3FlowthroughSandBankatFloodWaterLevel

7.3.1Introduction

InJuly1972andSeptember1976thebasinoftheRiverOhotainHiroshima

Prefeeturesuffereddamagefromleakageorpipingwaterwhenthewaterlevelof

theriverwasraisedduetolocalizedtorrentialdownpour.Actingoninforrn-
t

ationreceivedthedamageddistrictinlandsidewasmainlyshowninFig.7.2

withtheshadedregionandtheleakageandpipingwerehappenedaftertwoor

threehoursfromthepeakofriverwaterlevel.Thesephenomenacanbeconsid-

necessarytoworkoutacountermeasureforleakprevention.Thepurposesof

thissectionaretosimulatetheflowpatternintheembankuentwhentheriver-

waterlevelisraisedtotheheightofJuly1972,September1976andhighwater

level(HWL),andtoevaluatetheeffectivenessofbankprotection.Toascertain

geologicandgroundwaterconditionssixtestdrillingsweredrivenuntil20m

depth.Fourtestholesofthissixholesalsowereusedasobservationwells

testholesareshowninFig.7.2.Fig.7.3showsthegeologicconditionestirnat"

edfromwelllogsconstructedfromdrillingsamples.
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Saturatedhydraulicconductivitiesofthevarioussoillayersweremeas-
20)

uredinthefieldbytheaugerholemethod(USBRMethodE-18).Themeanhyd-

raulicconductivitiesofeachlayerarealsoshowninFig.7.3.Asmensioned

earlierthecomplexmultilayersysternsthatonecanencounterinthefieldcan

notbecertainlyhandledanalytically.Ontheotherhand,thenumericalpro-

ceduresembodiedinthefiniteelementmethodprovideapracticalmeansof

analyzingcomplexsystems.Thereforethechangeofflowpatternintheembank-

mentduetofloodwaterlevelandtheotherenvironmentaleffectswereinvesti-

gatedbythe$aturated-unsaturatedfiniteelementmethod.

7.3.2Selectionofboundarycondition

Inmanypracticalsituations,onemayencountergeometriesandboundary

conditionsthatcannotbedefined.Forinstance,inthecaseofflowinorout

ofriverbanks,tidalbeaches,andextensiveaquifers,onehastodealwith

infiniteextentsofthemedia.Itisthennecessarytoincludeonlysignificant

finitezonesinananalysts,andonehastomakeproperassumptionsconcerning

potentialandflowconditionsonthediscretizedboundaries.Properchoiceof

theseconditionswilldependuponthegeologicalpropertiesandconditionsof

groundwaterflowandwillrequireengineeringjudgement.Somecriteriawere

proposedtodetermineextentsofdiscretizedzonesforfreesurfaceflow
18)

thrqughearthbanks.Itwasfoundthatiftheendboundaryisplacedbeyonda

distanceofabout8Hto12H,measuredfromthefinalpointofdrawdown(Fig.7.4

),thebehaviorofthefreesurfaceneartheslopingfaceofthebankwillnot

beinfluencedsignificantly.Theassumptionofan"impervious"baseinanin-

finitemediumwillbeapproximatelyvalidifthebottomboundaryisplaced

beyondadistanceofabout3Hto6H(Fig.7.4)e

Threepossibleboundaryconditionswereassumedtooccuratthediscre-

tizedendboundary,namelyimpervious,constantlevel,andequipotentialas
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inFig.7.5.Boththeimperviousandconstant-levelconditionsyieldedabout the
18)

sameresults,whichcomparedwellwithobservations,whereastheequipotential

conditiongaveresultsthatdifferedfromtheothertwoandfromtheobserva-

tions.Hence,itwasconcludedthatforlonghomogeneousbanks,theboundary

conditionatlargedistancescanbeassumedtobeimperviousorconstantlevel .

Inthiswork,theboundaryasshowninFig.7.6wasappliedtosimulatethis

boundaryproblem.Fig.7.6alsoshowsthefiniteelementmesh.Theaquiferhas

beendividedinto211elementswithatotalof240nodes,thegridbeingdenser

inembankmentthanattheoutskirt.

7.3.3Determinationofhydraulicpropertiesinunsaturatedregion.

ThewaterlevelinthecoarsesandandgravellayerisaboutG.L.-3.5m.

andtheaquiferofcoarsesandandgravellayerisrevealedanunconfinedaqui-

fer.Thereisaneedtodetermineunsaturatedhydraulicpropertiesofthese

regiontosimulatetheflowthroughtheseregion.Untortunatelytheseproperies

werenotreported,sosomeothermethodmustbetakentoobtaintheseproperti-

es.Anumericalmethodwasusedtoinvestigateindetailcertainphysical
19)

aspects.Usingthisnumericalmethod,itcanbeshownthatifthesaturated

conductivitywereaccuratelydetermined,slightchangesintheshapeoftherest

oftheconductivity--watercontentrelationshipwillcausesmallchangesinthe

calculateddischarge-timecurves.Thusacomputermethodofusinganaccurate-

lydeterminedvalueofseveralshapesfortherestofconductivity-watercontent

relationshipstocalculateseveraldischarge--timeisproposed.Thesecalculated

eurvescouldthenbecomparedwiththeexperimentallyobserveddischarge-time

curvetoselecttheappropriateconductivity-watercontentrelationship.In

thisproblem,discharge-timecurvecouldnotbeobtained,sothegroundwater

table-mtimecurvewhichwastheresultsofmeasuringthegroundwaterfluctu-

ationsattheobservationwellNo.1,No.2,No.3andNo.5(asshowninFig.7.6)
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wereusedtocomparewiththecalculatedcurves.Fig.7.7showstheobservation

resultsofwaterlevelchargesofriverandwatertablechangesforeachobser-

vationwellwithtimefortheperiodfromDecember9toDecember13,1977.In

Fig.7.7thechangeoftheriverlevelinadaymightbeduetothevariation

offloodfromthedamforwaterpowerplant.

Thehydraulicpropertyofunsaturatedflowdomainwhichwasdetermined

withtrialanderrormethodbythenumericalapproachisshowninFig.7.8and

Fig.7.9comparesthecomputeswatertablevariationwiththemeasureddatafor

eachobservationwell.Aperiod,12O,clockto21O,clockonDecember10,was

selectedasthecomparisonperiod.Incomputationtheriverlevelchangeduring

thisperiodwasusedasboundaryconditionattheriver.Thereisareason-

ablygoodagreementbetweenthecomputedandthemeasureddataduringthefirst

6hours.Duringthelast3hourstheagreementissomewhatlesssatisfactory.

Herethemeasureddataarelowerthan'thoseindicatedbythecomputedresults.

Atleastpastofthisdiscrepancymaybeduetotheadoptionofasinglesoil

moistureretentioncurveandasinglehydraulicconductivitycurveforthe

entiresoilprofileandtheeffectofhysteresis.Thisgeneralagreementis
'

certainlygoodenoughtosimulatetheriverlevelraisessuddenlytotheflood

waterlevelandwaterbeginstoflowthroughtheembankmentbyusingtherela-

tionshipsasshowninFig.7.8.

7.3.4Simulationofearthembankmentsubjecttosuddenraisetnariverlevel

Assimulated,thefollowingfourcaseswerecalculatedwiththesaturated-

unsaturatedfiniteelementanalysis.Thesolutionadvancesintimebymeans

ofafullyimplicitfinitedifferencescheme,Hysteresiswasnottakenintoac-

count.

Case1.Attimetequaltozerothewaterleveloftheriverissuddenly
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raisedtotheheightof29.630rnfromthebottomofflowdomainas

shewninFig.7.6.Thisvalueoftheriverlevelisadoptedthehigh-

estvalueoftheflooditoccurredinJuly1972asshowninFig.7.10.

Case2.Theriverlevelis29.067mfromthebottomofflowdomain(Simula-

tionofSeptember1976flood).

Case3.Simulationoftheflowthroughtheembankuentwhentheriverlevel

reachesthehigtwaterlevelof33.451m.

Case4.Toevaluatetheefficiencyofbankprotectionthehydraulicconduct-

ivityofthisprotectionischoosenK=1.0Å~10-6cmlsec.Theriverlevel

isinH.WeL.
InFigs.7.11through7.14,aseriesofnumericalsolutionsforunsteady

stateseepagearepresentedforvariousriverwaterlevels,accountingthe

effectofbankprotection.rtisworthnotinginthesimulationof1972flood

thatafterthreehours,seepagefaceappearsatthetoeofembankment.This

resultwellagreeswiththeinformationreceived.Inthesimulationof1976

floodlevelseepagefacealsoappearsafterabout4hours.Thesesimulation

canbeconsideredthemostdangeroussituationsforthepracticalflowproblems.

ThecomparisorrofFig.7.13andFig.7.14isthemostinterestingresultofthe

nunericalanalysis.Duetotheeffectofbankprotectionthewatertablepro--

fileinFig.7.14isextremelydifferentfromthatinFig.7.13.Thecomputed

resultsisshownforthewaterflowoutoftheembanknent(Fig.7.15).Itis

evidentwithcomparingcase4andcase3thatifbankprotectionisworkedout

asacountermeasureforleakpreventionoutflowratefromseepagefaceisre-

ducedtoaboutone-thirdofthatofcase3,andthetimelagofseepageface

appearingisthreetimeslongerthanthatinthecasewithoutbankprotection.

Tosummarizetheresultsofthissection,itwouldappearthatthisfinite

elementanalysiscanbeadaptedtosolvecomplicatedpracticalproblemsinvolv-

ingsoilstratificationandvariationsinsoilhydraulicconductivityandthis
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Fig.7.15Outflowratefromseepage facewithtime

methodis effectivetodetecttherealistic changeoftheflowpattern.

7.4 Open CutExcavationModel

.

7.4.1 rntroduction

rn section5.4.2thecomparisonsbetween thethree-dimensionalnumerical

analysis and laboratoryexperimentalresults havebeenshownontheproblemof

flow through three-dimensionalsandmodel.In thissectiontheproblemof

groundwater controllingforfoundationexcavations willbeconsideredasmore

practical problemwhichissomeinteresttothe foundationengineer.Manytypes

of engineering constructionrequiretheexcavation ofsoilandrockbelowthe

natural groundwatertable.Iftheformations arewellcemented,watercontrol
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maybesimplyamatterofallowingthewatertoseepdowntheexcavationslopes

intoshallowditchesorsumpsfromwhichitisremovedbypumping.Ontheother

hand,ifthewaterbearingmaterialshavelowstrengths,extensivedewatering

systemsmayberequired.

Eitherofthetwofundamentalmethodsofcontrollingseepagecanbeused

forthecontrolofgroundwaterduringconstruction:(1)Thosethatkeepthe

wateroutor(2)thosethatdependonitscontrolbydrainageprocesses.

Chemicalgrout,cementgrout,sheetpilewalls,andcaissonsaremeansthat

servetokeepoutmostofthewater.Usuallywhenthesemethodsareused,pumps

arerequiredtomaintaindryconditionsinexcavations.Mostexcavationsin

waterbearingformationssuchasgravels,sands,silts,andstratifiedclaysare

stab"izedbywellpoints,deeppumpedwells,orothergroundwatercontrolsys-

tems.

Groundwatercontrolforfundationexcavationsmaybeaccomplishedina

numberofdifferntways.Themostappropriatemethodforagivenjobshouldbe

determinedbyadequatesoilsurveysandtestboringstodelineateimportantsoil

strataandlocatesourcesofwater.Onimportantprojectsthepermeabilityof

theformationsshouldbedeterminedbyfielddrawdowntestsorotheradequate

methods.Foranydewateringprojectinwhichfailurescouldleadtoextensive

structuraldamageorseriousfloodingthedesignandinstallationofwater-

controlsystemsshouldbecarriedoutwithdeepconsiderations.

Mostdewateringsystemsareflexiblewithrespecttodischargecapacity

andcanbeenlargedincapacitytotakecareofunexpectedlylargeratesof

flow.Nevertheless,theapproximaterateofdischargeshoudbeknowninadvanee

sothatapproximatepowerrequirementswillbeknown.Thedesignofdewatering
tsystemsinvolvestwoimportantsteps

1.Evaluationofthemagnitudeofthedewateringproject,includingan
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.

2.Designof a system capable of providingtherequiredground' water

loweringforthe length of time neededfor theconstructionthatis tobe

carriedoutbelow the natural groundwater level.
.

Toestimatethe probable inflow ratesto dewateredexcavationsandto provide

thegroundwater lowering seepage systems mustbeanalyzed.Allfluid systems

mustnecessarily extend .In three dimensions ,butinformermethods seepage

systemsanalyzed are predominately two-dimensionalflowwithassumption ofthe

infinitelenghth of excavation asshown'mFig.7.16.

`td•

t

Initial waterlevel

-- ---
.

- -- --- ---
,

Aquifer

' =c

•s
,z

x

,

Fig.7.16 TNvo-dimensional ditchdrainage

Inpractical .excavatlons thelength ofexcavationisfinite asshowninFig•

7.17.Thissystem has the effect ofsheet pilewallssothatthere isnoknown,

nonsteadyanalytical solution . Inthis sectionthenonsteadystate flowanaly-

siswillbeperformed in this hypothetical caseofanopencut excavation.
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7.4.2Simulationofseepage through three-dimensional aquifer

Theproblemisasfollows :A 20 m sandy aquiferis under hydrostatic

equilibriumwithfluidpotential h everywhere equalto15m . Inthisaquiferan

deep and 60 m long)ismade. The problemisto

studythedrainagepattern imposed within the sandyaquifer duetotheexcava-

tion,thatis,duetoarapid 5 mdrawdownof groundwater table intheexcava-

tion.Aquarteroftheflow domain was indentifiedbya system offiniteele-

mentsasshowninFig.7.18. The mode1 is composedof288nodal points,and168

eightnodeelements.

Theboundaryconditions are illustrated inFig.7.19• Thefloorofthe

excavationisassumedtobe constantly covered withathin film ofwatersoas
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Fig.7.19 Transient flowtowardan excavation facefollowing
rapid drawdown

toformafixedpotential boundary,whilethewall of the excavationis .anlm-

permeableboundary(due to sheetpUewalls).The bed rockisalsoan' lmper-

meableboundary.Allthe otherboundariesofthe flow regionareassumed

constanthead.

Forthishypothetical problemFig.7.20was used as asetofeurves for

unsaturatedproperties ofthe soilinthesandy aquifer . Whenthisequal to

zerogKs=1.0Å~10-2cmlsecande advances intimeby meansof

afullyimplicitfinite differencescheme.Hysteresis wasnottakeninto ac-

count.

Thedrainage computations werecarriedoutfor a pe.riodof4days from

thestartofthedrainage processandtheresults of the computationsare sum-•

marizedinFigs.7.21 through 7.24.Thetime-dependent changesinthe evolution
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of the surface th-o (watertable)arepresented in Figs.7.21, 7.22and 7.23 along

three cross sections, A-A',B-B'andC-C'.The topographic contours for appro-

ximately steady state (after4days)arealso shownin Fig.7.24.The compar-

isons of three dimensional andtwodimensional analytical resultsare shown for

steady state water tableinFigs.7.25a.through 7.25 c.. Along .sectlons A-A'

and B•--Bt there aregood agreementswith two--dimensional results.Along section

c-c'
' however, three-dimensinalresultdiffers significantly fromthe two-dimen-

sional result. This discrepancymaybedueto the effect three-dimensional

flow.

The rates of seepageintodewatered excavations was Q3-D=1•72m3lmin by

.usmg three-dimensional analysis,whilethe ratesof seepagewaSQ2.-D=1. 56m31

.mln which was estimated byusingthetwo-dimensional analysisandthe next equa-

.tlon.
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Q2-D"4Å~(a'qA-At+b•qB-B,)(7.1)

whereaandbarethelengthshowninFig.7.24sandqA-A,andqB-B,aretherate

ofinflowalongcrosssectionA-A'andB-B'srespectively.Fromthisresultthe

estimatedvalueofQ2-DissmallerthanthatofQ3-D.Thisdiscrepancymaybe

duetothedifferenceintheprofileofwatertablealongcrosssectionC-C'.

Asitwassaidearlier,three-dimensinalanalysesareusedonlyinthose

easesforwhichtwo-dimensionalmodelsaregrosslyinappropriate.Itisthere-•

foreofinteresttoknowthecorrespondingadditionalcost.Thetwo-dimensional

equivalentofthismodelalongcrosssectionA-A'has28nodes.Thesimulation

in34timestepsof4daysofdrainagerequired10.2secofcomputertimeonthe
ACOS-700and10Kofcorestorage.Ashcomparison;.thesimilarthree-dimension-

alanalysesperformedwiththismodelrequired60.5minofcomputertimeand

45Kofcorestorage.Tosummarizetheresultsofthissection,itwouldappear

thetwo-dimensionalanalysisusedsofrequentiyforanalyzingexcavationseepage

problembecauseitallowsthevariationofflowinthethirddimension.Itis

evidentthatthethree-dimensionalanalysisisaccurateenoughtoevaluatethe

behaviorofthegroundwaterinthecomplexsoilmediaqualitativelyandquanti-

tatively.However,thecomputerprogram,limitedtothecorestorageofthe

availablecomputerfacility,isintendedonlytosolvethesimpleillustrative

problems.Withincreasedeapacity,itwouldbepossibletohandleproblemsof
.

complexgeometryandarbitraryboundaryconditions.Itisconcludedthatthree-

dimensionalanalysisis'anexpensivebutvalidalternative.

-277•-



7.5 Conclusions

Inthischaptersomeattemptshavebeenmadetoapplythetwo-andthree-

dimensionalfiniteelementanalysisofseepagetothefieldproblem.These

examplesclearlydemonstratetheflexiblilityofthisfiniteelementapproach

and itscapabilityintreatingcomplexsituationswhichareoftenencounteredin

the field.Considerationofanisotropyisclearlywarrantedinseepageanaly-
.SIS. Sincetheeffectsofsaturatedanisotropyhavebeenwidelystudiedinthe

21)

seepage field,anyanisotropicexampleshavenotbeenincludedinthischapter.

Throughoutofthischapter,thefollowingconclusionaareobtained.

(1) Theresultsofsimulatingtheflowpatterninaninhomogeneousembanknent'

levelhavebeenshown.

(2) Therearegoodqualitativeagreementsbetweenthenumericalresultsand

theinformationsreceived.

(3) Forthree-dimensionalflowexamplemodel,theseepageintodewateredex-

cavationshasbeenshown.

(4) Thethree-dimensionalanalysisisaccurateenoughtoevaluatethebehavior

ofgroundwateranditisastepforwardfromthetwo-dimensionalanalysis.

However,byusingthethree-dimensionalanalysisitaccentuateseomputer

limitationsbyreducingthemaximumsizeofproblemthatcanbesimulated

onanygivencomputerinstallationandincreasingthecomputertimere-

quiredtosolveit.

(5) Thetwo-andthree-dimensionalsaturated-unsaturatedfiniteelementmethod

wasfoundtobeveryeffectivetodetecttherealisticchangeoftheflow

pattern.

(6) Finallyrnainproblernstousethesaturated-unsaturatedfiniteelement

procedurearetoobtainthematerialpropertiesofsoils,especiallythe

waterretentioncurveintheunsaturatedzone.Andsothereisaneddto

determineonasystematiebasisthespectrumofproblemsforwhichcon--

siderationoftheunsaturatedflowdomainretainsengineeringimportance.
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CHAPTER8

CONCLUSIONS

Thepurposesofthisthesiswereprimarilytoresearchonbehaviorof

groundwaterflowinthesaturated-unsaturatedzone2topresentthefundamentals

ofthetheoryofgroundwaterflow,andtodevelopthemosteffectivemethodsfor

solvinggroundwaterflowproblemsoccuringÅ}ncivilengineeringpractice.

Namely,themainobjectivesofthisthesiswereasfollows.

(1)Toevaluateanddiscussthegoverningequationofflowinthesaturated-

unsaturatedporousmedia.

(2)Todevelopthemathematicalmodelwhichprovidesafiniteelementsolution

totwo-orthree-dimensionalproblemsinvolvingtransientflowinthesaturated

andunsaturateddomainsofnonhomogeneous,anisotropicporousmedia.

(3)Toproposebettermethodsfordetermtningorestimatinghydraulicproperties

ofporousmediainthelaboratoryandinthefield.

(4)Toshowtheapplicationsofthedevelopedmodelandmethodstopractical

groundwaterflowproblems.

Inthischapter,themainconclusionswhicharebasedontheinformation

presentedinthepreviouschaptersaresummarizedandtheneedforfuturere--

searchin;variousareasispointedout.

8.1Conelusions

!nChapter1,theobjectiveandgeneralscopeofthisinvestigationwere

noted,andthehistoriesofpreviousstudiesondrawdowntestandonnumerical

analyseswerereviewed.
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InChapter2,thephysicsofthesaturated-unsaturatedgroundwatermotion

wasdiscussed.Thegoverningequationofsaturated--unsaturatedflowinporous

mediawasderivedfromthelawofmassconservationandtheDarcy'slaw.The

governingequationwascomparedwiththeKlute'sdiffusionequationwhichhas

beenwidelyusedintheanalysisofflowinunsaturatedregion.Asaresult,

itisconcludedthatthegoverningequationhastheadvantagethatcanbeap--

pliedforthewholeflowregion,includingsaturatedandunsaturatedflow.

Typicalboundaryandinitialconditionswereenumerated.

:nChapter3,thegoverningequationderivedinChapter2wasformulated

intothefiniteelementdiscretizationswhichareevolvedintothestudyof

eithertwo-dimensionalorthree-dimensionalorradiallysymetricmodels.

Thesemodelscantakeintoaccounttheeffectsofhysteresisinthevolumetric

moisturecontent-pressureheadinunsaturatedregion.Inconjunctionwiththe

finiteelementdiscretizationweightedresidualprocedures,particularlythe

Galerkinmethodwasused.Basedonthistheory,twofiniteelementgroundwater

flowprogramshavebeendeveloped.Thefirstprogramiscapableofso!ving

nonlineargroundwaterflowproblemsinbothtwo-dimensionedandaxisymmetricre-

'gionbyusingtriangleelement.Thesecondprogramiscapableofsolvingnon-

lineargroundwaterflowproblemsinthree-dimensionalregionwithisoparametric

element.Fortimeintegration,thetime-centeredschemeandthefullyimplicit

backwarddifferenceschemehavebeenincorporatedintoprograms.Bothschemes

canbeusedwithequilibriuminterationwithineachtimestep.Withoutlossof

solutionaccuracy,dependingonthenonlinearities,theequilibriumiteration

rnayallowtodispensewiththecalculationofaneweffectiveconductivitymatrix

ineachtimestepandinthiswayimprovesolutionefficiency.

InChapter4,theneedfordeterminingthehydraulicpropertiesofsoil

profileswaspointedoutandavailablemethodsarereviewed.Anapparatuswas

constructedandtestproceduresweredevelopedtomeasurethepressureheadand
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volumetricmoisturecontentbyusingpressuretransducerandlaw-energy•gamma

rayattenuationrespectively.Experimentaltestshavebeenperformedtodeter-

minetherelationshipsbetweenvolumetricmoisturecontent(e)andhydraulic

conductivity(K),andbetweenpressurehead(ip)andvolumetriemoisturecontent

(e).Thedistributionofpressureheadandmoisturecontentabovethefree

surfacewasobtainedattheequilibriumconditioninordertoappliedthis

distributiontothenumericalanalysisofdrainageandinfiltrationinsoilas

aninitialcondition.

InChapter5,thevalidityandtheaccuracyofthetwo-orthree-dimen-

sionalfiniteelementapproachwhichhasbeendescribedinChapter3havebeen

investigatedwithcomparingthenumericalresultswiththeexperimentaldata.

TherelationshipsK-eandW-ewhichwereobtainedinChapter4wereusedasin-

putdata.Theresultswerethatthegoodagreementsbetweencomputedand

measuredpressureheadprofileshavebeenobrained.Itshouldberemarkedthe

saturated-unsaturatedfiniteelementanalysistotwo-orthree-dimensionalmodel

isverypowerfulfortheanalysisoftransientflowthroughporousmedia.

Inordertoapplythenumericalmethodtopracticalgroundwaterflow

probleminthefield,thehydraulicpropertiesmustbeestimated.rnChapter6,

newmethodsofanalyzingdrawdowntestsweredevelopedandillustratedwithsome

examplestodeterminehydraulicpropertiesofaquifer.Firstly,analysisof

drawdowntestdataforpartiallypenetratingwellinaconfinedoranunconfined

aquiferhavebeenshowntodetermineanisotropichydraulicconductibitiesand

storagecoefficient.Secondly,toanalyzedrawdowntestdataobtainedinthe

muchgroundwatersuppliedaquifer,aconceptionof"rslandModel"hasbeenap'-

pliedinunsteadystateflowandtheoreticalsolutionsinaeonfinedoran•un-

Confinedaquiferweredeveloped.Byusingthesesolutions,newmethodsofana-

lyzingdrawdowntestweregiven.

rnChapter7,havinglookedintothereasonabienessandvalidityofthis
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finiteelementmodelinChapter5,thepossibieapplicationsofthismodelwas

finallydescribed.Theapplicationsofmodelstofieldsituationweretheflows

throughsandbankatfloodwaterlevelsandtheflowthroughaquiferduetoan

excavation.Theseexampleanalysisclearlydernonstratedtheflexibilityofthis

finiteelementapproachanditscapabilityintreatingcomplexsituationswhich

areoftenencounteredinthefield.

8.2RecommendationsforFutureResearch

Theconsiderableeffort,testproceduresandnumericalanalysisdeveloped

duringthisinvestigationhavebeenquitesuccessfulinevaluatingthebehavior

ofgroundwaterflowquantitatively.Aconsiderableamountofadditionalresearch

willbenecessaryasfollows:

(1)Thetheoreticaiconceptsoffluidflowinporousmediahavebeenestablished

andbasictheoryforgeneratingapproximatesolutionstononlinearproblems

developed.However,thecomputerprogram,limitedtothecorestorageofthe

availablecomputerfacility,wasintendedonlytosolvethesimpleillustrative

problemsespeciallyinthree-dimensionalflow.Withincreasedcapacity,it

wouldbepossibletohandleproblemsofeomplexgeometryandarbitaryboundary

conditions.Howeveritisnecessarytoresearehhowtoredueetheeore.

(2)AgreatdealmoreresearchisrequiredfordeterminingorestimatinghydroL

geologicpropertiesoftheaquifersandaquitardsfromgeologic,geophysical,

andhydraulicevidence,namely,indeterminingstoragecapacity,including

improvementofdirectfieldmethodsformeasuringmoisturecontent,porosity,

andnegative' pressurehead,andalsorelatinglaboratoryresultstofielddata

andapplyingthemtofieldconditions.

(3)Withregardtofutureresearch,importantdevelopmentisneededinanalyzing

multiphaseflow.Themathematicaldevelopmentinthisinvestigationisbased

ontheusualassumptionthattheairphaseiscontinuousandalwaysineonnection
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withconstantexternalatmosphericpressure.Thisassumptionisnotrestric-

tive,buttherearesomecriticalonesthatlimitthesphereofapplication.

Inparticu!ar,onrewettingadrainedordrainingprofile,theporeairentrap-

pedbetweenthedescendingwettingfrintandthelowersaturatedzonewill

increaseinpressure,therebycausingfurtherdrainage.Thenextstepinthe

programisthereforethestudyofverticaldrainageunderthecombinedeffect

ofbothgravityandincreasedpore-airpressure.Andalsoitisnecessaryto

extendthisnumericalmethodtoprinciplesofmultiphaseflowanddiffusion,

includingcontiguoussaltwaterandfreshwateroroilandfreshwaterunder

naturalconditions.

(4)Finally,itmustbeemphasizedforfutureresearchtoconsideraninteraction

betweenthedisciplinesofsoilmechanics,soilphysicsandhydrogeology.
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