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1 Introduction
The Exotic Laplacian was introduced by L. Accardi $[4_{\rfloor}$ . It also has been discussed

in [1] and others. The L\’evy Laplacian introduced in [19] is one of Exotic Laplacians.
The Levy Laplacian has been studied by many authors from several different aspects
in [3, 5, 20, 21, 25] and references cited therein. In particular, the L\’evy Laplacian was
distinguishably studied in white noise theory [7, 8, 16, 17, 18, 26, 27, 28]. Recently,
in [2], the Ces\‘aro Hilbert space associated with the L\’evy Laplacian was constructed
by completing a pre-Hilbert bundle. We also obtained a similarity between the Gross
Laplacian and the L\’evy Laplacian in [13].

Main purpose of this paper is to construct an infinite dimensional separable Hilbert
space $H_{E,a}$ on which the Exotic trace plays as the usual trace, generalizing recent results
in our previotis paper [13]. This implies that the Exotic Laplacian plays as the Gross
Laplacian in the Boson Fock space $\Gamma(H_{E,a})$ over the Hilbert space $H_{E,a}$ . The Hilbert
space $H_{E,a}$ is directly constructed by using the Exotic trace. Extending the construction
in [13], we introdiice an example of $H_{L}$ as a direct sum of some Hilbert spaces with the
norm induced from the Exotic trace. However this space is slightly different from the
Ces\‘aro Hilbert space, since the norm of the Ces\‘aro Hilbert space is not exactly equal to
the Exotic norm (Remark 2.2). Then the stochastic process associated with the Exotic
Laplacian is given by an infinite dimensional Brownian motion based on an orthonormal
basis for $H_{E,a}$ . Thus the Exotic Laplacian strongly depends on the space in which the
associated infinite dimensional Brownian motion moves.

The paper is organized as follows. In Section 2, we construct an infinite dimensional
Hilbert space $H_{E,a}$ on which the Exotic trace plays as the usual trace. In addition,

motivated by the Ces\‘aro Hilbert space in [2], we introduce an example of the space
$H_{E,a}$ . In Section 3, we give a nuclear rigging of Fock spaces based on the space $H_{E,a}$ . In
Section 4, we give a similarity between the Gross Laplacian and the Exotic Laplacian.
Precisely, we prove that the Exotic Laplacian coincides with the Gross Laplacian acting
on some domain in $\Gamma(H_{E,a})$ . Based on this result, we give a stochastic process associated
with the Exotic Laplacian in Section 5.

2 Basic Gelfand Triples

Let $H$ be a complex Hilbert space and let $E$ be a countably Hilbert nuclear space
such that

$E\subset H\subset E^{*}$ (2.1)

is a complex Gelfand triple, where $H$ is identified with its dual space. More precisely,
we construct the complex triplet as follows: Let $\{\lambda_{k}\}_{k=1}^{\infty}$ be an increasing sequence of
positive real numbers such that

$1<\lambda_{1}\leq\lambda_{2}\leq\lambda_{3}\leq\ldots$ and $\sum_{j=1}^{\infty}\lambda_{j}^{-2}<\infty$ . (2.2)

For each $p\in R$ , define

$| \xi|_{H,p}^{2}=\sum_{j=1}^{\infty}\lambda_{j}^{2p}|\alpha_{j}|^{2}$ , $\xi=\sum_{j=1}^{\infty}\alpha_{j}e_{j}\in H$
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where $\{e_{k}\}_{k=1}^{\infty}$ is an orthonormal basis for $H$ . Let $p\geq 0$ . Pu $\dagger$ $E_{p}=\{\xi\in H;|\xi|_{H,p}<\infty\}$

and let $E_{-p}$ be the completion of $H$ with respect to . $|_{H,-p}$ . Then we have a Gelfand
triple

$E= proj\lim_{\infty parrow}E_{p}\subset H\subset E^{*}=ind\lim_{arrow p\infty}E_{-p}$
. (2.3)

Let $J$ be the conjugate operator on $H$ defined by

$J \xi=\sum_{i=1}^{\infty}\overline{\alpha}_{i}e_{i}$ , $\xi=\sum_{i=i}^{\infty}\alpha_{i}e_{i}\in H$ .

Then the real parts of $E,$ $H$ and $E^{*}$ are subspaces invariant under the action of $J$ and
are denoted by $E_{R},$ $H_{R}$ and $E_{R}^{*}$ , respectively. Then we obtain a real Gelfand triple:

$E_{R}\subset H_{R}\subset E_{R}^{*}$ . (2.4)

The inner product on $H_{R}$ and the canonical C-bilinear form on $E_{R}^{*}\cross E_{R}$ is denoted by
the notation $\langle\cdot,$ $\cdot\rangle$ .

Let $\ell^{2}=\{(\alpha_{\gamma}\cdot);\alpha_{j}\in C,$ $\sum_{j=1}^{\infty}|\alpha_{j}|^{2}<\infty\}$ . The space $\ell^{2}$ is the Hilbert space with

inner product $\langle\cdot,$ $\cdot\rangle_{\ell^{2}}$ given by $\langle\alpha,$ $\beta\rangle_{\ell^{2}}=\sum_{j=1}^{\infty}\alpha_{j}\overline{\beta_{j}}$ for $\alpha=(\alpha_{j}),$ $\beta=(\beta_{j})\in\ell^{2}$ . Take
$a\in N$ arbitrarily. Let $C$ be a countable family of double sequences $f$ : $NxNarrow C$
satisfying the following conditions:

(Cl) for each $j,$ $k\in N$ , the limit $\lim_{Narrow\infty}\frac{1}{N^{a}}\sum_{n=1}^{N}f(n,j)\overline{f(n,k)}$ exists and for any $\alpha=$

$(\alpha_{j})\in l^{2}$ with $\alpha\neq 0$ ,

$\sum_{j,k=1}^{\infty}\alpha_{j}\overline{\alpha_{k}}\lim_{Narrow\infty}\frac{1}{N^{a}}\sum_{n=1}^{N}f(n,j)\overline{f(n,,k)}_{\neq}>0$;

(C2) for any $f,$ $g\in C$ with $f\neq g$ , and all $j,$ $k\in N$

$\lim_{Narrow\infty}\frac{1}{N^{a}}\sum_{n=1}^{N}f(n, j)\overline{g(n,k)}=0$ ;

(C3) for all $j\in N$ ,

$\sum_{n=1}^{\infty}f(n,j)e_{n}\in E^{*}$ .

We can take $C$ to be a class which contains the following sequences as examples:

$f_{\nu}(n,j)=c_{j}n_{i}^{\frac{a-1}{2}}e^{in\lambda_{\nu,j}},$ $\nu=1,2,$ $\ldots$ , where all $\lambda_{\nu,g},$ $\nu,j\in N$ , are different numbers
with $\lambda_{\nu,1}<\lambda_{\nu,2}<\cdots,$ $\nu=1,2,$ $\ldots$ , and $(c_{j})_{j=1}^{\infty}\in p^{2}$ with $c_{j}\neq 0$ for all $j$ .
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Motivated by the Ces\‘aro Hilbert space introduced in [2], we define the spaces $H_{f}$ for
$f\in \mathbb{C}$ by

$H_{f}=LS\{.s_{j}(f)\backslash j\in N\}$ .

where LS means a linear span and $s_{j}(f)= \sum_{n=1}^{\infty}f(n, j)\epsilon_{n}^{i}$ for each $j\in N$ . We introduce a

norm . $|_{0}$ by

$| \xi|_{0}^{2}=\lim_{Narrow\infty}\frac{1}{N^{a}}\sum_{n=1}^{N}|\langle\xi,$ $e_{n}\rangle|^{2}$ , $\xi\in H_{f}$ .

Let $\overline{H_{f}}$ be the completion of $H_{f}$ with respect to . $|0$ . Then the space $\overline{H_{f}}$ becomes a
Hilbert space with the inner product $\langle\cdot,$ $\cdot\rangle_{E,a}$ given by

$\langle\xi,$ $\eta\rangle_{E,a}=\lim_{Narrow\infty}\frac{1}{N^{a}}\sum_{n=1}^{N}\langle\xi,$ $e_{n}\rangle\overline{\langle\eta,e_{n}\rangle},$ $\xi,$ $\eta\in\overline{H_{f}}$ .

Proposition 2.1 For any $f,$ $g\in C$ with $f\neq g$ , the Hilbert spaces $H_{f}$ and $H_{g}$ are
orthogonal.

PROOF. The proof is immediate from the condition (C2). 1

Let $H_{E,a}=\oplus\overline{H_{f}}$. Then the space $H_{E,a}$ is an infinite dimensional separable Hilbert
$f\in\llcorner^{\backslash }$

space with the inner product $\langle\cdot,$ $\cdot\rangle_{E,a}$ which is extended to the inner product on $H_{E,a}$ .
From now on we take $H_{E,a}$ to be this space.

Remark 2.2 In [2], the Ces\‘aro Hilbert space is introduced by

$H_{c}= \{\int_{(0,\pi)}\alpha(\lambda)s_{\lambda}d\lambda;\alpha\in L^{2}((0, \pi), d\lambda)\}$ ,

where $s_{\lambda}= \sum_{n=1}^{\infty}e^{in\lambda}e_{n}$ for any $\lambda\in(0, \pi)$ . The space $H_{c}$ is a Hilbert space with the inner

product $\langle\cdot,$ $\cdot\rangle_{H_{c}}$ given by

$\langle\cdot/(0_{\backslash }\pi)^{\alpha(\lambda)s_{\lambda}d\lambda}’/(0,\pi)^{\beta(\lambda)s_{\lambda}d\lambda\rangle_{H_{c}}}$ $=$ $\int_{(0,\pi)}\alpha(\lambda)\overline{\beta(\lambda)}\langle s_{\lambda},$
$s_{\lambda}\rangle_{a}d\lambda$

$\int_{(0,\pi)}\alpha(\lambda)\overline{\beta(\lambda)}d\lambda$ , $\alpha,$
$\beta\in L^{2}((0, \pi), d\lambda)$ .

The inner product $\langle\cdot,$ $\cdot\rangle_{H_{c}}$ is different from the inner product $\langle\cdot,$ $\cdot\rangle_{E,1}$ . In fact, we have

$/(0_{\pi})^{\alpha(\lambda)s_{\lambda}d\lambda,\int_{(0,\pi)}\beta(\lambda)s_{\lambda}d\lambda\rangle_{E.1}=0}$.
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Let $A$ be a selfadjoint operator (densely defined) in $H_{E,a}$ satisfying the condition:

$\bullet$ $infSpec(A)>1$ and $\mathcal{A}^{-1}$ is of Hilbert-Schmidt type.

Then there exist a sequence

$1<\ell_{1}\leq l_{2}\leq p_{3}\leq\ldots$ , $\Vert A^{-1}\Vert_{HS}^{2}=\sum_{k=1}^{\infty}\ell_{k}^{-2}<\infty$ ,

and an orthonormal basis $\{e_{a,k}\}_{k=1}^{\infty}$ of $H_{E,a}$ such that $Ae_{a,k}=p_{k}e_{a,k},$ $k=1,2,$ $\ldots$ .By
Condition (Cl) we see that $s_{j}(f),$ $j=1,2,$ $\ldots$ , are linearly independent for all $f\in$

C. Therefore by the Gram-Schmidt orthogonalization we have an orthonormal system
$\{\tilde{s}_{j}(f)\}_{j=1}^{\infty}$ . Collecting $\{\tilde{s}_{j}(f)\}_{j=1}^{\infty}$ for all $f\in C$ we can take an example of $\{e_{a.k}\}_{k=1}^{\infty}$

satisfying the above properties. From now on, we take this orthonormal basis. For
$p\in R$ we define

$| \xi|_{p}^{2}=|A^{p}\xi|_{0}^{2}=\sum_{k=1}^{\infty}\ell_{k}^{2p}|\langle\xi,$ $e_{a,k}\rangle_{E,a}|^{2}$ , $\xi\in H_{Ea,\}}$.

Now let $p\geq 0$ . We put $\mathcal{N}_{p}=\{\xi\in H_{E,a} ; |\xi|_{p}<\infty\}$ and define $\mathcal{N}_{-p}$ to be the completion
of $H_{E,a}$ with respect to . $|_{-p}$ . Thus we obtain a chain of Hilbert spaces $\{\mathcal{N}_{p};p\in R\}$

and consider their limit spaces:

$\mathcal{N}=proj\lim_{\infty parrow}\mathcal{N}_{p}$ , $\mathcal{N}^{*}=ind\lim_{parrow\infty}\mathcal{N}_{-p}$

which are mutually dual spaces. Note also that $\mathcal{N}$ becomes a countably Hilbert nuclear
space. Identifying $H_{E,a}$ with its dual space, we obtain a complex Gelfand triple:

$\mathcal{N}\subset H_{E,a}\subset \mathcal{N}^{*}$ . (2.5)

Remark 2.3 The bilinear form $\tau_{a}$ defined by

$\langle\tau_{a},$ $z \otimes w\rangle=\lim_{Narrow\infty}\frac{1}{N^{a}}\sum_{i=1}^{N}\langle z,$ $e_{i}\rangle\overline{\langle w,e_{i}\rangle}$ , $z,$ $w\in H_{E,a}$ ,

is called the Exotic trace. Then by definition we obtain that for any $z,$ $w\in H_{E,a}$ ,

$\langle\tau_{a},$ $z\otimes w\rangle=\langle z,$ $w\rangle_{E_{7}a}$ .

Therefore, the Exotic trace coincides with the usual trace on $H_{E,a}$ and hence $\tau_{a}$ can be
represented by

$\tau_{a}=\sum_{k=1}^{\infty}e_{a,k}\otimes e_{ak)}$ .

Theorem 2.4 The Exotic trace belongs to $\mathcal{N}_{-1/2}\otimes \mathcal{N}_{-1/2}$ .

PROOF. By definition we have

$| \tau_{a}|_{-1/2}^{2}=\sum_{k=1}^{\infty}e_{ak}\otimes e_{a,k}|_{0}^{2}=\Vert A^{-1}\Vert_{HS}^{2}<\infty$

which follows the proof. 1
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3 Nuclear Riggings of Fock Spaces
Now, we construct a rigging of (Boson) Fock space based on the basic Gelfand triple

(2.3). For each $p\in R$ let $\Gamma(E_{p})$ be the Fock space over the Hilbert spac$eE_{p}$ , i.e.,

$\Gamma(E_{p})=\{\phi=(f_{n})_{n=0}^{\infty};f_{n}\in E_{p}^{\otimes n},$ $\Vert\phi\Vert_{H,p}^{2}=\sum_{n=0}^{\infty}nJ!|f_{n}|_{H,p}^{2}<\infty\}$ .

Then by identifying $\Gamma(H)$ with its dual space, we have a chain of Fock spaces:

. . . $\subset\Gamma(E_{p})\subset\Gamma(E_{0})=\Gamma(H)\subset\Gamma(E_{-p})\subset\cdots$

and a Gelfand triple

$(E)= proj\lim_{\infty parrow}\Gamma(E_{p})\subset\Gamma(H)\subset(E)^{*}=ind\lim_{arrow p\infty}\Gamma(E_{-p})$
. (3.1)

An exponential vector (or also called a coherent vector) associated with $\xi\in E$ is
defined by

$\phi_{\xi}=(1,$ $\xi,$
$\frac{\xi^{\otimes 2}}{2!},$

$\ldots,$
$\frac{\xi^{\otimes n}}{n,!},$ $\ldots)$ . (3.2)

Since $\phi_{\xi}\in(E)$ , the S-transform of an element $\Phi\in(E)^{*}$ is defined by

$S\Phi(\xi)=\langle\langle\Phi,$ $\phi_{\xi}\rangle\rangle$ , $\xi\in E$ ,

where $\langle\langle\cdot,$ $\cdot\rangle\rangle$ is the canonical C-bilinear form on $(E)^{*}\cross(E)$ which takes the form:

$\langle\langle\Phi,$ $\phi\rangle\rangle=\sum_{n=0}^{\infty}n!!\langle F_{n},$ $f_{n}\rangle$ , $\Phi=(F_{n})\in(E)^{*}$ , $\phi=(f_{n})\in(E)$ . (3.3)

Every element $\Phi\in(E)^{*}$ is uniquely specified by its S-transform $S\Phi$ since $\{\phi_{\xi};\xi\in E\}$

spans a dense subspace of $(E)$ .
A complex-valued function $F$ on $E$ is called a U-functional if $F$ is G\^ateaux entire

and there exist constants $C,$ $K\geq 0$ and $p\geq 0$ such that

$|F(\xi)|\leq C\exp(K|\xi|_{H,p}^{2})$ , $\xi\in E$ .

Theorem 3.1 [24] $\mathcal{A}$ C-valued function $F$ on $E\iota s$ the S-transform of an element in
$(E)^{*}$ if and only if $F$ is a U-functional.
Remark 3.2 The Bochner-Minlos Theorem admits the existence of a probability mea-
sure $\mu$ on $E_{R}^{*}$ such that

$\int_{E_{\dot{R}}}e^{i\langle x,\xi)}d\mu(x)=e^{-\frac{1}{2}\langle\xi,\xi)}$ , $\xi\in E_{R}$ .

Then the famons Wiener-It\^o-Segal isomorphism between $\Gamma(H)$ and $L^{2}(E^{*}, \mu)$ is a unitary
isomorphism uniquely determined by the correspondence:

$\phi_{\xi}=(1,$ $\xi,$
$\frac{\xi^{\otimes 2}}{2!},$

$\ldots,$
$\frac{\xi^{\otimes n}}{n.!},$ $\ldots)$ $e^{\langle x,\xi\rangle-\langle\xi,\xi\rangle/2}=\phi_{\xi}(x),$ $\xi\in E$ .
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The Gelfand triple obtained from (3.1) through the Wiener-It\^o-Segal isomorphism is
denoted also by

$(E)\subset L^{2}(E^{*}, \mu)\subset(E)^{*}$

which is referred to as the $Hida-Kubo$-Takenaka space. An element of $(E)$ (resp. $(E)^{*}$ )
is called a $t$ est) (resp. generalized) white noise function.

By same argument with the Gelfand triple (2.5), we construct a rigging of Fock
spaces:

$( \mathcal{N})=proj\lim_{\infty parrow}\Gamma(\mathcal{N}_{p})\subset\cdots\subset\Gamma(\mathcal{N}_{p})\subset\Gamma(\mathcal{N}_{0})$

$= \Gamma(H_{Ea,)})\subset\Gamma(\mathcal{N}_{-p})\subset\cdots\subset(\mathcal{N})^{*}=ind\lim_{parrow\infty}\Gamma(\mathcal{N}_{-p})$, (3.4)

where $\Gamma(\mathcal{N}_{p})$ is the Fock space over the Hilbert space $\mathcal{N}_{p}$ , i.e.,

$\Gamma(\mathcal{N}_{p})=\{\phi=(f_{n})_{n=0}^{\infty};f_{n}\in \mathcal{N}_{p}^{\mathfrak{g}_{n}},$ $\Vert\phi\Vert_{p}^{2}=\sum_{n=0}^{\infty}n!|f_{n}|_{p}^{2}<\infty\}$ , $p\in$ R.

The $S_{E,a}$ -transform of an element $\Phi\in(\mathcal{N})^{*}$ is defined by

$S_{E,a}\Phi(\xi)=\langle\langle\Phi,$ $\phi_{\xi}\rangle\rangle_{E,a}$ , $\xi\in \mathcal{N}$ ,

where $\phi_{\xi}$ is the exponential vector defined as in (3.2) and $\langle\langle\cdot,$
$\cdot\rangle\rangle_{E,a}$ is the canonical

C-bilinear form on $(\mathcal{N})^{*}\cross(\mathcal{N})$ which takes the form:

$\langle\langle\Phi,$ $\phi\rangle\rangle_{E,a}=\sum_{n=0}^{\infty}n_{\mathfrak{m}}!\langle F_{n},$ $f_{n}\rangle_{E,a}$ , $\Phi=(F_{n})\in(\mathcal{N})^{*}$ , $\phi=(f_{n})\in(\mathcal{N})$ . (3.5)

Then as a similar result to Theorem 3.1 we prove that a C-valued fmction $F$ on $\mathcal{N}$ is
the $S_{E,a}$-transform of an element in $(\mathcal{N})^{*}$ if and only if $F$ is G\^ateaux entire and there
exist constants $C,$ $K\geq 0$ and $p\geq 0$ such that

$|F(\xi)|\leq C\exp(K|\xi|_{p}^{2})$ , $\xi\in \mathcal{N}$ .

4 Infinite Dimensional Laplacians
Let $\mathfrak{X}$ be a locally convex nuclear space. A function $F$ : ac $arrow C$ is said to be an

element of class $C^{2}(X)$ if $F$ is twice (continuously) Fr\’echet differentiable in each variable,
i.e., there exist two continuous maps

$\xi F’(\xi)\in X^{*}$ , $\xi F’’(\xi)\in \mathcal{L}(X, X^{*})$ , $\xi\in X$

such that
$F(\xi+\eta)=F(\xi)+\langle F’(\xi),$ $\eta\rangle+\frac{1}{2}\langle F’’(\xi)\eta,$ $\eta\rangle+\epsilon(\eta)$

for any $\eta\in X$ , where the error terms satisfy

$\lim_{tarrow 0}\frac{\epsilon(t\eta)}{t}arrow 0$, $\eta\in X$ .
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From the kernel theorem, we use the common symbol $F”(\xi)$ , i.e.,

$\langle F’’(\xi)\eta,$ $\eta\rangle=\langle F’’(\xi),$ $\eta\otimes\eta\rangle=F^{\prime l}(\xi)(\eta, \eta)=\tilde{D}_{\eta}^{2}F(\xi)$ ,

where $\tilde{D}_{\eta}$ is the Fr\’echet differentiation in the direction $\eta$ , i.e.,

$\tilde{D}_{\eta}F(\xi)=\lim_{tarrow 0}\frac{1}{t}[F(\xi+t\eta)-F(\xi)]=\frac{d}{dt}F(\xi+t\eta)_{t=0}$

4.1 Gross Laplacian

The Gross Laplacian $\Delta_{G}$ acting on $(\mathcal{N})$ is defined by

$\Delta_{G}\phi=S_{E,a}^{-1}(\sum_{k=1}^{\infty}\tilde{D}_{e_{a,k}}^{2})S_{E,a}\phi$ , $\phi\in(\mathcal{N})$ ,

where $\{e_{a,k}\}_{k=1}^{\infty}$ is an orthonormal basis of $H_{E,a}$ . Then for any $\phi=(f_{n})_{n=0}^{\infty}\in(\mathcal{N})$ we
have

$\Delta_{G}\phi=((n+2)(n+1)_{\mathcal{T}_{a}^{\wedge}}\otimes^{2}f_{n+2})$ , (4.1)

see [6, 16, 23]. Moreover, we have the following

Theorem 4.1 The Gross Laplacian is a continuous linear operator acting on $(\mathcal{N})$ .

PROOF. Let $\phi=(f_{n})_{n=0}^{\infty}\in(\mathcal{N})$ . Then for any $p>1/2$ and $q>0$ we obtain from
(4.1) that

$\Vert\Delta_{G}\phi\Vert_{p}^{2}$ $\leq$ $\sum_{n=0}^{\infty}(n+2)!(n+2)(n+1)^{p_{1}^{-2q(n+2)}}|\tau_{a}|_{-p}^{2}|f_{n+2}|_{p+q}^{2}$

$\leq$ $C_{E,a}(q)|\tau_{a}|_{-p}^{2}\Vert\phi\Vert_{p+q}^{2}$ ,

where
$C_{E,a}(q)=S11p(n+2)(n+1)l_{1}^{-2q(n+2)}n\geq 0<\infty$ .

Therefore, for any $p>1/2$ and $q>0$ we have

$\Vert\Delta_{G}\phi\Vert_{p}\leq\sqrt{C_{Ea}(q)}|\tau_{a}|_{-p}\Vert\phi\Vert_{p+q}$ , $\phi\in(\mathcal{N})$

which follows the proof. 1

4.2 The Exotic Laplacians

Let Dom $(\Delta_{E,a})$ denote the set of all $\Phi\in(E)^{*}$ such that the limit

$\tilde{\Delta}_{E_{1}a}S\Phi(\xi)=\lim_{Narrow\infty}\frac{1}{N^{a}}\sum_{k=1}^{N}\langle(S\Phi)’’(\xi),$ $e_{k}\otimes e_{k}\rangle$ , $\xi\in E$

exists for each $\xi\in E$ and a fnnctional $\tilde{\Delta}_{E,a}(S\Phi)$ is the S-transform. Then the Exotic
Laplacian $\Delta_{E,a}\Phi$ defined on $Dom(\Delta_{E,a})$ is defined by

$\Delta_{E,a}\Phi=S^{-1}(\tilde{\Delta}_{E,a}S\Phi)$ , $\Phi\in$ Dom $(\Delta_{E,a})$ .
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Theorem 4.2 $\mathcal{A}ny$ element $\phi\in(E)^{*}\cap(\mathcal{N})$ is in Dom $(\Delta_{E,a})$ . Moreover, if $\phi=(f_{n})_{n=0}^{\infty}$ ,
then we have

$\Delta_{E,a}\phi=((n+2)(n+1)_{\mathcal{T}_{a}^{\wedge}}\otimes^{2}f_{n+2})$ . (4.2)

PROOF. Let $\phi=(f_{n})\in(\mathcal{N})$ . Then we can easily show that

$(S \phi)’’(\xi)(e_{k}, e_{k})=\sum_{n=0}^{\infty}(n+2)(n+1)\langle(e_{k}\otimes e_{k})^{\wedge}\otimes^{2}f_{n+2},$ $\xi^{\otimes n}\rangle$

which implies from the definition of Levy trace that

$\tilde{\Delta}_{Ea)}S\phi(\xi)$ $=$ $\lim_{Narrow\infty}\frac{1}{N^{a}}\sum_{k=1}^{N}\sum_{n=0}^{\infty}(n+2)(n+1)\langle(e_{k}\otimes e_{k})\wedge\otimes^{2}f_{n+2},$ $\xi^{\otimes n}\rangle$

$=$ $\sum_{n=0}^{\infty}(n+2)(n+1)\langle \mathcal{T}_{a^{\otimes^{2}f_{n+2},\xi^{\otimes n\rangle}}}^{\wedge}$ .

Therefore, by applying (3.3) we prove (4.2). 1
By Theorem 4.2 and (4.1), the Exotic Laplacian coincides with the Gross Laplacian

on $(E)^{*}\cap(\mathcal{N})$ , which is dense in $(\mathcal{N})$ . Therefore, we can consider $(\mathcal{N})$ as the domain of the
Exotic Laplacian. On the other hand, every harmonic function in $(E)^{*}$ associated with
the Exotic Laplacian belongs to $(\mathcal{N})$ as the zero element. Hence, the vector space $(\mathcal{N})\oplus$

$(E)_{a,h}^{*}$ can be considered as the reasonable domain of the Exotic Laplacian, where $(E)_{a,h}^{*}$

is the linear space of all harmonic functions in $(E)^{*}$ associated with $\Delta_{E,a}$ . Note that
for the study of heat equation and (infinite dimensional) stochastic process associated
with the Exotic Laplacian, the harmonic functions associated with the Laplacian are
not necessary. Therefore, from now on we consider $(\mathcal{N})$ as the domain of the Exotic
Laplacian which is defined by (4.2) for each $\phi=(f_{n})\in(\mathcal{N})$ and then, by Theorem 4.1,
the Exotic Laplacian is a continuous linear operator acting on $(\mathcal{N})$ .

5 One-parameter group and Stochastic process associated with
the Exotic Laplacian

5.1 One-Parameter Group

The symbol of a contimious linear operator $\Xi\in \mathcal{L}((\mathcal{N}), (\mathcal{N})^{*})$ is defined by

$\underline{\underline{\wedge}}-(\xi, \eta)=\langle\langle\Xi\phi_{\xi},$
$\phi_{\eta}\rangle\rangle_{E,a}$ , $\xi,$ $\eta\in \mathcal{N}$ .

An operator $\Xi\in \mathcal{L}((\mathcal{N}), (\mathcal{N})^{*})$ is uniquely specified by the symbol since $\{\phi_{\xi};\xi\in \mathcal{N}\}$

spans a dense subspace of $(\mathcal{N})$ . Moreover, we have an analytic characterization of
symbols.

Theorem 5.1 [22] A C-valued function $\Theta$ on $\mathcal{N}\cross \mathcal{N}$ is the symbol of an operator
$\Xi\in \mathcal{L}((\mathcal{N}), (\mathcal{N})^{*})$ if and only if

(i) $\Theta\iota s$ G\^ateaux entire;
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(ii) there exist $C\geq 0,$ $K\geq 0$ and $p\geq 0$ such that

$|\Theta(\xi, \eta)|\leq C\exp K(|\xi|_{p}^{2}+|\eta|_{p}^{2})$ , $\xi,$ $\eta\in \mathcal{N}$ .

Moreover, $\Theta$ is the symbol of an operator $\Xi\in \mathcal{L}((\mathcal{N}). (\mathcal{N}))$ if and only if $\Theta$ satisfies (i)
and

(iii) for any $p\geq 0$ and $\epsilon>0$ , there exist constants $C\geq 0$ and $q\geq 0$ such that

$|\Theta(\xi, \eta)|\leq C\exp\epsilon(|\xi|_{p+q}^{2}+|\eta|_{-p}^{2})$ , $\xi,$ $\eta\in \mathcal{N}$ .

By applying Theorem 5.1 we can easily see that for each $t\in R$ there exists a unique
operator $P_{t}\in \mathcal{L}((\mathcal{N}), (\mathcal{N}))$ such that

$\hat{P}_{t}(\xi, \eta)=\langle\langle P_{t}\phi_{\xi},$ $\phi_{\eta}\rangle\rangle_{E,a}=e^{t\langle\tau_{a},\xi\otimes\xi\rangle+\langle\xi,\eta\rangle_{E,a}}$ , $\xi,$ $\eta\in \mathcal{N}$ .

In fact, if we put $\Theta=\hat{P}_{t}$ for fixed $t\in R$ , then $\Theta$ satisfies the conditions (i) and
(iii) in Theorem 5.1 which proves the existence of the operator $P_{t}$ . Moreover, for any
$\phi=(f_{n})\in(\mathcal{N}),$ $P_{t}\phi$ is given by

$P_{t} \phi=(\sum_{m=0}^{\infty}\frac{(n,+2m)!}{n!m!}t^{m}(\mathcal{T}_{a}^{\otimes m_{\otimes_{2m}f_{n+2m})I}^{\wedge}}\cdot$ (5.1)

Theorem 5.2 $\{P_{t};t\in R\}$ becomes $a$ oegular one-parameter group of opemtors acting
on $(\mathcal{N})$ ufith infinitesimal generator $\Delta_{E,a}$ .

The proof is a simple modification of the proof of Theorem 4.3 in [6].

5.2 An infinite dimensional stochastic process generated by the Laplacians

Let $\{X_{t}:t\geq 0\}$ be a $(\mathcal{N})$-valued $st0chastic$ process. Then we can write the process
in the form $X_{t}=(X_{t,n})$ . The expectation $E[X_{t}]$ of $X_{t}$ is given by

$E[X_{t}]=(E[X_{t,n}])$

if $(E[X_{t,n}])$ exists in $(\mathcal{N})$ .
For $\eta\in \mathcal{N}$ let $T_{\eta}$ be a translation operator defined on $(\mathcal{N})^{*}$ by

$T_{\eta}\Phi=\sum_{k=0}^{\infty}\frac{1}{k!}D_{\eta}^{k}\Phi$ , $\Phi\in(\mathcal{N})^{*}$ ,

where $D_{\eta}$ is defined by $D_{\eta}\Phi=S_{E,a}^{-1}(\tilde{D}_{\eta}S_{E,a}\Phi)$ . Then we have

$D_{\eta}\Phi=((n+1)\langle F_{n+1}, z\rangle_{E,a})$ , $\Phi=(F_{n})$ .

and

$T_{\eta}\Phi=(\sum_{k=0}^{\infty}\frac{(n+k)!}{n,!k!}\langle F_{n+k\}\eta^{\otimes k}\rangle_{E,a})$ . (5.2)

Therefore, for given $z\in \mathcal{N}^{*}$ and $\Phi\in(\mathcal{N})^{*}$ , it is natural to define $T_{z}\Phi$ by (5.2) whenever
the right hand side of (5.2) is well defined as an element in $(\mathcal{N})^{*}$ .
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Proposition 5.3 For all $z\in \mathcal{N}^{*}$ , the operator $T_{z}$ is in $\mathcal{L}((\mathcal{N}), (\mathcal{N}))$ . Furthermore, for
any $p\geq 0$ . $q>0$ with $|z|_{-(p+q)}<\infty$ , it holds that

$\Vert T_{z}\phi\Vert_{p}\leq\frac{\Vert\phi\Vert_{p+q}}{(1-\ell_{1}^{-2q})}\exp(\frac{|z|_{-(p+q)}^{2}}{2(1-p_{1}^{-2q})})$ , $\phi\in(\mathcal{N})$ .

The proof is given by a similar method of the proof of Theorem 4.2.3 in [23].

Let $\{B_{k}(t);t\geq 0\},$ $k=1,2,$ $\ldots$ , be an infinite sequence of independent one di-
mensional Brownian motions and $\{B_{t};t\geq 0\}$ an infinite dimensional stOchastic process
defined by

$B_{t}=\sum_{k=1}^{\infty}B_{k}(t)e_{a,k}$ , $t\geq 0$ . (5.3)

Lemma 5.4 For all $t\geq 0$ we have $B_{t}\in \mathcal{N}^{*}(a.e.)$ .

PROOF. By definition, we $c$an check that

$E[|B_{t}|_{-p}^{2}]$ $=$ $E[ \sum_{k=1}^{\infty}l_{k}^{-2p}|\langle B_{t},$ $e_{a,k}\rangle_{E,a}|^{2}]$

$=$ $\sum_{k=1}^{\infty}\ell_{k}^{-2p}E[|B_{k}(t)|^{2}]$

$=$ $t \sum_{k=1}^{\infty}l_{k}^{-2p}<\infty$ , $t\geq 0$

for any $p\geq 1$ which implies the assertion. 1

Theorem 5.5 Let $\phi\in(\mathcal{N})$ . Then the equality

$P_{t}\phi=E[T_{B_{2t}}\phi]$

holds for $t\geq 0$ .

PROOF. Let $\phi=(f_{n})\in(\mathcal{N})$ . Then by (5.2) we have

$T_{B_{2t}}\phi=(\sum_{k=0}^{\infty}\frac{(n+k)!}{n!k!}\langle f_{n+k},$ $B_{2t^{\otimes k}}\rangle_{E,a})$ (5.4)

and by (5.3) we have

$\langle f_{n+k},$ $B_{2t}^{\otimes k}\rangle_{E,a}=\sum_{\ell_{1},\ldots,\ell_{k}=1}^{\infty}[\prod_{=1}^{k}B_{\ell_{J}}(2t)]\langle f_{n+k},$ $\bigotimes_{j=1}^{k}e_{L,\ell_{j}}\rangle_{E}$
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Therefore, we have

$( \sum_{\nu=1}^{j}e_{a\ell_{\nu}}^{\bigotimes_{\rangle}2})^{\otimes m}\otimes\xi^{\otimes n\rangle}\wedge$

$S_{E_{\dagger}a}[E[T_{B_{2t}}\phi]](\xi)$

$= \sum_{m=0}^{\infty}\frac{t^{m}}{m!}\sum_{n=0}^{\infty}\sum_{j=1}^{m}\frac{(n+2m)!}{j!}\langle f_{n+2m}$,

all $d\tau f.f’ erent$

$\sum_{\ell_{1},\ell_{j}}$

$E,a$

$= \sum_{n=0}^{\infty}\sum_{m=0}^{\infty}\frac{(n+2m)!}{m!}t^{m}\langle f_{n+2m},$ $( \sum_{\ell=1}^{\infty}e_{a,\ell}^{\otimes 2})^{\otimes m}\otimes\xi^{\otimes n\rangle_{E.a}}\wedge$

$= \sum_{n=0}^{\infty}\sum_{m=0}^{\infty}\frac{(n+2m)!}{m!}t^{m}\langle \mathcal{T}_{a}^{\otimes m_{\otimes_{2m}f_{n+2m},\xi^{\otimes n}\rangle_{E,a}}^{\wedge}}$ .

This implies

$E[T_{B_{2t}}\phi]$ $=$ $( \sum_{m=0}^{\infty}\frac{(n+2m)!}{n!m!}t^{m}(\tau_{a}^{\otimes m_{\otimes_{2m}f_{n+2m}))}^{\wedge}}$

$=P_{t}\phi$ .

1
By Theorem 5.5, we can consider $\{B_{2t}\}_{t\geq 0}$ as a stochastic process generated by

the L\’evy Laplacian $\Delta_{E,a}$ . This is one of reasons why the Exotic Laplacian is called
‘ Laplacian’.
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