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Abstract

In this article, we deal with weak and strong convergence theorems for abstract semigroups
of nonlinear operators in Banach spaces. We first discuss nonlinear mean ergodic theorems
for nonexpansive semigroups in a uniformly convex Banach space whose norm is Fréchet
differentiable. Next, we consider nonlinear ergodic theorems in the case when a Banach space
is general and the domains of the nonexpansive semigroups are compact. Further, we deal with
weak and strong convergence theorems of Halpern’s type and Mann’s type for nonexpansive
semigroups in Banach spaces.

1 Introduction

Let C be a closed and convex subset of a real Banach space. Then a mapping T : C — C
is called nonexpansive if ||[T'z — Ty|| < ||z — y|| for all z,y € C. In 1975, Baillon [5] originally
proved the first nonlinear ergodic theorem in the framework of Hilbert spaces: Let C be a closed
and convex subset of a Hilbert space and let T" be a nonexpansive mapping of C into itself. If
the set F'(T') of fixed points of T' is nonempty, then for each z € C, the Cesaro means Sy (x)
converge weakly to some y € F(T'). In this case, putting y = Pz for each ¢ € C, we have that
P is a nonexpansive retraction of C onto F(T') such that PT = TP = P and Pz is contained
in the closure of convex hull of {T"z :n =1,2,...} for each z € C. We call such a retraction
“an ergodic retraction”. In 1981, Takahashi [26, 28] proved the existence of ergodic retractions
for amenable semigroups of nonexpansive mappings on Hilbert spaces. Rodé [20] also found
a sequence of means on a semigroup, generalizing the Cesaro means, and extended Baillon’s
theorem. These results were extended to a uniformly convex Banach space whose norm is
Fréchet differentiable in the case of commutative semigroups of nonexpansive mappings by
Hirano, Kido and Takahashi [10]. In 1999, Lau, Shioji and Takahashi [15] extended Takahashi’s
result and Rodé’s result to amenable semigroups of nonexpansive mappings in the Banach
space. By using Rodé’s method, Kido and Takahashi [12] also proved a mean ergodic theorem
for noncommutative semigroups of linear bounded operators in Banach spaces. On the other
hand, Edelstein [9] studied a nonlinear ergodic theorem for nonexpansive mappings on a
compact and convex subset in a strictly convex Banach space: Let C' be a compact and
convex subset of a strictly convex Banach space, let T be a nonexpansive mapping of C into
itself and let £ € C. Then, for each point z of the closure of convex hull of the w-limit set w(¢)
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of £, the Cesaro means converge to a fixed point of T, where the w-limit set w(§) of £ is the
set of cluster points of the sequence {T€ : n = 1,2,...}. Atsushiba and Takahashi {4] proved
a nonlinear ergodic theorem for nonexpansive mappings on a compact and convex subset of
a strictly convex Banach space: Let C be a compact and convex subset of a strictly convex
Banach space and let T' be a nonexpansive mapping of C into itself. Then, for each xz € C,
the Cesaro means converge to a fixed point of 7. This result was extended to commutative
semigroups of nonexpansive mappings by Atsushiba, Lau and Takahashi [1]. Suzuki and
Takahashi [24] constructed a nonexpansive mapping of a compact and convex subset C of a
Banach space into itself such that for some z € C, the Cesaro means converge to a point of
C, but the limit point is not a fixed point of T'.

In this article, we deal with weak and strong convergence theorems for abstract semigroups
of nonlinear operators.in Banach spaces. We first discuss nonlinear mean ergodic theorems
for nonexpansive semigroups in a uniformly convex Banach space whose norm is Fréchet
differentiable. Next, we consider nonlinear ergodic theorems in the case when a Banach space
is general and the domains of the nonexpansive semigroups are compact. Further, we deal with
weak and strong convergence theorems of Halpern’s type and Mann’s type for nonexpansive
semigroups in Banach spaces. '

2 Preliminaries

Let C be a nonempty closed convex subset of a Banach space E and let 7 be a mapping of
C into C. Let D be a subset of C' and let P be a mapping of C onto D. Then P is said to
be sunny if P(Pz + t(z — Pxz)) = Pz whenever Pz + t(x — Pzr) € C forx € Candt> 0. A
mapping P of C into C is said to be a retraction if P2 = P. A subset D of C is said to be a
sunny nonexpansive retract of C if there exists a sunny nonexpansive retraction of C onto D.
Let E be a Banach space. Then, for every € with 0 < € < 2, the modulus d(¢) of convexity of
FE is defined by :

. T+
ste) = nf {1 - B oy < 1,100 < 1o vl 2 ¢}

A Banach space FE is said to be uniformly convex if §(g) > 0 for every ¢ > 0. FE is also
said to be strictly convex if [z + y|| < 2 for z,y € E with ||z|| < 1, |lyll € 1 and = # v.
A uniformly convex Banach space is strictly convex and reflexive. Let E be a Banach space
and let E* be its dual, that is, the space of all continuous linear functionals z* on E. The
value of z* € E* at z € E will be denoted by (z,z*). With each z € E, we associate the
set J(z) = {z* € E* : (z,z*) = ||z||® = ||z*||?}. Using the Hahn-Banach theorem, it is
immediately clear that J(z) # @ for any z € E. Then the multi-valued operator J : E — E*
is called the duality mapping of E. Let U = {z € E: ||z|| = 1} be the unit sphere of E. Then
a Banach space F is said to be smooth provided

-z tyll — lal
t—0 t

exists for each z,y € U. When this is the case, the norm of E is said to be Gateaux differen-
tiable. It is said to be Fréchet differentiable if for each z in U, this limit is attained uniformly
for y in U. The space E is said to have a uniformly Gateaux differentiable norm if for each
y € U, the limit is attained uniformly for z € U. It is well known that if E is smooth, then
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the duality mapping J is single valued. It is also known that if E has a Fréchet differentiable
norm, then J is norm to norm continuous; see [30, 31] for more details.

Let S be a semitopological semigroup, i.e., a semigroup with Hausdorff topology such that
for each s € §, the mappings t — ts and t — st of S into itself are continuous. Let B(S) be
the Banach space of all bounded real valued functions on S with supremum norm and let X
be a subspace of B(S) containing constants. Then, an element y of X* is called a mean on
X if [juf| = u(1) = 1. We know that ;1 € X* is a mean on X if and only if

inf{f(s) : s € §} < u(f) < sup{f(s) : s € S}

for every f € X. For a mean p on X and f € X, sometimes we use u(f(t)) instead of
p(f). For each s € S and f € B(S), we define elements 4,f and r,f of B(S) given by
(€s£)(t) = f(st) and (rsf)(t) = f(ts) for all t € S. Let X be a subspace of B(S) containing
constants which is invariant under ¢,, s € S (resp. r5, s € §). Then a mean x on X is said to
be left invariant (resp. right invariant) if p(f) = pu(€sf) (resp. u(f) = u(rof)) forall f € X
and s € S. An invariant mean is a left and right invariant mean. X is said to be amenable if
there exists an invariant mean on X. We know from [8] that if S is commutative, then B(S)
is amenable. S is called left reversible if any two right ideals in S have nonvoid intersection,
le., aSUbS # 0 for a,b € S. The class of left reversible semigroups includes all groups and
commutative semigroups. Let S be a semitopological semigroup and let C be a nonempty
subset of a Banach space E. Then a family S = {T, : s € S} of mappings of C into itself
is called a nonexpansive semigroup on C if it satisfies the following: (i) Tz = T,T;z for all
5,t € § and z € C; (ii) for each # € C, the mapping s — T,z is continuous; (iii) for each
s € 5, T, is a nonexpansive mapping of C into itself. In the case of S = Ry = [0,00) and
Tp = I, we denote a nonexpansive semigroup S = {7, : s € S} on C by {S(t) : t € Ry}
and call it a one-parameter nonexpansive semigroup on C. For a nonexpansive semigroup
8§ = {T, : s € S} on C, we denote by F(S) the set of common fixed points of T;,s € S. We
also denote by C(S) the Banach space of all bounded continuous functions on S.

3 Mean Ergodic Theorems

Let S be a semitopological semigroup and let {u, : o € A} be a net of means on C(S).
Then {uq € A} is said to be asymptotically invariant if for each f € C(S) and s € S,

pa(f) — pa(€sf) — 0 and Ha(f) — pa(rsf) — 0.

If C is a closed convex subset of a reflexive Banach space E and S = {Ts : s € S} isa
nonexpansive semigroup on C such that {T,z : s € S} is bounded for some = € C. Let [ be
a mean on C(S). Then we know that for each 2z € C and y* € E*, the real valued function
t — (Tiz,y*) is in C(S). So, we can define the value u;(Tyz,y*) of u at this function. So, by
the Riesz theorem, there exists an z¢ € E such that p, (Tyz, y*) = (zo,y") for every y* € E*,
‘We write such an zg by T,z or [ T,zdu(t); see [26, 10] for more details. The following is the
first mean ergodic theorem for a noncommutative nonexpansive semigroup on C in a Hilbert
space.

Theorem 3.1 (Takahashi [26]). Let H be a Hilbert space and let C be a closed conver subset
of H. Let C(S) be amenable and let S = {T; : t € S} be a nonezpansive semigroup on C with
F(S) # 0. Then there exists a unique nonezpansive retraction P of C onto F(S) such that
PTy =TiP =P for everyt € S and Pz € co{Tyz : t € S} for every z € C.
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The following is Rodé’s theorem [20] which extends Baillon’s theorem to a noncommutative
nonexpansive semigroup on C in a Hilbert space.

Theorem 3.2 (Rodé [20]). Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Let S be a semitopological semigroup and let S = {T; : t € S} be a nonezpansive
semigroup on C with F'(S) # 0. If {ua} is an asymptotically invariant net of means on C(S),
then for each x € C, T, x converges weakly to an element of F(S).

Next, we state a nonlinear ergodic theorem for a nonexpansive semigroup in a Banach
space. Before stating it, we give a definition. A net {u,} of continuous linear functionals on
C(S) is called strongly regular if it satisfies the following conditions: (i) sup ||ual| < +o0; (ii)

[23

lim pq (1) = 1; (iii) im ||pe — 75 pal| = O for every s € S.
[ [e ]

Theorem 3.3 (Hirano, Kido and Takahashi [10]). Let S be a commutative semitopologi-
cal semigroup and let E be a unifromly convex Banach space with a Fréchet differentiable norm.
Let C be a nonempty closed conver subset of E and let S = {T; : t € S} be a nonezpansive
semigroup on C such that F(S) is nonempty. Then there exists a unique nonezpansive retrac-
tion P of C onto F(S) such that PI}, = T,P = P for everyt € S and Pz € c6{Tyx : t € S}
for every x € C. Further, if {ua} is a strongly regular net of continuous linear functionals on
C(S), then for each z € C, T, Tix converges weakly to Pz uniformly int € S.

In 1999, Lau, Shioji and Takahashi [15] extended Theorem 3.3 to an amenable semigroup
of nonexpansive mappings on a uniformly convex Banach space.

Theorem 3.4 (Lau, Shioji and Takahashi [15]). Let E be a uniformly convexr Banach
space with a Fréchet differentiable norm and let S be a semitopological semigroup. Let C
be a closed convex subset of E and let S = {T; : t € S} be a nonexpansive semigroup on
C with F(S) # 0. Suppose that C(S) has an invariant mean. Then there ezists a unique
nonezpansive retraction P from C onto F(S) such that PT; = TP = P for eacht € S and
Pz € to{T,x : t € S} for each x € C. Further, if {ua} is an asymptotically invariant net of
means on C(S), then for each x € C, {T,,x} converges weakly to Px.

Atsushiba and Takahashi [4] proved a nonlinear ergodic theorem for a one-parameter non-
expansive semigroup in a strictly convex Banach space which is connected with Dafermos and
Slemrod [7].

Theorem 3.5 (Atsushiba and Takahashi [4]). Let E be a strictly conver Banach space
and let C' be a nonempty compact convex subset of E. Let S = {S(t) : 0 =t < oo} be a one-
parameter nonezpansive semigroup on C and let x € C. Then, (1/t) fot S(7+ h)xdr converges
strongly to a common fized point of S(t), t € [0,00) unifomnly in h € [0,0).

Further, Atsushiba, Lau and Takahashi [1] obtained the following theorem which generalizes
Theorem 3.5.

Theorem 3.6 (Atsushiba, Lau and Takahashi [1]). Let E be a strictly convex Banach
space, let C' be a nonempty compact convex subset of E and let S = {1y : t € S} be a
nonezrpansive semigroup on C, where S is commutative. Let {A\o : a € A} be a strongly
regular net of continuous linear functionals on C(S) and let x € C. Then, [ThiizdAo(t)
converges strongly to a common fized point yo of Ty, t € S uniformly in h € S.

Remark Suzuki and Takahashi [24] constructed a nonexpansive mapping T of a compact
convex subset C of a Banach space into itself such that for some z € C, the Cesaro means
converge, but the limit point is not a fixed point of 7. Suzuki [23] showed that there exists a
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one-parameter semigroup {7'(¢) : t € R4} of nonexpansive mappings of a closed and convex
subset C in a Banach space into itself such that

¢
tll’rglo |]1/t/0 Tt)x dt—x|| =0

for some x € C which is not a common fixed point of {T°(¢) : t € R, }. Very recently, Miyake
and Takahashi [19] extended Theorem 3.3 to that of noncommutative nonexpansive semigroups
in general Banach spaces.

Theorem 3.7 (Miyake and Takahashi [19]). Let E be a Banach space, let C be a nonempty
compact convex subset of E and let S = {T; : t € S} be a nonezpansive semigroup on C, where
S is a semitopological semigroup. Let {\y : o € A} be an asymptotically invariant net of means

on C(S) and let z € C. Then, [ThitxzdAo(t) converges strongly to a point yo uniformly in
hesS.

Using Theorem 3.7, they also obtained the following mean ergodic theorem.

Theorem 3.8 (Miyake and Takahashi [19]). Let E be a strictly convex Banach space, let
C be a nonempty compact conver subset of E and let S = {I} : t € S} be a nonecpansive
semigroup on C, where S is a semitopological semigroup. Let {\y : a € A} be an asymptotically
invariant net of means on C(S) and let x € C. Then, [ ThtixdAo(t) converges strongly to a
common fized point yo of T3, t € S uniformly in h € S.

4 Strong Convergence Theorems of Halpern's Type

Shimizu and Takahashi [21] introduced the first iterative scheme for finding a common fixed
point of a family of nonexpansive mappings and proved the following theorem:

Theorem 4.1 (Shimizu and Takahashi [21]). Let C be a nonempty closed convex subset

of a Hilbert space H and let {S(t) : t € R,} be a one-parameter nonexpansive semigroup on
C such that (Yyeg, F(S(t)) # 0. Then, for each z € C, {zn} generated by z, = x and

1 [t
Tn+1 =anw+(1—an)t— S(s)znds, n=12,...,
n JO

converges strongly to an element Pz of (\,cx, F(S(t)) astn — oo, where {an} C [0, 1] satisfies
limp, o @, =0 and 3,2 | oy = 00.

Shioji and Takahashi [22] extended Theorem 4.1 to that of a Banach space.

Theorem 4.2 (Shioji and Takahashi [22]). Let E be a uniformly conver Banach space
with a uniformly Gédteaur differentiable norm and let C be a nonempty closed convex subset
of E. Let § = {T; : t € S} be a nonezpansive semigroup on C such that F(S) # 0 and {un}

be a sequence of means on C(S) such that ||un — L5unll = O for every s € S. Suppose that
z,y1 € C and {y,} is given by

Yn+1 =ﬂnx+(1 _6n)Tunyn’ n= 1727"'7

where {3} is in [0,1]. If {Bn} is chosen so that limg, o0 6n =0 and 32,8, = oo, then {yn}
cénverges strongly to an element of F'(S).
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Lau, Miyake and Takahashi [13] also proved such a strong theorem of Halpern’s type in the
case when a Banach space is smooth and the domains of the nonexpansive semigroups are
compact.

Theorem 4.3 (Lau, Miyake and Takahashi [13]). Let E be a strictly convex and smooth
Banach space and let C be a compact convex subset of E. Let S be a left reversible semigroup
and let S = {T; : t € S} be a nonexpansive semigroup on C. Let C(S) be amenable and let
{un} be a strongly left regular sequence of means on C(S). Suppose that ; =z € C and {z,}
s given by

Tnt1 =0nZ+ (1 —ap)Ty,zn, n=12,...,

where {an} C [0,1] satisfies limy,— oo an = 0 and L, a, = 00. Then {yn} converges strongly
to an element Pz of F(S), where P denotes the sunny nonezpansive retraction of C onto
F(S).

As direct consequences of Theorem 4.3, we have the following corollaries.

Corollary 4.4. Let E be a strictly convexr and smooth Banach space and let C be a com-
pact and conver subset of E. Let S = {T'(t) : t € R} be a one-parameter semigroup of
nonezpansive mappings of C into itself. Then, for each xy =z € C, define

1 [t

Tntl =anx+(1—an)—-/ T(s)xnds, n=1,2,...,
tn 0 :

where {an} C [0,1] satisfies limp oo @n = 0 and 320, = o0 and {tn} C 0,00] satisfies

lim, oo tn = 00 and lim, _, % = 1. Then, {z,} converges to a common fized point of S.

Corollary 4.5. Let E be a strictly convexr smooth Banach space and let C be a compact and
convex subset of E. Let S = {T(t) : t € Ry} be a one-parameter semigroup of nonezpansive
mappings of C into itself. Then, for each 1 = x € C, define

o0
Tn+1 = anx + (1 — an)'rn/ exp(—rns8)T(s)znds, n=1,2,...,
0

where {a,} C [0,1] and {r,} C (0,00] satisfy lim, ..o, = 0, XX, 0, = oo and
limn_ oo 7n = 0. Then, {zn} converges to a common fized point of S.

5 W.eak Convergence Theorems of Mann's Type

Motivated by Shimizu and Takahashi [21], Atsushiba and Takahashi [3] also obtained the
following weak convergence theorem.

Theorem 5.1 (Atsushiba and Takahashi [3]). Let C be a nonempty closed convez subset
of a Hilbert space H and let {S(t) : t € R.} be a one-parameter nonexrpansive semigroup on
C such that (,cg, F(S(t)) is nonempty. Suppose that x; = x € C and {z,} is given by

tn

xn+1=anmn+(1—an)%—- A S(8)xnds, n=12,...,
n

where t, — 0o as n — oo and {a,} C [0,1] satisfies 0 < an < a < 1. Then {z,} converges
weakly to a common fized point of ﬂtGR+ F(S(t)).
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Atsushiba, Shioji and Takahashi [2] extended Theorem 5.1 to that of a Banach space.

Theorem 5.2 (Atsushiba, Shioji and Takahashi [2]). Let E be a uniformly convex
Banach space with a Fréchet differentiable norm and let C be a nonempty closed convex subset
of E. Let S = {T; : t € S} be a nonexpansive semigroup on C such that F(S) # 0 ande let
{tn} be a sequence of means on C(S) such that ||p, — Lipnl| = 0 for every s € S. Suppose
that x1 = ¢ € C and {z,} is given by

Tpntl = QnTn + (1 - an)Tunwm n=12,...,

where {a,} C [0,1] satisfies 0 < a, < a < 1. Then {z,} converges weakly to an element
zo € F(S).

Suzuki and Takahashi [25] also proved such a theorem of Mann’s type when a Banach space
is general and the domains of one-parameter nonexpansive semigroups are compact.

Theorem 5.3 (Suzuki and Takahashi [25]). Let C be a compact convez subset of a Banach
space E and let S = {S(t) : t € R} be a one-parameter nonexpansive semigroup on C. Let
z; € C and define a sequence {z,} in C by

tn
Tnt1 = -j—ﬁ S(8)zpds+ (1 —an)z,, n=1,2,...,
n Jo

where {a,} C [0,1] and {t,} C (0,00) satisfy the following conditions:

.. . . .t
0 < liminfa, < limsupa, <1, lim t, =co and lim 2%l =1,
n—00 n—00 n—00 n—oo  tpn

Then {z,} converges strongly to a common fized point of S.

Miyake and Takahashi [16] extended Theorem 5.3 to commutative nonexpansive semigroups
in a Banach space.

Theorem 5.4 (Miyake and Takahashi [16]). Let C be a compact convex subset of a Banach
space E and let S = {T; : t € S} be a commutative nonezpansive semigroup on C. Let {un}
be an asymptotically invariant sequence of means on C(S) such that lim, o ||ttn — tn+1} = 0.
Let {x,} be the sequence defined by x; € C and

Tnt1 = nLpy, Tn + (1 —an)zn, n=12,...,

where {a,} C [0,1] satisfies 0 < liminf,, o an < lim éupn_,oo an, < 1. Then {z,} converges
strongly to a common fized point of S.

Problem Let C be a compact convex subset of a Banach space E and let S = {T}: t € S}
be a noncommutative nonexpansive semigroup on C. Let {u,} be an asymptotically invariant
sequence of means on C(S) such that lim,— o ||tn — pn+1l] = 0. Suppose that {a,} C [0,1]
satisfies 0 < liminf, .o an < limsup,,_, . an < 1 and {z,} is the sequence defined by z, € C
and

Tntt =0Ty, zn+ (1 —an)zn, n=12,....

Then, does {z,} converge strongly to a common fixed point of S?
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