0000000000
0 16150 2008 0 20-27 20

RIESZ BASIS & FRAME OBRIZDUNVT

HiERFR%E LTFEH i BE (Akihiro Nakamura)
Department of Mathematics
Tokai University

ABSTRACT. BT, P.G. Casazza, O. Christensen, S. Li and A. Lindner /% [2] iz
BT, » 5542 THFREEBEERIT L2 —n, 7] IZBV T, Riesz basis T
H DD frame IZ2 62 NPDNTRNTHD I L E2RLE. ZHUIRFE2ELN
(¥, frame 7% Riesz basis £ R D57 DDREFEEEXHHLDOTHHLELEZOHND.
A —MIBWT, BoORERED LILFEHRERET 5.

1. INTRODUCTION

£, T TCHEIAFIOEREERD. AL FERHICBITAHERE A
FI{fa} 13, ENDICE > TERINDIMIEH S ZERHN H I W T dense 72 5 1F
complete in H THDHE WS, ZDZ &% span{f,} = H &XT. 7=, {f,} D
EOBRLMDOLDICL > TERENIWMAEMOBEICE SV 6T, {f.)
L minimal THDHEWD. DEY, fi ¢ span{fulnu PEETHD. KIZ, b L,
Snonfn=0&95¢ a, =0foralln &RDR6IE, {fn} 1T w-independent TH
HEWS . BN, {f.}  minimal 72 51¥ w-independent TH 5.

KIZ, {fn} 23 frame for H TH D LIZIEDERK A, B > 0 BFEL T,

AMHFSZQUJMVSBWW

BRRYVSDZ & THD. B A, B frame bounds & FEiEN 5. EEBOP T, H %
span{f,} B XM X 572 61T {f.} % frame sequence TH B L5 !
{fr} 2% complete TH Y, DOEDFERK A, B > 0 BFEL T, EBOERES

{c } IZHRL T

A (el < | enta] < BY leal®
DR Y SLD72 HIE, {fn} X Riesz basis for H TH 5 L5 . EH A, B IZHIZHE
C&ITRVA, & — B TIiX Riesz bounds L ESRZ L2353, EBOF T, H%E
span{fp} \CE XM X 572 51X {fn} & Riesz sequence T 5D &\ 5. Riesz basis IZ
frame & 729, Z® & X frame bounds & Riesz bounds 1Z3—E3 5 Z & BT
WA, 7=, Wi, HDHRMEDT T frame 2% Riesz basis £ 25 L XL N6 DEE
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=BT 5 LN TV (F121F, Young[12, pp.126 ~ 131] Z B ). frame
73 Riesz basis L7257 DLLTFOREREL I <L TV 5:

Proposition A (e.g. Young [12, pp.154 ~ 158).

If {e"*%},¢cz is a frame and is w-independent, then it is a Riesz basis.
?E%#WU A= {)‘n}nez t;t, %) L
73275,')‘" —Am| >0

22372 61, separated TH DB L Vvbhb. A — MIBWT, Malb A~
NV hZERIE LT H = L?[—m, 7] %, £ LT, sup, |Im \,| < oo Z{#7=9 separated
BREFN A = {Mtnez IR LT, {fu} = {e?t} ez £ E % T, Riesz bases (Riesz
sequences) & frames (frame sequences) & O DR ETH 5.

£, §212BW T, ERICBR_EME ZRD, HD VIR, WL O 0f)
TS,

T, P.G. Casazza, O. Christensen, S. Li, and A. Lindner 1% [2] {233\ T, Balan
B|FD/RRERANT, ROBEREFB

Theorem A ([2, Proposition 16.10]).

Let {A\x}rez be a sequence of real numbers such that
1

e
Then either {e*t}ycz is a Riesz basis for L?[—m, ] or it is not a frame for
L?[—m, 7).

§312B VT, Fx 1L Theorem A ICBITBHEMB (1.1) 2IxT LEEREREZES.

H I 1 ODFEREBRBHENC, Fex L “excess” EMEZN A EBEATH. HFE
FEEBEER (Mt ez 2D, NEDOEEZERY R /- L %, complete % ¥ T minimal
LB 72 BIXF T excess N ZFFD L\,

sup |\ — k| = (1.1)
keZ

E(A) =N
ERT. WIZ, {eP) ez 1T N EDIE
it ... ginnt
TN % % &, complete 7> minimal & 72572 513
E(\) = —N

L RT. BREEBEECR {e} ez #3 minimal F 721X complete TIH 5 Z & iX excess
ERAVWDLLUTOIIICELDONDZ EBMONTVD ¢

e {e*t}, cz 73 minimal TH B 7=HDONE+ZTEEFITEA) <0.
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e {e""*} ez 7% complete 7>> minimal T& % 7= O MLE+453 &1L E(X) = 0.

EH b, EEARBEOEA R Y BV T H complete VR D2 WA, E\) =
0 THDEEEL, EEERRBOEZMITIMZ T complete 1272 5 72L EE I,
EA)=-coThdLEX S,

K —=bDH I 1 OOFERIT excess # AV 7=, Riesz basis & frame & ORURIC
DNTHERTZHEDTHB.

2. W ODH

I T T, BERIEEBEEOR {2} nez D Riesz basis, basis, minimal, w-independent,
separated, complete & W o 72 MEE 2R OB & Fiz 2l E W OnIT S, LT
DEDICEBEZEDD. Z T, B 5 “basis” &1, Riesz basis DEZEIZEIT S
ERFINEDOEEEZTT LELDE &7,

RB = Riesz basis, B = basis, F = frame.
CM = complete %>-2> minimal, Cw = complete 2> >w-independent.

CSP = complete 7>2 separated, C = complete.
FTITONBEZ ELHDD, IROBURBAY ST :
RB-—B — CM — Cuw.

RB—F —C.

CM — CSP.

INHLOBEROYFIX, “B — RB” B3R THAMITE TR Y L=\ 2 & M4
HRTWD.

#1. {e} eCM, €B H> ¢F 72 541 (Levinson [5] ; Young [10], [11]; Casazza,
Christensen, Li and Lindner [2]).

_jn—-13 n > 0, (2.1)
Hin n+%, n < 0. _ '
n+ 1%, n > 0,
An =140, n =0, (2.2)
n— 1 n < 0.
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INHDHN CM THDZ &, [5] TRENTEY, basis TRV I &1 [10),
11) DFERTH Y, frame TRV Z & iE Theorem A L VSN TH D, EiZ-h b
2 ODFNIEERNCIZ 1 2 TH D, L7, 7] LD isometric isomoriphism,

() —> e'2g(t)
2RI L, (21)1X (22) B D Z Ebas.
2. {e”~'} €F 7> ¢CM; {e**} eCSP > ¢Cw 72 5 .
{ei%a eint}nEZ
AL, IZFEALHALLREITH S,

#13. {e”} eCSP, €Cw %>> gCM (Young [10] and Singer [9]),
¢ F (Casazza, Christensen, Li and Lindner [2]) 72 5 5.

n—%, n > 0,
)\'n,: O, n=0,
n+%, n < 0.

Cw THDZ &L, [9] 8§86, Example 6.1 ® b) IZBWNTHRRLN TV S —fF
?® Banach ZRE D&%, (2.1) THE 2 LD {e#t}, 4o 2% basis TRWZ & &R
L7z [10] DR RICE O TEATIITR SRS, {eMt) eCw ho gCM(fE T,
ZRB) 727> 5, Proposition A £V, {e*t} g F THDZ L B¥b25b. ZORERIT
[2, Example 16.11] THLIRRHNTH B 5, R4 iIBEERE 5 2 7-.

Bl 4. {eit} €F 73> ¢SP 72 % fAl.

n+%, n > 0,
Hn = 03 n=0,
n— i n < 0.

{n—{—%-{—sn, n > 0,
Tn =
n— £ — En, n < 0.

SIT, e = 0, £n £ 0BT, FDLE, {0,105 U {€7} o €F 3> ¢SP
THEZLITALNTHB.
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3. MaIN REsuLTS

ZZTIE, £7, Theorem A DRERZ DV LT =R R~ Z. ZH L simple
BEENPLHLND. KRIZ, excess & AV 7=, Riesz basis & frame & 0 BIE 4k 2
2R3,

Proposition 3.1. If {e""'},cz is minimal, then it is either a Riesz sequence or
not a frame sequence in L?[—7, 7).

Z DRERIZL, Proposition A ZBWT, 275 bICB SRS, £72, “minimal” DR
Tl “w-independent” |ZBX# X TH L.

Corollary 3.1. If {e*!},cz is incomplete, then it is either a Riesz sequence or
not a frame sequence in L?[—, 7).

ZAUE, {e '} ez A5 complete T72Y 72 & 1E minimal 1272 B & VY 9 58 (Schwarz;
see Alexander and Redheffer 1, p.61, Remark 4]) % %iZ, Proposition 3.1 7>&
B/ S. IRD Corollary i3 Theorem A # SR L E2 LN 5.

Corollary 3.2. Let a,b be nonnegative constants and {€n}nez be a complex se-
quence such that

1
€0 =0, sup|Re &,| < 7 sup |Im &,| < oo.
n n

If we define the sequence A = {\, }nez as follows,

n+e, +a, n > 0,
An =10, n =0,
n+¢e, — b, n <0,

then {€*t}ncz is either a Riesz sequence or not a frame sequence in L?[—m, 7).

T OFEFRIT Kadec’s 1/4-Theorem & [4, Theorem] 33 J U} Proposition 3.1. %
WTEERR & 5.

Corollary 3.2 {2851 T, I, {enbnez IZREFE L, supnyo len| < § ZWTT L
Lia—b=—1/4L L5, SED

’I’L-{—i—ké‘n, n > 0,
)\n: 07 n:()’ (3‘1)
n—i+en, n <0,

£3 5L, {e™ '} ez 1T Riesz sequence T3 5 A, frame sequence T2 HD UV
NN THDZ ENRLMND. &6,
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C <0, n > 0,
1>0, n<o,

oinfholen| =0 &35 L, X Theorem A 52 5.
RIZ, Redheffer and Young [8, Theorem 3] I k> TEZ bR KOBEEEZ S

Theorem B.
~ Let

(0, n =0,

1, n=1,
= 3.2
Hn = n + ! + b ) n>2 (3:2)

4 logn
{ —H—n, n < 07

then {e*~'},cz is complete in L?[—m, 7] if 0 < B < 1/4 and not if 3 > 1/4.

B#0DE XX sup, | —n| > 1/4 7025, Z OFZ Theorem A ITEA TE 72
WA, Corollary 3.2 25 TE 5. Fxlide, = (/logn (n>2) & & 5. Redheffer
[7, Theorem 47]) & [4] 736, E(u) =0for0 < 3 < 1/42> D E(u) = —1for 8 > 1/4
EIRBT LN D. EHIZ, [6, Theorem 2.1 and §3] IZF VT, 0 < B < 1/41C
st LT, {e®¥},ez IX Riesz basis TiE72<, 8 > 1/41Zxf L TIX, Riesz sequence
TRNI L RELIE. T OME, Corollary 3.2 225, 0 < 8 < 1/4 1% LT,
{e®#t} ez 1E frame T2 <, 8 > 1/4 &%t L T, frame sequence T2V I & M
B, RE,0< B<1/4DE &, {e#nt),oq B3 basis LR B E D NIRMBHETH
% ([6, Problem 3.1]).

WOFERIX Young [12, p.156, Lemma 6] 2> 5, IBHBIIZHE LS.

Proposition B.
Let { fn}nen be a frame in a Hilbert space H and I be a finite subset of N,
I = {nl, 9, ..., nm} -

Then { fn}nen_r1 leaves either a frame or an incomplete set.
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INZHWL L, UTORENEOND .
Theorem 3.1. Let A = {\, }ncz be a sequence of complezr numbers satisfying
An—n| < L, (3.3)

where L is a positive constant and assume that E(A) =m > 1, and let I be any
subset of m-elements from Z, '

I = {nl,ng, ,nm} C Z.
Then {€**},cz-1 is a Riesz basis if and only if {€*Y ez is a frame.

ZORRIIINETBRTELELEMORER L B2 5, Riesz basis & frame &
DEABREEXDHLDTH 5.

Remark 3.1. Theorem 3.1 Z "% &, Theorem A DRERF 1 5/ LEEL < 7k~
DIEMTED. 7205, M}z &

1
sup |\, — n| = 1
nez

M RESNL T5. ZoL &, [7, Theorem 47] AV 5 &, E(A) =0 £ /213 1
ERRDIEBRDLNS. L, EA)=1¢95 L, {1}, X Riesz basis TR
&, Theorem A XY frame TRUWZ &35, ZDFEE, Theorem 3.1 225, £
BDny € ZITH LT, {*t},45, 13 Riesz basis TRUWZ L b,

B 1&IZ frame TRUWMAIZ 2 DEF 5. 6 OB frame T2V 2 & 1%, Theorem
ADDIZTEBIZEMAN AN, Fx OFERE2BV-RIEERE 2R~ 5.

Example 3.1.

n—%, n > 0,
/‘Ln: 1
n+ 3, n <0,

&9 DL, [5, p.67] (see [12, Theorem 5, p.103]) IZ & = T, {e#} 40 1% complete
and minimal TH DT L HBPHH%. F£7=, [10, Theorem 2] 2>5, Fiik basis T/
WZ EbH 02D, 62T, Riesz basis TH 722 035, Proposition 3.1 X ¥V, frame T
RN LG,
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R DOBFI frame TR WHIFERAZ T TIZ, pd THE X ED, BTl ~5 L5z
Theorem 3.1 W THEMN 5.

P

Example 3.2. Let

n—zx, n > 0,
)\n: 0, n:O,
n—l—%, n < 0,

then E(A) = 1 and {€**'}n0 is not a Riesz basis as shown by the above ezample.
Consequently, {e***},cz is not a frame by Theorem 3.1.
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