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PERIODS OF AUTOMORPHIC FORMS AND
L-VALUES

TAMOTSU IKEDA

1. Introduction

This article is a proceeding of an expository talk, in which I discussed
a possibility to relate a period integral to some L-values.

Let G be a connected reductive algebraic group defined over an al-
gebraic number field k. Let 7w be an irreducible cuspidal automorphic
representation of G(A). Let H C G be a connected algebraic subgroup.
Let 6 : H(A) — C* a character which is trivial on H (k).

Definition 1.1. An integral of the form
Pase)= [ p(wERdh

H(k)\H(A)
is called an (H, 6)-period.

Remark 1.2. Some people say that the terminology “period” is inade-
quate in this context.

The automorphic representation 7 is said to be (H, 0)-distinguished
if Pro(p) # 0 for some ¢ € n. If there is no fear of confusion, we
simply say that 7 is distinguished.

If dimcHompy, (my,6,) < oo for all v, then it is believed that the
period integral Py g(¢p) is related to some L-values. More precisely, we
are looking for a formula, which is of the form

Pro(p)®> _ 1 Ag L(1/2,T, p) o
(p,0) §Sn CHAH L(1, 7, Ad) I:[lv@Pl,w(Pl,v).

Here, S, is a certain finite group depending only on the L-packet of .
The constant Ay (reps. Ag) is a product of certain L-value determined
by the motive (see Gross [8]) of reductive part of H (resp. G). The
constant Cy is a constant depending only on the choice of the local
and global Haar measure on H(A). The representation p is a finite
dimensional symplectic representation of {G. The local homomorphism
l, € Hompy, x g, (my % 7y, 0 x §) should depends only on local data. We
call this kind of equation a “period formula” in this manuscript. A
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typical (conjectural) example of a period formula is the Gross-Prasad
type conjecture for orthogonal groups (joint work with Ichino [15]),
which we recall in the next section.

2. Gross-Prasad type conjectures

Let k be a global field with char(k) # 2. Let (V3, Q1) and (Vp, Qo) be
quadratic forms over k with rank n+1 and n, respectively. We assume
n > 2. When n = 2, we also assume (Vj, Qo) is not isomorphic to the
hyperbolic plane over k. We denote the special orthogonal group of
(Vi, @;) by G; (¢ = 0,1). In this section, the subscript ¢ will indicate
either 0 or 1, except for some obvious situation. We assume there is
an embedding ¢ : V; — Vi of quadratic spaces. Then we have an
embedding of the corresponding special orthogonal group ¢ : Go — Gi.
We regard Go as a subgroup of G; by this embedding. The group
Gi(ky) of k,-valued points of G; is denoted by G; -

For even-dimensional quadratic form (V, @), the discriminant field
Ko is defined by Kq = k(1/(—1)4=V/2det Q). We put K = Kgq,
(resp. K = Kg,), if dim V} is even (resp. if dim V; is even).. We call K
the discriminant field for the pair (V;, Vp). Let x = xk/x be the Hecke
character associated to K/k by the class field theory.

Put

o [e@6@- 6@ if dimV; =20+ 1,
G0 = ¢ (2)¢(4) - - (2 — 2) - Ly(l, x)  if dimV; =2,

A = ¢(2)¢(4)---¢(21) if dimV;=20+1,
%7 1¢@)¢@)---¢@—2) - L(l,x) if dmV;=2

Let m; ~ ®,7i,, be an irreducible square-integrable automorphic rep-
resentation of G;(A). There is a canonical inner product (*, ) on forms
on G;(k)\Gi(A) defined by

(i, L) = / o:(9:) 7 (@) dgs
Gi(k)\Gi(A)

where dg; is the Tamagawa measure on G;(A). We choose a Haar
measure dg; , on G, for each v. There exist a positive numbers C; such
that dg; = Ci[], dgi,v, when the right hand side is well-defined. Since
;v 1S an unitary representation, there is an inner product (*, *)y OB Ty
for any place v of k. We put ||@i.|| = (goi,v,cpi,,,).l,/ 2, as usual. There
exists a positive constant Cy, such that (@i, ¢}) = Cr; [1,(0i: Pliwv
for any decomposable vectors @; = ®y@iy € ®uTiy and @] = Quvipiy €
®v7ri,v '
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We fix maximal compact subgroups K; = [], Ki1p € Gi1(A) and
Ko = [I,Ko» € Go(A) such that [Kp : K1 N Ko] < co. We choose a
K;-finite decomposable vector ¢; = ®,P;v € @,T;,. In this section, we
corzsx)ler the period (®1|g,, wo) Where p1|g, is the restriction of ¢; to
Go(A

Let S be a finite set of bad pla,ces containing all archimedean places.
We may and do assume the following conditions hold for v ¢ S:

(Ul) G; is unramified over k,.

(U2) K,, is a hyperspecial maximal compact subgroup of G .
(U3) ’CO,v C ’Cl,v

(U4) m;, is an unramified representation of G .

(U5) The vector ¢;, is fixed by K;, and ||p;.|| = 1.

(U6) f)ci’v dgi,v = 1.

When G; is unramified over k,, we shall say that a Haar measure
on G;, is the standard Haar measure if the volume of a hyperspecial
maximal compact subgroup is 1. Thus the condition (U6) means that
the measure dg; , is the standard Haar measure.

The L-group 1G; of G; is a semi-direct product G; x Wy. Here, W;
is the Weil group of k and

& = 15m(C) - if dimV; = 20+ 1,

We denote by st the standard representation of L3;. The completed
standard L-function for 7; is denoted by L(s, 7;, st) for an irreducible
automorphic representation m; of G;(A). For simplicity, we sometimes
denote L(s,m;,st) by L(s,n;). Forv € S, the Euler factor for L(s, ) is
given by det(1 —st(Axr, ) gy %)}, where, Ay, , is the Satake parameter
of m;,. We consider the tensor product L-function L(s,m B mp). The
Euler factor of L(s,m; Bmp) for v ¢ S is given by det(l — st(Anr,,) ®
st(Amo,.) " €5 %) 7

Consider the adjoint representation Ad : LG — GL(Lie(G;)). The
associated L-function L(s,m;, Ad) is called the adjoint L-function. We
assume that L(s, 7 ®mo) and L(s, 7;, Ad) can be analytlcally continued
to the whole s-plane.

We put

L(s, m B o)
L(s + (1/2),m,Ad)L(s + (1/2),m, Ad)

P‘ln 70 (S ) =
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Let ;, be an irreducible admissible representation of G;,. We de-
note the complex conjugate of m;, by 7;,. It is believed that

(MF) dimc HOI’IIGO,,, (71’1,1, X 77’0,0, C) <1

for non-archimedean place v of k. Recently, Aizenbud, Gourevitch,
Rallis, and Schiffmann wrote a preprint, in which they obtained closely
related results. For archimedean place (MF) is verified in many cases,
but not in general.

‘We consider the matrix coefficient

‘Dxpi,u,sa;,,, (i) = (m:,5(9i) @i, <P§,u>v, 9i € Gip

for a KC1 »-finite vector ¢, 4, ] ,, € 71, and a Ko ,-finite vector o, g, €
Mo Put

I(p1,0) 1,03 Pov, Pow) = / Py1,0.0, (90,0) P00, (J0,0) 0,0

GO v
a‘u((pl v Sol,m ©0,v, ‘po 'v) AGI -vp'ln,u,'lro,u (1/2)—1 I(Sol,v’ (p;.,v; 0, Qoa,v)'

When @1, = ¢}, and pou = ¢p,, We simply denote these objects by
I1(¢1.4, Pop) and oy (¥1,0,Pov), respectively. If both =, and o, are
tempered, then the integral I(; ., o) is absolutely convergent and
I{¢1.9, Pov) > 0 for any KC; ,-finite vector ¢;, € m;,. Moreover, if v is
a non-archimedean place, and the conditions (Ul), (U2), (U3), (U4),
(U5), and (U6) hold, then we can show that oy, (1,0, o) = 1.

Conjecture 2.1. Assume that both m1,» and 7, are tempered. Then
dim¢ Homg, , (71,6 ® Tow, C) # {0} if and only if o (1,0, <p0,,,) > 0 for
some K, ,-finite vector ¢;, € ;.

Now let m; ~ ®,m;, be irreducible cuspldal automorphic represen-
tation of G;(A). We shall say that m; is almost locally generic if m;
satisfies the following condition (ALG).

(ALG) For almost all v, the constituent ;, is geheric.

It is believed that =; is almost locally generic if and only if ; is tem-
pered (generalized Ramanujan conjecture).

- Conjecture 2.2. Let m; >~ ®,m;, be an irreducible cuspidal automor-
phic representation of G;(A). We assume both m; and my are almost
locally generic. Then
(1) The integral (1, o, ») should be absolutely convergent and
I(p1,0, Pop) = 0 for any K, -finite vector ;, € miq.
(2) dim¢ Homg, , (71,0 ® o v, C) # {0} if and only if o, (1,0, Pop) >
0 for some K, ,-finite vector ;. € mi,.
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Now we state our global conjecture.

Conjecture 2.3. Let 7, ~ ®, 71, and mp =~ ®,7o, are irreducible cus-
pidal automorphic representations of G1(A) and Go(A), respectively.
We assume 7; and 7o are almost locally generic. Then there should be
an integer B such that

|(901|Go’ 900>|2 av(gol'u 9000)
« = 25CoAg, Prymo(1/2 2> $0,
(01, 01) (0, 90) P /D 1o B gl

for any non-zero vectors ¢; = ®, 1, € 1 and Qo = @, Yo,y € Mo.

It seems that the integer B is related to the order of the groups,
which appear in the theory of endoscopy.

It is possible to formulate a similar conjecture for non-tempered au-
tomorphic representations (cf. [15]).

3. The relative trace formula

For low rank groups, some periods formula are proved by using theta
correspondence and Rankin-Selberg formulas (see, e.g, [3], [12], [13],
[14], [19], [22]). For higher rank groups, it seems some sophisticated
tool such as relative trace formula is necessary. In this section, we will
discuss how a relative trace formula can be applied to period formulas.

Let G be a connected reductive algebraic group defined over k. We
assume, for simplicity, G(k)\G(A) is compact. -

We recall the Selberg trace formula. Let f € C§°(G(A)) be a test
function. The kernel function K(g1, g2) is defined by

Ki(gug) = Y fl97'192)-

v€G(k)

For an automorphic form ¢ on G(A),

p(f)p(g2) = (p * )(g2) = fG R ©(91)f (91" 92) dgx

= / w(g1) D fl97'792) dgr
G\G(A)

. veG(k)

= / 0(91)Kf(91, 92) dga.
G(E\G(A)
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It follows that

trp(f) = / Ks(g,9)dg
G(k)\G(A)

=/G > flg™'vg)dg

(kNG(A) ea(x)

=) / Fg™ Y ' v'g) dg
(v} Y EENGA) yeq (k)\G'(k)

=S VoG ING, () [ flaMa)do.
{7}

Here, {7} is a conjugacy class of v € G(k) and G, is the centralizer of
7. Set a(2) = Vol(G, (k)\G,(A)).

Note that the orbital integral O(v, f) = fG-,(A)\G(A) f(g~tvg) dg is
decomposed as a local product

f flg7vg) dg = H / £(95 vgv) dgo.
G~ (ANG(A) G (kNG (o)

The right regular representation p is a sum of automorphic represen-
tations p = @,m,(m) - m. Here, m,(n) is the multiplicity of 7. The
distribution character x,(f) is defined by x.(f) = trw(f) for a test
function f € C§°(G(A)). Then we have

Ctrp(f) = Z mp(“)Xw(f)

Thus we have the Selberg trace formula

> " aMO@-£) =D mp(m)xx(f)-
{7} ‘ ™

- Note that in the right hand side, 7 extends over the isomorphism classes
of irreducible automorphic representations.

Now, we consider the relative trace formula. Let H;, H, C G be con-
nected algebralic subgroups of G. Let 6; : H;(A) — C* be a character
which is trivial on H;(k) for © = 1,2. As before, the kernel function
K(g1, g2) is defined by

Kf(g1,92) = > f(91 792)

YEG(k)

for a test function f € C(G(A)).
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Consider the integral

/ / Ky (ha, ha) 0y (h1)8 () dhy g
Hy(k)\H1(A) JH2(k)\H2(A)

—

/ / f(hl—l"/hz)el (h1)¢92 (hz) dh;[ dhz
~EH (k)\G(k)/Ha (k) Y H1(A) J Ha,(K)\H2(A)

Here, Hy, = v~ 'Hyy N H,. In this sum, - contributes only when

61(7hev™!) = 63(he) for any hy € H, ., (A), in which case ~ is said to be
(61, 62)-relevant (or simply “relevant”). Set

a(7y) =Vol(H,,(k)\ Ha,,(A)),

1,(61,62; f) = / / f(hi vha)61(h1)82(hy) dhy dhs.
Hi(A) J Hz,4(A)\H2(A)

Then we have

/ / K (ha, )0y (he)Bala) dhy dhy
Hy(k)\H1(A) J H2(k)\Hz2(A)
= > a(L(6, 05 f).

yEH1\G/H>
relevant

On the other hand, note that

p(fpi(ge) = /

K¢(91,92)p1(91) dgs
G(E)\G(A)

S [ Ko e)ea(0n)alos) dor dos - 7alaD)
w  paen Y G(R)\G(A)
CONS

=3 ST (Kp 01 % @2) - 7(G0).

T P2€ET
CONS

Here, ¢, extends over a complete orthonormal system (CONS) for
It follows that

K(91,92) =Z Z <Kf,¢1 X @2) - p1(g1)p2(g2)

T P1,p2€ET
CONS

=3 5" @la) - o(f)elge).

T  P1ET
CONS
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Therefore we have

/ / Ky (ha, ho)0s (hy)B3Cha) dhy dhy
Hy(k)\H1(A) JH2(k)\H2(A)

=/Hl(k)\H1(A) /Hz(k)\Hz(A) > > el p(f)w(gz) 01 (h1)02(hs) dhy dhsy

" Jons
=" " P (@) Prae (0(f)g).
" Jdons
Set
In(61,02: ) = D P16, (0)Prrzoa(0(£)).
C(POGI;I{S

The automorphic representation 7 is said to be (61, 62)-distinguished
(or simply “distinguished”) if it is (Hj, 61)-distinguished and (Hy, 65)-
dlstmgulshed Then we have the relative trace formula

> aMLGL )= Y I(ol,ez,f)

YEH1\G/H, m:distinguished
relevant

Note that in the right hand side, 7 extends over some orthogonal de-
composition p = 3 . (Therfore different n’s can be isomorphic.)

Remark 3.1. Assume that G is the product G = G’ x G'. Let H; be
the diagonal subgroup H; = A(G") = {(¢',9') |9 € G'} and H; be
the second factor Hy = {(1,9')| ¢’ € G'}. Set 6, = 6; = 1. Then the
double coset H;\G/H, can be identified with the conjugacy calsses of
G'. If v € Hi\G/H; correspond to the conjugacy class v’ of G’, then

we have
‘7(017 021f) O(Fy’ f,)

where
f(g) = / f(dh, dig") dos.
G'(A)

~ Moreover, an irreducible automorphic representation 7 = #] & =} is
(61, 62)-distinguished if and only if 7} ~ #5. 'In this case, we have
I(61,62; f) = trmh(f’). Thus the Selberg trace formula can be consid-
ered as a special case of the relative trace formula.

Let G', Hi, 61, H;, and 62 be another set of data. We assume there
‘exists a bl_]ectlon ‘

{y € H\G/H,| v : relevant} ~ {y' € H{\G’/Hﬁ |9’ : relevant}
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with the following properties:

(1) (matching) For each test function f € Co(G(A)), there ex-
ists a test function f' € Co(G'(A)) such that I,(6:,6,; f) =
I (01’ 021 f ,)

(2) (funda.mental lemma) For almost all unramified v, there exists
a Hecke algebra homomorphism

H(ng\G /KG v) — 'H(Kaf,u\G /Kat,v)
which is compatible with the matching.

Then it is expected that there exists a correspondence for the L-packets
of G(A) and G'(A) such that

1i(61,02; ) = I (67, 65; ).

Here, II is an L-packet for G(A), and & is certain function on the
L-packet and

I§(61,65; f) = > 5(m) L (61, 02; f).

well
In the nght hand side, II' is the L-packet of G’(A) corresponding to II,
and Ig, (0}, 6; f') is defined in a similar way.

This equation would imply that there exists a certain relation be-
tween period integrals for G(A) and G’(A). In this way, it would be
possible to reduce a period formula for G(A) to an ana.logous formulas
for G'(A).

Recently, H. Jacquet [16] proposed a program to attack an analogue
of the Gross-Prasad type conjecture for the unirary groups.
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