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Hilbert-Jacobi forms of a certain index of Q(+/5)

S.Hayashida (Universitédt Siegen)
(joint work with N.-P.Skoruppa (Universitit Siegen))

0 Introduction

The purpose of this survey is to give an example of a structure theorem of the
space of Hilbert-Jacobi forms of a certain index with concerning to K = Q(v/5)
(Theorem 1.2). We give also an example of a structure theorem of the space of Jacobi
forms of a matrix index (Theorem 1.3). We used theorem 1.3 to show theorem 1.2.

1 Main theorem

- In this section, we recall the definition of Hilbert-Jacobi forms, and give an example
of a structure theorem of the space of Hilbert-Jacobi forms and of Jacobi forms of
a matrix index.

1.1 Notations

Let K be a totally real field with degree n, let 9! be the inverse of the different, and

let O be the principal order of K. We denote by §) the Poincaré upper half plane.

For z = (21, ..., 2z2) € C™ we set e(2) := e?™¥(2) where tr(z) = z;+- - -+2,. By abuse
n

of language, we set z* := Hzf‘ for z = (21,...,2,) € C* and k = (ky, ..., kn) € R™.
i=1
1.2 Definition

For k = (ki, ..., kn) € Z" and for totally positive number m € 971, we define Hilbert-
Jacobi forms of weight k of index m as follows.

Definition 1. Let ¢ be a holomorphic function on H™ x C*. We say ¢ is a Hilbert-
Jacobi form of weight k of index m if ¢ satisfies the following three conditions.
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(i) For any M = (2%) € SL(2,0), any 7 = (n,...,Ta) € H" and any z =
(21, ---» 2n) € C*, ¢ satisfies |

b
o(Eg sra) = olmler +0)7e) o+ 06(0.2)

(ii) For any A, p € O,

(T, z + A1 + p) = e(—mA%T — 2mA2)¢(T, 2).
(i13) ¢ has the Fourier expansion :

(7, 2) = Z c(u, r) e(ur +r2),

u,reo1

where in the above summation u and r run over all elements in 0! such that
dum — r? is totally positive or equals to 0.

" When n is larger than 1, then because of Koecher principle the third condition
of the definition follows automatically by the first and second conditions.
We denote by J¥,, the space of Hilbert-Jacobi forms of weight & of index m with
respect to SL(2,0). | |

1.3 Results

We consider the case K = Q(v/5), m = ¢/v/5, where € = l% is the fundamental
unit of the maximal order O = Zle] of K.
Let £ € N. Now M(I,f k) denotes the space of Hilbert modular forms of weight

(K1, ko) € Z? with respect to SL(2,0). We quote the following structure theorem of
the space of Hilbert modular forms obtained by Gundlach [2].

Theorem 1.1 (Gundlach[2]).

@ M(Irf,k) = C[G2, Gs5,Gg) @ G15C[G2, Gs, Gg),
keZ.

where G2, Gs, Gs and G1s are Hilbert modular forms of weight 2,5,6 and 15, respec-
tively. There exists a polynomial P(X,, X2, X3) such that G152 = P(G2,Gs, Gg).

The main theorem of this report is as follows.
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Theorem 1.2. The space @ J{,f,k)_m is a C[Gq, Gs, Gg]-module generated by eight
keZ

forms Fy, € J(I,f,k),m (k = 2,4,5,6,7,11,14,15), and the dimension formula is given

by

2 4 5 6 7 11 14 15
zdim(J{,f,k),m)tk=t +t* 4+t -};t +t5+t +6t +1
s Q=21 - ) (1 — )

These eight forms F are obtained explicitly by using Hilbert modular forms G, Gs,
Ge, G15 and differential operators (see subsection 2.5).

To show this theorem we need the following structure theorem of Jacobi forms
of matrix index. We denote by Jk,1, the space of Jacobi forms of index (§9) (cf.
about the definition of Jacobi forms of matrix index, see Ziegler [4] page 193). We
put J, 1, := @ Jk,1,, and M, := @ M;, where M, is the space of elliptic modular

keZ keZ
forms of weight k with respect to SL(2,Z).

Theorem 1.3. The space J, 1, is a free M,-module with rank 4 and {14, Y6, ¥s, Y10}
is a basis of J, 1,, and the dimension formula is given by

t4 46 4 18 4 210
dim(Jg 1,)t* = ,
2 T -

where the forms v € Ji,1, (k = 4,6,8.10) are given in subsection 2.4.

2 Construction of Jacobi forms

In this section, we explain a construction of Hilbert-Jacobi forms from pair of Hilbert
modular forms. The original idea of this construction in the case of usual Jacobi
forms was given by N.-P.Skoruppa [3]. We shall also explain in this section the idea
of the proof for Theorem 1.2.

2.1 Wronskian

In this subsection and the next subsection, we explain a construction of Hilbert-
Jacobi forms from pairs of Hilbert modular forms for arbitrary totally real field K
and for arbitrary index m. '

Let ¢ € J{,,. We take the theta expansion :

Br2)i= 3 falmmal(n2),

aed~1/2moO
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where Uy, o(T, 2) = Z e(zlarzr +r2).

rev!
r=a(2moO)

Let | := [071/2mO| = N (2m)Dg, where Dy is the dlscrlmmant of K. We put
0(7, 2) := (Vm,a0(T, 2), -y Omyeq_, (T, 2)), where 7 = (71, ..., 7) € H", 2 = (21, ..., 2n) €
C”, and where (ay, .., al__l) is a complete set of the representatives of 971 /2mO.

For u = (ug, ...,4—1) € (N?)}, we set

) 3;1»0 9|z=0
W(r) :=Wy(r) == : ,
ul—10|z—0
where we defined 8% := ;" - - - Oz for u; = (Ui 1, ..., Uin) € N*, and 9, := 5= 5i
If u satisfies the following condition [Cu], then det(W) is a Hilbert modular form

-1
of weight (1/2,...,1/2) + Zui with a certain character.

i=0 .

[Cu | Ifv = (vy,...,v,) € N" satisfies v < uj, v = u; mod 2withaje {0,..,1-1},
then v € {uo, ..., ws_1}. Here v < u; means v; < u;; for any ¢ € {1,...,n}.

2.2 Construction of Hilbert Jacobi forms
Let ¢ € JE . We have

= (27r1,)"
¢(T’ Z) = Z fae (T)’ﬂm'ai (7" z) Z gV ’

i=0 veNn

where v! := Huj!,u = (V1, ..y Un), a0d ¢u(7) = OP|z=0 = Zfai(r)(agﬂm,ai)lmg.

=1 =0
Thus for u = (ug, ..., u—1) € (N*)! we have

t(guo(T)a sy Gupg (T)) = W(T)t(fao (T)’ *t fal—l(T))'

Now (gugs -+, Ju,_,) satisfies a certa.m transformatlon formula, so there exists a pair
of Hilbert modular forms (Gug, ---) Gu,_,) € ME o X0 X M, ,,_, such that

‘t(guo('r), ooy Qi1 (T)) = DY (Gyo (1), ey Gy, (7)),
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where D is a certain matrix of differential operators depending only on k£ and u.
Hence if det(W) is not identically zero, then

¢ = gt(faoa sy faz_l) = OW—I(Dt(Gum sty Gﬂl—l))

On the other hand, for any pair of Hilbert modular forms (Gy,, ..., Gy,_ 1) € M¥ g X

- X M,{ﬁrul_ ,» by using the above identity, we can construct a meromorphlc func-
tion on H™ x C™ which satisfies the transformation formula of Hilbert Jacobi forms
(conditions (), (é) of the definition 1.) We denote this map by Ay :

Xet ME  x-oox ME,, | — J&mer
via ~
Ak(Gugy -y Gupy) 1= W™ (Dt(Guo’""Gul-.x))'

Thus for constructing Hl_lbert—J acobi forms in general, we need to know when
det(W) is not identically zero , and when A\ (Guo, -.-s Gu,_,) is holomorphic.

2.3 Example K = Q(+/5),m = (5 + v/5)/10

We fix K = Qv/5, and m = (5 + /5)/10. In this subsection we give explicitly the
matrix D and construct Hilbert-Jacobi forms of index m.

By straightforward calculation we obtain =1 = mO 0-1/2mO = Z/2Z x Z/2Z,
and [071/2m0O| = 4.

We put u = (uo, u1,uz, us) € (N?)4, where ug := (0,0), u; := (0,2), uz := (2,0)
and us := (1,1). Then, det(W) = c- G5 with non zero constant c. Here Gs is the
Hilbert modular form of weight (5, 5) denoted i 1n Theorem 1.1.

Let k = (ky, k2) € N2. For (Guq, -y Gus) € ME . X - x M., , we put

Me(Gugy -y Guy) 1= ¢ := OW (D ¥ (Gugy -, Gus))s

1 0 00O
o5, 1 00 /s . . .
where D := 2m 010l and m’ is the Galois conjugation of m. Due to the
2y
O 0 01

JE
consideration of the previous subsection we have ¢ € J, ;7"

We denote by J; 1, the space of Jacobi forms of welght l e Nofindex 1, = (§9).
Now, for k = (k;, k;) € N? we consider the following map

. K
D : Jk,m - J2k1,12



103

D(¢)(T, (21, z2)) = ¢((’T’, T)v (2’1, 22) ) V))
where ¢ € JK , (21,22) € CL, 7€ 5,V = (L), e = 1+ +5)/2 and
= (1-v5)/2.

2.4 'The space of Jacobi forms of index 1,

As for the structure of the space of Hilbert modular forms of index 1,, we have the.
following theorem.

Theorem 2.1. For any k' € Z, we have Ji1, = My X Spro X Spr42 X Skr44, where
M, (resp. Sk) is the space of elliptic modular forms (resp. cusp forms) of weight
k' with respect to SLy(Z).

The idea of the proof of the above theorem is as follows. By similar method as in
the subsection 2.2, we have a similar map as Ay in the subsection 2.2 for the space of
Jacobi forms of index 1,. We can construct meromorphic Jacobi forms of index 1,.
In this case, by choosing a suitable u € (N2)*, the Wronskian is the Ramanujan-A
function. Hence we can check when the image of the map 04, which corresponds to
Xk in the case of Hilbert Jacobi forms, is holomorphic. The surjectivity of the map
Uy follows from this fact. Thus we obtain theorem 2.1.

The idea for the proof of Theorem 1.3.
Due to Theorem 2.1, we have the dimension formula for @ Jk,12, and we obtain
k'eZ
Theorem 1.3 by constructing suitable basis of the space of Jacobi forms of index 1,
as @ M;-module. ’

keZ

The basis of GB Jk',1, is give by the following four forms : 1,/)4 = 04((E4,0,0,0)) €

K'e€Z
Jaiz Y = D6((Es,0,0,0)) € Jo1,, Y10 = 710((0,0, 4, 0)) € Jiog,, and 95 =
Vg((o O 0 A)) (= Jg 1z Here l/kl is the map fI'OIIl Mk' X Skl+2 X Skl+2 X Skl+4 to Jkl Jdas
and Ej are the Elsenstem series of weight k.

2.5 The space of Hilbert-Jacobi forms of index m
Let k = (ky, k;) € N2. We put

JE = Ak(M(kl k) X Sekr+n) X Sz X M, ’°1+1))

where S(k k) 18 the space of Hilbert cusp forms of weight (ki, k2) with- ‘respect to
SL(2.0).
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As for for the space of Hilbert cusp forms S{,ﬁl’kl +2) the following theorem is
known by H.Aoki [1].

Theorem 2.2 (Aoki). The structure of @ Sl kr2) 15 given by
’ ki€Z

@ S(IIS1,k1+2) = A7,QB + As,loB + A11,1aB,
ki€Z

where A7,9 = [GQ,G5] = 2G2(8¢,G5) - 5G5(81—,G2), Ag’lo = [Gs, Gg], A11,13 =
[Gs,Gs] and B = C[G2,Gs,Ge]. Here Arg, Asio and Ay 13 Satisfy the following

Jacobi identity : 6 GgAro + 5GsAs 10 + 2G2A11,13 = 0. Exzcept this identity, there
are no relation among Azg, As10 and Ay 3.

To show theorem 1.2, we need the following proposition.
Proposition 2.3. Let ¢ € J,fm. Then. D(¢) = 0 if and only if Gs|¢.
Thus we have the following short exact sequence :
0 —+.J,{‘:m — j;fm — Jok;,+10,125

where the second map is the embedding, and the last map is given via ¢ to D(Gs- ¢)
for ¢ € JK..

By using theorem 1.1 and theorem 2.2 we can calculate the dimension of f,fm,
and also we have the dimension of the image of the above last map. Hence, we
have the dimension formula for dim(J ,,,,) written in Theorem 1.2. The basis of
eB J{,f,k),m as C[Gs, Gs, Gs]-module is given as follows :
keZ

F2 = x2(G2s 0) 01 0)7 F4 = X4(07 O’ Oa G5))
N 2 .

Fys:= X5 [ G5,0,0,—=Gs | , Fs = Xe(G6,0,0,0),

5 5 ( 5 55 6) 6 6(Gs )

Fy := A0, mA} g, —m' A7,0), Fi1 := Ai(0,mAY 13, —m'A11,13,0),
3 ¢ 3

Fiqy:= s (0, %A’s,m; §A8,10,G15) , Fis := Mi5(G1s, 0,0, 0),

;_1’13 = 5 Gs(anGﬁ) - 6G6(8¢1G5). ‘
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