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1 Introduction

In this paper we prove that MM, Martin’s maximum, implies the partial square
principle at w;. First we recall the partial square principle:

Definition 1.1. Let k be an uncountable cardinal. For S C Lim(x™") let

Ok(S) = There exists a sequence (cy | a € S) such that

(i) ca 18 a club of & with o.t.(cy) < Kk for each a € S,
(1t) if o € S and B € Lim(cy), then B € S and ¢z = co N .

A sequence (co | a € S) satisfying (1) and (i) is called a O, (S)-sequence.
In the above I
Lim(A) = {a€A|sup(ANa)=a0a},
o.t.(A) := the order typeof 4,

for a set A of ordinals.

Note that 0. (Lim(k")) is equivalent to Jensen’s [,; introduced in [2]. Hence
Ok (Lim(x*)) holds for every uncountable cardinal « in L. It is not hard to see
that if S is a nonstationary subset of k*, then [J.(S) holds. Moreover it is
shown by Shelah (3] that if x and & are regular cardinals with i < &, then there
exists S C Lim(k™) such that the set {a € S | cf(a) = u} is stationary and
(. (S) holds.

On the other hand it is known that if & is a regular uncountable cardinal and
there exists a weakly compact cardinal above x, then there exists a < x-closed
forcing extension in which O.(S) fails for every S C Lim(x%) such that the
set {o@ € S| cf(a) = K} is stationary. In particular it is independent of ZFC
whether there exists S C Lim(wy) such that {a € S | cf(a) = w;} is stationary
and [, (S) holds. In this paper we prove that MM implies the existence of such
S - Lim(wg):

Theorem 1.5. Assume MM. Then there exists S C Lim(wsy) such that the set
{a € §|cf(a) =wi} is stationary and O, (S) holds.

Below we let [J(.S) denote O, (S). Moreover we let
E} = {a€w;y|ct(a) =w}
for i =0, 1.
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2 Preliminaries

2.1 Facts on w;-stationary preserving o-Baire poset

A poset IP is said to be w;-stationary preserving if every stationary subset of w;
remains to be stationary in every generic extension by P. P is said to be o-Baire
if the forcing extension by P adds no new sequences of ordinals of length w.

In the proof of Thm.1.5 we will construct an w;-stationary preserving o-Baire
poset and apply MM to it. Here we present two facts on such poset.

The first one is a fact, essentially due to Woodin [4], on a consequence of
MM applied to such poset:

Definition 2.1. Let P be a poset and M be a set. g is called an (M, P)-generic

filter if g is a filter on PN M such that gN AN M # O for every mazimal
antichain A € M in P.

Fact 2.2. Assume MM. Suppose that P is an w;-stationary preserving o-Baire
poset and that 8 is a sufficiently large reqular cardinal with 8“ = 0. Then the
set of all M € [Hg]“! such that

(i) M is internally approachable of length wy,
(ii) there exists an (M,P)-generic filter,
is stationary in [He]“".

The second one is a sufficient condition for a poset to be w;-stationary pre-
serving and o-Baire:

Definition 2.3. Let W be a set with wy C W. X C [W]¥ is said to be projec-
tively stationary if the set {x € X | xNw; € H} is stationary in [W]“ for every
stationary H C wy.

Definition 2.4. Let P be a poset and M be a set. p € P is called a strongly
(M, P)-generic condition if for every mazximal antichain A € M in P there exists
g€ AN M with q > p.

Fact 2.5. Let P be a poset. Suppose that the following holds:

(x) For every sufficiently large regular cardinal 8 and every q € P the set
{M € [Hg]* | a strongly (M,P)-generic condition below q exists.}

is projectively stationary.

Then P is w; -stationary preserving and o-Baire.

2.2 A variant of the diamond principle in [w,]¥

In the proof of Thm.1.5 we use a certain diamond principle in [wz]“. Here we
prove that MM implies it. Recall that MM implies 2“' = w,. (See Foreman-
Magidor-Shelah [1].) In fact we prove that 2“' = wy implies it:



Lemma 2.6. Assume that 2“" =w,. Let S be a stationary subset of E2. Then
there are X C [w;]* and a sequence (B; | x € X) with the following properties:

(i) supz & x for each z € X, {supz |z € X} = S, and sup [ X is injective.
(“sup | X is injective” means that supx # supy for all z,y € X with
T#y.)

(ii) Bz is a countable family of subsets of x for each z € X.

(iti) For every sufficiently large regqular cardinal 0, the set of all M € [Hg]*
such that

e MNwy € X,
® Brmnw, ={BNM|BePw)N M},
s projectz'vely stationary.
Corollary 2.7. Assume MM. Then for every stationary S C EZ2 there are

X C [w2]“ and a sequence (B, | z € X) satisfying the properties (i)-(iii) in
Lem.2.6.

To prove Lem.2.6 we use the following fact, due to Shelah:

Fact 2.8 (Shelah). If2¥1 = wy, then {,(S) holds for every stdtionary S C E2.
First we prove the following lemma:

Lemma 2.9. Assume that 2“1 = wy. Let S be a stationary subset of E2. Then
there exist X C [w3]“ and a sequence (b; | z € X) such that

(i’) supz € x for eachz € X, {supz |z € X} =S, and sup [ X is injective,
(ii’) by C x for eachx € X
(iii’) for every B C wy the set {x € X | by = BNz} is projectively stationary.

Proof. We may assume that S C EZ \ w;.

By Fact 2.8, {., () holds. Hence there exists a sequence (Hq, fo,b), | @ € S)
such that

(I) H, is a stationary subset of w;, fo is a function from a<“ to «, and
b, C a.

(I1) If H is a stationary subset of w;, F is a function from ws* to wg, and
B C wsq, then there exists a € S such that H, = H, fo = F | a<* and
b, =BnNa.

For each a € S, take z, € [a)“ such that supz = a, ToNw;1 € Hy and z4 is
closed under f,. We can take such z, because a € EZ\w; and H, is stationary.
Let X := {z, | a € S}. Moreover let b, := bj,,, Nz for each r € X. (Hence
bz, = b, Nz, for each a € §.)

We show that these X and (b, | z € X) witness the lemma. Clearly they
satisfy (i") and (ii’). We check (iii’).
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Fix B C wy. It suffices to show that for every stationary H C w; and every

function F' : ws“ — w there exists x € X such that z Nw; € H, z is closed

under f and b, = BNzx.

Take an arbitrary stationary H C w; and an arbitrary function F : wy* —
wy. Then there exists a € S with Hy = H, fo = Fla<“ and b/, = BNa. Then
o € X. Moreover by the choice of z,, z, Nw; € H, T4 is closed under F and
bz, = b, Nz = BNz, Hence z, is what we seek.

This completes the proof. O

Now we prove Lem.2.6:

Proof of Lem.2.6. For each D C On x On and v € On, let D[vy] denote the
set {3 € On | (v,8) € D}. By Lem.2.9 there exist X C [wy]“ and a sequence
(dz | z € X) such that

(i”) supz € z foreach z € X, {supz |z € X} = S, and sup [ X is injective.
(ii”) dz € z x z,

(iii”) for every D C wo X wg the set {x € X | d = DN (z x z)} is projectively
stationary.

For each z € X let By = {d;[v] | v € z}.

We show that X and (B, | x € X) witness Lem.2.6. Clearly (i) and (ii) hold.
We check (iii). '

Let 6 be a sufficiently large regular cardinal. Take an arbitrary stationary
H C w; and an arbitrary function F : Hy* — Hg. It suffices to find M € [Hy|*
such that M Nw; € H, M is closed under F, MNw; € X and Byrw, = {BNM |
B e Pwy)N M}

First take N C Hg such that |[N| = ws C N, N is closed under F and
N NP(wz) # @. Moreover take an enumeration (By | ¥ € wg) of P(w2) N N. For
each z € X let

M, :=clp(zU{By | v € z}),

where clp(a) denotes the closure of a under F. Then let C be a set of all
x € [wz]* such that M; Nwy = z and M, NP(w2) = {By | v € z}. Finally let
D be a subset of wy x wy such that D[y] = B, for each v € ws.

Note that C is a club in [w3]*. Hence, by (iii”), there exists z € X N C such
that zNw; € H and d;, = DN(z xz). Then M, € [He]¥, M;Nw; =zNw; € H,
and M is closed under F'. Moreover

BM,rw, = Br = {d:[7] |~ €z}
{D¥lnz|vez} = {ByNz|vExz}
{(BNM,|BeP(w)N M} .

Thus M, is what we seek.
This completes the proof. O
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3 Proof of Thm.1.5

Before proving Thm.1.5 we present a poset to which we apply MM:

Definition 3.1. For § C Ef and a [J(S)-sequence € = (co | a € S) let P(&) be
the following poset:

e The base set of P(C) is S.
® a <p@ B if and only if B € Lim(c,) U {a} for each a,B € S.
For a filter g on P(é) let
Cqg = U Cq -
acg
The following is easy:
Lemma 3.2. Let S be a subset of EZ and €= (cq | @ € S) be a [J(S)-sequence.

(1) If g is a filter on P(C), then ¢, is a club in supc, of order type < wy,
Lim(cg) € S, and cg = ¢ N B for each B € Lim(cy).

(2) Suppose that the following (x*) holds: ‘
(xx) P(C) \ v is dense in P(C) for every v < ws.

Let 6 be a sufficiently large regular cardinal and M be an elementdry sub-
model of (Hg,€,C). Suppose also that g is an (M,P(&))-generic filter.
Then sup ¢y = sup(M Nwsy).

Now we prove Thm.1.5:

Proof of Thm.1.5. Assume MM. Our proof is composed of two steps. First we
construct a O(Eg)-sequence € = (c, | o € EZ) so that P() satisfies (*) in Fact
2.5 and (**) in Lem.3.2. Then, applying Fact 2.2 to P(é), we show that ¢ can
be extended to [J(S)-sequence for some § C Lim(wg) with § N E? stationary.

(Step 1) Construction of €.

First take a stationary partition (T | B8 € EZ) of EZ. For each 8 € E2 we
can take X5 C [w]* and a sequence (B? | £ € X3) with the following properties
by Cor.2.7: '

(i) supzx ¢ Xg for each 2 € X, {supz | z € X3} = Tp, and sup | Xj is
injective.

(ii) B? is a countable family of subsets of x for each z € Xj.
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(iii) For every sufficiently large regular cardinal 6 the set of all M € [H]“ such
that

.me2€Xﬂ,

e Bhrn, ={BNM|B e Plw)n M},
is projectively stationary.

By induction on a € E§ we construct a [(Eg)-sequence & = (¢, | o € E3).
First let ¢, = w. Suppose that a € EZ and that (cs | 8 € E2 N @) has been
defined to be O(E2 N a)-sequence. Then take ¢, as follows:

Let 84 € E§ be such that a € Tj,, and let z, be the unique element of Xz,
with supzs = a. If B4 & z, or there exists 8 € E2 Nz, with Lim(cg) € z4,
then let ¢, be an arbitrary unbounded subset of a of order type w.

Suppose that 8, € zo and that Lim(cg) C z, for each 8 € EZ Nz,. Then
note that (cg | B € E2 Nx,) is a O(EZ N z4)-sequence. Let P, := P({cg | B €
E2 N z,)). Note also that 8, € Py C z4.

Recall that Bf is a countable family of subsets of z,. Hence we can take a
filter g, on P, such that

b 60 € gCh
e g, Nb#0 for every b € Bfa which is a maximal antichain in P,.
If supcy, = o then let ¢, := cg,. Otherwise, take an unbounded ¢ C a such

that o.t.(c) = w and B, = minc, and let ¢, :=cg, Uec.

This completes the choice of ¢,. Using Lem.3.2 (1), it is easy to check that
(cg | BE€ EENa+1)is O(EE Na+ 1)-sequence.

Now we have constructed a [J(EZ2)-sequence ¢ = (c, | @ € E2?). We show
that P(C) satisfies (¥) and (**):

Claim 1. P(¢) satisfies (%) in Lem.3.2.

Proof of Claim 1. Take an arbitrary 3* € E? and an arbitrary v < w;. We
must find o* € EZ \ v with a* <pz B*.

Let 6 be a sufficiently large regular cardinal. Because Xgs- is stationary in
[wa]“, we can take M < (Hp, €,C) such that 8%,y € M and M Nwy € Xg-. Let
o* := sup(M Nwy). Clearly a* € E2 \ v.

Note that [, = 0* and zo» = M Nwz. Hence B4+ € x4+ by the choice of
M. Moreover Lim(cg) C zo- for every B8 € z,- because M < (Hy, €,¢€) and
each cg is a countable set. Then 8* = (,- € Lim(cq+) by the choice of c4e.
Thus a* <p B*. B(Claim 1)

Claim 2. P(¢) satisfies (x) in Fact 2.5.

Proof of Claim 2. Suppose that 8 is a sufficiently large regular cardinal and

that 8* € EZ = P(¢). We prove that there are projectively stationary many

M € [Hg]¥ for which a strongly (M, P(¢))-generic condition below (3* exists.
Let X* be the set of all M € [Hp]“ such that

o 3*.ce M < (Hp, <),



.MOWQEXH*
¢ B, = {BNM | B e P(w) N M},

Then X is projectively stationary by the choice of X and (BE" | z € Xg.).
It suffices to show that sup(M Nws) is a strongly (M, P(¢))-condition below 3*
for each M € X*.

Fix M € X* and let a* = sup(M Nwy). Note that B4 = 8* and Tor =
M Nws. Hence By € 24+, and Lim(cg) C z,- for each 3 € E?nNz,..

Here note that P,. = P(¢) N M and that g,. is an (M, P(¢))-generic filter
containing $* by the choice of M and g,.. Then note also that supcg,. =
sup(M Nwz) = a* by Lem.3.2 (2) and Claim 1. Hence c,» = Cgn.»- Then o*
extends each element of g4+, which is an (M, P(¢))-generic filter containing G*.
Therefore a* is a strongly (M, P(&))-generic condition below 8*. W(Claim 2)

Now we have constructed a [J(EZ)-sequence & = (c, | @ € EZ) satisfying (%)
and (*x). W(Step 1)

(Step 2) Extension of &

Let 6 be a sufficiently large regular cardinal with % = 6, and let Z be the
set of all N € [Hg]“* such that

(i) N <(Ms,€,8),
(ii) N is internally approachable of length w;,
(iii) there exists an (N, P(&))-generic filter.

By Claim 2 and Fact 2.5, P(¢) is w;-stationary preserving and o-Baire. Hence
Z is stationary in [Hg]*' by MM and Fact 2.2.

Note that sup(N Nwy) € E? for each N € Z because N is internally ap-
proachable of length w;. Hence S’ := {sup(N Nwz) | N € Z} is a stationary
subset of E?.

For each a € §’ choose N, € Z with sup(N, Nwe) € S’ and an (Ng, P(8))-
generic filter g,. Moreover let ¢, := ¢,, for each o € S’. Note that supc, = o
by Claim 1 and Lem.3.2 (2). Then, by Lem.3.2 (1), ¢, is a club of a of order
type wi, Lim(c,) € EE, and cg = ¢, N G for each § € Lim(cy ).

Now let S := EZU.S’. Then (c, | @ € S) is a [J(S)-sequence. B(Step 2)

We have found § C Lim(ws) such that SN E? is stationary and [3(S) holds.
This completes the proof of Thm.1.5. O
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