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FURTHER COMBINATORIAL PROPERTIES OF COHEN
FORCING

VERA FISCHER AND JURIS STEPRANS

ABSTRACT. The combinatorial properties of Cohen forcing imply the
existence of a countably closed, R;-c.c. forcing notion P which adds
a C(wz)-name Q for a o-centered poset such that forcing with Q@ over
VFP*Cw2) 3dds a real not split by V*2) N [w]* and preserves that all
subfamilies of size w; of the Cohen reals are unbounded.

1. INTRODUCTION

The results presented in this paper originate in the study of the com-
binatorial properties of the real line and in particular the bounding and
the splitting numbers. A special case of the developed techniques appeared
in [5]. Following standard notation for s, A regular cardinals, [x]* denotes
the set of all subsets of A of size k. P(\) is the power set of A and *k is
the collection of all functions fromn A into k. Throughout V" denotes the
ground model. If f,g are functions in “w, then g dominates f, denoted
f <P g if Invk > n(f(k) < g(k)). A family B C “w is unbounded, if
Vf € “w3g € B(g £* f). The bounding number b is the minimal size of an
unbounded family (see [9]). If A, B € [w]* then A is split by B if both ANB
and AN B¢ are infinite. A family S C [w]“ is splitting, if VA € [w]*3B € S
such that B splits A. The splitting number s is the minimal size of splitting
family (see [9]). It is relatively consistent with the usual axioms of set theory,
that s < b as well as b < s. The consistency of s < b holds in the Hechler
model (see [2]) and the consistency of b = w; < s = wsy is due to S. Shelah
(see [7]). J. Brendle (see [3]) showed the consistency of b = w) < s = k, for
x regular uncountable cardinal and V. Fischer, J. Steprans (see [6]) showed
the consistency of b = k < s = k™.

However the consistency of vy < b < bt < s remains open. One way to
approach this more general problem, is to obtain a ccc poset which preserves
the unboundedness of a given unbounded family, adds a real not split by
V N [w]* and iterate it with finite supports (note that in the desired generic
extension N3 < ¢). There are two results which should be mentioned in
this context. In 1988 [4], M. Canjar showed that if ® = ¢, where D is
the dominating number, defined as the minimal size of a family D C “Yw
such that Vf € “Yw3dg € D(f <* g) and ¢ is the size of the continuum,
then there is an ultrafilter U such that the relativized Mathias forcing My,
preserves the unboundedness of V N “w and certainly adds a real not split
by the ground model infinite subsets of w. This poset My however, can
not be used to obtain a model in which b < ¢, since in order to obtain
such a model, along the iteration one has to preserve the unboundedness
of a chosen witness for b. That is in fact the main result of (6], where
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with a given unbounded directed family H C “w of size ¢, one associates
a o-centered poset Q3 which preserves the unboundedness of H and adds
a real not split by V' N [w]*. Consequently an appropriate iteration of Qx
gives the consistency of s = b™ mentioned earlier. However the restriction
|H| = ¢, prevents the method of [6] from solving the more general consistency
problem, since for this at certain stages of the iteration one has to preserve
the unboundedness of a fixed family of size < «.

In the following we obtain a generic extension V7, in which there is a
o-centered poset ) which preserves the unboundedness of a given family of
size < ¢ and adds a real not split by VN [w]“. Thus the construction can be
considered a first step towards obtaining the consistency of w; < b < bt < s.

2. LOGARITHMIC MEASURES AND COHEN FORCING

The notion of logarithmic measure is due to S. Shelah. In the presentation
of logarithmic measures (Definitions 1, 2, 3) we follow [1].

Definition 1. Let s C w and let h : [s]<* — w, where [s]<“ is the family of
finite subsets of s. Then h is a logarithmic measure if VA € [s]<¥, VAo, 4,
such that 4 = AgU Ay, h(A4;) > h(A)—1fori=0o0r: =1 unless h(4) = 0.
Whenever s is a finite set and h a logarithmic measure on s, the pair z =
(s,h) is called a finite logarithmic measure. The value h(s) = ||z|| is called
the level of x, the underlying set of integers s is denoted int(x). Whenever
h is a finite logarithmic measure on x and e C z is such that h(e) > 0, we
will say that e is h-positive.

If h is a logarithmic measure and h(AoU---UA,_1) > £+ 1 then h(A4;) >
¢ —jforsome j,0<j<n-1.

Definition 2. Let P C [w]<“ be an upwards closed family which does not
contain singletons. Then P induces a logarithmic measure A on [w]<“ defined
inductively on |s| for s € [w]<“ as follows:
(1) h(e) > O for every e € [w]<¥
(2) h(e) >0iffe € P
(3) for £ > 1, h(e) > £+1 iff whenever eg, €] C e are such that e = egUe;,
then h(eg) > £ or h(e;) > €.

Then h(e) = £ if £ is maximal for which h(e) > £. The elements of P are
called positive sets and h is said to be induced by P.

If A is an induced logarithmic measure and h(e) > ¢, then for every
a such that e C a, h(a) > £. A known example of induced logarithmic
measure is the standard measure (see Shelah, [8]). That is the measure
h induced by P = {a C w : |a] < w and |a] > 2}. Note that Vx € P,
h(z) = min{i : |z| < 2'}. Let LM be the set of finite logarithmic measures
and for n € w let L, = {z € LM : ||z|| > n,minint(z) > n}. By [LM]
denote the set of all families of finite logarithmic measures X such that
Vn € w(X NLy #0). For X € [LM] let int(X) = U{int(¢) : ¢ € X} be the
underlying set of integers.

Claim. If £ C [LM] is a centered, then there is U C [LM] which is centered
and such that for every X € [LM] either X € U or 3Y € U(X NY ¢ [LM]).
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Definition 3. Let Q be the partial order of all (u, X) € [w]<* x [LM]
such that Vz € X(maxu < minint(z)). If u = @ we say that (0,X) is a
pure condition and denote it by X. Then (up, X3) extends (u;, X)), de-
noted (ug, X2) < (u1, X1), if up is an end-extension of uj. ug\u; C int(X}),
int(X2) C int(X,), Vo € X23B; € [X;]<% such that int(z) C U{int(y) :
y € By}, Yy € By(up Nint(y) = @) and Ve C int(x) which is z-positive
Jy € By(eNint(y) is y-positive).

Definition 4. If F is a family of pure conditions, then Q(F) is the suborder
of @ consisting of all (u, X) € Q such that 3Y € F(Y < X).

If C is a centered family of pure conditions, then Q(C) is o-centered.
Conditions of Q(C') are compatible as conditions in Q(C) if and only if they
are compatible as conditions in Q.

Unless specified otherwise I denotes a countable subset of wy. Also C(T)
is the forcing notion of all partial functions p : I' X w — w with finite
domain and extension relation p < ¢q if ¢ € p. Thus C(T") is the forcing
notion for adding I' Cohen reals, e.g. C({0}) = C is just Cohen forcing,
C,, = C(n) is the forcing for adding n Cohen reals, etc. If p € C(T"), then
CM)*(p) = {g € C(T) : ¢ < p}. A family I" = {['j}jen € P(X) for some
ordinal A\, where n € w and Vj € n — 1 sup['; < minT;, is called a finite
ordered partition of I' = Ujenl';. Note that if I' is a countable set of ordinals,
then I has only countably many finite ordered partitions. FP(I") denotes the
set of all finite ordered partitions of I'. For k,n € w let "k = U;.’;Ol {0..g} k.

Definition 5. Let I' = {T'j}jen € FP(T), k € w. Then M (I') is the set of
all matrices P = (P’Z)iek.jen with k rows and n columns, where the (2, j)-th
entry pf is a condition in C(I';). Note that M;(I'’) and C(T") can be identified.
A matrix P = (p}) € M(I") is below p = (p/) € My(IV) if V4, j(p! < p7).
Let Mg ,(T") = {P € Mg(IV) : P is below p}, M(I'') = Uge,Mi(I") and
M(T) = u{M() : I" € FP(I')}.

Definition 6. Let IV = {T';}ic, € FP(I) and t :5" k — UIZJC(T;) such
that Vj € nVa € 71k t(a) € C(T';). Then t induces a tree T = {T(a)},c<nk
where T'(a) = (T(b),t(a)) whenever a = (b,7),¢ € k and T'(a) <7 T(b) iff
a | |b] = b. Let T;(I") be the set of all trees induced by some ¢ as above,
T(I) = Upeo Te (") and 7(T') = {7(I'") : TV € FP(')}.

We use the convention that trees are denoted by a capital letter, while
the inducing function is denoted by the corresponding small letter, e.g. T
is induced by t. For T € 73(I’), maxT is the set of all maximal nodes of
T. Note that maxT C C(uUT”). If ¢ is a formula in the C(T')-language of
forcing, T a tree in Tx(I"), IV € FP(T) then T I+ ¢ if Vt € max T (¢t I ¢).
To emphasize that I is a partition of ', we write M (I', T), Tp(T', I'V), etc.

Definition 7. Let TV = {T;}jen € FP(T), P = (p]) € M(I"). Then ext(P)
is the set of all T € Ti(I") such that if T is induced by ¢ :<™ k — U}’;l(C(I‘j)
then Vj € nVa € 7+1k(t(a) < p/). The elements of ext(P) are called trees of
extensions of P.
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Definition 8. A C(I')-name X for a pure condition is IV symmetric, I €
FP(T), if Vk € wVP € Mi(I")VM € w3T € ext(P)3z € Ly (T I+ “z < X").
Also X is symmetric if VIV € FP() X is I"’-svmmetmc

Definition 9. A C(I')-name for a pure condition X is IV symmetric below
p € C(I'), where I'" € FP(L), if Vk € wVP € Mgp(I")VM € w 3T €
ext(P)3x € Ly(T Ik 2 < X"). Also X is symmetric below p € C(T) if
VI' € FP(T) X is [V-symmetric below p

Lemma 1. Let T € [w2], ¢ a formula in the C(T')-language of forcing such
that VI € FP(T)Vk € wVP € M(I")VM € w3T € exp(P)3z € Ly such
that ¢(T,z). Then there is a C(I')-symmetric name X for a pure condition
such that VI € FP(I')Vk € wVP € My (T")VM € w3T € exp(P)3x € Ly,
for which ¢(T,x) holds and T+ “z € X”.

Proof. Let {T's}new enumerate all finite ordered partitions of T, for every
n € w let {P, m}meo enumerate M(T',) and let 7 : w — w X w such that
¥(n,m) € w x w|r~!(n,m)| = w. Now for every i € w let P; = P,;y. Then
{P;}icw is an enumeration of M(T") such that each matrix Py, appears
cofinally often. Let 7 € w, P, = P, ,, for some n, m. By hypothesis there is
T; € T(I'y) extending P; and z; € L; such that ¢(T;, ;). Let A; = {ais}sew
be a maximal antichain in C(T") —C(T)* ({t}temaaT;) such that Vs € w3z;s €
Li(¢(ais, Tis)). Let X = Uiew ({(Zivt) 1t € max T} U {(Zis\ Qis) }sew)- 0

Remark 1. Whenever a name X is constructed by the method of Lemma 1,
we say that X is obtained by diagonalization of M(T") with respect to ¢(7T', x).
If C is a countable centered family of symmetric names for pure conditions,
then there is a name X = (X (i) : i € w) such that VP € M(D)VM € w3T €
ext(P)3z € Lps such that T IF 2 € X, Vm € wXp, = (X(4) : 1 > m)
is symmetric and IF C € Q({Xm}mew). Such names are called strongly
symmetric. Since all names constructed by diagonalization of M(I") are
strongly symmetric, for every C(I") symmetric name X there is a strongly
symmetric name X’ such that IF X’ < X.

Lemma 2. IfY s C(I') symmetric below e. then there is a C(T") symmetric
name Y,* such that el- Y} <Y.

Proof. Fix a maximal antichain E = {e; }ie. in C(T") such that eg = e. For
every ¢ € w let ®; be an isomorphism from C(T")*(e;) onto C(I")*(eo) such
that vy € I @/C({~}) € C({~}).

Let IV = {T'j}jen € FP(T), P € Mi(I'), M € w. Then Vi € w, p; =
Ujenpf € C(T') and so 3s(i) such that p; f ey(;y with common extension g;.
Then Vj € n let qzj =g [jXw. Thus PE =Q = (q{) is a componentwise
extension of P. Then Vi. j, cif = cI)s(’i)(Q{) = O (g | Tj xw) = ®gy)(@) |
'y xw < e [ I'j; x w. Therefore Q = ((j{) is a matrix below e. Since Y
is symmetric below e, 3T € ext(Q)3z € Lj; such that T IF < Y. If
£ : 5"k — UjenC(T;) induces T, define ¢t : Sk — U;e,C(I';) as follows:
Vj € nVa € Tk, a = (b,i), i € k let t(a) = @sf(i)(f(a)). Then since
t(a) < @s(i)(qf), we have t(a) < q: Thus if T is induced by ¢, then T €
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ext(Pg) C ext(P). Let I : ext(Pg) — ext(Pg). I(T) = T. Similarly define
J i ext(Pg) — ext(Tg) where if T is induced by ¢, then Vj € nVa € 71k,
a=(bi),i€kleti(a)= D,(;)(t(a)) and let J(T') = T be the tree induced
by t. Then VT € ext(Pg)(J o I(T) = T) and VR € ext(Pg)(I o J(R) = R).

The above construction did not depend on the choice of IV. Therefore
VIV € FP(T)Vk € wVP € My(I")VM € w3T € ext(P)3x € Ly, such that
T IFz <Y. To obtain Y. diagonalize M(I‘) with respect to ¢(7T.z) where
&(T, z) holds iff T is deﬁned and TIFE<Y.Ift<eand ()€ Y., then
t=tlkz<Y. Thereforeell—Y*<Y O

Lemma 3. Let G be a C(T')-generic filter, X € [w]|*NV[G]. IfVIY € FP(T')
X has a I''-symmetric name, then X has a symmetric name.

Proof. Proceed by the method of Lemma 1. At stage 7 of the construction
if P, = Ppn € Mg(T'y,) for some partition I'y,, use the Ty, symmetry of a
name for X to obtain T; € ext(F;) and x € L; such that T; IF 7; < X. |

3. AN ULTRAFILTER OF SYMMETRIC NAMES

Definition 10. Let IV = {[;}jen € FP(T), ¢ : S"wy — Ujen 7 *%w
such that Vj € nVu € 7*lw)(é(u) € Ti*¥w). Then ¢ induces a tree
= {®(u)},e<n, Where &(u) = (®(v).o(u)) where u = (v,i), 7 € k and
®(u) <¢ ®(v) if u | |v] = v. Let ®(I’) be the set of all trees induced by
some injective ¢ : <"k — Uje-nri"“’w. Again, capital letters will denote trees
while the corresponding small letters will denote the inducing functions.

Consider T*“w as the Tychonoff product of I copies of the Baire space “w.
Then for every basic open neighborhood U of %y, there is p € C(I') such
that U = [pr = {f € "*“w : f | dom(p) = p}. H IV = {T;};en € FP(D),
consider []]_,""*“w as a Tychonoff product of 'iX¥y. Then every basic
open neighborhood is of the form [T7_,[p;]r, wherep € C(T'), p; = p [ Tj xw.

Definition 11. ® € ®({I';};en) is nowhere meager (denoted nwm), if Vj €
nVu € Jw {¢(u, a)}acw, is a nowhere meager subset of i« w.

Definition 12. An injective mapping v : "k — <"w; such that | (a)| =
lal, a € b — y(a) € ¥(b) is called a tree embeddmg

Lemma 4. Let n > 2. For every ordered partition {I';};en, for every num
tree ® € ®({T';}jen-1) and every R: " 'wy x C(Tn_y) — {0, 1} either (1),
or (II), holds, where: .

(M), 3p = () € Mi({Ts}jen) s:t. Vk € WVP = (pf) € Mi({T;}jen-1)
below p [ n — 1 there is a tree embedding ¥ : S"~'k — S"~ly) such that
Vi €n—1Va €7tk ifa = (b.1), 7 € k, then ¢oy(a) € [p{]rj and Va € "1k,
R(¥(a),ppn-1) = 1.

(I1), Vk € wVP = (p’ € Mp({Tj}jen—1) there is a tree embedding 1 :
=1k _, <n—ly such that Vien—1Va €Ik if a = (b.7). i € k, then
po(a) € [p’r and Ya € " 1kVp € C(Th_1) R(¥(a),p) = 0.

Proof. The statement is proved by induction on n. Let n = 2, let {I';},¢c2 be
a finite ordered partition, let & € ®(I'g) be a nwm tree (that is {¢(@)}acw,

12
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is a nwm subset of [o*“w), RO, x C(I'1) — {0,1}. If there is p € C(T;)
such that B, = {¢(c) : R(a,p) = 1} is not meager, then there is g € C(I'p)
such that B, N [¢]r, is everywhere non-meager. Let P = (p;) € Mp(To)
below ¢g. Then Vi € k3¢(a;) € [pi]r, N Bp and so Vi € kR(a;, p) = 1. Take
Y : k — w; where (i) = ¢;. Then (I), holds with witness (g, p).

Assume the statement holds for some n > 2. Let {I';};en+1 be a finite
ordered partition, ® € ®({I';};en) nwm tree, R : "w; x C(I'y) — {0,1}.
Now, for every a € wi, let &4 € T({I';}7-;) be a nwm tree induced by
O U’;__T]l{l*”"j}wl — U’;’;llrf"ww where ¢o(u) = ¢({(a,u)) and let R, :
{Lm}y x C(Tn) — {0.1} where Rq(u,p) = R({e,u),p). Then for every
a € wy, by the inductive hypothesis applied to {I‘j}?:l, ®., R, either
(I),, or (II),, holds. To specify the dependence on a, we say that (Dpo or
(II),, , holds. For completeness of notation we state explicitly (I), , and
(I, - ¥ (D), holds with witness p* = (p¥); € Ml({r‘j};":]) then for
every k € w, every P = (p))iex € Mk({Fj};';ll) below (p¢)P=l, there is a
tree embedding ¥ : U?;ll{l """ itk — U;’;f{l """ 7}w; such that Va e {1--d}k,
1<j<n-1a=(bi), i€k oot € [P]r, and Va € {L--n-1}k
Ra(Yala).pg) = 1. If (IT),, ., then for all k € w, P = (p]) € Mu({T;}}Z}
there is a tree embedding v, : U;.';ll{l-'-w?'}k — U}’;ll{l ''''' J}wy such that
Va € 13k, 1 < j <n—1,a = (bi), i € k. ¢pa 0ota € Lnf]r] and
Va € (L=} kyp € C(T,) Ra(tala),p) = 0.

If Co = {¢(a) : (I),,,} is non-meager in T°*“w, then 3C, C Co which is
non-meager and such that V¢(a) € C; (I), , holds with the same witness
(Pi)ie1 € Mu({T;}}=1). Since C; is non-meager, 3po € C(I'o) such that
C1 N [po]r, is everywhere non-meager in [po]r,. It will be shown that (I),,,,
holds with witness (p;)?,. Let k € w and let P = (prZ) € Mi({T';}jen) be a
matrix below (p;)ien. Then Vi € k3a; € wid(e;) € [p2INCy. Then ¢ : ="k —
S™w; where ¥((i,a)) = @] ¥, (a) is a tree embedding and Vj € nVa € J*1k,
a = (s,b,1), 5,1 € k, po(a) = d(asPa,(b,i)) = da, © Ya,(b,i) € [p{]rj.
as well as Va € "k, a = (s,b), s € k, R(¢¥(a),pn) = R(as¥qa,(b),pn) =
Rq,(a,(b),pn) = 1. Otherwise Cj = {#(c)}acw,\Co = {#(c) : (1), o}
is everywhere non-meager. Let k € w, P = (p!) € Mi({T;}jen). Then
Vi € k3o, € wig(aw) € €4 N [pdlr,. Then ¢ : 3"k — S"w; where ¥(i, ) =
a; Pa;(a) (i € k) is a tree embedding and Vj € nVa € k. a = (s,b,1),
5,1 € k, ¢poy(a) = ¢(asia,(b,i)) = (¢a, © Va,)(b,i) € [p]lr,, as well as
Ya € "k, a = (s,b) (s € k) Vp € C(Ty), R(¥(a),p) = R(as Ve, (b),p) =
Ra, ("/)as(b)ap) =0. U

In the following M denotes a countable transitive model of sufficiently
large portion of ZFC.

Definition 13. A tree & € ®(I") is Cohen generic over M, if Vj € nVu €
J*+ly, where u = (v,a), a € wi, ¢(u) is C(T';)-generic over M[®(v)] (thus
&(u) is a T;-sequence of Cohen generic reals). Whenever the tree ® is clear
from context we will write M [u] for M[®(u)].
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Lemma 5. LetI" € FP(I'), X a I'-symmetric name for a pure condition,
IF X =Y UZ. ThenVp e C(I')3q < p such that Y is - -symmetric below q,
or Z is I symmetric below q.

Proof. Suppose |I'| = 1, i.e. I = {T'}. Note that X is {I'}-symmetric
below p iff for every finite tuple (p;)icx € C(I')*(p) and every M € w,
there are (g;)iex, * € Las such that Vi € k(g; < p;) and ¢; IF ¥ < X. For
every p € C(T') let hull,(X) = {z € LM : 3¢ < p(q IF & < X)}. Then X
is {T'}-symmetric below p iff for every finite tuple (pi)iex € C(I')*(p) and
n € w, the set ﬂiekhullp,(X) meets L,. Let p € C(I') be a counterexample
to the claim of the Lemma. Since Y is not {T'}-symmetric below p, there
are a tuple (p;)ick € C(I')T(p) and m € w such that (Np,hull(Y)) N L, = 0.
For every i € k there are a finite tuple (gij)jen, € C(I')T(p;) and m; € w
such that (Njeq,hull(Z)) N Ly, = 0. Consider {qi;}ick jen,. Since X is
{T'}-symmetric below p, for all i.j there are t;; < ¢;; and z € Lpr where
M > {m.max;cx m;} such that t;; IF # € X. Since F X = Y U Z, for
every i.j there is a further extension 7;; < t;; such that ry; I+ & € Y or
riy - & € Z. If 3i € kVj € ny(rij Ik ¥ € Z), we reach a contradiction since
T € Lp,. Otherwise Vi € k3j; € ny(ryy, I+ T € Y). But ri;, < pi and so
T € ﬂ,-e,\.hullp,.(Y) which is a contradiction since r € L,,.

Let [I"| > 2, " = {T}jen, ® € ®({T'j}en-1) a nowhere meager tree of
Cohen generics over M. For u € ""lwy,p € C(I'p_;) let E(u p = {z €

£: M F (3g < p)g b2 € X[u]}. Then &y = {N}} ‘E(ui, p;)
{uitiex € "twi,{p;}jee T C(Tn-1)k, € € w} C [LM] is centered. Let
U C [LM] be such that £,_; C U and VX € [LM] either X € U or Y €
U(Y NX ¢ [LM]). For u € " lwy, p € C(Tpn_1) let D(u,p) = {z € LM :
Mlu] E plgr,_,) £ € (XcUY)[u]} and for v € "2wy, p € C(Tp_1) let
B(v,p) = {¢(v"a) : D(v"a,p) € U}. Let R: " lw; x C(Tph-1) — {0,1}
where R(u,p) = 1 if D(u,p) € U and R(u,p) = 0 otherwise. By Lemma 4
(I),, or (II), holds. |

If (I),, holds with witness p = (pi)ien € M(I"), let P = (p]) € Mi(I”)
below p and M € w. Then there is a tree embedding v : <"~k — =n~ly,
such that Vj € n — 1Va € 7tk where ¢ = (b,7), i € k ¢ 0 ¥(a) € [pl]r,
and Va € "'k D(¥(a),pn-1) € U. Since Ya € "'k E(y(a),p]"!) € U,
also A = (NE®W(a),p? " )N (N D(¥(a).pn-1) € U. Then 3z € Lps N A and
so Va € "1k, M[y(a)] F (3pa; < pl—l)pal I+ & € X[¢(a)] and M[y(a)] E
pn—1lF & € (X°UY)[(a)]. Then since Vi(p!'~! < pn_1) we obtain that for all

a €™k My(a)] F pa; b “& € X[(a)) and & € (X°UY)[(a)]”. Therefore
My(a)] F pailF & € Y[zp(a)] In finitely many steps obtain T € ext(P)(T I+
“# € V)”. Otherwise (II), holds. Let k € w, P = (p!) € My(I"), M € w.
Then there is a tree embedding ¢ : <"~ 'k — S"~lw; such that Vj € nVa €
7+1k where a = (b,1), i € k, d o ¥(a) € [pl]r; and Va € ""kVp € C(Tn_1)

D(¥(a),p) ¢ U. Then 3z € Ljp; such that r € Ugen—1piexD(¢(a), pP™ ")
and so Va € "1k M[y(a)] & pP~ ! I “2 € X[y a)lu Y{w(a)]". Therefore
Va3pg.: < p;~ ! such that M[i(a)] F pasi Ik “T € Z[4(a)]”. In finitely many
steps obtain T € ext(P)(T I+ “& € Z"). O
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Lemma 6. If X is a C(I') symmetric name for a pure condition, A is a
name for an infinite subset of w, then there is a C(T')-symmetric name Y
such that Y < X and Vi € w IF int(Y (3)) € A4 or int(Y (z)) C A°.

Proof. Diagonalize M(T") with respect to ¢(T', z) where ¢(T, x) holds iff Vt €
max T t I+ “¢ < X,int(z) C A” or tIF “Z < X,int(z) C A°”. O

Lemma 7. Let X be a C(I')-symmetric name for a pure condition, A a
C(T')-name for a set of integers, G a C(I')-generic filter. Then in V[G]
there is a pure condition X* with a symmetric name which extends X|[G]
and such that int(X*) C A[G] or int(X*) C A°[G].

Proof. Passing to a name for an extension if necessary, by Lemma 6 we can
assume that VP € M(T')VM € w3T € ext(P)3x € Ly such that T Ik 2 € X
and for all 4, IF “int(X (7)) C A or int(X(¢)) € A”. Then there are C(T)-

names Y, Z such that IF ¥ = (X (i) : int(X(s) C A) and IF Z = (X(z)

int(X(¢) € A¢). By Lemma 5 VI" € FP(I')Vp € C(I')3q < p such that ¥ is
IV symmetric below p, or Z is I'-symmetric below p. For every IV € FP(I')
let E(I”) be a maximal antichain in C(I") such that Ve € E(I") either there
isno t < e such that Y is IV -symmetric below ¢t and ZisT -symmetric below
e, or Y is I'-symmetric below e. For every I let {e(I")} = G N E(I"). If
VIV € FP(T), Y is I'-symmetric below e(I"), then by Lemmas 2 and 3,
Y[G] has a symmetric name. Otherwise there is I'” such that Vt < e(I") Y is
not I-symmetric below t and so by the choice of E(I), Z is I'-symmetric
below e(I"). Let I'” € FP(T') be distinct from I'" and Ty € FP(I") such that
VD € T'g either D € IV or D € I'. If Y is [p-symmetric below e(I'g), then
Y is I'-symmetric below ¢, where t € G is a common extension of e(I'g) and
e(I) which is a contradiction. Then Z[G] has a symmetric name. a

4., UNBOUNDEDNESS

Definition 14. Let I" € [w2]*, IV = {T'j };en a finite ordered partition of T,
k € w. Let {T'y : a € Sk} be a family of pairwise disjoint sets of ordinals
- such that Vj < nVa € 7k 'y = [';_1 with an isomorphism i, such that
a <jez b — supT, < minT,. Let I' = U{Ty : a € S*k}. Then C(T') is said to
be a Cohen tree defined by I', IV and k. For every a € "k and C(I")-generic
filter G, let G* = G N[];c, C(Tqp)-

Lemma 8. Let X be a C(I')-symmetric name for a pure condition, I' €
[wo]?, TV = {Ts}jen € FP(), k € w, ' a Cohen tree defined by ', T,
kew Aew¥NV and G a C([)-generic filter. Then in V|G) there is
a pure condition X with strongly C(I')-symmetric name such that Va € ™k
X < X[G?] and int(X) C A or int(X) C A°,

Proof. For every a € "k let T'® = Ujenl'g; and I, : I'® = T" where I, |
Loy = tq- If I € FP(T) P € M(I',T") and M € w, then there is a tree
of extensions T € ext(P) in 7(I,I') and z € Lp such that V& € maxT
¢ T2 Ik 2 < I(X), and int(z) € A or int(x) C A¢ (for such T,z we will
say that ¢(T, z) holds). Diagonalizing M(I) obtain a C(I')-symmetric name
X such that VP € M(T)VM € w there are T' € ext(P), z € Ly such that

15
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¢>(T :c) and T I+ & € X. Repeating the proof of Lemma 7 one can show that
if Y, Z are (C(F) names such that IF ¥ = (X (i) : int(X (7)) C A, I+ Z =
(X (3) : int(X (3)) C A°), then Y[G] or Z|[G] has a symmetric name. O

The following sufficient condition for an induced logarithmic measure to
take arbitrarily high values can be found in [1]

Lemma 9. Let P C [w]|<¥ be an upwards closed family and let h be the
logarithmic measure induced by P. Then if Vn € w and every partition

= AoU---UAp_1, 3j € n such that A; contains a positive set, then
Vk € wVn € w and partition w = ApU---U Ap_1. 3j € n such that A;
contains a set of h measure greater or equal k.

Definition 15. A C(T') » Q(C)-name for a real f, where C is a centered
family of C(I')-symmetric names for pure conditions is good. if for every
centered family C’ of C(wq)-symmetric names for pure conditions, f is a
C(wz) * Q(C’)-name for a real. For every i € w, let A;(f) be a maximal
antichain in C(T') * Q(C) of conditions deciding f(3).

Lemma 10. Let X = (X (i))icw be a strongly symmetric C(I')-name, P €
M(T,IY), f a good C(T) * Q(C)-name for a real, where C = {Xm}mew
X = (X (4))i>m. Then the logarithmic measure induced by the family
Pr(X.f(i), P) of all z € [w]<¥ such that there is a tree of eztensions T
of P which has the property that for every a € "k

(1) T(a) I+ (& C int(X) A (3l € w(z N int(X(1)) is X(1) -positive))

(2) AN € w¥v C k3w C 2344, € A(f)(T(a), v Uws Xn)) < Ava
takes arbitrarily high values. T is said to witness that x € Pi(X, f, P).

Proof. Let T be a Cohen tree on I, I, k. Let G be C(I')-symmetric and
w = AgU---UAps_ a finite partition of w. Then by Lemma 8, there is a pure
condition with a C(I")-symmetric name X such that Va € "k X[G] < X[G?]
and for some jo € M int(X[G]) € Aj,. Then in particular C = {Xn[G]}mew
where X, = (X(3) : i > m) extends all of Cy = {Xn[G}mew: a € "k.

Let v C k, a € ™k. Since f, = f/G“’ is Q(é)-name for a real, there is R,y
a C(I')-symmetric name for a pure condition, u,, C w and g,y € G° such
that Az = (gav, (Yav, m,)) € .A,(f) such that (um aw[G?]) and (v, X[G])
are compatible with common extension (v U wgy. T[G]) Since Ry, belongs
to Q(C) there is Ny, such that I Rsy < Xn,,. Then there is t,, € G°
extending gq, and p® such that (te..(v U wa,X'Nm_,)) < Agy. In finitely
many steps find x € [int(X)]<“ such that for all v C k, a € "k there
are Wap C «, Nagy € w, tew € G® such that (te, (v U wer, Xn,.)) < Aav
and such that for some ¢ € w, = N int(X(£))[G] is X (€)-positive. Since
X[G] £ X[G?] (for all a € ™k) we have z C int(X[G?]) and furthermore
Va € "k3¢, € wsuch that zNint(X (£))[G?] is a positive subset of X (¢,)[G9].
Then Va € "k3r, € G"‘ extending p® and {tqu}uck such that rq IF (2 C
mt(X) and z Nint(X ( a)) i8 X( «)-positive). Furthermore for all v C k,
a € "k we have (p?, (v U war, Xn,.)) < Age. Let N = maxgenkock Nav.
Then for all v C k,a € ™k, (7. (v U wap, XN)) < Agp. From {r%},eni one
can obtain a tree of extensions of the given matrix, the maximal nodes of
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which have the desired properties. By Lemma 9 and =z C Ajp. the induced
logarithmic measure takes arbitrarily high values. O

Corollary 1. Let X = (X (1))iew be a strongly C(I')-symmetric name for
a pure condition, f a good Q(C)-name for a real. Then there is a strongly
symmetmc name Y = (Y (i) : i € w) for a pure condition such that Vm € W,
Yon = (Y(%) : 45 > m) < Xm and Vi € wWv C iVp € C(T)V and every
s € [w]<_“’ such that p IF “5 C Y (i) is Y (3)-positive” there are w, C s.
A € Ai(f) such that (p, (vUwy, Y)) < A.

Proof. Proceed by the method of Lemma 1. At stage i of the construction
apply Lemma 10, to obtain 7; € ext(F;) and x; € L; such that T} witnesses
that z; € Pi(X-L',f('Z:), Pl) O

Lemma 11. Let C be a countable centered family of C(I")-symmetric names
* for pure conditions, ' € [ws]*, f a good C(T) * Q(C)-name for a real, § €
wi\l', h = UGy, where Gs is the canonical name for the C({d})-generic
filter. Then 3C" countable centered family of C(I' U {§})-symmetric names
for pure conditions extending C such that VC" of C(ws)-symmetric names
extending C'. ¢ ()0 (0 “hog* f

Proof. By Corollary 1, we can assume that C = {Ym}mew where Y,, =
(Y(@) : i > m), Y = Y, has the property that Vi € wVv C ivp € C(I')
and s € [w]<¥ such that p IF “5 C Y(z) is Y (i)-positive” there are w, C s
and A € A;(f) such that (p,(vU w,,Y)) < A. Let g be a C(T")-name for
a function in “w such that Vp € C(I')Vi € w, p IF §(i) = k if and only if
k is maximal such that there are v C 4,w € [w]<¥, A € A;(f) such that
p I+ “p C Y(E)”, (p,(vUw, Y)) < Aand A I+ “f(3) = k”. Let J be a
C(T' U {6})-name such that IF J = (i : 1 g(7) < h(1)) and Vm € w, let Z, be a
C(T' U {6})-name such that IF Z,, = (Y'(3) : i > m and i € J).

Claim. For all m € w the name Z,, is C(I' U {6})-symmetric.

Proof. Let P = (p]) € Mx(T U {6}, {T;} en+1). M € w be given. Without
loss of generality I', = {6}. Then Q = (p!)ick jen € My(T.{T;};en). Pick
¢ € w, such that £ >m and ¢ > max{s : dom(4,s) € p}',7 € k}. By the
properties of Y there is T € ext(Q), « € L¢ such that T I+ & = Y (¢). Suc-
cessively on the lexicographic order on {a}qeri extend the maximal nodes
{T(a)}senk of T, to a tree T' € ext(Q) consisting of Cohen conditions in
C(T) such that Va € "k3k, € wT'(a) IF g(€) = kq. Let L > max{kq}aenk
and Vi € k let q¢ = pP U {{(6,€),L)}. If T’ is induced by t' : <"k —
UjenC(T;), then r : =1k — Ujen1C(T;) where Va € S™k r(a) = t'(a) and
Va € "k.a = (b,i),i € k r(a) = ¢ induces a tree R € ext(P) such that
RIFg(0) < h() A% =Y({). Thatis RIFrf e JAY(£) = . Since £ > m,
RIF & < Zy, and so Zp, is syminetric. 0

Let C' = {Zm}Ymew. Z = Zo and let C” he a centered family of C(ws)-
symmetric names extending C’. It is sufficient to show that Va € [w]=~,
VEk € w, ke, “(a. Z) ooy “Fi > k(f(i) < h(i)"" since IFe(ws) "‘{(a., AR
a € [w]<“} is predense in Q(C”)". Let a € [w]<¥, k € w and (p, (b, R)) €
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Clwq) * Q(C") such that p I+ “(b, R) < (a,Z)". Then p I+ b\a C int (2)
and p I R < Z. By definition of the extension relation there are ¢ >k
such that b C ¢, s € [w]<* and p < p such that p I+ “¢ € J and 3

int(R) Nint(Z(€)) is Z(¢)- positive”. By definition of Z(¢) there is w g s
and A € A(f) such that (B, (bUw,Y)) < A and so (B, (bUw, Z)) < A as
well as (p, (bUw, R)) < A. Note that 5 IF @ C int(R) and so (p, (bUw, R)) <
(p, (b, R)). Furthermore (5, (b Uw, R)) IF “f(¢) < g(¢) < h(£)”. O

5. COUNTABLY CLOSED AND R,-C.C.

Definition 16. Let P be the partial order of all pairs p = (I'p, C,) where
[ is a countable subset of wy, Cp is a countable centered family of C(T',)-

symmetric names for pure conditions with extension relation p < qifI'y C T
and ”-C(Fp) Cq - Q(Cp)

The partial order P has the Rp-chain condition. Indeed, consider a model
of CH and a subset {p; : ¢ € I} of P of size Ry, I C wy. By the Delta System
Lemma. there is J C I, |J| = Ra such that {I'; : : € J} form a delta system
with root A where Vi € I(I'; = I'y,). Furthermore J might be chosen so that
for all 7 < j in J there is an isomorphism aU I'; = ', such that a;; [ A
is the identity and C; = C’ = {oy;( (X) : € Cyp,}. Suppose we have the
proof of Lemma 12 below and let ' = I, 6 = TI'; for some 7 < j from J,
and a;; =t Let Q =TUO, C =C;UC;U {XX}XeC'i where for every
X € C;, Xx is the C(Q?) symmetric name for a common extension of X and
i(X) constructed in Lemma 12. Suppose R € C;, Y € C;. Then Y = i(2)
for some Z € C;. However C; is centered, so there is X € C; which is a
common extension of R and Z. Then X x is a common extension of R and
Y. This implies that C is a centered family of C(€) symmetric names for
pure conditions and so p = (2, C') is a common extension of p;, p;. Thus it is
sufficient to obtain Lemma 12. Note that this a particular case of Lemma 8.

Lemma 12. Let I',© be countable subsets of wy, A = I' N O such that
supA < minT\A < supI'\A < min©O\A and let i : I’ = © be an isomor-
phism such that i | A = id. If X is a C(I') symmetric name for a pure
condition, then there is a C(Q)) symmetric name X for a pure condition
such that “_C(Q) X < X AN X < Z(.X)

Proof. Let ¥ € FP(2). We can assume that Q' = A’ UTIY U ©" where
A e FP(A), TV € FP(T — A), © € FP(© — A). We can also assume
that A’ = {Fi}jen’ I’ = {Fj}je['n,2n)~ e = {Fj}j€[2’n.3‘n) and 'also that
Vj € [n,2n)z’(1"j) = Fj+n. Let P € Mk(Q,Q/). Thus P = (p{)_‘iG(}n,iEk-
From P obtain a matrix R € My (I', A’ UTY) as follows: if (¢,j) € k x 2n
let v/ = pl, if (i,5) € [k, 2k) x n let v/ = @ and for (4,j) € k X [n,2n)
let rf+k = i~1(p!™™). By symmetry of X there is + € Las and a tree of
extensions T = {T(a) : a in S22k} of R such that T I+ & < X. Having
T obtain a tree of extensions 77 = {T'(a) : a in <k} of P as follows. If
a€ Sk let T'(a) = T(a). Ifa € 2™k wherel <m < nletT'(a) =T(a) |
2nUi(T(c)) wherec = (a [ n)"band b= (a(j)+k:Jj € [2n.2n+m)). That
is T(c) | n = T(a) | » and since id [ A = id, T'(a) [ » = i(T(c)) | n. Note
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that i(T(c)) | [n,2n) € Mixn(©\A,©’). Then in particular the maximal
nodes of 7" bel~ong to Mix3,(€2, ') and force “# < X A # < z’(X)”

To obtain X, diagonalize M(2) with respect to &(T.x) where ¢(T),2)
holds iff T'€ 7(Q), z € LM and T k¢ & < X A 2 < i(X). m;

The partial order P is countably closed and adds a centered family of
C(wg)-symmetric names for pure conditions C = U{Cp : p € H} where
H is P-generic. By Lemma 7, forcing with Q(Cy) over VP*XCw2) a4ds a
real not split by V2 0 [w]v = VC€@2)*xP A (@ By Lemma 11 any family
of w; Cohen reals remains unbounded in V(CwW2)xP*Q(Cy) where E is the
canonical name P name for the generic filter.

Theorem 1. [CH] There is a countably closed, Ry-cc forcing notion P such
that in Vi = VC@2)XP there is a o-centered poset Q which preserves the

unboundedness of every family of w; Cohen reals and adds a real not split
by Vi N [w]v.
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