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An Algorithm Which Generates
the Linear Extensions of a d-Complete Poset
with Uniform Probability

By

KENTO NAKADA} and SHUJI OKAMURA**

§1. WMROHER, EFAN—Y a3y, HEORBRLEBRLOBEROLER

9, EHREDRNS:

ERER LS /= GNW-algorithm (defined in section 3) & d-complete poset (defined
in section 4) @ linear extension Z*FHERICHEKT 5 (Theorem 5.1). TDOF )LV
AL\& d-complete poset @ linear extension DHEFREFH TD counting ZBIBEICT
% (Corollary 5.3).

X UBHIT, HALDOHRDHEHBRIZIC B ZHEHFRRLEF - 3 VERN, BHEOHS
REDLEBZITNZ.

TD1 ERCEX 547z poset D linear extension RS ReH 2 RGEHIZ, G. Brightwell,
P. Winkler [2] IE& 2T, #P-TB2TH BT L h>TW3B. F7=, acyclic graph D
linear extension (&, T @ acyclic graph 75 BHARICEE B poset O linear extension
-9 B. Lizh>T, ERICEX 517z acyclic graph O linear extension DA%
ZRODBHEE #P-522TH5.

CDX S ZRBFUCHBVTIE, linear extension DFREA (BEREERT) RSN B HKS
FRIREEISAZBIBTECLIC—EDRUDND S, BLOKRIISETIRHIONT
WA (L) KEX VS R%Z 5 X%, (d-complete poset D7%F ¥ S A, linear
extension DN LHAR TROSNZ PR TREAZE IS ATHS.)

&5 —D, FFEIRE KX, FAD counting HBHERLERE 7 VTV LICESNTWVWET L
H 5.
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%@ 2 poset D linear extension ZHERMICAERT B 7IILTY) XLOHRIIBELLH S
M, A. Karzanov-L. Khachiyan [6] D5EEREITEH 5. [6] TIZIERED poset D linear
extension Z—D&H 7z » BRG] CTHERINCERT 37TV XLHIBHEI N %
IZ, TO7)Ivd ) XL linear extension Z#—D2H 70 O(d3 log d)-time THERRMIC
ERLTWAT ED, D. B. Wilson IC K> TRENTV S (d IXTERDELE). FDi%,
R. Bubley-M. Dyer [1}, M. Huber [5], iC& > T, (7T XLIEZES B, kb)) —
DHT12H O(d®logd)-time DHERER 7 IV T XLHBREI N TS, i [5] D7
VTV XLIEFRET, 3XTD linear extension % IFREIC SR TERT 3.

BLDT VA1) XL poset OBIFZFIET b0, —DHb O(d?)-time D7)V I
VALK ES>TED, Ld, —DH 7 b DERERIE CRAICERR! THS (Theorem
5.1) (ZDOHEEMN S, counting HAJHEL % %).2

FATRH R DIBN L AERDLLES ( L = linear extension DL, d = THRDHEE)

g —DH7D D |counting| —DH=H D s o
ERREER | OMIEE | R -
—figD et ZIHAFFE |A. Karzanov-L. Khachiyan [6]
poset eIz 1/L X (O(d8 log d)) (by D. B. Wilson)
D 2Nz 1/L X O(d® log d) R. Bubley-M. Dyer [1]
poset
—fRD IEF&EIC 1/L 3
poset SE B AN O(d®logd) M. Huber (5]
d-complete IEHEIC /L | O(d®) | K. Nakada-S. Okamura [11]

poset ERMN

TR DHAFEDEBEDFATHRIZUTOMETH 5:

% 3 C.Greene-A.Nijenhuis-H.S. Wilf (& 1979 (D3 [4] T, Young diagram H'EH
% acyclic graph (¥ 7zl poset) ? linear extension % %5HERIC £ T B random walk
(3 %W & Markov chain) (BT 7L d Y XL (GNW-algorithm) Z#ER U 7.
&7z, B. E. Sagan (& G-N-W OFELBLDOT7 IV T) X LZEBEL, Fh% shifted
Young diagram DF-EICEA LU T [14], (BIEED) BLIDOIERZ157-.

L, TD G-N-W DAL Sagan DFEZFARIC—RIET B 7)) XLEERL
fe. Z2LTZDO7)v3Y) X L% d-complete poset (SFEAL T, & O —MMTiEREA 187,

Remark 1.  Young diagram *® shifted Young diagram (h¥E¥ % acyclic graph) i&
d-complete poset TH 5. L7z > T, KADERIX [4] [14] DEREETs.

ISR THD, LALZOMES (BEARMT) HETE B LEC (FHTR) TRNICSHRELTER,

2[5] DAETIESFERISEHRIZH JEERE THD, counting iF estimate LHFELAELY. & L counting
BITAB LI THNIE, [2] OMKREEDE T, #P-HBRIITRTRERT 2—V V¥ < 2 v THERBEM
TS, Click->TLES.



§2. #fm
Definition 1. T = (V; A, o0,i) A multi-di-graph &13:

V: aset (an element of V is called a vertex of I" )

A: aset ( an element of A is called an arrow of I' )
0:A—V: amap (an arrow a € A comes out from o(a) € V)
i:A—V: amap (anarrow a € A goes into i(a) € V)

DIELTH5B.

Definition 2.  T" 7 multi-di-graph & Definition 3.  infinite v-path & (&,
9%. a€ AT) £9%. o(a) =v,i(a) =u arrow DIEEF] (a1,a2,a3, ) T,
DL E,

v =o0(a1), and

v—u i(ak) = o(ak+1) for each k =1,2,3- ..,
&L ZiwIcTEDTHS.
Definition 4. ve V(D) IKNLT, & Definition 5. wuw e V() IcMLT, &
B o(v) BRTEET 3: B Y(u) ZRTERT 5:
b(v) = {aeAlo(a)=v}. W(u) = {aeA(r)li(a)=u}.
£E ov) B (DED v 73\5&}5 arrow D B Y(u) Z (DFD ulc A% arrow DE
%) v O strict hook ¥ FEX, &%) u D strict cohook & MR,

SHRUESL, EX 3557 UTONHE (D0),(D1),(D2) #il=4 LIRET 33
(D0) #V(T) < oo. |
(D1) FED ve V(I) i LT, #6(v) < 0o THS.
(D2) FERD v e V(I) I LT, T i3 infinite v-path ZZE L.

Remark 2. &M (D2) DTS5 7 T M cycle BEFIENT EHHES. LizhoT,
vue VLT, v>u%

In > 1,3a1, -+ ,a, € As.t. v=0(a1),i(a;) =o0(ai+1) G =1,---n—1),i(a,) = u,

LEHNIE, I V LICHIEFEZEDS. TOXSICEDRE (V;>) %2 T IicliBT 3
poset & PFEXL,

3TDXSI BEBICLTVABDIZ, K (D0) #NT T LAEBELTVANSTH DA, B9 312, acyclic
graph DT & TH B (7272 L multi-arrow (23§55 3).




§3. —MbThlz- GNW-algorithm DOE

b X 7= GNW-algorithm & 2 E¥FED procedure H 5745 5.
FF, 4V(D) £0 THB IS TIEMLT, ROTILIY TLEEZ B

- Procedure CHW( I' )

10: Chose an element v € V(I') with a probability #t}(F)

20: if #¢(v) = 0 then goto 60

30: Chose an element a € ¢(v) with a probability #—(;(7)
40: PUT v :=i(a)
50: goto 20
60: OUTPUT v
70: stop
COTNWVIYXLICE>T ve V) st ¢(v) =2 HDHERKIBRIENS.

Remark 3. 1
(DO) &b, bR @)

(D1) & b, fER %1(7) X $(v) £ 2 THEWYERENS.
(D2) &b, 2DO7 LY XIIZERREEE (O(d)-time) TEIET 3.

BV #2 THBRDEBEEINS.

Remark 4. ZTO7I)IVI) XLIEETBIC, T OIEARZ RS VELIGEU, #FT2h
5 random walk 217\, BE -6 FDRAZHAE K, LWVWIBEKRTHS.

ELICROT LT XLEER B:
- Procedure GNW/( T )
10: if #V(T') = 0 then goto 50
20: RUN Procedure CHW(T')(Procedure CHW(T') 518515 OUTPUT %2 v £ 9°3)
30: PUTT =T —v (T IcHB33 V(I) - {v} L& BRBHESR TS T )
40: goto 10

50: stop



COTIWVITIV ALK >TT OJESAS B = (vi,-+- ,vq) DHERKITBIENS. T ORESR
%Z Probp(B) &L . 2L, 2CTd=#V({).

Remark 5.  ERED, TO7 NIV XLIIEREERT (O(d?)-time) TEIET 5.

Definition 6. T DIHRF B = (v, -+ ,vq) A’ T O linear extension T&H 3 & 13K
ZiGIcd T L THB:

if v, — vy, then we have p > ¢, (p,q€ {1,---,d}).
I' D linear extension D&% L (I) &&EL.
TIWIY XLDEBHOSELICKEZBS:

Proposition 3.1.  Procedure GNW(T ) WHERMICERT BTEET (v1,- - ,vq)
i& ' D linear extension TH 5.

Procedure GNW( T ) i3 £ () Ok S Y X LICHAT BTN XLTHS.
BVBZ NI, Procedure GNW (T ) I3ERES £ (T) FickERS Probr() 25% 5.
©HE3A, DT Tl&, TOMRIHED—RIMITED T LIZBEHF TSRV,

R poset P = (V;>) (d = #V) DIERFI B = (v1, - ,vq) B P O linear extension T
HBLlX, “ifv, > vy, thenp>gq(p,ge{l, - ,d})” BiEHTLTHB. PHT
IZfIBE9 % poset DIFA, I' D linear extension & P O linear extension (& —3X3 3.

§4. d-Complete Poset DEM

T DETIE “d-complete poset” ZEHT 5. “d-complete poset” &S EZiZ
R. A. Proctor ICX>TEREIN/z (18] poset THB. Lh L, chizBHan —it
Thic GNW-algorithm IZIXEE %0, £ T, T T Tld d-complete poset % graph &
LTEHET . %3, graph & LT®D d-complete poset DEHIZ(THIC LS.

X9, graph IZ DWW T D notation ZFAET 3.

Definition 7. =z,yeV &£9$ 3. Definition 8. wv,u€V &3 5.
z & y h': v & u bt
L o@)Nyl) =2, 1. #(4(v) N(u)) = 1, and
2. Y(z)Né(y) = @, and |
3. oy, 2. #@W(v)Ng(uw)) =0,

ZRaizd L& oly £&EL. Eiled & v - u £BL.



Definition 9.  multi-di-graph I' = (V; 4, 0,1i) & d-complete poset T&H 5 &1,
(D0) #V < oo.
(D1) for each v € V, we have #¢(v) < oo.
(D2) for each v € V, there exists no infinite v-paths.
(D3) for each v,u € V, we have # (¢(v) N (u)) =0, 1.

(D4-a) Let v,z,u € V satisfy v — z — u and v|u.
Then there exists a unique y € V such that v — y — u and z|y.

(D4-b) Let z,y,u € V satisfy £ — u « y and z|y.
Then there exists a unique v € V' such that z — v — y and v|u.

(D4-c) Let v,2,y € V satisfy £ — v — y and z|y.
Then there exists a unique u € V such that z — u «— y and v|u, if it exists.

(D4-d) Let (v;z1,z2,x3) € V* satisfy
1. iL‘iI.’Ej (’L ;é ]), and
2. v—-z;orvez; (1=1,2,3).
Then we have

1. v—az; (i=1,2,3).

2. for any 4,5 = 1,2,3 (¢ # 7), there exists no u € V such that z; — u « z; and
vlu.

(D4-e) There exists no quartet (vy,vs,vs3,v4) € V4 such that

1. 1)1|’U3, v2|v4,

2. v1 — v — vz — V4, and v; — v4.
(D4-f) There exists no quartet (vy,ve;u1,u2) € V4 such that

1. v1|vg, u1|ug, and
2. vy »ujfori,j=1,2.
ZWlzd L THB.
Remark 6.  d-complete poset I' IZ{FBE 9 % poset HY, &R Proctor NE&HE L 7~

“d-complete poset” Tdp 5. 7=7ZL, Proctor I& graph DT L IZEFHEJ"Ic, T poset
& LT (poset DEET) d-complete poset #EH L 7=.



Remark 7. &R (D3) ic X0, TDZS5 7% simple TH 5.
multi-arrow %Z#§-> 7z graph T, #%3R® Theorem 5.1 %79 & DICDVVT i [10].

§5. TEE & TOR

Theorem 5.1 (Okamura [12] Nakada-Okamura [11]). T % d-complete poset &
5. CDOLE BeL) £T3L, —MILE NIz GNW-algorithm 1 B % FER:

HUEV(F)(l + #o(v))
o d!

(5.1) Probr(B) =
TERT 51 .

Corollary 5.2. Probr() i& L") LO—BRDHETH 3.

Proof. (5.1) DA3IE linear extension IZH&1FE L TR S, O
Corollary 5.3. '
d!
O = Lo e )
Proof. Corollary 5.2 h 5455 . 0

Remark 8.  simply-laced Kac-Moody Lie algebra D 28k &t i1-3 in-
tegral weight {CXf L TI3, generalized Young diagram &MEEN 3, & 3 %&ERiE~T
root DEEMWEE D, THITH L Tid colored hook formula [8] &3 ARAKILYT 5.
Theorem 5.1 DFERAI, £9°, generalized Young diagram (OEHE L, colored hook formula
ZISHY % T L TAEAHE NS [11). D% T, generalized Young diagram % graph D=
BTHBEIMAZTCEST (5.1) REOND. &, COBXMANTESC 213

e §NTD generalized Young diagram (&, FNAEH B graph H' Definition 9 %7
T (TN, (9] OREZHAVCNIHHATE 3).

e T D Definition 9 #7293 graph (33 % generalized Young diagram HSE®» %
graph & graph-FA%IT3H % (T, JIIFD plain algorithm [7] Z#FHTHILHET
x3).

ERES . FERIEARTITIERET 3.

4Theorem 5.1 & FEZXEHITRY), MAHERIC X - TR E N [12).
[12] i2 313 B4, R. A. Proctor i &% d-complete poset MD73MEH [13] I2H3< case-by-case
argument TH D, BOHI DB, BRFEIOHEBIC L 5B ERENE.
—77, [11] TIREAFEERBICHE L, —RRIEREESX TV 3.




§6. RYAHREE

M& 1 (D0),(D1),(D2) Z#/=9 257 DH T, GNW-algorithm M9 XT D linear ex-

tension 2 EBMICHRESR (Theorem 5.1 DE) TERTZELDE TS TDEEDH
THREDT & (H5E, d-complete poset K D K& 7S5 X% RDIFK).

PIRE 2 ERED poset P IZxf LT (1),(2) Z#i7=9 acyclic multi-di-graph I' I3727£3 % H.

(1]
2]
(3]
[4]
[5]
[6]

[7]
(8]

[9]
(10]
[11]
(12]
[13]

(14]

(1) T IS % poset (& P &IERFEIE.
(2) GNWe-algorithm (& T @ linear extension #EBRMICEHRICERT 5.

o ZOMIZFBE 5K negative ICENMND TH A 5D (#P-52 L DRARD =),
rELTE, REIDHID 720,
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