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EXISTENCE OF HOMOCLINIC SOLUTIONS FOR A
NONLINEAR ELLIPTIC BOUNDARY VALUE PROBLEM

TOSHIRO AMAISHI AND NORIMICHI HIRANO

ABSTRACT. Let N > 2 and D € R¥~! be a bounded domain with smooth
boundary. In this paper, we consider the existence of homoclinic solutions
for nonlinear elliptic problem
Au+g(xr,u) =0 in,
g =0 ondQ,
where v(z) is the outward pointing normal derivative to 8D and g €
C*(R x D,R") has a spacially periodicity.

1. INTRODUCTION

Let N > 2 and Q@ ¢ RY be a cylindrical domain, i.e., @ = R x D, where
D ¢ RY-! is a bounded open domain with a smooth boundary. In the present
paper, we consider the existence of homoclinic solutions of boundary value

problem
P) Au+g(z,u) =0 inQ,
g« =0 onom,

where g € C}(RY x R,R) and v = v(y) denotes the outward pointing normal
derivative to 0D. For = € Q, we set z = (x1,y), where z; € R and y € D. We
impose the following conditions on g :

(g1) g(z,z) € C*(Q x R,R) and is 1—periodic with respect to z;
(22) G(z,2) = [; g(z,7)dr is 1—periodic with respect to z.

In [2] and (3], Rabinowitz considered the existence of spacially heteroclinic
solutions of problem (P) under the assumptions (gl), (g2) and an additional
condition

(3) g(z, 2) is even with respect to z; € R.

In [5], the existence of the heteroclinic solutions of (P) was established with-
out the evenness condition (g3). Recently, using the results in these papers, the
existence of homoclinic solutions of (P) was established in [4].

The purpose of this paper is to investigate the existence of homoclinic solu-
tions of (P) and give sharper characterizations of the solutions. We will show
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that there is a sequence of homoclinic solutions of (P) such that each solution
is given as a local minimal of corresponding functional to (P).

2. STATEMENT OF MAIN RESULT

Throughout the rest of this paper, we assume that N > 2, and conditions
(gl) and (g2) hold. For z,y € RN, we denote by z - y the inner product
of z and y. For each bounded open set U C R", we denote by ||| g1(yy and

I-ll .2y the norm of H*(Q) and L*() defined by ||ul?wy = fyy |Vu|? dz and
v = fy |v|* dz for each u € H'(U) and v € L?(U), respectively. We denote
by {-,-); the inner product of H(U). Put §; = [¢,i+ 1] x D for each i € Z. For
each function u : HL _(£2) — R and m € Z, we denote by u[m] the restriction
of u on HL (2m). Let v € H} (Q) and j € Z. We denote by 7jv the function
defined by
Tev(z1,y) = v(z1 — t,y) for all (z1,y) €e R x D.

We set

L(u)(z) = % |Vu(z)|? - G(z,u) for u € H.(Q) and z € Q.

Put
Li(u) = / L(u)dz for i € Z and u € H (%)
o
and
E = {u € H'(Q) : u is 1-periodic in z1 } .
We put

c0=ile1glo(u) and My={u€E:Ij(u)=co}.

Then the following is known.

Proposition 1 ([3]). My # 0 and My is an ordered set, i.e. for eachu,v € My
with u # v, u < v on Ny or u > v on Ny holds.

Here we put

aj(u) = / L(u)dz — ¢ for j € Z and u € H'(Q;),
2y
and

m
Jim(u) = Zaj(u) for l,m € Z with l < m.
g=l
We also put

J(u) = llim inf Jjo(u) + l’%m inf Jy m(u) for u € HL.(Q),
—_——00 —00
J—o,m(u) = lli_rf_igof Jio(u) + J1,m(u) for u € HL (Q) and m > 1,
Im,co(u) = Imo(u) + lilm inf Jj ;(u) for u € HL () and m < 0.

For each v,w € My with v < w, we set
[v,w] = {ue HL.(Q):v<u<w}, [buwlm={ulg, :ucpuw},
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F_(z)= {u € [v,w] : J(u) < oo, |lu — 2|2,y — 0, as j —> —-oo} for z € {v,w},

Iy (2) = {u € [v,w] : J(u) < oo, |ju — 2|l 2, — 0, as j — oo} for z € {v,w},

and
[(z1,2) =T_(21) NT4(22) for 21,22 € {v,w}.

Let v,w € My and v < w. We assume v,w are adjacent minimizers in
H[ (), that is there are no other minimizers up with v < ug < w. We call
u € H}, () a heteroclinic solution of (P) in [v,w] if u € (v, w) and u is a
solution of (P). A solution u € H] () of (P) is called a homoclinic solution in
[v,w] if u € T'(v,v) or u € [w, w).

We put

c(v,w) = ue}rg'w) J(u), forv,we My

and
M(v,w) = {u € T'(v,w) : J(u) = ¢(v,w)} for v,w € My.
Then we have

Proposition 2 ([2]). For each v,w € My which are adjacent and v < w,
M(v,w) is a nonempty ordered set.

We will consider the existence of homoclinic solution of (P) under the follow-
ing conditions:

(%) v, w € My are adjacent elements such that v < w.

() M (v, w), M(w,v) have adjacent elements.

(C) inf{I(w):veHY )} = cp.

It is known that under the condition (C), we have

Proposition 3 (cf. [4, 5]). For eachv,w € My andu € I'(v, w), limy_, s Jio(u)
and limy, o0 J1 m(u) exists.

Remark 1. From Proposition 8, it follows that for each u € T'_(v)
J—oo,m(u) = . lim Jio(u) + J1,m(u) form > 1.
——00

Similarly, we have for each u € I'y (w),

Im,o0 (1) = Imo(u) + llim J1,1(u) form <0.
—00

We can now state our main result:
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Theorem 1. Assume that (gl),(g2), (%), (*¥*) and (C) hold. Let vy,v2 €
M (v, w) be adjacent with vy < vg. Then there exist a positive integer ng and a
sequence {un} C ['(v,v) of homoclinic solutions of (P) such that

(1) upn < Unt+1 for eachn >1;

(2) T—no—n+11[0] < un[0] < T—ny—nv2[0] for eachn > 1 ;

(3) limp oo J(Un) = c(v, w) + c(w, v).

Remark 2. The analogous result holds for I'(w,w).

3. SKETCH OF PROOF OF THEOREM 1.

In this section, we will show the sketch of the proof of Theorem 1. Detailed
proof is given in [1].

Throughout the rest of this paper, we assume that (gl), (g2), (*), (**), and
(C) hold. By the assumption (*x), we have that there are vy, v € M(v,w) and
wy,wy € M(w,v) such that v;,v; are adjacent with v; < ve and wy,w; are
adjacent with w; < wsy. In the following, we fix v1, v2, w1 and wy. We put

Mp(v,w) = {u[m] € C(Om) : u € M(v,w)} for m € Z.

Then we have that 7_i My, (v, w) = Mmn41(v,w) for m € Z. Let m € Z. Then
since M (v, w) is an ordered set(cf. [2]), M (v, w) is also an ordered set. Since
vi, v € M(v,w) are adjacent, we have that v,[m] and va[m| are adjacent in
My (v, w) and vi[m] < vz[m]. One can see

(3.1) (Tav1)[m] <(Tave)lm] < (Tn-1v1)[m]

<(Tn-1v2)[m] < (Ta—201)[m] < (Ta—202)[m)]
for m,n € Z. Similarly, we have
382)  (mwi)lm] <(raw2)[m] < (Tn41w1)(m]

<(Tns1w2)[m] < (Tai2wr)[m] < (Tny2w2)[m]
for m,n € Z. We put

W(m) = {u € [v,w]o : (T-mv2)[0] £ u[0] < (T—m-1v1)[0]} for each m € Z.
Then we find
uy < ug for all u; € W(m) and ug € W(m + 1).

As-a direct consequence from the regularity argument for elliptic problem, we
have the following lemma. We put

U(m) = [W(m) + Br,.(0)] N {u € [v,w]o : (T—mv1)[0] < u[0] < (T-m-102)[0]},

where B,(0) is an open ball in L?()g) centered at 0 with radius » > 0 and ry,
is a positive number, and B,(0) stands for the closure of B,(0) with respect to
the L?(€) norm. Then U(m) is a closed convex set in H({g).

Lemma 1. The sequence {U(m)},, <z satisfies the following conditions:
(¢) For eachm € Z

(3.3) Um)NU(m+1) =0.
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(#) If uy,uz are solutions of (P) such that
J(u;) < 2[e(v,w) + c(w,v)] fori=1,2,

and
u1[0] € U(m) and u2[0) € U(m + 1) for some m € Z,
then
T-mv1[0] < 1[0} < T—m-1v2[0],
T-m-101[0] < u2[0] < T_m—_2v2[0] on Qg
and

u1{0] < uz([0] on Q.

In the rest of this paper, we fix {U(m)},,.z which satisfies the properties (i)
and (ii) in Lemma 1. U(m) C H'(y) for each m € Z. From the definition, we
have that

Lemma 2. There exists €1 > 0 such that for each u € I'_(v) such that u[0] €
Um>m,,U(m) and J(u) < c(v, w) + i"z’;ﬂ’

. 2
i 1V U220 2 €1

To show the existence of a sequence of homoclinic solutions, we consider the
shift of U(m). We put

Un(m) = {mqv:v € U(m)} for each m,n € Z.
Then U, (m) C HY(,) for each m,n € Z.

Lemma 3. For each n > my,1, there exist 6y,1(n) > 0 and my, 2(n) > my1 such
that

J_oo,m(u) 2 c(v,w) + 8,1(n)
for all m > my 2(n), u € T (v) satisfying J(u) < oo, and u[my, 1] € OUn, ,(n).

Lemma 4. For eachn > m,; and e > 0, there ezists my, 3(n,e) > 0 > my2(n)
such that my 3(n,e) > my2(n) and

Jooom(u) = c(v,w) — &
Jor allm > my3(n,e) and u € I'_(v) with u[my,1] € Un,,, (n).

We also consider wy,ws which are adjacent pair elements in M(w,v). We
put for each m € Z

W(m) = {u € [v,w]o : (Tmw2)[0] < ©{0] < (Tm+1w1)[0]} for each m € Z.
and set
T(m) = [W(m) + B;,.(0)] N {u € [v,w]o : (Tmw1)[0] < u[0] < (Tms1w2)[0]}.
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By analogous arguments as in the proof of Lemma 1, Lemma ?? and Lemma
2, we have

Lemma 5. There erists a sequence {ﬁ (m)} z of closed convez sets in L2(£p)
m

satisfying the following conditions:
(¢) For eachm € Z

(3.4) Um)NnU(m+1)=0.
(%) If ui,u2 are solutions of (P) such that
J(u;) < 2[e(v, w) + c(w,v)] fori=1,2,

and
u1[0) € U(m) and u2[0] € U(m+1) for somem € Z,
then
Tmw1[0] < u1[0) < Trm41w2[0],
Tm+1w1[0] < u2[0] < Tm42w2[0] on Qo
and

u1[0] < u2[0] on Q.
Lemma 6. (1) There exist my, > 0 such that for each u € T'(v,v) with
u[0] € Um>ma,, U(m),
c(w,v)

(3.5) J(u) > c(v,w) + —

(2) For each n > my,,1, there exists 8,,1(n) > 0 and my, 2(n) > My such that
J=m,c0(t) 2 c(w,v) + 6u,1(n)
for all m > my, 2(n) and u € T (v) with u[—my 1] € Blj_mw'l(n).

Lemma 7. For each n > my,1 and € > 0, there ezists my, 3(n,€) > My 2(n)
such that
Jom,e0(u) 2 c(w,v) — €

for all m > my, 3(n,€) and u € Ty (v) with u[—my, 1] € ﬁ_mw_l(n).

Sketch of Proof of Theorem 1. Fix a positive integer ng > max {my,1, 7w 1} .

Fix € > 0 such that

1
e< 3 min {51,,1("0), 5w,1(n0)} ’

where 6, and 6,1 are positive numbers obtained in Lemma 3 and Lemma
6. We fix m = m(ng) > max {m, 3(no,€), My, 3(no,€)}, where m, 3(no,€) and
my,3(n0,€) are positive integers obtained in Lemma 4 and Lemma 7. Let

ug = min {T-no—1+m,,,1vl,Tno+1+2m-m..,,1w1} .
From the definition of v; and w;, we find that

(3.6) J(ug) — c(v,w) + c(w,v), asm — oo.
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Then by choosing m > 1 sufficiently large, we have that

J(ug) < ca(np) 1= c(v,w) + c(w,v) + min {6y,1(n0), 6w,1(n0)} .

2
Let m; = my,1 and my := ma(ng) := 2m — m,, ;. We may assume, by choosing
m sufficiently large, that ug[mi] = 7_p,—1v1{m1] and wo[ma] = Tnyr1w1[ma).

Then we have _
ug[mi] € Upm, (no) and up[ms] € Upn, (no).-
Here we put

r= {u € T(v,v) : J(u) < ca(no), u[my] € Un, (no) and uma] € Uim, (no)} :

Then since ug € I', I # 0. We put v = inf,er J(2) and u € I such that J(u) = 4.
The existence of u can be proved by the same argument as before. Then to
prove that u is a solution of (P), it is sufficient to show that u[mi] € 8Um, (no)
and u[my] ¢ U, (no). By Lemma 3, we have that if u[m;] € OUn, (no), then
Jeoo;m(u) 2 c(v,w) + 8,,1(ng). On the other hand, noting that

T—-Zmu["mw,l] € ﬁ—mw,1(n0)a
we have by Lemma 7 that
(3-7) Jm+1,oo('u) = J—m+1,oo(7'—2mu)
> c(w,v) —¢
min {6,,1(n0), w,1(n0)} .
2
Then we have that J(u) > (v, w) +c(w, v) +8y,1(n0)/2. This is a contradiction.

Similarly, we find that u[ms] ¢ OUp, (ng). Therefore we obtain that there exists
a solution u; € I'(v, v) such that

2> c(w, 'U) -

ul[mﬂ € Um1 (’no) and uj [mz] € ﬁmz ('no).

By the same way, we have that there exists a positive integer mg(ng + 1) >
mz(np) and a solution ug € I'(v,v) such that

ug[m1] € Up, (ng + 1) and uz[ma(ng + 1)] € Up, (no + 1).
That is
T-m,u1[0] € U(ng) and 7_pm,u2[0] € U(ng + 1).
By Lemma ??, we find that
TonoV1[0] < T—m,u1[0] < T—png—1v2[0] on Qy,

Teng—101[0] < T—m,u3[0] < T_py—212[0] on Qo
and
T—m,U1[0] < 7—m,u2[0] on .
We prove u; < ug. Since z < 7_pny—101{0] < T—m,u2[0] for all z € W(np), we
find that
Imin {7m,u1[0], 7—m, u2[0]} — W(no)ll 12(qg) < IT=myu1[0] — W ()|l 12(q,) -
Then by the definition of U(ng), we have
min {7_m, ©1[{0], T—m,u2[0]} € U(ny).
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Similarly, we find that
max {T—m, u1[0], T=m, u2[0]} € U(ng + 1).
By the same argument, we have
min {7—m,u1{0), T—mau2[0]} € U(no), max {7_m,u1[0], T—mau2[0]} € U(no + 1).
Here we put
z1 = min {u;,us} and zg = max {uy,uz}.
Then by the argument above, we have
21{my) € U, (ng) and z[m3] € Up, (no)
and _
ZZ[ml] € Unm, (no + 1) and z2[m2] € Un, (no + 1).
Then it follow that
J(z1) = J(u1), J(z2) = J(uz) and J(21) + J(22) = J(u1) + J(ua).

This implies that 2; is a minimizer of I, i.e., z; is a solution of (P). Therefore
we find that u; < uy. By repeating the argument above, we have a sequence
{un} C T'(v, v) of solutions of (P) such that

Up € Up,(no+n—1) foreachn > 1

and
uy Suz<ug<---
We also have
Tng—-n+1V1[0] < Up[0] < T—pe—nv2[0] for alln > 1.
This completes the proof. a
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