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On the Existence of Ground State and Asymptotic
Fields ofRelativistic Quantum Electrodynamics

Toshimitsu TAKAESU (Kyushu univ.)

1 Introduction
This paper is a short review on the results ofthe spectral analysis ofQuantum electrodynam-
ics (QED) obtained in [5, 7, 19]. QED describes the system ofDirac fields interacting with
radiation fields. By introducing ultraviolet and spatial cutoffs, it is seen that QED Hamilto-
nian is an operator on a boson-fermion Fock space. In [5, 7], they considered the radiation
field quantized in the Coulomb gauge and the Dirac field quantized with an extemal poten-
tial. On the other hand, in [19], the radiation field quantized in the Coulomb gauge is also
considered, but the Dirac field without extemal potentials is investigated. It is proven that
for sufficiently small values of coupling constants the ground state exists under the inffared
regularity condition [5, 7, 19]. It is noted that the existence of the ground state is not trivial,
since the ground state energy ofthe Ree Hamiltonian is embedded in a continuous spectrum.
It is also proven that the asymptotic fields exist, the ground state is unique, and spectral gap is
closed [19]. In addition, it is shown that the QED Hamiltonian and the total charge operator
strongly commute. Then the state space is decomposed with respect to the spectrum of the

‘ total charge, and the total charge of the ground state is zero for sufficiently small values of
coupling constants [19].

QED is a system ofquantum fields interacting with other fields. On the other hand, there
is a system of partircles interacting with quantum fields, which includes the non-relativistic
QED models. In the last decade the spectral properties ofthis system have been successffilly
analyzed, and many results and methods are obtained [14]. In the following sections, we will
apply these methods to the analysis of QED Hamiltonian.

2 Dirac fields
Let us denote the creation and annihilation operators of electron by $b_{s}^{*}(p)$ and $b_{s}(p)$ , respec-
tively. The creation and annihilation operators of positron are denoted by $d_{s}^{*}(p)$ and $d_{s}(p)$ ,
respectively. These operators satisfy the canonical anti-commutation relation :

$\{b_{s}(p),b_{s}^{*},(p’)\}=\{d_{s}(p),d_{s}^{*},(p’)\}=\delta_{S_{1}S’}\delta(p-p’)$ ,
$\{b_{s}(p),b_{s’}(p’)\}=\{d_{s}(p),d_{s’}(p’)\}=\{b_{s}(p),d_{s’}(p’)\}=\{b_{s}(p),d_{s}^{*},(p’)\}=0$,
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where $\{X, Y\}=XY+YX$. Let us set

$b_{s}^{\#}(f)= \int_{R^{3}}f(p)b_{s}^{\#}(p)dp$ , $d_{s} \#(g)=\int_{R^{3}}g(p)d_{s}\#(p)dp$ , $f,g\in L^{2}(R^{3})$ ,

where $x\#$ denotes $X$ or $X^{*}$ . Let $\Omega_{Dirac}$ be the vacuum state. The state space ofthe Dirac field
is given by

$\mathcal{F}_{D\dot{u}ac}=L.h.\{b_{s_{1}}^{*}(f_{1})\cdots b_{s_{n}}^{*}(f_{n})d_{\tau_{1}}^{*}(g_{1})\cdots d_{\tau_{n’}}^{*}(g_{n’})\Omega_{Dirac},$ $\Omega_{Dirac}$

$|f_{j}\in L^{2}(R^{3}),j=1,$ $\cdots n,$ $g_{l}\in L^{2}(R^{3}),l=1,$ $\cdots n’,$ $n,n’\in N\}^{-}$

where $\mathcal{D}^{-}$ denotes the closure ofD. The one particle energy ofthe electron with momenmm
$p$ is denoted by

$E_{M}(p)=\sqrt{p^{2}+M^{2}}$

where $M>0$ denotes the mass of electron, and we fix it. The $\hslash ee$ Hamiltonian of the Dirac
field is given by

$H_{Dirac}= \sum_{s=\pm 1/2}\int_{R^{3}}E_{M}(p)(b_{s}^{*}(p)b_{s}(p)+d_{s}^{*}(p)d_{s}(p))dp$ ,

and the field operator by

$\psi(x)=\sum_{sarrow-\pm 1/2}\frac{1}{\sqrt{2\pi}^{3}}\int_{R^{3}}\frac{\chi_{Dirac}(p)}{\sqrt{E_{M}(p)}}(u_{s}(p)b_{s}(p)e^{ip\cdot\iota}+v_{s}(p)d_{s}^{*}(p)e^{-ip\cdot x})dp$

where $u_{s}$ and $v_{s}$ denote the spinors, and $\chi_{Dirac}$ the ultraviolet cutoff.

3 Radiation field
Let us consider the radiation field quantized in the Coulomb gauge. The creation and anni-
hilation operators are denoted by $a_{r}^{*}(k)$ and $a_{r}(k)$ , respectively. These operator satisfy the
canonical commutation relation :

$[a_{r}(k),a^{*},(k’)]=a,\delta(k-k’)$ ,
$[a_{r}(k),a’(k’)]=[a_{r}^{*}(k),a_{f}^{*}(k’)]=0$ ,

where $[X, Y]=XY-YX$. Let us set

$d_{r}(h)= \int_{R^{3}}h(k)4(k)dk$ , $h\in L^{2}(R^{3})$ ,

where $a_{r}^{\#}$ denotes $a_{r}$ or $a_{r}^{*}$ . Let $\Omega_{rad}$ be the vacuum state. The state space of the radiation
fields is given by

$\mathcal{F}_{rad}=L.h.\{a_{r}^{*}1(h_{1})\cdots a_{r_{n}}^{*}(h_{n})\Omega_{rad},$ $\Omega_{rad}|h_{l}\in L^{2}(R^{3}),$ $l=1,\cdots n,$ $n\in N\}^{-}$
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The one particle energy ofphoton with momentum $k$ is given by
$\omega(k)=|k|$ .

The free Hamiltonian of the radiation field is given by

$H_{rad}= \sum_{rarrow-1,2}\int_{R^{3}}|k|a_{r}^{*}(k)a_{r}(k)dk$ ,

and field operator by

$A(x)=\sum_{r=1,2}\frac{1}{\sqrt{2\pi}^{3}}\int_{R^{3}}\frac{\chi_{rad}(k)e_{r}(k)}{\sqrt{2\omega(k)}}(a_{r}(k)e^{ik\cdot x}+a_{r}^{*}(k)e^{-ll.x})dk$,

where $e_{r}$ denotes the polarization vector of photon and $\chi_{rad}$ the ultraviolet cutoff.

4 Main Results

4.1 Total Hamiltonlan
The state space of quanmm electrodynamics is given by a boson-fermion Fock space

$\mathcal{F}_{QED}=\mathcal{F}_{Dirac}\otimes \mathcal{F}_{rad}$ ,

and the $kee$ Hamiltonian by

$H_{0}=H_{Dirae}\otimes I+I\otimes H_{rad}$ .
The interactions are given by

$H_{I}’= \int_{R^{3}}\chi_{I}(x)\psi^{*}(x)\alpha^{j}\psi(x)\otimes A_{j}(x)dx$ ,

$H_{II}’= \int_{R^{3}\cross R^{3}}\chi_{II}(x)\chi_{II}(y)\frac{\psi^{*}(x)\psi(x)\psi^{*}(y)\psi(y)\otimes I}{|x-y|}dxdy$

where $\alpha^{j}\in$ ua (C), $\{\alpha^{j}, \alpha^{l}\}=2\delta_{j_{t}l}$, and $\chi_{I},$ $\chi_{II}$ denote the spatial cutoffs. The total Hamil-
tonian of quantum electrodynamics is given by

$H_{QED}=H_{0}+\kappa I^{H_{I}’}+\kappa\iota {}_{I}H_{II}’$ , $\kappa I^{K}11\in R$ .

Remark In [5, 7] the spatial cutoffs do not appear explicitly, but a similar ffinction is
considered.

By virtue of the ultraviolet cutoffs and the spatial cutoffs, the interactions are relatively
bounded with respect to the ffee Hamiltonian. Then we can prove that $H_{QED}$ is self adjoint
by Kato-Rellich theorem.
Lemma 1 (Self-adjointness, $fS,$ $7,19J$)
$H_{QED}$ is selfadjoint on $\mathcal{D}(H_{0})$ . Moreover $H_{QED}$ is essentially self-adjoint on any core of$H_{0}$

and boundedfrom below.
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4.2 Ground State
Let (9 be an operator on a Hilbert space. We denote the specffum of $t9$ by $\sigma((9)$ and the
set of eigenvalues of $0$ by $\sigma_{p}((9)$ . Let us assume that (9 is self-adjoint and bounded ffom
below. Then we call $0$ has a ground state if the infimum of the spectmm is an eigenvalue,
i.e. $E_{0}(0)$ $:= \inf\sigma(0)\in\sigma_{p}(0)$ . Let us consider the specffum of the QED Hamiltonian. It
is seen that the spectrum of $H_{0}$ is as follows:

$\sigma(H_{0})=[0, \infty)$ , $\sigma_{p}(H_{0})=\{0\}$ .

Thus we see that the free Hamiltonian $H_{0}$ has the ground state. But it is not trivial that $H_{QED}$

has the ground state even if $H_{0}$ has the ground state, since the ground state energy of $H_{0}$ is
embedded in the continuous spectrum $[0,\infty)$ . It is noted that the analytic perturbation theoiy
can be applied to only discrete eigenvalues [16].
The same difficulty occurs in the analysis ofthe system ofparticles interacting with massless
quantum fields, which includes the non-relativistic QED models. In the last decade, the
spectral properties of the system has been successhlly analyzed [14]. It is already proven
that ground sates of the non-relativistic QED Hamiltonian exist in [4, 9, 10, 12, 18].

It is seen that low energy bosons cause the absence of the ground states [3, 11]. To neglect
the influence of low energy photons,,we assume the inffared regularity condition:

$\int_{R^{3}}\frac{|\chi_{rad}(k)|^{2}}{\omega(k)^{3}}dk<\infty$ .

Remark In [5, 7] they assume the conditions similar to the inffared regularity condition.

Theorem 2 (Existence ofground state, $[S,$ $7,19J)$

Assume that $|\kappa_{I}|$ and $|\kappa_{II}|$ are sufficiently small. Then $H_{QED}$ has a ground state under the
$\inf’ared$ regularity condition.

4.3 Asymptotic flelds
In [17], the existence ofthe asymptotic field ofthe massive scalar field is proven by applying
the cook method. In [8, 12] they prove the existence ofthe asymptotic radiation fields ofnon-
relativistic QED models by a similar method used in [17]. In [1], the fermionic scattering
thoery is considered, and it is also proven that the asymptotic fields exist by applying the
cook method. In [19], it is proven that the asymptotic Dirac and radiation fields exists in a
similar way of [12].

Theorem 3 (Asymptoticfields, $[19J)$

(1) Let $\xi\in \mathcal{D}(\omega^{-\iota/2})$ . Thenfor $\Psi\in \mathcal{D}(H)$ , the asymptoticfield
$a_{r,\pm\infty}^{\#}( \xi)\Psi:=s-\lim_{tarrow\pm\infty}e^{itH}e^{-ttH_{0}}(I\otimes a_{r}^{\#}(\xi))e^{itH_{0}}e^{-itH}\Psi$,

4



exists.
(2) Let $\eta,$ $\zeta\in L^{2}(R^{3})$ . Then the asymptoticfields

$b_{s,\pm\infty}^{\#}(\eta)\#$ ,

$d_{s,\pm\infty}^{\#}(\zeta)\#$

exist.

4.4 Properties of Ground States
In [15], Hiroshima proves the uniqueness of the ground states of the general systems which
include the non-relativistic QED models. To prove the uniqueness of the ground state, he
use asymptotic fields. We can apply this method to QED, and prove the uniqueness of the
ground state.

Propositlon 4 (Uniqueness ofground state, $[19J)$

Assume $that|\kappa_{I}|$ and $|\kappa_{II}|are$ sufficiently small. Then dimker $(H-E_{0}(H))=1$ holds where
$E_{0}(H)= \inf\sigma(H)$ .

In [12], the absence of the spectral gap of the non-relativistic QED models is proven. He
use the asymptotic fields and wave operators. By using the same methods, we can prove the
absence ofthe spectrum gap ofthe QED Hamiltonian.

Proposition 5 (Absence ofspectral gap, $[19J)$

It holds that $\sigma(H)=[E_{0}(H),\infty)$ .

Let us denote the total charge by

$Q= \sum_{s=\pm 1/2}\int_{R^{3}}(b_{s}^{*}(p)b_{s}(p)-d_{s}^{*}(p)d_{s}(p))dp$ .

In [19], it is proven that $H_{QED}$ and $Q$ commute strongly. Then the state space $\mathcal{F}_{QED}$ is
decomposed with respect to the spectrum of $Q$

$\mathcal{F}_{QED}=\oplus \mathcal{F}_{\alpha}$ ,
$\alpha\in Z$

and we see the values of the total charge of the ground state.

Theorem 6 (Total charge ofground state, $[19J)$

Let $\Psi_{g}$ be the ground state. Assume $that|\kappa_{I}|$ and $|\kappa_{II}|are$ sufficiently small. Then value of
the total charge ofthe ground state is zero, $i.e$. $\Psi_{g}\in \mathcal{F}_{0}$ .
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