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A set of integral elements of higher order jet spaces
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1. INTRODUCTION

This is a survey of [S1] and [S2]. The theory of exterior differential systems orig-
inates form the geometric theory of partial differential equations studied by Cartan,
Darboux, Goursat Lie, Monge and others. Roughly speaking, the geometry of sub-
bundles of the tangent bundle of smooth manifolds. In this theory, we consider
partial differential equations to be varieties in jet spaces endowed with the canon-
ical contact system. If the varieties induced by partial differential equations are
submanifolds in jet spaces, then we consider that integral manifolds of the submani-
folds are solutions of the original partial differential equations. Hence, the jet spaces
endowed with the canonical contact system play important role in this theory and
the characterization of the jet spaces was an important problem.

By a differential system (R, D), we mean a distribution D on a manifold R,
i.e., D is a subbundle of the tangent bundle T(R). The derived system 0D of D is
defined, in terms of sections, by

8D =D+ [D, D).

where D = I'(D) denotes the space of sections of D. In general 8D is obtained as a
subsheaf of the tangent sheaf of R (for the precise argument, see e.g.[Y1], [BCG3)).
Moreover higher derived systems &' D are defined successively by

8'D = 681 D),

where we put 8°D = D by convention. A differential system (R, D) is called regular
if 8*D are subbundles of T(M) for every i > 1.

It is known that a Goursat flag of length k is locally isomorphic, at a generic
point, to the canonical system on the k-jet spaces of 1 independent and 1 dependent
variable by Engel, Goursat and Cartan. Here, a Goursat flag is a differential system
D on a manifold R such that the differences of ranks between the i-th derived system
8'D of D and the (i+1)-th derived system 8**!D of D are 1 for any i, and the k-th
derived system 8*D is the whole tangent bundle TR.

The characterization of the canonical (contact) systems on jet spaces was given
by R. Bryant in [B] for the first order systems and was given by K. Yamaguchi in
[Y1] and [Y2] for higher order systems for n independent and m dependent variables.

However, it was first explicitly exhibited by A.Giaro, A. Kumpera and C. Ruiz
in [GKR] that a Goursat flag of length 3 has singularities and the research of sin-
gularities of Goursat flags of length k (k > 3) began as in [Morm).

To this situation, R. Montgomery and M. Zhitomirskii constructed the “Monster
Goursat manifold” by successive applications of the “Cartan prolongation of rank 2
distributions” to a surface and showed that every germ of a Goursat flag of length
k appears in this “Monster Goursat manifold” in [MZ].
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After [MZ], P.Mormul defined, for the case of 1 independent and m dependent
variables, the “generalized Monster Goursat manifold” which are obtained by suc-
cessive applications of the “generalized Cartan prolongation” to the space of 1-jets
of 1 independent and m dependent variables.

We gave a characterization of the “generalized Monster Goursat manifold” for
the case of 1 independent and m dependent variables using the Cartan rank condi-
tion (m > 3), the Engel rank conditions (m > 4) and the existence of completely
integrable subbundle (m > 2) in [SY]. This is a generalization of the result of R.
Montgomery and M. Zhitomirskii in [MZ].

Moreover, 1 considered the construction of the “generalized Monster Goursat
manifold” for the multi independent variables case which should be obtained by
successive applications of the “prolongation” to the 2-jets of 1 dependent variables
and 1-jets of m dependent variables for m > 2. These cases are completely different
from the case of 1 independent variables. I showed that we can not define the
“prolongation” except for the “prolongation” of 2-jet space of 2 independent and
1 dependent variables in [S1] and [S2]. In other wards, the “prolongation” of 2-
jet space of 2 independent and 1 dependent variables is a manifold endowed with a
canonical differential system, the others are not. Furthermore, in [S2], I classified the
singularities in the “prolongation” of 2-jet space of 2 independent and 1 dependent
variables.

2. REVIEW OF GEOMETRIC CONSTRUCTION OF JET SPACES

Let M be a manifold of dimension m + n. Fixing the number n, we form the
space of n-dimensional contact elementsto M, i.e., the Grassmann bundle J(M,n) =
Gr(TM,n) over M consisting of n-dimensional subspaces of tangent spaces to M.
Namely, J(M,n) is defined by

JMn)=|J Joy  Jo=Gr(To(M),n),

TeM

where Gr(7;(M),n) denotes the Grassmann manifold of n-dimensional subspaces
in T,(M). Let 7 : J(M,n) — M be the bundle projection. The canonical system
C on J(M,n) is, by definition, the differential system of codimension m on J(M,n)
defined by

Clu) =7 () = {v € Tu(J(M,n)) | m(v) € u} C Tu(J(M,n)) = To(M),

where m(u) = z for u € J(M,n).

Let us describe C in terms of a canonical coordinate system in J(M,n). Let u, €
J(M,n). Let (z1,...,Zn, 2,...,2™) be a coordinate system on a neighborhood U’ of
Zo, = 7(u,) such that dzy,...,dz, are linearly independent when restricted to u, C
T;,(M). Weput U = { u € #71(U’)|dZ1|u, - - . ,dTxn|. are linearly independent }.
Then U is a neighborhood of u, in J(M,n). Here dz*|, is a linear combination of
dzi|’s)ie., dz®|, = Y ., pff(u)dz;|y. Thus, there exist unique functions p® on U
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such that C is defined on U by the following 1-forms;
n
w"zdz“—pr"da:i (a=1,...,m),
i=1

where we identify 2* and z; on U’ with their lifts on U. The system of functions
(i, 2%,0p8) (a=1,...,mi=1,...,n) on U is called a canonical coordinate system
of J(M,n) subordinate to (z;, z%).

The space (J(M,n),C) is called the (geometric) 1-jet space and especially, in
case m = 1, is the so- called contact manifold. Let M, M be manifolds of dimension
m+nand p: M — M be a diffeomorphism. Then ¢ induces the isomorphism
@x : (J(M,n),C) — (J(M,n),C), i.e., the differential map o, : J(M,n) — J(M,n)
is a diffeomorphism sending C onto C. The reason why the case m =1 is special is
explained by the following theorem of Backlund.

Theorem(Biacklund) Let M and M be manifolds of dimension m + n. Assume
m 2 2. Then, for an isomorphism @ : (J(M,n),C) — (J(M,n),C), there ezists a
diffeomorphism ¢ : M — M such that ® = ¢,.

The essential part of this theorem is to show that F = Ker, is the covariant
system of (J(M,n),C) for m > 2. Namely an isomorphism ® sends F onto F =
Ker 7, for m > 2. (For the proof, see [Y2] Theorem 1.4.)

In case m = 1, it is a well known fact that the group of isomorphisms of
(J(M,n),C), ie., the group of contact transformations, is larger than the group
of diffeomorphisms of M. Therefore, when we consider the geometric 2-jet spaces,
the situation differs according to whether the number m of dependent variables is 1
or greater.

(1) Case m = 1. We should start from a contact manifold (J,C) of dimension
2n + 1, which is locally a space of 1-jet for one dependent variable by Darboux’s
theorem. Then we can construct the geometric second order jet space (L(J), E) as
follows: We consider the Lagrange-Grassmann bundle L(J) over J consisting of all
n-dimensional integral elements of (J, C);

L(J) = |J L. c J(J,n),

u€eJ

where L, is the Grassmann manifolds of all Lagrangian (or Legendrian) subspaces
of the symplectic vector space (C(u),dw). Here w is a local contact form on J.
Namely, v € J(J,n) is an integral element if and only if v C C(u) and dw|, = 0,
where u = 7w(v). Let w : L(J) — J be the projection. Then the canonical system F
on L(J) is defined by

E(v) = n;'(v) C T(L(J)) = Tu(J),

where 7(v) = u for v € L(J).
We denote by Ch (C) the Cauchy characteristic system of C.
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Then we have OE = 7#[!(C) and Ch(C) = {0} (cf.[Y1]). Hence we get
Ch (OF) = Ker m,, which implies the Backlund theorem for (L(J), E) (cf. [Y1]).

Now we put

(JZ(MJ n)v C2) = (L(J(M’ n))> E)’

where M is a manifold of dimension n + 1.

Here recall that the Cauchy characteristic system of a differential system (R, D)
are generally defined as follows;

The Cauchy characteristic system Ch (D) of a differential system (R, D) is de-
fined by .

Ch(D)(z)={X e D(z)| X|dw;i=0 (mod w,...,w,) fori=1,...,s},
where D = {w; = -+ = ws; = 0} is defined locally by defining 1-forms {ws,...,ws}.
(2) Case m > 2. Since F = Kerm, is a covariant system of (J(M,n),C), we
define J?(M,n) C J(J(M,n),n) by
J2(M,n) = {n-dim. integral elements of (J(M,n),C), transversal to F},
C? is defined as the restriction to J2(M, n) of the canonical system on J(J(M,n),n).
Now the higher order (geometric) jet spaces (J***(M,n),C**!) for k > 2 are

defined (simultaneously for all m) by induction on k. Namely, for k£ > 2, we define
JE+1 (M, n) c J(J*(M,n),n) and C*+! inductively as follows:

J*TY(M,n) = {n-dim. integral elements of (J*(M,n), C*), transversal to Ker (7f_,). },
where f_, : J¥(M,n) — J*~(M,n) is the projection. Here we have
Ker (7¥_,). = Ch(0C*),

and C**! is defined as the restriction to J**(M,n) of the canonical system on
J(J*(M,n),n).

Here we observe that, if we drop the transversality condition in our definition of
J*¥(M,n) and collect all n-dimensional integral elements, we may have some singu-
larities in J¥(M, n) in general. Namely, a set of all n-dimensional integral elements
of (J¥(M,n),C*) may be a variety.

Remark 2.1. In this paper, the notation J2(M,n) is used for the geometric 2-jet
spaces, not for the ordinary 2-jet spaces J2(R”,R™). But J2(M,n) is locally iso-
morphic to J2(R",R™), that is, local isomorphisms act on J%(M,n) transitively.
Therefore the results are independent of the difference.

3. MAIN THEOREM

Let m,n be positive integers and M a manifold of dimension m + n. We de-
note J*¥(M,n) the k-jet space over M with n-independent variables and by C* the
canonical system on it (see §2).

We define, for x € J¥(M,n), the set £, of n-dimensional integral elements of C*
through z;
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¥, = {n-dim. integral elements of (J¥(M,n), C*¥)},
and the subset
S(IEM,n) = | ) =
zeJk(M,n)

of the Grassmannian J(C*,n) = Gr(C*, n) of n-dimensional linear subspaces of the
distribution C*;

J(C*n)= ] Csy  Co=Gr(C*a),n).
zeJk

Here the integral elements of a differential system on a manifold are generally
defined as follows;

Let (R, D) be a differential system, i.e. R is a manifold and D is a subbundle
of TR. We take a system of local defining 1-forms {w;, -+ ,w@,} of D. An n-
dimensional integral element of D at z € R is an n-dimensional subspace v of T, R
such that

Wily = dw;il, =0 (it=1,---,8).

That is, n-dimensional integral elements are candidates for the tangent spaces at z
of n-dimensional integral manifolds of D.

By definition,

J*H (M, n) C (J*(M,n)) C J(C*, n).

The set £(J¥(M,n)) of integral elements is the candidate for the extension of
the notion “Monster Goursat manifolds” introduced in [MZ] to the case of several
independent variables. However the subset £(J¥(M,n)) of J(C*,n) = Gr(C*,n)
may not be a submanifold of J(C*,n). This situation is quite different from the
case of 1 independent variable. One of main results of [S1] and [S2] is to check when
' the set $(J*(M,n)) of integral elements of C* becomes a submanifold of J(C*,n) or
not in the case n > 2. If ¥(J*(M, n)) is a submanifold of J(C*, n), then we define the
canonical differential system D on £(J*¥(M, n)). In this case, we regard X(J*(M,n))
endowed with the canonical differential system as an extension of procedure to
construct “Monster Goursat manifolds” or the procedure of “prolongation” of the
jet space.

Theorem 3.1 ([S2]) The set L(J¥(M™+" n)) of integral elements of the canonical
system C* on the jet space J*(M™*™ n) over the m+n-dimensional manifold M with

n-independent variables is a submanifold of the Grassmannian J(C*,n) = Gr{(C*, n)
if and only if (k,n,m) = (2,2,1),(k,1,m),(1,n,1).

4. REVIEW OF TANAKA THEORY

Next we will consider the local equivalence problem of (X(J%(M*2,2)), D),
where D is a canonical system on T(J2(M*2,2)) (see §5). To this purpose, we

first recall Tanaka theory of weakly regular differential systems in this section(see
(T],[Y1]).
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4.1. Weak derived system. Let D be a differential system on a manifold B. We
denote by D the sheaf of sections to D. Then we define k-th weak higher derived
system 0D by ;

VD = 9D , 8FD = 8*-VD 4 [D, 8*-1D]

where D = I'(D). A differential system D is called weakly regular, if 99D is a sheaf
of sections for a subbundle 8% D, for any i. If D is not weakly regular around z € R,
then z is called singular point in the sense of Tanaka theory.

We set D71 := D, D% .= 8*-UD (k > 2), for a weakly regular differential
system D. Then we have

(S1) There exists a positive integer x4 such that
DlcD?2c...cD*c...c DWWV c D#=pDWt]) ..
(82) [Dr, D9 C DPY9, for any negative integers p, g,
ie [X,Y]eDrt?, X eDPY €D

4.2. Symbol algebra. Let (R, D) be a weakly regular differential system such that
T(Ry=D*>D ¥ VY>5...5D'=D.
For all z € R, we put g_1(z) := D~!(z) = D(z) , g,(z) := DP(z)/DP*(z), and put

—p
m(z) := EP gp(@).
p=-1
Then dim m(z)=dim R. For X € gp(z) , Y € go(z), we take extensions
X eDr, Y e Dof representatives for X, Y (X2, Y, give X, Y in gp(z), gq(z))

respectively Then [X,Y] € DP*? and [X,Y], does not depend on the choice of
extensions up to DP+9*1 because of the equation

[fX,gY] = fglX, Y]+ f(Xq)Y —g(Y )X (f,9 € C*(R)).

Therefore we define [X,Y] := [X,Y]; € gp+q(z), which makes m(z) a graded Lie
algebra. We call (m(z),[]) the symbol algebra of (R, D) at z.
Note that the Symbol Algebra (m(z), [ ]) satisfies the generating conditions

[",87 1=¢g"" (p<0).
Later, T. Morimoto introduced the notion of a filtered manifold as generalization
of the weakly regular differential system in [Mori].
We define a filtered manifold (R, F') by a pair of a manifold R and a tangential
filtration F'. Here, a tangential filtration F on R is a sequence { F?},o of subbundles
of the tangent bundle T'R such that the following conditions are satisfied;

(i) TR=FF=...=F#>...DFP3FPl5...5F0=
(i) [FP,FYCFPte Vp,q<O0

where FP = I'(FP) is the set of sections of FP.
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Let (R, F) be a filtered manifold, for z € R, we put
f(z) = F*(z)/FP"(x)

and

f(z) = P ().
p<0

For X € fy(z) , Y € fo(z), Lie bracket [X,Y] € fpi4(z) is defined by ;

Let X € F?, Y € F9 be extensions (X, = X , Y, = Y), then [X,¥] € Fr+a
[X,Y] :=[X,Y]; € fprq(x) does not depend on the extensions.

Then we call (f(z),[]) the (associated nilpotent) graded Lie algebra of (R, F) at
z€R

In general (f(z),[]) does not satisfy the generating conditions.

Remark 4.1. Let D = {w, = --- = w, = 0} be a differential system on a manifold
R. We denote by D+ the annihilator subbundle of D in T*R, namely,
Dt (z) = {weT;R|w(X)=0forany X € D(z)}
= <y, W D> .
Then the annihilator (OD)* of the first derived system of D is given by
(8D)' = {w € D | dw =0 (mod D*)}.
Moreover the annihilator (8%*+Y D)+ of the (k + 1)-th weak derived system of D
is given by
(* VDYt = {we (8P D) | dw =0 (mod (8% D)+,
(0PD)* A(89D)*, 2<pg<k-1)}

5. EQUIVALENCE PROBLEM OF (I(J?(M'*2 2)), D)

Since X(J2) is a manifold from theorem 3.1, we can define the canonical system
D on X(J?) as follows;
For any u € X(J?) with p(u) = = € J?, we put
D(u) = p;'(u) € Tu(2(J?)) 2> T(J?)
where p : £(J?) — J?(M'*+2,2) is the projection.

In this section, we will consider the equivalence problem of (£(J2), D). Namely
we will give the orbit decomposition under the action of the Aut(X(J?), D), where
Aut(X(J?), D) = {p : £(J?) — Z(J?) | ¢: local diffeomorpfhism such that
¢.(D) = D}.

First, the set £(J?) has a geometric decomposition;
Y(J?) = Ly U £, U X, (disjoint union),
where I; = {w € £(J?) | dim(w Nfiber) =i} (i = 0,1,2), and the fiber means that
of T(J?) D C? — T(JY).
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5.1. Classification of X,.

Proposition 5.1. The differential system D on £(J?) = Z(J2(M'*2,2)) is regular,
but is not weakly reqular. Precisely we obtain that

D c oD C 8°D c 83D =Tx(J?).
Moreover 82D = 8P D and
89D =TE(J) onTeUE,
D =p@pD on Y,

From this proposition, (£(J?), D) is locally weak regular around w € X;. So we
can define symbol algebra at w € ¥; and the following holds;

Proposition 5.2. For w € £, the symbol algebra m(w) is isomorphic to m, m =
9-198-2D9-3Dg-q and [,] is given by;
Xy = [Xa, Xm] = [XB,Xt] , Xy = [Xc,Xz} , X = [Xea Xx] = '_[XaaXt]
Xp = [Xr, Xs] X = [Xs, Xz] = —[Xy, Xi] '
X, =[X,, X4] , the other is trivial,
where {X,, Xp, X4, Xy, Xpy Xs, Xz, X4, Xa, X, Xoy X} are basis, and
g1 = ({X5 X, Xa, X5, X, Xe})
g2 = ({Xy, X, X,})
g-3 ({Xp, Xo})
g4 = <{Xz}>

Especially, for w € ¥,, the symbol algebra (m(w), [,]) is not isomorphic to the
Jet type symbol algebra mje;. '

Il

Here, m;,, is given as follows; for any z € J® |
g-1(x) := C° = (X111, X112, X122, X202, Xy, Xp) 5 8-2(%) 1= (X121, X12, X22) ,
9-3(z) = (X1, Xa) , g-a(x) := (X,) ,

-4
mjee(z) = P 8p(z) =9-1 © 92 © 9-3 D g_s.
p=~1

The bracket relations are;
(Xt Xoi) = 00X, [ Xjky Xz, = 0 X; , [Xj, Xus) = 6;;X, , the other relations
are given by 0.

Theorem 5.3. (normal form)
For any w € X, the differential system (Z(J%(M*2,2), D) around w is locally
isomorphic to the germ at the origin of (R'2, D) given as follows;
We define the differential system D on R'? with coordinate (z,v, z,p,q,7, s,t,a, B, c,e)
by
15={w0=w1=w2=wy=w,=ws=0}
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where
wo = dz — pdz — qdy wy = dy — adxr — Bdt
w; = dp — rdz — sdy w, = dr — cdz — (a® + eB)dt
wy = dq — sdx — tdy we = ds — edx + adt.

5.2. Classification of ;. Finally, we will classify points in ;. From the proposi-
tion 5.1, w € ¥, , we can not define the symbol algebra at w. But 8D and 8@ D
are subbundle, so we can define graded Lie algebra at w as follows;

For w € X3, we put g (w) := DY w) = Dw),gq(w) :=
D=*(w)/ D™} (w), g-3(w) := D™3(w)/D~*(w), g-4(w) := T,,(E(J2))/ D73 (w).

m(w) = g-1(w) & g-2(w) ® g-3(w) ® g-a(w).

We define Lie bracket by the same way of the usual symbol algebra except for
[9—11 9—3]' For [g—-lag—3]1 we define [g-—la 9—3] = 0.

Note that this graded Lie algebra does not satisfy the generating condition
[g—l’ 9—3] =g-4.

Remark 5.4. Note that the above graded Lie algebra at w € ¥ is an example of the
associated Lie algebra of filtered manifold (X(J?), F) by setting ;

F~4(w) =T,(J*) , F3w) =8¥D(w), F*(w) =8YVD(w), F Y (w) = D(w).
Proposition 5.5. For w € ¥y, graded Lie algebra m(w) is isomorphic to m(E, F),
MWE,F)=9_19©982®9-3P9-4 and [,] is given by;

[XB,XT] = Xy -FX,, [XDaXS] = Xy ) [XB,Xs] =X;, [XD; Xr] =EX,
[(XE, X;] = X, , [Xr, X,] = X,
(Xr Xe]l =Xy, [Xe, X)) =X+ FX,, [X,, X2) =Xy, [ X, X,] = EX,
the other is trivial,
where {X;, Xp, Xq, Xz, Xy, Xt, Xr, Xs, XB, XD, Xp, Xr} are basis which satisfy
g1 = ({Xr,Xs,XB,XD,XE,XF})
g2 = <{X-'B’Xy’Xt})
8-z = ({Xp Xe})
g« = ({X:})
and E, F € R are parameters.

For the graded Lie algebra m(E, F'), the followings are intrinsic;

8", = {Xeg_i]ad(X)l,_, =0} =< Xp, Xp, X5, Xr >
g%, = {X€gz]adX)|y_, =0} =< X, >
8.1 = {Xegi|Imad(X)|y, €gY,} =< Xg, Xr >,

i.e. the above subalgebras are preserved by Lie algebra isomorphisms induced
by isomorphisms of differential systems.
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Lemma 5.6. For the graded Lie algebra m(E, F), let Ch(m(E, F)) be a set of the
characteristic directions, that is,

Ch(m(E, F)) = {V C g_1 : 1—dimensional subspace | X € V, X # 0,rank ad(X)|,_, = 1}.

Then

2 (F24+4E >0)
#Ch(m(E, F)) = { 1 (F?+4E =0)
- 0 (F2+4E <0).

Remark 5.7. For w € %, w is said to be hyperbolic, elliptic or parabolic according
to whether F? + 4F is positive, negative or zero, respectively.

From above lemma, ¥, has at least 3 components. We put

L = {we ;| wis a hyperbolic point}

™
1)
i

{w € 25 | w is a elliptic point}
L, = {we€ ;| wis aparabolic point}.

Then this classification is sufficient by the following theorem.

Theorem 5.8. There exists a decomposition of Lo
Yo=EpUZ. UL,

into disjoint three subsets such that, if w € Ty, then (S(J2(M'*2,2), D) around
w is locally isomorphic to the germ of (R, D) at (0,--+,0,1,0), if w € X, then,
0,---,0,-1,0), and if w € &, then, (0,---,0,0,0). Here (R'?,D) is given as
follows;

We define the differential system D on R'? with coordinate (z,y, z,p, q,7,s,t,B, D, E, F)
by

D ={wy=w =wy =w, = w, = w; =0}

where
wo = dz — pdz — qdy wy; =dx — (DE — BF)dr — Bds
wy =dp — rdx — sdy wy = dy — Bdr — Dds
wy = dq — sdx — tdy w; = dt — Edr — Fds.

We summarize

Corollary 5.9.
T(J?) =T USiU(ZRUZ UL)
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where

T = {we(J?| dim(wn fiber) = 0} = J*

T = {we(J?) | dim(wn fiber) = 1}
¥ = {weX(J? | dim(w N fiber) = 2}
T, = S,US, UL,

L = ZoN{w: hyperbolic point}

L. = XN {w: elliptic point}

L, = XN {w: parabolic point}

Xo s an open set in £(J?). T, is an codimemsion 1 submanifold in B(J?) L,
is an codimemsion 2 submanifold in £(J?) and P?-bundle over J?. T,, ¥, are
also codimemsion 2 submanifolds in £(J?). £, is an codimemsion 8 submanifold in
£(J2).

Moreover, the each component have the following normal forms;
(0) ¥g has jet type normal form.

(1) w € I is locally isomorphic to a germ at the origin in (IR12 D) where
(R'%;z,y,2,p,q,7,5,t,a,B,c,e) is coordinate and D is expressed by D = {wy =
W) = Wy = Wy = W, = w, = 0}, where

wy = dz — pdz — qdy wy, = dy — adx — Bdt
wy = dp — rdz — sdy w, = dr — cdr — (a? + eB)dt
wy = dq — sdx — tdy ws = ds — edr + adt.

(2)

w € Xy, is locally isomorphic to a germ at (0,---,0,1,0) in (R*?, D).

w € X, is locally isomorphic to a germ at (0,---,0,—1,0) in (R12, D),

w € L, is locally isomorphic to a germ at (0,---,0,0,0) in (R¥2, D).

where (R'?;z,y, 2,p,q,7,8,t, B, D, E, F) is coordinate and D is expressed by D =
{w® =o' = w? = w, = w, = w, =0} where

wy = dz — pdx — qdy wy =dz — (DE — BF)dr — Bds
w; = dp — rdr — sdy wy = dy — Bdr — Dds
= dq — sdx — tdy wy = dt — Edr — Fds.
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