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Diophantine approximations with leaping convergents
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1 Introduction

Every real number o can be expressed as its simple continued fraction ex-

pansion as
1
a = [ap; a1,02,...] = ag + T
a + ———
' 1
as + —
where ap is an integer and a, (n = 1,2,...) are positive integers. The
sequence of partial quotients ag, a;,az,... can be determined uniquely by
the algorithm:
a=ag+1/a, ap = o],
ap = an + 1/an41, a, = |lan] (m=>1).

Such expansions are well characterized by truncating the expansion:

1
ag; ai, - - -, an] = @ + .
dn 1
a + ————
' 1

+_
Qnp

==

They are the best rational approximations to o and are called convergents
(see [2, Module 5]). It is well-known that p,’s and ¢.’s satisfy the recurrence
relations: :

DPn = QnPn—-1 + Pn—2 (n > O)a D1 = ]-7 DP-2 = 0,
n = AnQn-1 + gn-2 (n > O)) g-1= 1, g—2 = 0.

1This research was supported in part by the Grant-in-Aid for Scientific research (C)
(No. 18540006), the Japan Society for the Promotion of Science.
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Given integers r and 7 with r > 2, 0 <4 < r — 1, we denote the leaping
convergents by
Proti (= 0,1,2,...).
Qrn+i
This concept was hinted by Elsner ([4]) and has been developed in [9, 10, 11,
13, 14]. Bumby and Flahive ([1]) called them leapers in a slightly different
meaning.

2 Diophantine approximations

It is known that

. |
< |pn — qma| < (n>0)

dn+1 + an dn+1

([8, p. 20]). More precisely, by using the notation above,

(_1)n+1

Qnt1qn + Qn-1
—1 n+1
_ (=1 0> 0)
a1y ...0n0+1

DPn — @qn&x =

(e.g. see [2, Lemma 5.4]). Since a, > 1 (n > 1), we have p, — ¢goa — 0
(n — o00). Hence, pn/gn (n =0,1,2,...) are the best rational approximations
to a.

When « is a real quadratic irrational, this error can be well characterized.

Suppose that
a=+vVa?2+1=a;2a] = [a;2qa,2q,...],

where a is a positive integer. Then by
aoy=ay=---=vVa?2+1+a,

we obtain
(~1)
Dn — @ =
(\/a2—+1 + a)nt!
= (—Va? +1+a)""

— e-—(n+1) sinh~!a
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3 Leaping convergents

In [11] we obtained the explicit forms of the leaping convergents of the con-
tinued fraction expansion e/* = [1;s(2k — 1) — 1,1,1]%2, (s > 2). Let pn/qn
be the nth convergent of the continued fraction expansion of el/s (s > 2) and
p/q: be that of e = [2;1,2k,1]52,. pn/qn itself does not have any explicit
form, but we can see something in view of leaping convergents. For n > 1
we have

Z n+ k)'
kl(n — k;)‘
(n+k+1)! 1y
DP3nt1 = Z —_——S5" ',
£ kl(n — k)!

n+1

n + k)! ok
P3n+2=(n+1)zk!(( k—?—l)' 5

= Sy

= ~ k)|
n+1
n—kt1__ (Nt K)! o
Gan+1 = (”H)kz_%( D =k

nepgm+E+1) L
Z( 1) (k,(n k),) Plany

q3n+2 =

k=0

Obtaining such explicit forms and proving the results are elementary and

omitted. However, there are several interesting applications by using such

expressions. We introduce one application in this article. Other applications
can be seen in e.g. [1, 5, 6].

4 Diophantine approximations of e!/¢ and e?/*
in terms of integrals

If « is not a quadratic irrational, it becomes complicated to express the error
function p, — gna. Cohn ([3]) got an idea to express this error function in
terms of integrals when a = e. This idea was immediately extended by Osler
([15]), who expressed this error explicitly in terms of integrals. Namely, when
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Pn/qn is the n-th convergent of the continued fraction of el/s, he showed that
forn >0

1 Lzn(z —1)"
_ /s _ _ ex/sd 1
p3n Q3ne Sn+1 A n! T b ( )
1 Lentl(g —1)"
—_ /s _ z/
P3n+1 — @3n41€7° = g1 A oy € sdﬂ? (2)
and ! g 1
1 " (x —1)"
_ 1/s __ z/
Dan+2 d3n+2€ - Sn+1 \/0‘ 'fl' € *dzx . (3)

This result explains that each left-hand side tends to 0 because each
right-hand side tends to 0 as n tends to infinity. Hence, it is demonstrated
that the simple continued fraction expansion of el/¢ (s > 2) is given by
el/s =[1;(2k—1)s —1,1,1]2,.

The result itself may be interesting independently, but using the concept
of leaping convergents, we can obtain similar results concerning the values
other than e'/s. If we substitute combinatorial expressions of leaping conver-
gents of e!/* in the previous section, we have the following.

Theorem 1. Forn >0
(n+ k)' (/s nk (M+E! 4
Z < Kl(n — Z( 1) Kl(n—k)!°
1 / z"(x — 1) /odz (4)
0

- gntl n!
Z i e :Z:(_l)"nk“kz(ﬁn_ﬁkkkf i
= Sn1+1 /01 :z:"+1(;i!_. L e*/*dx, (5)
() S k‘((n +kkJ)r e e ;( 2 (Zt?nk +k;|) sk
= 3n1+1 /0 T ;! Dt e*/*dz . (6)

The identities (4), (5), (6) yield the similar results concerning other kinds
of real numbers related to el/*.
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It is known that the continued fraction expansion of e?/* is given by
2/ (6k—5)s—1 (6k—1)s—1 o0
e*/* = [1; 5 , (12k — 6)s, 5 1,105,

where s > 1 is odd (See [16], §32, (2)). In [12] the author gave a proof of the
continued fraction expansion of e?/* by showing similar errors explicitly.

Theorem 2. Let p,/q, be the n-th convergent of the continued fraction of
e?/s. Then, forn >0

2 3n+1 1 x3n(1. _ 1)311.
2/s _ 2z/s
Dsn — @5n€™"" = — (—) / e“**dx , (7)
S 0 (3?‘1,)'
23n+1 1 $3n+1 (x _ 1)3n+1
2/s __ 2z/s
Psn+1 — @sn+1€7 = ———3 / e“**dx , (8)
s3n (3n + 1)!
2 3n+3 1 £L‘3n+2(IL‘ — 1)3n+2
— 2/s — _ [ £ Zz/sd 9
Psn+2 — Qsn+4-2€ (s) /0 Bn+2)! € T, (9)
2 3n+3 1 $3n+3($ _ 1)3n+2
n+3 = == 2/sq 10
Dsn+3 d5n43€ (S) L (3n + 2)! € X , ( )
d
amn ) 92\ 3n+3 1 x3n+2(x _ 1)3n+3 X
Dsnt4 — Qsna€”’® = (;) /0 Bn12) e2*/*dz . (11)

The proof in [12] was done term by term calculations by using the basic
relations p, = anPn—1 +Pn_2 and ¢, = angn_1 + gn—2. The proof here is based
upon the explicit combinatorial expressions of the leaping convergents of 2/
in [14]. Let p,/g, be the n-th convergent of e%/*.
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Proposition 1. Forn=20,1,2,... we have
233 (3n + k)! (_s_)k
k'(3n - k)! ’
3n+l

. (Bn+k+1) s
Pont1 = g k!(3n — k + 1)1 2k+1°

In+2

_ (Bn+k+2)! /s\*
Pon+2 = g‘:o k!(3n — k + 2)! (") ’

3n+2

_ (Bn+k+3)! s\kt!
Pon+s = kg K!(3n — k +2)! (‘) ’

3n+3

. Bn+k+2)! /s\*
Psnta = 3(n+1) ; K(3n — k + 3)! (‘)

and
3n
—_ — 3n—kM i g
qﬁn—g( D G — k) )
3n+41
, _ 3n+k+1) s
Ton+1 kz:%( ) k!(3n — k + 1)1 2k+1”
3n+4-2
_ _yan—ki2 Bn+Ek+2)1 5Nk
Q5n+2 = g( 1) k!'(3n — k + 2)! (2) ’
a3 (ke Gt EEDL oy
Tsn+3 = K(3n —k+3)1 \2/ ~
3n+2
_ _yan—ka2_(Bn+k+3)1 skt
Tsnts = k2_2< 1) K!(3n — k + 2)! (2) '

By using these combinatorial expressions of leaping convergents, we can
prove Theorem 2 very easily. If we replace s by s/2 and n by 3n in (4), then
we get (7). If we replace s by s/2 and n by 3n + 1 in (4) and divide both
sides by 2, then we get (8). If we replace s by s/2 and n by 3n + 2 in (4),
then we get (9). If we replace s by s/2 and n by 3n + 2 in (5), then we get
(10). If we replace s by s/2 and n by 3n + 2 in (6), then we get (11).
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5 Diophantine approximations of linear forms
of ¢ in terms of integrals

The method mentioned in the previous section is applicable to any linear form
of el/s or e?/* if the explicit forms of the corresponding leaping convergents
are explicitly written. For example, it is known that

e+1
3

=[1:4,5,4k —3,1,1,36k — 16,1, 1,4k — 2,1, 1, 36k — 4,
. 1,1,4k—1,1,5,4k, 1),

(e.g. see 7, p.294, (19)]). In fact, this is a special case of

el/(38+1) + 1

3 =[0;1,2,(12k — 11)s + (4k — 5), 1,5, (12k — 9)s + (4k — 4), 1, 5,

(12k — 7)s + (4k — 3),1,1,9(12k — 5)s + 4(% — 4),1, 1,
(12k — 3)s + (4k — 2),1,1,9(12k — 1)s + 4(% — 1), 1, 1]32, .
If s=0,therule|...,a,—b,y]=[..,a—1,1,b—1,—7] is applied for

[0;1,2,—1,1,5,0,1,5,4k — 3,1, 1, 36k — 16,
1.1,4k—2,1,1,36k —4,1,1,4k —1,1,5,4k, 1], .

Let Pn/qn be the n-th convergent of the continued fraction expansion of
(e1/(3s+1) 1+ 1)/3. Then by induction on n it is shown that

. k - 1
Pisn+z = 2 00 o (35 + )%, disnra =330, et (3s + 1)F,

? 6n+2i+2)!
Prenta = —§ 300 i (3 + ¥ + § S0 e (35 + 1)**,

Qign+s = opoy (—1)%71 (1817(2;&%_617;?*)! (3s + 1),
6n+2i)! i 3n 6n+2i+2)! i
Pisnsa = § Soomo Tt (35 + )% + 3 TX, i easy(3s + 1)%+1,

d18n+4 = Zk——o(— )kSE'_lik;i){(?,s + 1)k+1 )

El(6n—k)!

1+2)! ;
Pisn+5 = 2 Z,—o %%(33 + 1)2”1 )

6 k-1 k+1)!
d18n+5 = 3 Zk:-(f)-l = I]Z!(Gn(_f_sz_tl)_:_l)‘ (33 -+ 1)k

1 x—=3n+1  (6n+2i+2)! ; 3 6n+2i+2)! i
Pisnss = 3 Cone ! rromaaite (35 + 1)% — 3 7 i rioary (35 + 1)%+

13 k n
Q18n+6 = 2 26 et (11(6:+2)$7;|+k+1)' (3s + 1)k )

-
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3n+1  (6n+2i42)! i (6n42i+2)! 2i+1
Dign+7 = Zz—rz;— (21( ‘7(1611 21_3.2)| (35+ 1 & +3 Zz_O (2i+1)1(6n— 21)'(38 + ]‘) T ’

6n+1 (—1)k—1(6n+k+2)!
q18n+7 = k"; S gg(ﬁn(_:jl;g’ ) (35+1) )

3n+l _(6n+2i+2)! :
Pisn+s = 2> im0 (557%1%(33 + 1)+,

k k+2)!
q18n+8 = 3 26n+2 ( kllzﬁglﬁn]-c:.;il) (35 + 1)k )

3n+1 6n+-2i+2)! 2i 1 3n+1 (6n+2i+4)! 241
— T ot (38 + 1P + 5 200 @atieeam 00+ DT

Di8n+9 =

3 (—1)*—1(12n—k+6)(6n+k+2)!
di8n+9 = 27:5 — <Ic!(gn—:+3’:()!n+ +2) (3s+1)%,

3n+1 6n+21+2)! i 3n+1 (6n+2i44)! 2i+1
Pisnt10 = Yirg ‘('2‘5)‘!1(151 l_2i-+)-2)'(3s + ¥+ 3300 maniengmies + 1) ™

6n+3 k(6n—2k+3)(6n+k+2)!
Quensio = Yot SIS (35 + 1,

3n+1  (6n+2i+4)! ;
Di8n+11 = Z iry (2i—£1)!-(+;int22+2)!(3s +1)%H,

6n+3 (—1)*—1(6n+k+3)!
q18n+11 = k’;’S (= ,3!(6“(_,’:1’3)4{ ) (3s + 1)k,

3n+2 6n+2i+4)! i 3n+1 (6n+2i+4)! 2i+1
Pint12 = 1350 ﬁgﬁi—%ﬁ(?’s +1)% - 325 @i+ 1)I(6n—2i+2)! (3s +1)**,

4 (-1)*(12n+k4+8)(6n+k+3)!
q18n+12 = 21:0 (=) (kﬂénfkl(4)’§+ +3) (3s + 1)" ,
3n+2  (6n+2i+4)! i 1 <3n+1 (6n+2i+4)! 2i+1
Pien+13 = Yia” Goteemam(3s + 1% + 3 .55 mmnien—aman (35 17T
6n+4 (—1)*(6n+2k+4)(6n+k+3)!
Qisnt13 = Yopme S ,Z?ankzr(‘i)'f +3) (35 + 1)*,

i+4)! i 6n+4 (—1)k(6n+k+
 P1gn+14 =2 23n+2 @W—‘——z';%ﬁ(ss +1)%,  qiga+14 =33 kg ( k:l)(Gft nk+4)'4(33 + 1),

3n+2 _ (6n 2i+4)! i 3In+2 (6n+21+6)! 2i+1
Pisntis = = Lom Ginoncsm (35 + D + 5 X5 @mmien—zean (55 T DT
n —~1)*—1(12n—k+10)(6n+k+4)!
Qians1s = gy (ﬁ(en_:ig)(z A (35 + 1)%,
3n+2  (6n+2i+4)! : 3n+2 (6n+2i+6)! 2i+1
Pisntis = 3ilg %%(33 + 1%+ 3250 (2i+1;(61:—2i+4)!(33 + 1)+,

k(6n— n+-k+4)!
di8n+16 = 227:55 (=2 kl(G?jl?.z.(:)lJr +4) (33 + 1)k7

3n+2  (6n+2i+6)! ;
Pisn+17 = 3 Eifg (21-51?’?67: 2il+4)' (3s +1)%*,

k—1 k ]
Qant17 = Ynp %(sn(fﬁs%) (3s + 1)F,

3n+3 6n+2i4-6)! 3n+2 6n+2i+6)! 2i+1
P18n+18 = Ei:—g (25)!?;11;1’4-6)!(38 + 1)21 -3 z:o 21-511)1!(6;—2Z+4)! (3s + 1) =
6 (—1)*(12n+k+12)(6n+k+5)!
d18n+18 = 21:6 SR k?g;nti_zf(;)g thtS) (3s + 1)k, .
3n+3 6n+2i+6)! { 3n+2 6n+2i+6)! 2i41
P18n+19 = Zi=3- (25)!((;;_;4.6)1(33 + 1)% + %Zi:O (2i-1$1)!(6n—2i+4)!(3s + 1) * ’

—1)k(6n+2k+6)(6n+k+5)!
Qians10 = Spp T k!?erfjkjr(s)!+ 535 + 1)*.
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Hence, for n > 0 we obtain the following.

Theorem 3.

,1/(3s+1 1 671 6
el/(s+1) 4 1(11871+2 _ _/ ( z°"(z — 1)°" &=/ g
0

Pign+2 = 3 35 + 1)6n+1 (67)!
61/(35+1) +1 1 (.’IT + 2)336”(:17 _ 1)6n .
R — /(3s—+—1)d
Di1sn+3 3 d18n+3 -/0 3(35 + 1)6”"'1(677,)‘. € T,
el/(3s+1) +1 1 :L.Gn(x _ 1)6n+1
e — _ ez/(3s+1)dx,
P18n+4 3 Q18n+4 /0 3(35 + 1)o™+1(6n)!
el/(3s+1) 4 1 1 géntl(gp _1)6ntl
_ = — /(3s+1) 4
P18n+5 3 d18n+5 /0 (35 1 1)57+2(6n + 1)!€ T,
1/(3s+1) 1 1 92\ 6n+1 — 1)6n+1
DPign+6 — E——_LQIS'IH-S = / (x r )x (x ) em/(33+1)dx’
3 o 3(3s+1)67+2(6n + 1)!
el/(33+1) +1 1 :L‘Gn+1(.'13 _ 1)6n+2 .
R et — /(3s+1)d
Pisgn+7 3 d18n+7 /0 3(33 + 1)6”+2(6n + 1)!6 x,
el/(3s+1) +1 1 $6n+2(.’13 _ 1)6n+2
s —_ z/(33+1)d
Di8n+8 3 d18n+8 0 (33 + 1)6n+3 (67?, + 2)!6 Z,
1/(3s+1) 1 1 1 6n+2( . _ 1)6n+2
Pisn+9 — E——'_——{__QISTL-G—Q = / (x + )x (x ) ex/(3s+1)dx’
3 s 3(3s + 1)6"3(6n + 2)!
el/(33+1) +1 1 (.’L‘ . 2)£E6n+2(.’l: _ 1)6n+2 .
e T — /(3s+1)d
DP18n+10 3 d18n+10 /0 3(3s + 1)673(6n + 2)! € T,
el/(3s+1) +1 1 x6n+3(1. _ 1)6n+3 e
I et —- _ /(35+1)d
P1gn+11 3 g18n+11 /0 3(3s + 1)67+4(6n + 3)!6 T,
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el/(33+1) +1 1 (317 _ 1)$6n+3($ _ 1)6n+3
_— = z/(3s+1) 4
Dign+12 3 d18n+12 A 3(33 + 1)6n+4(6n + 3)! € z,
el/(33+1) +1 1 (31: _-2)x6n+3(x _ 1)6n+3 .
R — /(3s+l)d
P18n+13 3 18n+13 s 3(3s + 1)574(6n + 3)! € Z,
el/(33+1) +1 1 :L‘6n+4(IL' _ 1)6n+4 .
R el _ _ /(33+1)d
D18n+14 3 d18n+14 /0‘ (38 + 1)6""‘5(671, + 4)!6 T,
61/(33+1) +1 1 (.’E + 1)$6n+4($ . 1)6n+4
- - — z/(3s+1)d
P18n+15 3 q18n+15 s 3(3s + 1)575(6n + 4)! € T,
el/(3s+1) 1 1 T — 2 bntd (g — 1)6n+4
P18n+16 — —‘—_*__q18n+16 = ( ) ( ) I/(38+1)d33,
3 s 3(3s + 1)6"+5(6n + 4)!
e1/(33+1) +1 1 $6n+5(x _ 1)6n+5 .
s — /(3s+1)d
Pign+17 3 q18n+17 /0 3(3s + 1)576(6n + 5)!6 T,
el/(33+1) +1 1 (3$ _ 1)$6n+5(17 _ 1)6n+5
- = z/(3s+1) 4
Disn+18 3 d18n+18 ‘/0‘ 3(33 + 1)6"+6(6n + 5)! € Zz,

em/(3s+1) dr .

el/(Bs+1) 4 1 1 (3z — 2)z+5(g — 1)6n+5
Prnis = T Menie T /0 3(3s + 1)576(6n + 5)!

Remark. When s = 1, if we denote the n-th convergent of the continued
fraction expansion of (e!/4 +1)/3 by p%/q, then the relation

p__:, — Dn+2 (n Z O)
qn an+2

is applied to the above Theorem.
When s = 0, if we denote the n-th convergent of the continued fraction
expansion of (e +1)/3 by p}*/q;*, then the relation

2_9%; — Dn+2 (n Z O)
qn Qn+2

is applied to the above Theorem. For example, for n > 0 we have

= e+ 1 - el/(33+l) + 1
Pisn+3 — —3"118n+3 = Di18n+9 — "——3——(118n+9

_ 1 /1 (.’IJ + 1)x6n+2($ _ 1)6n+2
3/ (6n + 2)!

e“dx .
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6 Quadratic irrational revisited

Let o = Va2 + 1 = [a; 2a] and p,/gn be its nth convergent. Then it is proved
that

Pans nz o a

(2k)!(n —
(WV@FT+ 0" + (VT - a)"
2 3

_ (n+k) 2k+1___n—1 n+k 2k-+1
Gon-1 = Z ey GO (Zk + 1) ()™

s1nh(2n sinh™'a) (Va2 +1+ a)2" (\/a2 +1—a)*™
a? +1 2v/a? + 1 ’
(n+ k)! (2a)2k+1
Pan = 2n+1)z(2k+1'(n-—k)' 2

(Va2 +1+a)?t — (Va2 +1 —a)***!
2 Y

= cosh(2nsinh™!a) =

= sinh((_2n +1)sinh™'a) =

= (n+k) s N (n+k ok
qz"'g R = *y1 Y "Z< 2% )(2“)

k=0
__cosh((2h +1)sinh™a)  (Va?+1+a)**! 4 (Va2 +1—a)*>""!
a?+1 2va? +1 '

However, it has not known whether the identity pn — gno = e~ (n+1)sinh™"a
plays a basic role in quadratic irrationals, corresponding to Theorem 1 in the
case of el/°.

References

[1] R. T. Bumby, M. E. Flahive, Inhomogeneous Diophantine approzimation
of some Hurwitz numbers, in Diophantine Analysis and related fields
(DARF 2007/2008), AIP Conf. Proc. 976, Amer. Inst. Phys., Melville,
NY, 2008, pp.31-42.

[2] E. B. Burger, Ezploring the Number Jungle: A journey into Diophantine
Analysis, STML 8, American Mathematical Society, 2000.



3]

4]

[10]

[11]

[12]

[13]

78

H. Cohn, A short proof of the simple continued fraction expansion of e,
Amer. Math. Monthly 113 (2006), 57-62.

C. Elsner, On arithmetic properties of the convergents of Euler’s number,
Collog. Math. 79 (1999), 133-145.

C. Elsner and T. Komatsu, A recurrence formula for leaping convergents
of non-regular continued fractions, Linear Algebra Appl. 428 (2008) 824—
833.

C. Elsner, T. Komatsu, and I. Shiokawa, Approrimation of values of
hypergeometric functions by restricted rationals, J. Théor. Nombres Bor-
deaux 19 (2007), 393-404.

A. Hurwitz, Uber die Kettenbriiche, deren Teilnenner arithmetische Rei-
hen bilden, (1895), Mathematische Werke, Band II, Birkhduser, Basel,
1963, pp.276-302.

A. Ya. Khinchin, Continued fractions, Dover, New York, 1997.

T. Komatsu, Recurrence relations of the leaping convergents, JP J. Al-
gebra Number Theory Appl. 3 (2003), 447-459.

T. Komatsu, Arithmetical properties of the leaping convergents of el/s,
Tokyo J. Math. 27 (2004), 1-12.

T. Komatsu, Some combinatorial properties of the leaping convergents,
Combinatorial Number Theory, Proceedings of the Integers Conference
2005 in Celebration of the 70th Birthday of Ronald Graham, Carrollton,
Georgia, USA, October 27-30,2005, eds. by B. M. Landman, M. B.
Nathanson, J. Nesetril, R. J. Nowakowski and C. Pomerance, Walter de
Gruyter, 2007, pp.315-325.

2/s

T. Komatsu, A proof of the continued fraction expansion of e%/¢, Inte-

gers 7 (2007), #30.

T. Komatsu, Some combinatorial properties of the leaping convergents,
II, in the Applications of Fibonacci Numbers, Proceedings of the 12th
International Conference on Fibonacci Numbers and their Applications,
(accepted for publication).



79

[14] T. Komatsu, Leaping convergents of Hurwitz continued fractions, Dio-
phantine Analysis and related fields (DARF 2007/2008), AIP Conf.
Proc. 976, Amer. Inst. Phys., Melville, NY, 2008, pp.130-143.

[15] T. Osler, A proof of the continued fraction exrpansion of el/M Amer.
Math. Monthly 113 (2006), 62-66.

[16] O. Perron, Die Lehre von den Kettenbrichen, Chelsea Publishing Com-
pany, New York, 1950.



