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ABSTRACT. HERIEEER {e !} ez »° basis 22 HITHFEII A = {A\n}nez
(LM%, A7 bV EBESR) (X separable TH D EWVIMHE, infasm [An — Am| >0
R, ZOMHEIL basis TH D &V D S % “uniformly minimal” & V5 #HHE
FTHHTH, FOLEBMOLNTWS., A/ — kT3, separable TRVA~Y
RV A ={A}nez # H O minimal HEFREFEKROFI 2B ~5.

1. INTRODUCTION

FP ZITHESINOERERSL. B~V NE H BT 5HERER D A5
(), Tn # 01, TRDIE > TERSN D HIBER S22/ 2 H 123\ T dense 72
Hid completein H THBHEWVD., ZDZ & &span{z,} = H & RT. £72, {z,}
DEDERHMO DL > TERINDEHZEROBARICE X2V b, {z,}
/L minimal THDEWH. ZDZ LIEB KIIX LT, My =span{z, oz & B &,

dr = dist (zg, My) = xiennflk lzx —z|| > 0
LB L EEW%RT D, RIZ, 2@ minimal & WO HEE DT DIZ uniformly
minimal EVV) b OB D, THITEDEBRIMNEEL T, H kIR LT
di 2 6 |||
BEYVIIDOZ L EERTD.

{2n) 7% complete TH 0, MHOEDER A, B > 0 RTEEL T, EEDOHRKF
{c P 2 LT

2
A nf? < |8 ental] < B Jenl
MY L7 B IX, {2,} I Riesz basis for H THD LV S . EE A, B ITFFITHE

V&I 72V A, AR ) — K Tlid Riesz bounds EFEAZ L I2$T 5. EEDOHT, H%Z
span{z,} (B XM X 572 51F {z,} & Riesz sequence TH D &V I 1. {z,} A basis
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72 5 i¥ uniformly minimal T2 Z &b L <H STV (see [9, Theorem 3.1]).
minimal, uniformly minimal 72 SFNZOWTC, L FOFEEFT LI AL TWS,

Proposition A (see Singer [9, Theorem 6.1}).

{2} B3 minimal T B 1= D OB+ 5 G LEIBRASK & TN 5 A5 {f,) € H
MIAELC, (Tn, fin) = O WD DT & Th 5.

BHEBFIA = Dpluez 1T, b L
inf |An — Ap| > 0
n#m

ZT7- 372 HIX, separable THDH E Vbbb, ZHDEE, AeSP LFT. A — K
RN, e X e v~ hZEE LT H = L?[—n, 7] %, £ LT sup, [Im \,| <
00, An # Am, nF m EZWICTEREINA = Mlnez LT, {z,} = {eMt} ez
EEZD. BIIAIT {eMt} ez BT DAL ML LTINS, /L AIZDONT
X, f € L?[—m,n] D& %,

1 ™
2 2
= t)|“dt
112 =5 [ 170
ET D ZOREIZEVT, uniformly minimal {2 DWW TLATF D Z & ALY ST,

Proposition B (see Sedletskii [8, p.3569]).
{€}nez 73 complete in L*[~7, 7] TH D & T 5 &, RORHEBMEA ALY L.
(i) {e™t}nez 2% uniformly minimal T 5.
(ii) infi dy = infy dist (2%, My) > 0, My = Spam{e™ oy
(iil) {eM'}cz DIEAZERAEL & MEEN 5 H5) {f,) ¢ H T, (ei’\"t,f}n) 5 o
sup,, || fnll < 0o ZiiT=T b DONEET S.

ZITC, (i) & () BPREIETH D Z L 2B L X, sup, |Im \,| < co DIRE D &
BEhRD.

RIZ, “excess” & FHINHBEZEAT S, Ziid Paley-Wiener (2 & > TEH
STz, EEBEEER (et D, NBEOIEEZEY RV & &, complete t
1D FIZ minimal & 7225722 51X, T excess N RO &V,

E(A) = N
L. T, {eMt)ep b2 N EOE
eiult’ . }eiuNt

Z{HT MMz 5 &, complete 2> minimal & 72 5 72 51X
E(A) = —N
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LR BEHREBEIER {e) ez H¥ minimal F 721 complete TH D Z & Id excess
ERWAELUTOLOIICELDDLND ¢

o {et},cz A minimal THD72HDLE+THFREITEA) LO0.

o {e"t}, ez B3 complete > minimal T¥ 57 DD LE+FHRMHIT E(A) = 0.

FEL, AEARBEOEEZEY RV T complete B KDOILRVIEEIL, E(A) =
0o ThDHEEZ, EEBAMBEOEEFFITMZ TH complete 272 HRVIFEIT,
E(A) = —00 Th B EELD.

2. SEDLETSKII D)

HRIEHBAER (e nez PHEOUEIZOWT, UTOXEIICRETEEDD.
=T, B2 % “basis” & i3, Riesz basis DEERIZBIT D EFHFINKORELZ T T L
Vil L -3

RB = Riesz basis, B = basis.
CM = complete 7>-D minimal.
CUM = complete %>-2 uniformly minimal.

CSP = complete 72> 2A = {A, }nez € SP.
TN BZ ELH D0, IROBBRMBAKD LD
RB — B — CUM — CM.

UM — SP.

IS DOBFROEE, ‘B — RB” R TH AR TR L7222 & 28
MHENTWD., 28, FEOREEDOP T, M — SP EFENTH DA, Thid
MY THY, LROLIIZ, UIMOEENKLETHDZ Enbhrosl. §TEEL, &
DTABE TEFORHEZZHETD. LLTO/RFRIX, Sedletskii [7, §1] {2, “uniformly
minimal” Ti372 <, “minimal” L ENTH DN, IR TV THDHELEEZLND.
%12, Sedletskii [8, p.3569] Ti¥, uniformly minimal & U CEEBARE NN TH D,
TITE, TA S —REAZMAWVTEER L.

Proposition 2.1. {e*},cz BUM 2 BIEARY b A = {An}nez €SP TH B,

IIT, ZRETHLNA TV D EREKEAECR {1} ez @ minimal, uniformly
minimal %2 1%\ < D0 B, T, HEOHERTHRNLKOBRIHD.
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Theorem A (Schwarz, 1943; see Alexander and Redheffer [1, p.61,
Remark 4)).

{e*t},cz B3 complete T2 722 HIX minimal 1272 5.

CORBRIIERELBERFFORBRTH L. BREHRBLR TRV EHEIZ
RBIBEND.

Example 2.1. {e* + &%, e®, e, ¥, ... e™, ... } i, L?[—m, 7] IZB VT, B
B MM complete TRVH ) minimal TH 720,

Levinson iX [3, Theorem V] TUA T OFRER % H 7.

Theorem B ([3, Theorem V]; see [11, p.101}).
EEDEDERK 23t LT,

n+i+e, n >0,
/\n: Oa n:O) (21)
n—1i—¢, n < 0,

4
ETBE, (e ez 1F L [—m, 7] {ZFV T complete T2\,

#€->T, Theorem A & ##T, Theorem B {2317 B {e**!} ez 13 L [—7, ] IZF W
Tminimal TH5H Z & BoHD. I HIZ, Sedletskii 1X Z 71 6 A% uniformly minimal
T DI & &L (see [8, p.3569)]).

Theorem BIZBE L T, € = 0 DAL, Riesz basis TZ2V > basis OF Tz
ME FFICER S 72A3, Young [10] 42 K o T basis TRWIZ &R ENT. £z,
Z DA 1T complete 73D minimal TH Y, £ DEEFERAE S Redheffer and Young
[6] TROLNTZ. HEHIXTZHIZ[6] DR T, £ DEZFEREEKDO /) VLAB—FRERTH
HZ L&~ LT-. 15T, Proposition B £ ¥, ¢ = 0 ®3FE b uniformly minimal
THDZ EDRLND.

Theorem C ([6, Theorem 5]).

n+%, n > 0,
An =10, n =0, (2.2)
n— 31 n <0,

ETBE, L—m, m) BT, {eP ) ez WX B IEAZRIK { £} 1T, sup, || fa]] < oo
79, ’



18

Z 3 E TOFNIE4A T, uniformly minimal T, A €SP THh 5. #/5, Kadec’s 1/4-
theorem £ ffE 5L 0<a<1dDE X,

n+ «a, n > 0,
An =10, n =0, (2.3)
n— a, n < 0,

1B E, {eM} ez 347 uniformly minimal & 725 Z & b »nsb. DN TRA
5, (2.3) THEXHND AR MZDONT, {eP ), ez A L2[—7, 7] D basis & 725
7250E, %7 Riesz basis £ 725 Z LM [4] TRENF. £, LY —BEDA~S b
VAT B excess E(A) IZDOWTOREED, [2] TROLN TV B,
T, EH alzxt LT, RO L7, n] £ ® isometric isomorphism
o(t) — e ¢(t)

%2 %. Z®isomorphism % (2.2) IZE>TEHEZ LMD AT bV A = {Antnez
(BT B {eM) ez ICHET &, A2 bL
1

AW = {"‘f >0 (2.4)
n +

1 n < 0.

(R 5 R KA R b uniformly minimal THB Z ENbnd. &5, 20
B #EIE LR IZ EFE D isomorphism % fi 1S

1

- = >0

Ao =y"T "7 (2.5)
n, n < 0.

(B89 2 EF KR S uniformly minimal THh2 Z & bbb,
& T, Sedletskii [7] IXLA T OB & &R L 7.

Theorem D ({7, Theorem 3]).
Let V be the sequence of all integers in the intervals
I, =[2°,2° + [logs]], s>3.
Let

1
A=(n:n<0, nEV)U(n—ianN\V).

Then {e"t},.ca is complete and minimal, but not uniformly minimal in L*[—x, 7.
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Theorem DIZEBIFTA AT PV ARUTOLHYIZEREIND

1
/\n _ n — *2‘, n e N\V, (26)
n, n<0FEiIneV.

2EY, (26) THEXLNDARY bV, (25) TEXLNIZANZ bAD 18
ZTOHLTHOLATWDEZ 30D, LN, AeSPTHDIZ LICEET .
7238, Sedletskii /X Theorem D IZFWT, =KD 1 < p < 00 IZDWVTDFRER A K
HDTNDE, ZZTHEHp=2ICRELTEZXDZ L LETEH. ZhETOHTVTR
b SP &MHEZH- L TWA. IROEITIZZ O %#7- & 72, uniformly minimal
T2\ minimal EEEHEER OB 2 ERT 5.

3. SP #7272\ COMPLETE MINIMAL & & 53 B %% D i

ATEl TR ~7= Sedletskii DI, SP %i#7= L, complete, minimal 7>-> uniformly
minimal TRVl Th 7Dzt L, T Z TIiE SP 27 RV R 26 2 #rk
5. 57, A0S E#HEBRARD,

Theorem E ([Schwarz, 1959; see [11, p.117, Theorem 15]).
If A = {\.} is a sequence of real numbers such that 3" 1/|\,| < oo, then {e**~'}

fails to be complete in L?[—A, A] for any positive number A.

Theorem F ([5, Theorem 47]).

For —oo < n < oo, let A = {A\,} be a sequence of complex numbers satisfying
|An — n| < h where h is a positive constant. Then E(A) satisfies

1
—(M+§><EM)§M+%.

wIZ, n(t) & |z]| <tWNICEEND N\, DEHKERTEL,

_ [1nl)
N“*ﬂ[ S dt
LT D, 2oL &, {et} DS complete & 72 BT- DD +435M% 5 % % Levinson @

ROFERNH D

Theorem G ([3, Theorem IIJ; see [11, p.99, Theorem 3)).

The set {€"**} is complete in L*[—n, 7] whenever

1 .
lim sup (N(r) - 2r + 3 logr) > —00.

T—00
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Lemma 3.1. KO LI, A={\,} 2 EET D :
_ _]; 2 92 __1_ n on __1_ }
A_{2,2+2,2,2 o 22 ]
D& E, {e*t} iX minimal THY, A ¢SP TH 5.

Theorem E # A\ 5 &, {e*t} IZ incomplete TH 5 Z & H33H% DT, Theorem
A XY, minimal &£ 72 5. A ¢SP 3B 5.

B %12, Theorem F & Theorem G # AW T, LLTORREZED.

Theorem 3.1. Lemma 3.1{23F % {e™*} X, L*[—m, 7] IZFV T complete 7>
minimal IS HER (et} PR TE 5. I 512, u ¢SP 056, {e#t} 1

uniformly minimal T72V .
GEBAOBR 2R ~DS. u={u},ACpu%
|ﬂn - nl < 1, Vn

T LIRS n(t) T |z| <tPNICE END2BHOMBE, na(t) & 2| <t A
WWEEND p, DEFEEZRT DL L,

Ny(r) = /1 ”1t(t) dt, Ny(r) = /1 ”"’t(t) dt
E3 B, BALMNI, Ni(r) £ No(r) 72425, Theorem G £ ¥, {e**} iZ complete
ERBDT, 0 < E(p) &85, Fi2, p, ODHERHNS, Theorem F 2 HW 5 &,
E(p) <4 &5 083b05b. 15T, {e#t} b, &%4EO pu, 2T,
complete 7>-> minimal & 725 Z &30 D.
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