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COUNTING ON REAL BOTT MANIFOLDS

SUYOUNG CHOI

ABSTRACT. We survey the recent researches about the number of real
Bott manifolds. Moreover, we find a lower-bound of the number of
topological types of real Bott manifolds.

1. THE NUMBER OF SMALL COVERS

A small cover, defined by Davis and Januszkiewicz in [DJ91], is an n-
dimensional closed smooth manifold $M$ with a smooth standard real torus
$Z_{2}^{n}$ action such that the action is locally isomorphic to a standard action of
$Z_{2}^{n}$ on $\mathbb{R}^{n}$ and the orbit space $M/Z_{2}^{n}$ is a simple (combinatorial) polytope.
In this paper, we are interested in the small covers over cubes. Here, a cube
is a simple polytope which is combinatorially equivalent to the Cartesian
product of finitely many intervals. We denote $n$ dimensional cube by $I^{n}$ .

A small cover over cubes, called a real Bott manifold, is obtained as it-
erated $\mathbb{R}P^{1}$ bundles starting with a point, where each stage is the pro-
jectivization of a Whitney sum of two real line bundles. The topological
classification of real Bott manifolds is already known. Surprisingly, two real
Bott manifolds are (affinely) diffeomorphic if and only if their cohomology
rings with $Z_{2}$ coefficients are isomorphic as graded rings, which was shown
by Kamishima and Masuda in [KM08].

On the other hand, one of interesting properties of real Bott manifolds is
that there is one-to-one correspondence between the set of real Bott mani-
folds (up to Davis-Januszkiewicz equivalence) and the set of acyclic digraphs
with labelled finite nodes. Using this relation, the author has computed the
number of real Bott manifolds up to Davis-Januszkiewicz equivalence and
up to equivariant homeomorphism types, see [Cho08] for details. Moreover,
he also computes the number of orientable small covers in [Cho09].

However, we still don’t know the number of diffeomorphism types of real
Bott manifolds although we know their classification by cohomology rings
with $Z_{2}$ coefficients. Let $D_{n}$ be the number of $difi\cdot eoniorpliisrn$ type of real
Bott manifolds of dimension $n$ . The author found a brief upper-bound of
$D_{n}$ in [Cho08, Corollary 4.2]. His upper-bound is the number of acyclic
digraphs with $n$ unlabeled nodes.

On the other hand, it is well-known that every real Bott manifold can be
represented by a lower triangular matrix over $Z_{2}$ all of whose diagonals are
0. Masuda has described the diffeomorphism class of real Bott manifolds in
terms of matrices operations in [Mas08]. Using these operatoins, he found
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a lower-bound of $D_{n}$ by
$D_{n}\geq 2^{(n-2)(n-3)/2}$ .

Recently, the author and his colleague, Oum, are researching on real Bott
manifolds from the viewpoint of Graph theory and are preparing the paper
[CO] about new invariants of the real Bott manifolds. Using these invariants,
we can find a slightly improved lower-bound of $D_{n}$ .

Theorem 1.1. Let $D_{n}$ be the number of real Bott manifolds up to diffeo-
morphisms. Then,

2 $(\begin{array}{l}n- 22\end{array})<\sum_{\ell=2}^{n}2(\begin{array}{l}p-22\end{array})\leq D_{n}$ .

Moreover, here, we list up the number of real Bott manifolds up to $n=8$ .
Indeed, Nazra [Naz08] has computed up to $n=5$ . Further, we compute
$n=6,7$ and 8 in [CO] by computer.

Let $E_{n}$ be the number of orientable real Bott manifolds up to diffeomor-
phism. Here is the list of $E_{n}$ ’s up to $n=8$ .

2. PROOF OF THEOREM 1.1

Let $\mathcal{A}_{n}$ be the set of upper triangular matrices all of whose diagonal entries
are $0$ . Here we define 3 operations $\Phi_{S},$

$\Phi^{k}$ and $\Phi_{C}^{I}$ on $\mathcal{A}_{n}$ ;

(1) $\Phi_{S}(A)=SAS^{-1}$ , where $S$ is a permutation matrix
(2) Denote j-th row of the matrix $A$ by $A_{j}$ and its $(i, j)$ -th element by

$A_{j}^{i}$ . Then, for $k\in\{1, \ldots, n\}$ ,

$\Phi^{k}(A)_{j}=A_{j}+A_{j}^{k}A_{k}$ , for $j=1,$ $\ldots$ , $n$ .

(3) Let $I$ be a subset of $\{$ 1, $\ldots$ , $n\}$ such that $A_{i}=A_{j}$ for $i,j\in I$ . Let $C$

be an invertible matrix of size $|I|$ over $Z_{2}$ . Then,

$\Phi_{C}^{I}(A)_{j}^{i}:=\{\begin{array}{ll}\sum_{k\in I}C_{k}^{i}A_{j}^{k}, if i\in I;A_{j}^{i}, if i\not\in I.\end{array}$

Roughly spcaking, $\Phi_{C}^{I}$ is the left matrix multiplication of $C$ to the
submatrix of $A$ which consists of i-th rows for $i\in I$ .

We say that two elements in $A_{n}$ are Bott equivalent if one is transformed
to the other through a sequence of the three operations.

Theorem 2.1. [Mas08, Theorem 1.1] $A$ and $B$ are Bott equivalent if and
only if real Bott manifolds $M(A)$ and $M(B)$ are (affnely) diffeomorphic.
where $M(A)$ (resp, $M(B)$ ) is a real Bott manifold corresponding to $A\in \mathcal{A}_{n}$

(resp, $B$ ).

By [CO], the rank of $A\in \mathcal{A}_{n}$ is an invariant under the 3 operations. Now,
we consider $p\cross\ell$ matrices of rank e–l all of whose diagonals are $0$ . Then,
for each $A\in A_{\ell},$ $A_{i+1}^{i}$ must be 1 for $i=1,$ $\ldots,$ $P-1$ . Note that, $\Phi_{S}$ and
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$\Phi_{C}^{I}$ cannot be available. By the sequence of $\Phi^{k}\prime s$ , we may change $A_{i+2}^{i}$ into
0. In each equivalence class, there is one and only one element $A$ satisfying
$A_{i+2}^{i}=0$ for all $i=1,$ $\ldots,$

$\ell-2$ . Therefore, there are exactly $2^{(\ell-2)(\ell-3)/2}$

equivalence classes.
Now, we consider $A\in A_{n}$ such that the rank of submatrix consist of the

first $\ell$ columns is e–l and the last $n-\ell$ columns are $0$ vectors. By above
arguments, there are $2^{(\ell-2)(l-3)/2}$ . Since the rank is invariant under the 3
operations, there are at least $\sum_{\ell=2}^{n}2(\begin{array}{l}\ell-22\end{array})$ equivalence classes in $\mathcal{A}_{n}$ , which
proves the theorem.
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