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On hitting times of time inhomogeneous diffusion
processes to some moving domains

Daenong KIM! and YoicHl OSHIMA?

Abstract

We introduce the concept of non-favorite recurrent set of time inhomogeneous
diffusion processes on a space-time domain and give some conditions under which
the space-time domain given by its t-section B(0,7(t)) = {z € R?: |z| < r(t)} being
a non-favorite recurrent set of the diffusions in the framework of recurrent Dirichlet
forms. Some related examples are presented.

1 Introduction

Consider the family of time dependent symmetric forms

CIP o). (’“ _dl (R 1.1
E¥ (u,v) = Z/ a1 dx, wu,v e Cy(R?) (1.1)
corresponding to a symmetric positive definite family {a(t)(l:),t > 0}1<i j<a satisfying
d d
0
a(t) Y aif ()68 < Z aff) (1)&:¢; < Z 5 (2)€€ (1.2)
1,j=1 i,j=1 J=1

for some positive non-increasing function a(t). Here C}(R?) is the space of continuously
differentiable functions with compact support in R% and (&;,&5,--- ,&4) € R%. Assuming
(E© C3(R?)) is closable, the regular Dirichlet form (£©, H'(R?)) on L?(R?) is defined
by the smallest closed extension of (1.1) (cf.[2]). Then (£®, H!(R?)) defines a family of
time dependent regular Dirichlet forms on L?(R?).

A time inhomogeneous diffusion process M = { Xy, P52, (5, 2) € [0, 00) x R?} is said
to be associated with (£®), H1(R?)) if the transition function u,(s,z) = E(s2(f(Xi-s))
of M satisfies the following terminal value problem

~ M Nda + EW(uy(s.),v) =0, w(t,z) = f(x) (1.3)

Rd Os
for any s < ¢t and v € C}(RY). By making use of M, we define the associated space-
time diffusion process Z = {Z;,P(s.h} by Z: = (7(t), X:), where 7(t) = 7(0) + t is the
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uniform motion to the right. We especially denote by M©® = {X,,PY z € R?} the
time homogeneous diffusion process associated with (€@, H'(R?)). Let I" be a space-time
domain of [0,00) x R? and dznotes I', = {& € R? : (t,z) € T'} the t-section of I". Let
or =inf{t > 0: X, € I';(;)} (resp. or = inf{t > 0: Z, € I'}) the first hitting time of X,
(resp. Z;) to I'z(y) (resp. I'). In particular, we simply write or as o¢c if I' = [0,00) x C
for a set C C R%.

Let us introduce the following definition: I' is said to be a non-favorite recurrent set
of M (or Z) if I' is a recurrent set of M (or Z) (i.e., P, ,)(or < 00) = 1forall s > 0
and for a measurable function ¢ on RY, where P 4)(-) := Jpa P(s,2)(+) dz), and for any
C C R? such that CNT,, =0 for all t > 0,

s
/ P p(or < oc)dr = o(5) (S — o0) (1.4)

for a measurable function ¢ having the support on Fﬁ(t).

Note that any compact subset K of R? is a recurrent set of M. However if the
set K varies depending on time, the matters are not so simple (excepting the case of
Brownian motion). Therefore it is a natural question that under what conditions on the
time (homogeneous) inhomog=neous diffusion (M(?) M, a space-time domain I is to be
a recurrent set. By applying a quite general answer for this question we are obtained,
our another question is that under what conditions on the diffusion M, I" is to be a
non-favorite recurrent set.

The purpose of this article is to suggest some partial answers for these problems under
the framework of recurrent Dirichlet forms. In particular, we shall give some conditions
under which a space-time domain I'g given by its t-section B(0,7(t))¢ = {x € R?: |z| >
r(t)} with a positive non-decreasing sphere function r(t) being a non-favorite recurrent
set of M.

In section 2, we give a general criterion for I'g being a recurrent set of M by using the
dual transition function of the part of the time inhomogeneous transformed process by a
diffeomorphism. Some inequalities concerning parabolic harmonic functions of the space-
time diffusion Z are also considered. In section 3, we shall show under certain conditions
on u(t) and r(¢) that I'g is to be a non-favorite recurrent set of M. Some related examples
are considered in section 4. We use k; to denote appropriate constants, and refer readers
to {2] ([7]) for understanding the general theory of Dirichlet (time dependent Dirichlet)
forms.

2 GGeneral criterion for recurrent sets

Let M = {X,, ls(t,y), (t,y) € [0,00) x R’} he the dual process of M and Z= {Z,lff’(,,,y)}
with Z, = (7(1), X,) the associated dual space-time process, where 7(t) = 7(0) — t is the
uniform motion to the left. Lt 51 be the first hitting time of X, (or /Z\t) to a space-time
domain ' C [0,00) x R?. Consider the dual transition function of the part process of M
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on I'e, wl(t,y) = f}(t,y) (gp()?t;s) :t — s < or) for a measurable function ¢. Then by the
duality, @l (¢, -) satisfies

[t gy o den =0 den =) (29

for any s < t and u(t,-) € H}(R?).
Let ®(¢,-) be a diffeomorphism from R? onto itself such that ®(0,y) = y and smooth
relative to t. Put f(t,y) = u(t, ®(t,y)) and ¢(t.y) = v(t, P(¢t,y)). Then

£, B4, 9),0(6, B(6, ) = 3 Lewgtengtensndy @)

i,0=1

and

/Rd %%(t, B(t,y))v(t, B(t,y)) dy = /w ( (t.y) — }:ﬁ (t, y) -(t, y)) 9(t, y)p(t, y) dy,

(2.7)
where ;;(t,y) = 09;(t,y)/0ui, p(t.y) = det(n;(t,9)), (v;h) = (m) 7%

(t) 2 1) ¢ 46%
D) =D valal (@)t and Bi(ty) = Zv (t, ).
k,l=1

Let Y; = ®71(¢, X;) be the process determined by the inverse image of X; by the inverse
function ®~'(¢,-). Then M?® := {Y;,P{, ,,} is the time inhomogeneous diffusion process
corresponding to the family of time dependent Dirichlet form (£®%, H}(R%)) on L2(R%; u;)
given by

ECD(f(t, ), 9(t-)) = €W (u(t. D(t.)), v(t. @(¢, ), weldy) = p(t, y)dy.

By M? = {Y’t,lgﬁyy)}, we denote the dual process of M? relative to u,. We make the

following assumption on the family {(.vfj) (y) hr<ij<a

(A) There exist a symmetric positive definite family {ag-]) (y) }1<i j<a and a non-increasing
positive function ¢(t) such that

a(t) > a W) <Za y)&é; (2:8)

ij=1 ij=1

for any (§Ia§Za ot 1§d) € Rd‘

Fix a connected open set D of R? and set

d /. )

e p(t.y) — Oy ot
infyep p(t.y)
Ap(t) = koo(t) —————"%,
Supyep P(t. Y)
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where ko is a constant satisfying the inequality

ko/ Y(y)idy < ECV(y ) = Z/ O (y 8d (91/) dy (2.9)

Yj

for any ¥ € CL(D). Such a constant ko can be taken as ||R%1||} (if |R°1]lc < 00) by
using the potential R? of the diffusion process on D associated with (€%, H3(D)) ([9]).

Now we give a general criterion for a space-time domain I' corresponding to a fixed
domain F = R%\ D by a diffeomorphism & being a recurrent set of M.

Theorem 2.1. Assume (A) and set I' := {(t,®(t,y)) : s <t, y€ F}. If

tim VD) e ([ (31000 - 20(0) ) =0, (2.10)

then P(s) (or < 00) = 1 for any s > 0 and an initial distribution ¢ on R¢. In other
words, T" is a recurrent set of M.

Proof. The idea of the proof is essentially to due [4]. Let ¥ (t,y) = (t y)(w(Yt ,) t—s <

52) be the dual transition function of the part process of M? on D, where & 7% denotes
the first hitting time of ¥, to F. Then since @f (t,-) = @l (¢, (t.-)), it satisfies for s <t

EED (f(t,-), @ (t,-))
a(aF p) S
—/Df(t,y)—az—-(t’y) dy — 2

in view of (2.5), (2.6) and (2.7). In particular, by taking f = %! in (2.11), we have

gi(t’y)ﬂf(t,y) du(y)  (2.11)

E£E® (GF (¢, ), aF (L, )

— 1d ~F 2\2 . / d/) F
- - -2—dt Ug (t’ U) d“'t(y) a5 &t (t y)u (t y) dy

——Z/d( )28 gy

1d 1 N 3; b R
== 5o +3 /D (Z (((ip) - ;f) (t.y)ug (t.y)*dy

L H(t) + gin() Ao (0). (2.12)

AN
|

where
fip(t) = [ () du(v).
D
On the other hand, by the assumption (A) and (2.9),

/\D(t)I?D(t) < a()EC® (@f(t.).af(t.) < g (@F (e, ), al (¢, ) . (2.13)
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Now, combining (2.12) and (2.13), we see that Hp(t) satisfies

F0t0) < p(0) - 20(0) A0

and hence

Ap(r) < Il exp ( [ o0 - 220000 dt) . (2.14)

Note that H p(-) depends only on I' and is independent on the choice of & whenever F
and I' are common. So we have

Pug (T—s<or) = PL, . (T—s<op)
~ [ @)
D

< Vi (D)y/ Hp(r)
< Welovim@iess ([ (3o = 200 at)

0 as 7T — @

l

by virtue of the duality and (2.14). a

For a space-time domain I' C [0, 00) x R?, let h(¢,x) be an a-excessive function of the
space-time diffusion Z = {Z,, P, ;)} such that h - Ir € L?([0,00) x R dtdz). Put

Hleh/(t,;l‘.) = E(t,rn) (6‘2*'0(”‘]7 (Zgr)) , a>0. (215)
Then it is a quasi-version of e:ffl)r(t.;r) = lim._.g h.(¢, x), where h.(¢,z) is the unique

a-excessive function of Z satisfying
Ohe o 1 _
- — (. 2)v(x)de + EY (he(t.), v(-)) = —/ (he — h-Ir)~(t,x)v(x)dx  (2.16)
Rd ot £ Jpd

for any £ > 0 and v € H'(R?) (cf. Lemma 3.1 and Theorem 3.1 in [7]). Here £ (o, ¥) =
ED(p,¥) + & fra p(x)y(x) dx. Let ¢(t.:x) be a non-negative function such that ¢(t,z) =
h(t,z) on I'. Then since

/ (he = h-Ip)" (t.x)(he — @)(t, ) dx <0,
Rd
we have from (2.16) that

g{gt) (he(t. ), (he — P)(t.-))

Dhe |
< A — DV de
s | o e = @)t ) da

_1 M(t;zt) de + / @(tﬁ’)(h’e = ¢)(t, ) dx. (2.17)
K

2 Jpa O 4 Ot
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By multiplying a(t) !

it yields that

and integrating both sides of (2.17) over [t;,t2] (0 < t; <ty < 00),

/tz (L)gg) (he(t,-), (he — @)(t,-)) dt
b= 1 2

< 2 _ _ _Wh. — .
1 (2 d 1 2
- §/h 4 ( )) (ke — 9)(¢. I
2 O
+ /t1 "0) ( » —a—t(t,.z.)(h,e — ¢)(t, ) d.v) dt, (2.18)
where || - ||2 denotes the L?-norm in R?. Suppose ¢(t, ) is non-increasing relative to ¢ on

(t1,t2]. By letting ¢ — 0 and a — 0, we then see that lim,_.o HEh(t,-) = Hrh(t,:) =
E( . (h(Z5.)) € HY(R?) and the inequality (2.18) also holds by replacing h, to Hrh in
view of the remark mentioned right after (2.15). Noting (az — b3)? — (a; — b1)? + b2 — b2 <
a% + 2a1b1,

t2 d 2 t2 6¢
/ ( ) [(Hrh — ¢)(t,-)|ldt > 0 and / / —(t,x)Hrh(t,x)dxdt <0,
t1 a(t) t Rd at
we have the following lemma.

Theorem 2.2. Let ¢(t,T) be a non-negative function on [0,00) X R¢ such that ¢(t,z) =
h(t,x) on I' and non-increasing relative to t € [ty,00) for some to > 0. Then for tyg <
t1 < i3 < oo,

/” —(—)5“) (Hrh(t,-), Hrh(t, ) dt

1Heh(t2, Wiz, )+ = 1@ Hem) (s izare

T(t ))

1

a(ty)
1 [ l 1 2

-I—E/t1 a ( ()) llop(t )“iqrgm)(h—k/t] It)g(t) (Hrh(t, ), ¢(t,-)) dt. (2.19)

_2(t)

3 Non-favorite recurrent sets

In this section, we apply general criterion of the previous section for recurrent sets to the
space-time domain I'p given by its t-section B(0.r(t))¢ = {x € R? : |x| > r(t)} with a
non-decreasing smooth sphere function r(t) such that r(0) = 1, and give some conditions
on ¢(t) and r(t) under which I'g being a non-favorite recurrent set of M.

Let us consider the diffecomorphism of the form ®(t,y) = r(¢)y. Then & maps F' =
{ye RY: |y > 1} to B(0.7(t)) and for any 7.j = 1.2,--- .d, -

Yis(t, y) = 7(t)ds; | )
ﬂ(Jt y) = r(t)d J { ity = Tiw »
©(y) = 00 (r(t)y) n(t) = divB — dZ8 = 0,
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where 3 = (81, B2,---,03) and div( stands for the divergence of 3. In this case, the
inequality (2.12) becomes
1d
EEV (@l (L, ), ul(t,) = *gd—tHD(t)
and moreover
° o® - O e > L8 = O ¢
> 0 W& = s D o rO0EE 2 1 3 o (096,
i,5=1 i,7=1 i,j=1
by virtue of (1.2). Therefore, if
Z a (r(t)y)éi€; > b(t Z o) (v)&:é; ' (3.20)
1,7=1 i,7=1

for some positive non-increasing function b(t), then (2.8) holds for a(t) = a(t)b(t)r(t) 2
Hence we have from (2.14) that

a(t)b(t) .,
r(t)? ’

Now, the following theorem will be immediately obtained by the same procedures as in
the rest of the proof of Theorem 2.1.

Ao(r) < ¢ll. exp <—21f0 /

Theorem 3.1. Suppose that there exists a positive non-increasing function b(t) satisfying
(3.20) and
t)o(t
lim 7(7)%%exp (—ko/ & ()t)(2 )dt> (3.21)

Then P(suy(or < 00) = 1 for any s > 0 and an initial distribution @ on R®. In other
words, I'p is a recurrent set of M.

Now let us consider a criterion for non-favorite recurrent set. We shall do this under
the framework of recurrent Dirichlet forms: Let assume that (£®, H(R%)) is a recurrent
Dirichlet form for each fixed t > 0.

Let C be a relatively compact neighbourhood of the origin given by C = {x € R? :
|x] < ¢} for 0 < £ < 1. Let B(0,R) = {x € R?: |x| < R}. For fixed 7 > 0, put

A=Ar)={t.x):t <7, r(t) <|e| <r(r)+ 1}

and denote by A; = A.(7) the t-section of A. Note that A(7) ' g and A(7) ~ B(0,r(t))
as 7/ oo. Let MPC = {X,.P C} be the time inhomogeneous diffusion process on
BO,r(t) + 1)\ C couespondmg to the time dependent Dirichlet form £® with the
reflecting boundary 0B, ;)41 and the absorbing boundary dC (see [8] for the construction
of such a process). Let &, (t) be a decreasing function relative to ¢ such that &,(¢) = 1 for
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t<7t-—1andé&,(t)=0fort > 7. Then h(t.x) = {,( ) is an excessive function relative
to the associated space-time process Z2¢ = {Z,. P(S z)} of MB:C that is,

ECS (MZ:) = BLS (6 (s + 1) < &r(s) = h(s, ),

(s,z) {s.z)

where EB:C denotes the expectation of ZBC. Set

HYCh(s.x) = ELS (h(Zs,) : oa < 0C) -
Let ¢,(t, ) be a non-increasing function relative to ¢ such that ¢.(t,x) = & (f) on A and

¢-(t,x) = 0 on x € C. Then by applying Theorem 2.2 to Hf’ch(t,x) and ¢.(t, x),

? 1w (HB’C{ (t,-) HB'C£ (t -)) dt
/ ZOM
= ZQ(tz) “

2

HPE (12 )|

i @ HRen,

2 <
L2(AS,, y)

1 tzd t2 1
+§/t ( (t)) ll#-(t, )Ilizmz(,))d“‘/h ;(t—)g“) (Hf’céf(t,-),dn(t,-)) dt. (3.22)

L2(Ag, )

Put ¢(t, ) = lim,_ . ¢-(t, ). Then the inequality (3.22) also holds for ur, and ¢ instead
of H f ’Cf, and ¢, respectively because

uI“B(t:x) = _rh_{lgo Hll\atcgr(tﬂil) P(t T) (0'["3 < UC) P(t x) (GFB < UC)

Put ¢; = 5,12 = S and divide S — s on both side of (3.22). Now we see by letting S — oo,

17
Jm <1 /s@ ED (ury(t.-), urg(t, ) dt

. 1 L
s fm a(S)(S — 5 ler s (5 M2z csor sy

1 d 1
+ 1210105—“/5 111( ())”(Jt )“L2(B(0r(z))dt

R
+ Sanouo . “/s )E“)(urs(t D, (8, -)) dt. (3.23)
Therefore, if
lim __1 ur, (S, x)%dr = 0, (3.24)

5—o0 a(S)(S 3) B(0,r(5))

: 1 S d 1 9

S
lim ,1 / u({)E“) (o(t.-). (t.-))dt =0 (3.26)

L
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are fulfilled, then the lefthand side of the inequality (3.23) vanishes.
Note that since f5, () trs(S: 2)2dr < kyr(S)?, (3.24) is satisfied if

1 ,r(‘q)d
$t00 Sa(S)

To obtain a function ¢ satisfying the conditions (3.25) and (3.26), put

a¥(r / al(0r)0:6;do (0
Z 8B(0,1) ) ( )

1]—

- 0. (3.27)

where ¢ is the surface measure on dB(0, 1). For each t > 0, define the function ¢(t, z) by

0 (lz|<6)
o(t,x) = ¢ A@) i aO(r) e ddr (€< |z| < 7(t)) (3.28)
1 (r(t) < lzl)

where A(t) = f[(t) a®(r)~'rl~?¢dr. Then
#(s,x) — #(t, x) .
Izl ||
= (A(s)"' = A(1)7Y) / a ()l + AT / @9 (r)~ —a®(r)") r-ddr
¢ ¢

for £ < x| < 7(s) (s <t) and ¢(t,x) < 1 = p(s,x) for r(s) < |x|. Hence, if we choose a
non-decreasing function r(t) so that A(t) being non-decreasing relative to t, then ¢(t, )
is non-increasing relative to t. For such a function ¢(¢,2), we see fB(O,r(t)) ¢*(t, ) dxr <
k2r(t)? and thus (3.25) holds if

d d
lim (u(t)) ()4 = 0. (3.29)
Furthermore, since £® (4(t,-), ¢(t,-)) = A(t)'. (3.26) is satisfied if
rlim a(t)A(t) = (3.30)

Note that for the existence of the function 7(t) satisfying (3.30), it is necessary that
a® (r) satisfies

/ a®(r) 11 ddr = oo (3.31)
4

for each fixed t > 0. Indeed, from Ichihara’s test, (3.31) implies that £® and hence £©
is a recurrent Dirichlet form (Theorem 1.6.7 in [2]).

Theorem 3.2. Suppose that M'?) is Harris recurrent. If a positive non-decreasing func-
tion r(t) such that 7(0) = 1 satisfies the conditions (3.27), (3.29) and (3.50), then

-5
/ P (01, < oc)dt = o(S) (S — o0) (3.32)

for any initial distribution ¢ having the support on B(0.7(t)). In particular, if EW = g0
for allt > 0, then limy_,c P ,)(or, < 0c) = 0.
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Proof. Recall that the lefthand side of (3.23) vanishes under the conditions (3.27), (3.29)
and (3.30). Therefore, under the hypotheses,

li !
51_13205_8

.S
/ EO (ury(t, ), urg(t,-))dt =0 (3.33)

by virtue of (1.2). On the other hand, it is known under the Harris recurrence of M(®
that there exist a strictly positive function ¢ € L'(R?), a positive constant K () and a
non-null set G satisfying

/md lu(t, z) — (u(t, )| e(x) dr < K(go)\/f(“)(u(t, Yoult, ), ult,-) € H{(RY) (3.34)

([5]). Here (u)g = [;u(x)dx/ f,dr and H!(RY) is the extended Dirichlet space of
H'(R?). Note that the set G can be taken as a subset of C. Thus, if u(¢,-) = 0 on
C, we can remove the term (u)¢ from the lefthand side of the inequality (3.34). Further-
more, (3.34) also holds for any strictly positive function dominated by ¢, and thus we
may assume that ¢ has a compact support. Now applying ur,(t,-) as u(t, ) to (3.34), we
have

2
(/ urg (t, )p() (1:)7) < K()2ECurg(t, ), urg (¢, )
Rd
and which implies

. 1 S ,
S—o0 S — & l {P(tv*P) (UFB < UC')} dt

1 S . . 2
= lim - / (/ urg(t.x f,o(;r.)d;zf) dt
S-00 S =5 Jo \Uswruy )

in view of (3.33). The last assertion is clear from (3.32) because Pg))(ar(,,) < 0¢) is non-
increasing relative to ¢ and is equal to P (o1, < o¢). Here ') := ([t,00) x R%) N
I'p O

It is clear that Theorem 3.2 holds for a space-time domain I' C [0, 00) x R, then it
also holds for any subset of I

Corollary 3.1. Under the hypotheses in Theorem 3.1 and Theorem 3.2, the space-time
domain g is a non-favorite recurrent set of M.
4 Examples

In this section, we discuss some examples for Corollary 3.1 under certain time inhomoge-
neous diffusion processes as well as time changes of Brownian motions.
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Example 4.1. Suppose that a,l(-;-)(;r) = £ 0;; for 1 <4,7 < d. The corresponding diffusion

process of (1.1) is then a Brownian motion M@ = {B,, P” & € R%}. In this case, it is
immediately to see that the condition (3.21) will be satisfied if
r(t) =(t+ 1P, 0<pB< % (4.35)
Let us assume in addition that d > 3 (i.e., M is transient). Then the criterion on escape
rates of Brownian motions on B(0,7(t)) implies that the sphere function r(t) satisfying
(4.35) is indeed to be a lower radius of M9 that is, B, ¢ B(0,7(t)) for all large enough
¢ with probability 1 (see [1],[3]). On the other hand, assume that d = 1 or 2 (i.e., M
is Harris recurrent). If d = 1, then A(t) = k3(r(t) — ¢). So all conditions of Theorem 3.2
will be satisfied if r(t) = (t+1)?,0 < 8 < 1. If d = 2, then A(t) = k4(logr(t) —log¢) and
thus, all conditions of Theorem 3.2 are satisfied when we choose r(t) of (4.35).
As a conclusion, a Brownian path B, moving in B(0,7(t)) with r(t) = (¢t + 1)?,(0 <
B < 1/2), namely B;(0,r(t)), leaves it within a finite time almost surely for all dimensions.
In particular, B; never returns into B;(0,7(t)) for all large enough ¢ almost surely when
d > 3, and it may return to inside of B;(0,7(t)) but it tends to enter a neighborhood of
‘the origin before leaving B;(0,r(t)) for large enough t almost surely when d = 2 or 1.
Note that the condition (3.21) is also satisfied when 3 = 1/2 providing d < 2k;. So
we have from Theorem 3.1 and (4.35) that P(()O)([Btl >r(t)=1ifr(t) = (t+1)? 0<
B <1/2, d < 2k, for large enough t. On the other hand, by a direct calculation,
(0) _ 1 —|z|2/2t 3.,
PP (1Bl >r(0) = Gopam /{MW} e d
ks Sd—1,—y2/2
(2m)/2 /r(z,)/ﬂy e vy

¢ d—2
< (kfs + k7 (C\-(]—;)-) ) t’.“r(t)z/(%).

Therefore, we see that lim;_, Pg)) (|Bi] > r(t)) =0if

. 1
rt)=(t+1)". 8> 5 (4.36)
Indeed, the sphere function satisfying (4.36) is an upper radius of M, that is, B; €
B(0,7(t)) for all large enough ¢t with probability 1, in view of the law of the iterated
logarithm ([3]).

Let a(t) be a non-negative function such that «(0) = 1 and a(t) < a(t) < a(t)™! for
some non-increasing positive function «(t). (¢t > 0).

Example 4.2. Suppose that a,,%) (x) = 3 a(t)d;; for 1 <4,j < d. Then the corresponding
diffusion process of (1.1) is the time changed Brownian motion M = {B.g), P(s )} with
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c(t) = [, a(s)ds ([6]). Assume that d = 1 or 2 (i.e.,, M® is Harris recurrent). If d = 1,
then A(t) > kga(t)(r(t) — ¢£) and the condition (3.30) is satisfied when a(t) = r(t) ¢,0 <
e <1/2. Take r(t) = (t +1)°,0 < 8 < 1/(1 + £). Then the conditions (3.27) and (3.29)
are satisfied. In this case, the condition (3.21) holds for 0 < 8 < 1/(2 + ¢) (also for
B=1/(2+¢€),1 < (2+ &)ko). Therefore, the space-time domain I'g given by its section
B(0,r(t)) with r(t) = (t+1)?,(0 < 8 < 1/(2+¢)) is to be a non-favorite recurrent set of
M.
In a similar way, we can also see when d = 2 that if

1—¢

aft) = (logr(t)=, 0<e< % and r(t)=(t+17°, 0<p<

all conditions for Theorem 3.1 and Theorem 3.2 are fulfilled and thus the same behaviour
of By to B(0,r(t)) with r(t) = (¢ + 1)?,0 < B < (1 — ¢)/2 also holds.

Example 4.3. Suppose that uf;)(;t:) = 2 a(t)d;;le| 7P, (Ja] > €.p > 0,d < 2+p). Then the
corresponding process of (1.1) is a diffusion process M = {X;, P(s)} with polynomially
decreasing potential. In this case, since @) (r) = koa(t)r 7,

/ a(ry 'rdr = a(t) ! / r1=#Pdr = o (4.37)
¢ ¢

for each fixed t > 0. Therefore M(® is Harris recurrent from Ichihara’s test. Similarly to
(4.37), the condition (3.30) is satisfied by employing a(t) = r(t)" @4 for 0 < ¢ < 1/2.
Thus if we choose 7(t) = (t+ 1)?,(0 < 3 < 1/(d + (2 — d — p)¢)), then the conditions
(3.27) and (3.29) are satisfied. In particular, the condition (3.21) holds for 0 < 8 <
1/(2+(2—d—p)e) (also for 8 =1/(2+ (2—d —p)s).d < (2+ (2 —d — p)e)ko). Hence
the same behaviour of X; to B(0,r(t)) with

1

- — i3 :
r(t) = (t+ 1)~ 0<d<2+(2—d—p)€

also holds as like in the previous examples.
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