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ABSTRACT

This paper presents the prediction of the contours of plastic work for an AZ31 magnesium
alloy sheet in the first quadrant of the stress space using a rate-dependent crystal plasticity finite-
element method. The contour of plastic work was initially rather flat in the vicinity of equi-
biaxial tension, but bulged severely thereafter. Evidently, the shapes of the contours changed as
the plastic work increased, exhibiting a differential work-hardening behavior. The variation of
the relative activity of each family of slip systems was examined to investigate the mechanism of
the differential work-hardening behavior. During uniaxial tension, the work-hardening was
determined mainly by the basal slip in the very beginning, whereas it was determined by both the
prismatic and the basal slip in the subsequent deformation. On the other hand, during equi-biaxial
tension, the relative activity of the prismatic slip systems was much smaller than that under
uniaxial tension, whereas the relative activity of the basal slip systems played a dominant role in
the work-hardening throughout the deformation. A simple analysis revealed that it was more
difficult to activate the prismatic slip systems for equi-biaxial tension than uniaxial tension in
rolled magnesium alloy sheets because the two biaxial stresses tended to cancel each other thus
decreasing the relative activity as the biaxial stress ratio approached unity. On the other hand, the
basal slip systems were much easily activated than the prismatic slip systems although their
Schmid factors were small because the shear stress required for the activation of the basal slip
systems was much lower than that of the prismatic slip systems. We concluded that such
differences in the activities of the slip systems eventually resulted in the differential work-

hardening behavior of the contour of plastic work.
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1. Introduction

Reduction of the vehicle weight is an efficient approach to reduce CO, emission and therefore,
the demand for lightweight materials has been increasing for application in automobile and
electrical devices [1] in order to reduce their environmental impact. Magnesium (Mg) alloys are
the lightest materials used for structural components of vehicles and electrical devices. They not
only have high specific strength and stiffness [1] but also superior functional properties such as
recyclability [1, 2] and electromagnetic shielding [1-3]. Owing to these mechanical and
functional characteristics, Mg alloys have recently received much attention.

Components made of Mg alloys are conventionally manufactured by die casting and
thixoforming [3-5]. Recently, press forming of Mg alloy sheets has attracted considerable
attention for the development of a wider variety of applications of structural components made of
Mg alloys. There are many studies on the press forming of Mg alloy sheets, including deep
drawing processes [4-8] and springback characteristics [3, 9-11].

For a wide application of press forming to Mg alloy sheets, their deformation characteristics
should be well understood. Since Mg alloys are hexagonal close-packed (HCP) materials, Mg
alloy sheets show mechanical properties vastly different from those of conventional structural
sheet metals that have cubic structures, such as steel and aluminum alloys. Some examples are as

follows: stress-strain curves of rolled Mg alloy sheets obtained by uniaxial tensile and



compressive tests at room temperature are notably different [12], the stress-strain curve obtained
under compression followed by tension exhibits a sigmoidal shape [12], and Mg alloy sheets
show much stronger inelastic deformation during unloading than mild steel and aluminum alloy
sheets [13-17]. Generally, it is understood that these characteristic deformations occur due to the

activity of the direction-dependent {1 01 2} twinning. As a strong basal texture with most of

the c-axes aligned in the thickness direction is initially formed in the rolled Mg alloy sheets [12,

18], it is difficult to activate the {1 01 2} twinning under in-plane tension. The strong basal

texture also leads to the poor stretch formability of Mg alloy sheets because the through-
thickness strain does not easily develop [19, 20].

Work-hardening behavior under the biaxial stresses condition is one of the important
deformation characteristics that should be understood, especially in the field of press forming.
Recently, Andar et al. [21] measured experimentally the contours of plastic work in a rolled
AZ31 Mg alloy sheet in the first quadrant of the stress space. The ratio of equi-biaxial stress to

uniaxial stress increased and the shapes of the contours changed with the progress of plastic

deformation in the plastic strain range 0.001<¢” <0.008, exhibiting the so-called differential

work-hardening behavior [22]. Tadano [23] also showed a qualitatively similar result in pure Mg
using crystal plasticity finite-element analysis. Choi et al. [24] and Graff et al. [25] also
calculated the contours of plastic work using the crystal plasticity finite-element method and a
self-consistent model, respectively. It should be emphasized that the differential work-hardening
behavior appeared in the first quadrant of the stress space where it was difficult to activate the

{1 01 2} twinning as described above, indicating that the differential work-hardening may not

be primarily due to the activity of twinning, but due to other factors. To the best of our

knowledge, the causes of this behavior have not yet been understood.



With the rapid increase in computation power, the deformation of HCP metals, including Mg
alloys, have been studied using crystal plasticity finite-element methods [17, 25-31]. These
studies showed that the stress-strain response and texture evolution of Mg alloys can be
reasonably predicted at least for monotonic deformation.

This paper is concerned with a crystal plasticity finite-element simulation of the work-
hardening behavior in a rolled AZ31 Mg alloy sheet in the first quadrant of the stress space.
Contours of plastic work are predicted using the simulation and the mechanism of the differential
work-hardening behavior is examined in detail using the relative activity of slip and twinning

systems and a simple analytical model.

2. Crystal Plasticity Finite-Element Method
The crystal plasticity finite-element method used in this study is the same as that used in
Hama and Takuda [17]. The formulations used here are explained only briefly and the reader is
referred to literature [17] for details.
An updated Lagrangian rate formulation is used to describe the finite deformation [32, 33].
The rate-dependent crystal plasticity model [34, 35] is incorporated into each Gauss point in the
static finite-element method. The rate tangent modulus method [34] is used for the explicit time
integration of the constitutive model. To prevent an excessive increase of the nonequilibrium
between external and internal forces, the generalized rpmi,-strategy [36] is employed to limit the
size of the increment. The maximum slip increment of each slip system in a time increment is

also limited using the generalized rmi,-strategy.



The crystalline slip is assumed to follow Schmid’s law. The slip rate 7' of the a-slip

system is assumed to be given by the visco-plastic power law using Schmid’s resolved shear

stress 7*) as

1
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where rl((f;) is the resolved back stress of the a-slip system, <\ is the current slip resistance of the

a-slip system with z\“) =z, initially, 7, is the reference strain rate, m is the rate-sensitivity
exponent, and q.s With = g and with o # g are the self- and latent- hardening moduli,

(a

respectively. The unit vectors s’ and m'® are the slip direction and the slip plane normal,

respectively. h is the rate of hardening and the hardening laws will be explained later.

The resolved back stress ) is given in the form [37-39]
ti =80, - M, gy, =2 with p) = %(s(‘” om+m®s) (2)

where &, is the back stress tensor and £2'“)is the scalar kinematic variable of the a-slip system.

The evolution of ©2') due to the short-range dislocation interaction is assumed as
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where ¢ and d are the direct hardening and dynamic recovery coefficients, respectively. Since
neither the unloading nor the reverse loading is dealt with in this study, the effect of the back
stress on the simulation result may be negligible. Therefore, the parameters ¢ and d are set to zero

in this study.



Following Graff et al. [25], three families of slip systems—basal <a> slip, prismatic <a> slip,

and pyramidal-2 <a+c> slip-and one family of {1 0 1 2} twinning systems are used to model

the mechanical behavior of a Mg alloy sheet. There are 3 basal, 3 prismatic, 6 pyramidal-2, and 6
twinning systems. Table 1 shows the slip/twinning plane normal and slip direction vectors for
these systems.

Depending on the family of slip systems, two evolution laws are used for the rate of hardening
h in the forms [25]

h=h,, (4)

h=h, Ll—i—ojexp[—?ij, )

where 7 is the cumulative shear strain on all the slip systems and is given by

7=§j

A%t . (6)

Linear hardening (Eq. (4)) is assumed for the basal slip, and Voce hardening (Eq. (5)) for the
prismatic and pyramidal-2 slip.

As for the {1 01 2} twinning model, the following statistical approach [17, 26, 29, 31,

40] is used. Twinning is assumed to have a polar character, where each system can be activated

only by the tension of the c-axis. The shear strain that arises in a grain due to twinning is

assumed to be given by ;7153")1 = f(“)yref, where f©is the volume fraction of the a-twinning

system, 7., is the shear strain when the grain is twined entirely, and ;7153,2 is the cumulative shear

strain on the a-twinning system. Since this shear is similar to the shear caused by an activated

slip system, the shear strain rate induced by twinning can be calculated in a way similar to that



used for slip deformation calculation using Eq.(1). Equation (4) is used for the rate of hardening
h of the twinning systems.

The lattice rotation due to twinning is modeled as follows. A pseudo-random threshold

value ftff‘) is initially determined between 0.3 and 1.0 for each twinning system [17, 26, 29, 31].
During the calculation, the volume fraction of the a-twinning system ) js compared with

ftﬁf‘) at each time increment, and if ) > ftﬁ,”’) is satisfied, the entire grain is rotated to a specific
twinning orientation. The lattice rotation tensor due to twinning R" is given in the form
R"=2m“®m“_1, (7

where I is the unit tensor and m'“is the twinning plane normal vector for the a-twinning system.
Using the twinning model described above, y,, can also be viewed as a material parameter. In
this study, we assume that the detwinning can be ignored because neither unloading nor reverse
loading is dealt with here as described above.

The material parameters used in Egs.(1), (4), and (5) and y,., will be determined in the next

section.

3. Simulation procedures
3.1 Material Modeling

The simulation procedures used in this study were basically the same as those used by Hama
and Takuda [17]. Figure 1 shows the schematic of the finite-element model. The cubic model
was divided into ten uniform eight-node isoparametric brick elements using selective reduced
integration in each direction. Initial crystallographic orientations of the eight Gauss integration

points in an element were the same; thus the number of initial crystallographic orientations of the



model was 10 x 10 x 10 = 1000. The initial (0001) pole figure of the model is shown in Fig. 2.
The initial crystallographic orientations were artificially created using the procedure proposed by
Mayama et al. [29] to simulate the rolling texture of Mg alloy sheets [19, 25, 41]. It should be
noted that the lattice orientation was updated independently at each Gauss integration point.

We employed the above finite-element model because its number of initial crystallographic
orientations was sufficient to predict the mechanical behaviors of Mg alloys [17, 25, 31, 42]. The
effects of mesh discretization and initial crystallographic orientations on the stress-strain curve
obtained by a uniaxial tensile test were examined in Hama and Takuda [17]. These results
showed that our present model is acceptable for the investigation of deformation at least up to a
strain of about 3%. The effect of mesh discretization on the contour of plastic work will be
discussed later.

In the simulation, the x-, y-, and z-axes in Fig. 1 were defined to be the rolling direction (RD),
transverse direction (TD), and normal direction (ND), respectively; thus the majority of c-axes

tended to align in the z direction (ND).

3.2 Boundary conditions
The contour of plastic work was calculated using the following procedure employed in Andar

et al. [21]. Uniaxial tension in RD was selected as the reference condition. The uniaxial stress oy
and the plastic work per unit volume W" were calculated at various uniaxial plastic strains &£,

which were given by integrating the plastic strain rate D" during the uniaxial tension. The plastic

work WP is given in the form

N
W® = [ DPdt, with DP =" 5 %(s(“) om+m@s), (8)
a=1



where N is the total number of slip and twinning systems in a grain. Then, the simulations of
biaxial tension were carried out under various proportional stress paths and the biaxial stresses
orp and orp were determined at the same plastic work. In the present study, the prescribed
biaxial stress ratios were orpiorp = 1:0, 8:1, 3:1, 2:1, 1.5:1, 1:1, 1:1.5, 1:2, 1:3, 1:8, and 0:1.
Consequently, the contours of plastic work could be obtained for various ¢}, by plotting the

obtained stresses in the principal stress space. The contour of plastic work was calculated up to

&5 =1.56% in this study. It should be noted that the plastic work WP was not exactly zero, even

within the elastic range in the stress-strain curve because of the rate-dependent model of crystal
plasticity.

The following boundary conditions were used to simulate the contour of plastic work under
proportional stress paths. The planes x = 0, y = 0, and z = 0 of the model (Fig. 1) were fixed in
the x, y, and z directions, respectively, according to the assumption of plane symmetry. Small
displacement increments were given to the planes x = | and y = | using the following procedure
such that pseudo-proportional stress paths were achieved. The simulation with orp/orp = a (<1)
was assumed for the following.

(i) Small displacement increments are given to the plane x = 1.
(i1) Then, small displacement increments are also given to the plane y = | by fixing the plane x = I.
(i) If orp/orp = «a is satisfactorily achieved, go to (i). Otherwise, repeat (ii).

If > 1, x and y are opposite. The above procedure is repeated until the plastic work of &5, =

1.56% is obtained. The validity of the procedure will be discussed in the following sections.

3.3 Material parameters



Young’s modulus E = 42 GPa and Poisson’s ratio v = 0.3 were assumed. The rate-sensitivity
exponent was set to m = 0.02. The choice of m has been discussed in Hama and Takuda [17]. The

reference strain rate was set to y, =0.001s™. Following Graff et al. [25], the self-hardening

parameters were set as 1 and the latent-hardening parameters shown in Table 2 were adopted. ys
was set to 0.1. The hardening parameters used were the same as those used in Hama and Takuda
[17]. The parameters used in equations (4) and (5) were identified by trial and error to achieve
reasonable fits with the experimental stress-strain curves obtained from the uniaxial tensile and
compressive tests for the AZ31 Mg alloy sheet with a thickness of 0.8 mm. The identification of
the hardening parameters has been explained in detail in Hama and Takuda [17]. The determined
parameters are shown in Table 3. The simulated and experimental stress-strain curves are shown
in Fig. 3. Although the simulated curve under monotonic compression was different from that of
the experiment at strains higher than —0.07, this difference might be negligible because the

deformations until only &5,=1.56% were analyzed in this study, as described above.

As already explained in Hama and Takuda [17], we could not guarantee that these
parameters are in best agreement and are unique for this material. In fact, we have already
showed that a very similar stress-strain curve shown in Fig. 3 can be obtained using another set
of hardening parameters [43]. Nonetheless, the activities of the slip and twinning systems under
monotonic tension obtained using this set of hardening parameters were in good agreement
qualitatively with the present results that are shown below. Therefore, we concluded that the

following discussion was acceptable regardless of the set of hardening parameters used.

4. Results and discussion

4.1 Contour of plastic work



First, the linearity of the stress path during deformations is examined to verify the simulation

procedures adopted in this study. Figure 4 shows the evolutions of orp and orp for the prescribed
biaxial stress ratios up to ¢f, = 1.56%. Almost linear stress paths are achieved with the
designated gradients regardless of the stress ratios, indicating that the simulation procedures are
acceptable for the calculation of the contours of plastic work.

Figure 5 shows the contours of plastic work in the uniaxial plastic strain range 0.08% <&f, <
1.56%. The contours normalized by the uniaxial stress op and the theoretical yield locus
calculated using the von Mises isotropic yield function are shown in Fig. 6. Overall, the contours

are almost symmetric in x and y directions. From the beginning of plastic deformation (&£, =
0.08%) to &5,=0.16%, the contour is flattened in the vicinity of orp/orp = 1, at which the

stresses are smaller than the theoretical locus (Fig. 6 (a)). Subsequently, in the uniaxial plastic

strain range 0.16% <egf < 0.3%, the work-hardening rates in the vicinity of orp/orp = 1

become larger than those in the vicinity of orp/orp = 0 and the contour bulges severely. At the
same time, the stresses in the vicinity of orp/orp = 1 become larger than the theoretical locus.

Clearly, the shapes of the contours change as &f, increases, exhibiting a differential work-
hardening behavior in the simulation result. Then, at &, higher than 0.3%, the work-hardening

rates in the vicinity of orp/orp = 1 become small again and the shapes of the contours do not
change thereafter. The above trends observed in the simulation results are qualitatively in good
agreement with those of the experimental results reported by Andar et al. [21], demonstrating
that the present simulation results are qualitatively acceptable.

To examine the effect of mesh discretization on the contour of plastic work, we prepared two

other finite-element models, in which the cubic region is divided in each direction into seven



uniform eight-node brick elements using selective reduced integration and into seven uniform

twenty-node brick elements using reduced integration, respectively. Figure 7 shows the

normalized contours in the uniaxial plastic strain range 0.08% <&k, < 0.8% obtained using the

two models. Although the rate of expansion of the contour is slightly different in the results
obtained with twenty-node brick elements (Fig. 7 (b)), the trends in the change of the contour

shapes are almost independent of the mesh discretization.

4.2 Relative Activity of Slip Systems

In this subsection, variation of the relative activity of each family of slip and twinning systems
is used to investigate the mechanism of the differential work-hardening behavior. The relative
activity is the relative contribution of each family of slip and twinning systems to the plastic
deformation. The relative activity of each family of slip and twinning systems i is given in the

form [44]

M-
M=
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where the numerator is the plastic strain increment contributed by the family of slip or twinning
systems i, summed over all the grains. k is the number of slip or twinning systems of the family i
and n is the number of grains. The denominator is the plastic strain increment contributed by all
the families, summed over all the grains.

The variations of the relative activities of each family of slip and twinning systems as
functions of the plastic work obtained using the biaxial stress ratios orp/orp = 0, 1/8, 1/3, 1/2,

2/3, and lare shown in Fig. 8. The correlation between the plastic work and the uniaxial plastic



strain ¢, is also shown in Fig. 8 (a). The variation of the relative activities during the uniaxial

tension (orp/orp = 0) (Fig. 8 (a)) is as follows. The relative activity of the basal slip systems is
predominant at the very beginning of the plastic deformation. Shortly after that the relative
activity of the prismatic slip systems starts increasing rapidly and at the same time, the relative
activity of the basal slip systems decreases. During the middle stage of plastic deformation, both
the prismatic slip and the basal slip systems are activated and the relative activity of the prismatic
slip systems is more predominant. The relative activities of the pyramidal-2 slip and twinning
systems are negligible throughout the deformation simulated in this study.

The overall transitions of the relative activity are qualitatively similar regardless of the biaxial
stress ratio. On the other hand, from a quantitative point of view, the transitions change as the
biaxial stress ratio increases in the following manner: the initial plastic strain range where only
the basal slip is activated becomes larger, the relative activity of the prismatic slip becomes
smaller, and the relative activity of the pyramidal-2 slip becomes larger. Moreover, the initial
gradient when the relative activity of the prismatic slip systems starts increasing becomes smaller
as the biaxial stress ratio increases. Furthermore, the relative activities during the equi-biaxial
tension (orp/orp = 1) (Fig. 8 () are as follows. The initial plastic strain range where only the
basal slip is activated seems to be the largest among all the biaxial ratio conditions. The prismatic
slip and pyramidal-2 slip systems then start getting activated gradually. Since the relative activity
of the prismatic slip and pyramidal-2 slip systems is much smaller than that of the prismatic slip
during uniaxial tension at the middle stage, the relative activity of the basal slip systems remains
predominant. Interestingly, the relative activity of the prismatic slip systems is smaller than that
of the pyramidal-2 slip systems. The relative activity of the twinning systems is negligible

throughout the deformation.



From the above results, the correlation between the work-hardening behavior and the relative
activity of the slip systems can be explained as follows. The contours of plastic work are
flattened in the vicinity of orp/orp = 1 at small plastic strains because the initial plastic strain
range where only the basal slip is activated becomes larger as the biaxial stress ratio increases;
thus the stresses in the vicinity of orp/orp = 1 are smaller than those in the vicinity of orp/orp =
0. Thereafter, the nonbasal slip systems start getting activated. Since the work-hardening rates of
the nonbasal slip systems are much larger than those of the basal slip systems (Table 3), the
work-hardening rate in the macroscopic stress-strain curve would also increase. This increase in
the work-hardening rate is clearer in the vicinity of orp/orp = 1 because the plastic strain range
where only the basal slip is activated at the beginning is noticeable as described before.
Moreover, the relative activity of the pyramidal-2 slip systems, whose hardening parameters are
larger than those of the prismatic slip systems, becomes larger as the biaxial stress ratio increases.
As a consequence, the increase in the work-hardening rate is larger in the vicinity of orp/orp = 1
than that of orp/orp = 0; hence the contours of plastic work bulge severely in the vicinity of
orplorp = 1.

Summarizing the above results, we conclude that the differential work-hardening in a rolled
Mg alloy sheet is due to the facts that the slip systems that govern the work-hardening are
notably different depending on the biaxial stress ratio and that the variation of the relative
activity is also different depending on the biaxial stress ratio.

It is known that twin boundaries interact significantly with dislocations and act as barriers to
slip and twinning deformation, causing work-hardening by pile-ups of the dislocations [45-48].
Although this phenomenon was not taken into consideration in the above simulation, the

differential work-hardening behavior in a rolled Mg alloy sheet was appropriately predicted in



the present simulation. This may be because the activity of the twinning systems was negligible
in the first quadrant of the stress space as shown in Fig. 8; hence the effect of this interaction was
less important. On the other hand, this phenomenon would play an important role in the work-
hardening under in-plane compression during which the activity of the twinning systems is much
larger. Therefore it is presumed that this phenomenon should be taken into consideration when

simulating the contour of plastic work in other quadrants of the stress space.

4.3 Mechanism of Differential Work-Hardening

Figure 9 shows the relationships between the relative activity and the biaxial stress ratio at

&xp= 0.2% and 1.0%. The relative activity of the prismatic slip systems at orp/orp = 0 (uniaxial

tension) is the largest among all the biaxial ratio conditions for both plastic strains. In addition, it

is the largest among the activated systems at £f,=1.0% (Fig. 9 (b)) and orp/orp =0 (uniaxial

tension), as described before. However, the relative activity of the prismatic slip systems
decreases as orp/orp approaches unity and is the smallest at orp/orp = 1 (equi-biaxial tension)
for both plastic strains. On the other hand, the relative activities of other slip systems, i.e., the

basal slip systems for ¢}, =0.2% and the basal slip and pyramidal-2 slip systems for ¢}, =1.0%,

increase as orp/orp approaches unity as described above. It is presumed from these results that
one of the main reasons for the differential work-hardening behavior is that the relative activity
of the prismatic slip systems decreases as the biaxial stress ratio approaches unity. To examine
the mechanism of the change in the activity of the prismatic slip systems, the following simple
analytical model is used. To simplify the model, an idealized HCP crystal structure whose c-axis

trends exactly in the sheet normal direction is considered as shown in Fig. 10, although the



directions of the c-axes in rolled Mg alloy sheets in fact exhibit some variation from the sheet
normal direction as shown in Fig. 2. Assuming that biaxial stresses orp and orp are acting on the
crystal structure in the x and y directions respectively, the Schmid’s resolved shear stress of an

arbitrary slip system can be expressed in the form

Typ=M-0G-S
Oy O 01[ sx|]
:{mX m, mz} 0 op 0O is,t (10)
o o ofs

=M,S,0pp +M,S,0p,
where m; and s; are the components of the unit vectors s and m of this slip system, which refer to

the x-y coordinate system in Fig. 10. Using the angles @ and ¢ shown in Fig. 10, s and m of an

arbitrary prismatic slip system are given by

(cos@] {cosm
m:{sin9|}, s:{sin¢>|}. (11)
Lol ol

Introducing Eq. (11) in Eq.(10) yields the resolved shear stress of the prismatic slip zyris given in
the form

Tois = (0o =07 )SINQCOSQ . (12)
Equation (12) shows that the magnitudes of the Schmid factors for orp and orp are the same but
their signs are opposite. Therefore, zyis becomes smaller as the biaxial stress ratio orp/orp
approaches unity, decreasing the activity of the prismatic slip systems. It should be noted that the
activity of the prismatic slip systems may be larger in real rolled Mg alloy sheets than that

expected from Eq. (12) because the c-axes are not exactly aligned in the sheet normal direction,

but a similar trend would be observed.



On the other hand, the basal slip systems are much easily activated than the prismatic slip
systems although the Schmid factor of the basal slip systems is small in rolled Mg alloy sheets
because of the strong basal texture. This is because the shear stress required for the activation of
the basal slip systems is much lower than that of the prismatic slip systems as shown in Table 3.
Hence, the activity of the basal slip systems is predominant at the beginning of the plastic
deformation regardless of the biaxial stress ratio. Since it becomes more difficult to activate the
prismatic slip systems as orp/orp approaches unity as understood from Eq. (12), the initial
plastic strain range where only the basal slip is activated becomes larger and the relative activity
of the basal slip systems increases as orp/orp approaches unity.

The reason why the relative activity of the pyramidal-2 slip systems increases as orp/orp
approaches unity for 5, =1.0% can be explained as follows. Table 4 shows the Schmid factors
mySx and mysy in Eq. (10) of the pyramidal-2 slip systems. It is clear that the two Schmid factors
do not cancel each other as those in the prismatic slip systems. This is because the slip planes tilt
from the c-axis. Furthermore, the biaxial stress ratio, at which the resolved shear stress of the
pyramidal-2 slip z,yram becomes zero, is different depending on the slip system, and it is even
negative in some slip systems, indicating that the family of the pyramidal-2 slip systems can
always be activated in the first quadrant of the stress space. As a consequence, the activity of the
pyramidal-2 slip systems, instead of the prismatic slip systems, increases as orp/orp approaches
unity. The activity of the pyramidal-2 slip systems is negligible for orp/orp =0 because the
prismatic slip systems are still easy to be activated and the shear stress required for the activation
of the pyramidal-2 slip systems is much larger than that of the prismatic slip systems. Similarly,

the activity of the pyramidal-2 slip systems is negligible at ¢}, =0.2% regardless of the biaxial

stress ratio because the applied tensile stresses are too small for the pyramidal-2 slip systems to



be activated. We conclude that such differences in the activities of the slip systems eventually

result in the differential work-hardening behavior.

5. Conclusion

The contour of plastic work for an AZ31 magnesium alloy sheet was predicted using rate-
dependent crystal plasticity finite-element method. The mechanism of the differential work-
hardening behavior was examined in detail using the relative activity of each family of slip
systems and a simple analytical model. The results obtained in this study are as follows:
(1) The contour of plastic work obtained in the simulation clearly exhibits a differential work-
hardening behavior as follows. The contour is initially rather flattened in the vicinity of equi-
biaxial tension, but severely bulges at the middle stage. This trend is qualitatively in good
agreement with the experimental result reported in literature [21].
(2) From the variations of the relative activity, the mechanism of the differential work-hardening
behavior can be explained as follows. Only the basal slip systems are activated at the beginning
of the plastic deformation regardless of the biaxial stress ratio, but the plastic strain range where
only the basal slip is activated becomes larger as the biaxial stress ratio approaches unity. As a
result, the stresses in the vicinity of equi-biaxial tension are determined solely from the basal slip
at small plastic strains; they yield flattened contours of plastic work in the vicinity of equi-biaxial
tension at small plastic strains. Thereafter, the nonbasal slip systems start getting activated during
the middle stage. The relative activity of the pyramidal-2 slip systems in the vicinity of equi-
biaxial tension is larger than that in the vicinity of uniaxial tension. Since the hardening
parameters of the pyramidal-2 slip systems are larger than those of the prismatic slip systems, the

increase in the work-hardening rate in the vicinity of equi-biaxial tension is larger than that in the



vicinity of uniaxial tension, yielding severely bulging contours of plastic work in the vicinity of
equi-biaxial tension.

(3) One of the main reasons for the differential work-hardening behavior is that the relative
activity of the prismatic slip systems decreases as the biaxial stress ratio approaches unity. A
simple analysis reveals that the prismatic slip systems are more difficult to activate under equi-
biaxial tension than under uniaxial tension in rolled magnesium alloy sheets because the two
biaxial stresses tend to cancel each other. On the other hand, the basal slip systems are
comparatively easily activated than the prismatic slip systems although their Schmid factors are
small in rolled Mg alloy sheets because of the strong basal texture. This is because the shear
stress required for the activation of the basal slip systems is much lower than that of the prismatic
slip systems. Similarly, the Schmid factors of the pyramidal-2 slip systems show that the
pyramidal-2 slip systems are much easily activated than the prismatic slip systems in the vicinity
of equi-biaxial tension although the shear stress required for the activation of the pyramidal-2
slip systems is higher; thus the relative activity of the pyramidal-2 slip systems increases instead
of that of the prismatic slip systems as the biaxial stress ratio approaches unity during the middle
stage. We conclude that such differences in the activities of the slip systems eventually result in

the differential work-hardening behavior of the contour of plastic work.
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Figure Captions
Fig. 1 Finite-element model used in the simulation.

Fig. 2 (0001) pole figure used in the simulation model with rolling texture.



Fig. 3 Stress-strain curves under uniaxial tension and compression obtained by experiment and

simulation.

Fig. 4 Stress paths during deformations up to &z, =1.56%.

Fig. 5 Contours of plastic work obtained from simulation. (a) 0.08% <&k, <0.8% and (b)
0.8% <> <1.56%.

Fig. 6 Normalized contours of plastic work obtained from simulation. (a) 0.08% <&}, <0.8%
and (b) 0.8%< &5, <1.56%.

Fig. 7 Normalized contours of plastic work obtained using the two other finite-element models.
(@) Seven uniform eight-node brick elements and (b) seven uniform twenty-node brick
elements.

Fig. 8 Variations of relative activities as a function of plastic work. (a) orp/orp=0, (b)
orpolorp=1/8, (€) orp/orp=1/3, (d) orplorp=1/2, (€) orp/orp=2/3 and (f) orp/orp=1.

Fig. 9 Correlations between relative activity and biaxial stress ratio. (a) 0.08% <&}, <0.8% and
(b) 0.8%<¢l, <1.56%.

Fig. 10 Simple analytical model of HCP crystal structure on which biaxial stresses are acting.

Table Captions

Table 1. Plane normal and slip direction vectors of slip and twinning systems used in the present
study.

Table 2. Latent-hardening parameters g, used in the present study (Graff et al. [25]).

Table 3. Calibrated material parameters in Egs. (4) and (5).

Table 4. The Schmid factors m,s, and mys, in eq.(10) of the pyramidal-2 slip systems.






Fig. 1 Finite-element model used in the simulation.



Fig. 2 (0001) pole figure used in the simulation model
with rolling texture.
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Table 1. Plane normal and slip direction vectors of slip and
twinning systems used in the present study.

Slip direction/shear direction
due to twinning

Basal (0 0 0 1) (112 0

Slip/twinning plane

Prismatic {1 0 1 0} <1 1 2 O>
Pyramidal-2 {1 1 2 2} <1 1 2 3>
Twinning {1 01 2} <1 0 1 l>




Table 2. Latent-hardening parameters g, used in the
present study (Graff et al. [25]).

Basal Prismatic Pyramidal-2 Twinning

Basal 0.2 0.5 0.5 0.5
Prismatic 0.2 0.2 0.2 0.5
Pyramidal-2 1.0 1.0 0.2 0.25

Twinning 1.0 1.0 0.2 0.25




Table 3. Calibrated material parameters in Egs. (4) and (5).

Basal Prismatic Pyramidal-2 Twinning
%o 10 85 160 48
2= - 260 360 -
hy 10 600 750 150




Table 4. The Schmid factors m,s, and m,s, in eq.(10) of the
pyramidal-2 slip systems.

(2112) (1122) (1122) (1212) (1212) (2112)

ms, -0.1116 0.1116 -0.1116 -0.4465 0.4465 0.1116
MmyS,  .0.3349 0.3349 -0.3349 0.0000 0.0000 0.3349




