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Thermal properties of ternary carbides with composition Ti3SiC2, Ti3AlC2, and Ti3GeC2 were studied using
the first-principles phonon calculations. The thermal expansions, the heat capacities at constant pressure, and
the isothermal bulk moduli at finite temperatures were obtained under the quasiharmonic approximation.
Comparisons were made with the available experimental data and excellent agreements were obtained. Phonon
band structures and partial density of states were investigated. These compounds present unusual localized
phonon states at low frequencies, which are due to atomiclike vibrations parallel to the basal plane of the Si,
Al, or Ge elements.
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I. INTRODUCTION

The isomorphic ternary carbides of Ti3AC2 �where A=Si,
Al, and Ge� have attracted attention due to their unique com-
bination of properties: good thermal and electrical conduc-
tivities, high elastic modulus, light weight, and thermal
stabilities.1–4 All those properties depend crucially on the
phonon spectrum. Whereas the elastic properties are mainly
determined by the small-wave-vector limit of the phonon
frequencies, it is the full band structure which is relevant to
understand the thermal conductivity.

The crystal structure of Ti3AC2 whose space group is
P63 /mmc �No. 194� is shown in Fig. 1. It is composed of Ti,
A, and C hexagonal layers as denoted on the right side of the

crystal structure. The unit cell contains 12 atoms, where each
one is located in a layer. However, the structure is described
by only four independent Wyckoff positions. There are two
different crystallographic sites for the Ti atoms and one for
the A and C atoms. We define the Ti sites between the C
layers as Ti-1 and those between the C and A layers as Ti-2.
In between two adjacent A layers, three Ti layers are stacked
in the same manner as the face-centered cubic. The C atoms
occupy the octahedral cavities defined by the three Ti layers.
Since every A layer is in a mirror plane, the stacking of the
three Ti layers are flipped alternately, which makes this unit
cell long along c axis.

Barsoum et al. found from neutron diffraction that the Si
atoms in Ti3SiC2 exhibit substantially higher vibration am-
plitudes than the other atoms.1 They ascribed this fact to a
low Ti-Si bond strength as compared to other atomic bonds.
In addition, they noted that the vibration is isotropic although
curiously not at all temperatures.

In this paper, thermal properties of Ti3SiC2, Ti3AlC2, and
Ti3GeC2 at constant pressure were investigated using the
first-principles phonon calculations. Thermal expansions,
heat capacities, and isothermal bulk moduli are presented.
Their characteristic phonon features are discussed using pho-
non band structures and partial density of states �PDOS�.

II. METHOD OF CALCULATION

A. Thermal properties

The thermal properties of solids at constant volume can
be calculated from their phonon density of states as a func-
tion of frequencies. The phonon contribution to the Helm-
holtz free energy Fphonon is given by

Fphonon =
1

2�
q,�

��q,� + kBT �
q,�

ln�1 − exp�− ��q,�/kBT�� ,

�1�

where q and � are the wave vector and band index, respec-
tively, �q,� is the phonon frequency at q and �, and T is the
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FIG. 1. �Color online� Crystal structure of Ti3AC2

�P63 /mmc�.
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temperature. kB and � are the Boltzmann constant and the
reduced Planck constant, respectively. The heat capacity CV
and the entropy S at constant volume are given by

CV = �
q,�

kB���q,�

kBT
�2 exp���q,�/kBT�

�exp���q,�/kBT� − 1�2 �2�

and

S = − kB�
q,�

ln�1 − exp�− ��q,�/kBT��

−
1

T
�
q,�

��q,�

exp���q,�/kBT� − 1
, �3�

respectively.
In practical thermodynamical problems related to solids,

the thermal properties need to be known at constant pressure.
They can be calculated from the previous quantities through
thermodynamic relationship. The Gibbs free energy G may
be written as

G�T,p� = min
V

�U�V� + Fphonon�T;V� + pV� , �4�

where V and p are the volume and pressure, respectively, and
U�V� is the total energy of electronic structure at constant
volume. The right-hand side of Eq. �4� means that, for each
couple of T and p variables, the function inside the square
brackets is minimized with respect to the volume. Then the
heat capacity at constant pressure is derived from G�T , p� by

CP�T,p� = − T
�2G�T,p�

�T2 = T
�V�T,p�

�T
� �S�T;V�

�V
�

V=V�T,p�

+ CV�T,V�T,p�� , �5�

where V�T , p� is the equilibrium volume at T and p.

B. Computational details

In this work, we have employed the so-called quasihar-
monic approximation �QHA� to calculate the thermal prop-
erties at constant pressure. U�V� and Fphonon�T ;V� were cal-
culated at 13 volume points, and the thermodynamic
functions of the right-hand side of Eq. �4� were fitted to the
integral form of the Vinet equation of state �EOS� �Ref. 5� at
p=0. Gibbs free energies at finite temperatures were ob-
tained as the minimum values of the thermodynamic func-
tions, and the corresponding equilibrium volumes and iso-
thermal bulk moduli were obtained simultaneously from the
Vinet EOS. Unit cells used to calculate U�V� and
Fphonon�T ;V� were relaxed by the first-principles calculation
under the hydrostatic-stress conditions. These procedures ap-
plied for Ti3SiC2 are demonstrated in Fig. 2, where U�V�
+Fphonon�T ;V� as a function of unit-cell volume at tempera-
tures are shown. The thermal expansion is observed as an
increase in the equilibrium volume. For CP, the right-hand
side of Eq. �5� was calculated by numerical differentiation
for �V /�T and by polynomial fittings for S and CV with re-
spect to volume. S and CV were well fitted by polynomial
functions.

For the first-principles calculations, we employed the
plane-wave basis projector augmented wave �PAW� method6

in the framework of the density-functional theory within the
generalized gradient approximation �GGA� in the Perdew-
Burke-Ernzerhof form7 as implemented in the VASP code.8–10

A plane-wave energy cutoff of 500 eV was used. The radial
cutoffs of the PAW potentials of Ti, Si, Al, Ge, and C were
1.32, 1.01, 1.01, 1.22, and 0.79 Å, respectively. The 3p, 3d,
and 4s electrons for Ti, the 3s and 3p electrons for Si and Al,
the 4s and 4p electrons for Ge, and the 2s and 2p electrons
for C were treated as valence and the remaining electrons
were kept frozen. The Brillouin zones of the unit cells were
sampled by a 16�16�2 k-point mesh, and the Methfessel-
Paxton scheme11 with a smearing width of 0.4 eV was em-
ployed.

Phonon calculations were performed by the supercell ap-
proach. Real-space force constants of supercells were calcu-
lated in the density-functional perturbation theory �DFPT�
implemented in the VASP code,12 and phonon frequencies
were calculated from the force constants using the PHONOPY

code.13,14 For the QHA calculations, supercells containing
2�2�1 unit cells were used. To evaluate supercell size de-
pendency of phonon property, Helmholtz free energies were
calculated with 1�1�1, 2�2�1, and 4�4�1 supercells
for the three compounds using the Parlinski-Li-Kawazoe
method15 with a finite displacement �FD� of 0.01 Å. In Table
I, Helmholtz free energies with respect to supercell size and
method of force-constant calculation at 300 and 1000 K are
shown. The difference between the DFPT and FD method is
negligible. The energy differences between supercell sizes
increase with increasing temperature. Between 1�1�1 and
4�4�1 supercells, the energy differences at 1000 K are
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FIG. 2. �Color online� U�V�+Fphonon�T ;V� as a function of unit-
cell volume of Ti3SiC2. The circles denote U�V�+Fphonon�T ;V� cal-
culated at the volume points at every 100 K between 0 and 1400 K.
The solid curves show the fitted thermodynamic functions. The
minimum values of the fitted thermodynamic functions at tempera-
tures are depicted by the crosses. The dashed curve passing through
the crosses is guide to the eye.
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several hundreds of meV/unit cell, however those between
2�2�1 and 4�4�1 supercells reduce to several tens of
meV/unit cell. We chose the 2�2�1 supercells to calculate
thermal properties; however it has to be taken into account
that Grabowski et al.16 reported that small error in phonon
calculation may result in significant change in the calculated
thermal properties, especially at high temperatures.

III. RESULTS AND DISCUSSION

A. Thermal expansion, heat capacity at constant pressure, and
isothermal bulk modulus

Volume expansions of the three compounds as a function
of temperature are shown in Fig. 3. Volume expansion is
defined by �L /L0, where L0 is L=V1/3 at 300 K and �L=L
−L0. The calculated values of Ti3SiC2 are in good agreement
with the experimental values of Refs. 1 and 17. The experi-
mental values of Ref. 18 are smaller than the others. The

volumes were overestimated between 2.3% at 300 K and
2.5% at 1179 K in comparison to those in Ref. 1. This nearly
constant overestimation is probably due to the tendency of
the GGA and is hidden in the volume expansion since the
volume expansion is a function of volume ratio. The volume
expansions of the three compounds are found Ti3AlC2
�Ti3SiC2�Ti3GeC2, however the differences among them
are small.

The thermal expansion coefficients, 1
V

�V
�T , of the three

compounds are shown in Fig. 4. With increasing tempera-
ture, the thermal expansion coefficients grow rapidly up to
	400 K, and the slopes become smaller and nearly constant
at high temperatures. Below 	200 K, those of Ti3SiC2 and
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FIG. 5. �Color online� Heat capacities as a function of tempera-
ture. The solid, dashed, and dashed-dotted curves denote CP of
Ti3SiC2, Ti3AlC2, and Ti3GeC2, respectively. The circles depict the
experimental values of CP of Ti3SiC2 �Ref. 1�. The dotted curve
denotes CV of Ti3SiC2. Inset is the magnified figure below 250 K
for Ti3SiC2 and Ti3GeC2. The solid and dashed-dotted curves in the
inset denote CP of Ti3SiC2 and Ti3GeC2, respectively. The dashed
and dotted curves in the inset show the experiments of Ti3SiC2

�Ref. 19� and Ti3GeC2 �Ref. 20�, respectively.

TABLE I. Helmholtz free energies with respect to supercell size
and method of force-constant calculation at 300 and 1000 K. The
energies are given in eV/unit cell.

Supercell size Ti3SiC2 Ti3AlC2 Ti3GeC2

300 K

1�1�1 �FD� 0.548 0.517 0.444

2�2�1 �DFPT� 0.615 0.590 0.527

2�2�1 �FD� 0.615 0.589 0.526

4�4�1 �FD� 0.609 0.592 0.522

1000 K

1�1�1 �FD� 2.324 2.418 −2.649

2�2�1 �DFPT� −2.144 −2.218 −2.409

2�2�1 �FD� −2.145 −2.219 −2.411

4�4�1 �FD� −2.164 −2.208 −2.426
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FIG. 3. �Color online� Volume expansions, �L /L0 �L=V1/3�, as
a function of temperature. The solid, dashed, and dashed-dotted
curves denote those of Ti3SiC2, Ti3AlC2, and Ti3GeC2, respec-
tively. The experimental values of Ti3SiC2 are depicted by the
circles �Ref. 1�, squares �Ref. 17�, and triangles �Ref. 18�.
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FIG. 4. �Color online� Thermal expansion coefficients as a func-
tion of temperature. The solid, dashed, and dashed-dotted curves
denote those of Ti3SiC2, Ti3AlC2, and Ti3GeC2, respectively.
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Ti3AlC2 are equivalent and are smaller than that of Ti3GeC2.
At high temperatures, those of Ti3SiC2 and Ti3GeC2 are
equivalent and are larger than that of Ti3AlC2.

The heat capacities CP of the three compounds as a func-
tion of temperature are shown in Fig. 5. Below 	120 K,
those of Ti3SiC2 and Ti3GeC2 agree well with respective
experimental values reported by Drulis et al.19,20 Above
	120 K, the experiments show larger CP than the calcula-
tions. The values of Ti3SiC2 at high temperatures are in good
agreement with the experimental values reported by Bar-
soum et al.1 although the calculation slightly overestimates
the experiment. The differences among the three compounds
are small through the temperature range. At low tempera-
tures, CP of Ti3SiC2 and Ti3AlC2 are equivalent and are
slightly smaller than that of Ti3GeC2. With increasing tem-
perature, CP of Ti3GeC2 approaches to that of Ti3SiC2, and
that of Ti3AlC2 becomes smaller than that of Ti3SiC2. In Fig.
5, CV of Ti3SiC2 with a fixed volume that was relaxed under
the zero hydrostatic-stress condition is also shown. At low
temperatures, CV is equivalent to CP. At high temperatures,
CP keeps positive slope as well as the experiment, however
CV saturates.

Isothermal bulk moduli as a function of temperature are
shown in Fig. 6. Among the three compounds, through the
temperature range, Ti3SiC2 and Ti3AlC2 have the highest and

the lowest bulk moduli, respectively, i.e., Ti3SiC2 is the most
incompressible and Ti3AlC2 is the most compressible. This
trend agrees with the experiments: 190,4 185,21 187,21 179,22

and 206 GPa �Ref. 23� for Ti3SiC2, 156 �Ref. 24� and 165
GPa �Ref. 21� for Ti3AlC2, 186 �Ref. 4� and 197 GPa �Ref.
25� for Ti3GeC2. With increasing temperature, the bulk
moduli of the three compounds decrease and the differences
among the bulk moduli become small.

B. Phonon band structure and partial density of states

The phonon band structures and PDOS of the three com-
pounds, which were calculated using 4�4�1 supercells, are
shown in Figs. 7 and 8, respectively. These band structures
have common framework. There is a band gap starting
around 13 THz. Below this band gap, the acoustic modes
disperse up to 	7 THz. The band structure along the path
�-M-K-� is similar to that along the path A-L-H-A, which
means, on average, the dispersion in the z direction is small.
Therefore smaller interaction is expected in the z direction,
and this implies that thermal conductivity is smaller in the z
direction than in the basal plane. Some characteristic differ-
ences among the three compounds can be found at the low
frequencies, where two flat bands for Ti3SiC2 and Ti3AlC2
and three flat bands for Ti3GeC2 are observed near the M-K
and L-H band paths.

These flat bands, which correspond to the peaks in the
phonon PDOS, indicate localization of the states, i.e., they
behave like “atomic states.” As shown in Fig. 8, the peaks at
low frequencies are composed of states of A atoms and a
small fraction of states of Ti-2 atoms. The peaks of Si and Al
states and the two lower peaks of Ge states are composed of
those atomic vibrations that are parallel to the basal plane
�A-xy�. The phonon frequencies of the lower two peaks of
Ti3GeC2 are lower than those of the other compounds since
atomic mass of Ge is heavier than those of Si and Al. The
third peak from the bottom of the Ge states consists of the
atomic vibrations perpendicular to the basal plane �Ge-z�. By
contrast, the Si-z and Al-z states are relatively delocalized.

Above the band gap, the density of states are mostly com-
posed of C states since its atomic mass is much lighter than
those of the other atoms. The C-z states are more localized
than C-xy states since interlayer interaction is not likely to
occur at high frequencies.
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FIG. 6. �Color online� Isothermal bulk moduli as a function of
temperature. The solid, dashed, and dashed-dotted curves denote
those of Ti3SiC2, Ti3AlC2, and Ti3GeC2, respectively.
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FIG. 7. �Color online� Phonon band structures of �a� Ti3SiC2, �b� Ti3AlC2, and �c� Ti3GeC2.
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The phonon-PDOS shapes of the Ti-1 and Ti-2 states of
Ti3AlC2 and Ti3GeC2 are quite similar. Interestingly, the cor-
responding PDOS of Ti3SiC2 exhibit clear differences from
the formers. For example, there is one main peak in the Ti-2
states of Ti3SiC2, whereas the corresponding peak is clearly
split into two components in the other compounds. It is con-
sidered that the atomic radii of the Al and Ge atoms in these
compounds are similar and any difference in the groups 13
and 14 of the periodic table that the A atom belongs to is
irrelevant.

Barsoum et al. reported in their neutron-diffraction study
that the Si atom vibrates anisotropically and with larger am-
plitude than the Ti and C atoms.1 This is considered consis-
tent with our results since the Si-xy states at lower frequen-
cies gain more phonon population at finite temperatures than
the other atomic modes. To understand A-xy states, we focus
on the atomic motions at K and M points as representative
points in the reciprocal space, since as shown in Fig. 7, the
localization becomes stronger by getting away from the �
point. At the K and M points, the atomic motions corre-
sponding to the two lower localized bands are schematically
shown in Fig. 9. These motions are nearly identical among
the three compounds. The localized bands at the K point are
doubly degenerate and one eigenvector components in the xy
plane can be chosen to be proportional to �1, i� on the A
atoms. Thus the motions of the A atoms in these eigenmodes
can be represented as rotations around their average positions

as depicted in Figs. 9�a� and 9�b�. At the M point, the phonon
modes are approximately categorized as transverse waves
�Fig. 9�c�� and longitudinal waves �Fig. 9�d��. The atomic
motions in these every phonon mode are well synchronized
and correlated in order to avoid collisions between the A and
Ti-2 atoms. The different shapes of the localized bands
among the three compounds reflect the slight differences of
interatomic interactions between the A and Ti-2 atoms.

IV. CONCLUSIONS

We studied the thermal properties of Ti3SiC2, Ti3AlC2,
and Ti3GeC2 at constant pressure as a function of tempera-
ture using the first-principles phonon calculations. In the vol-
ume expansion and heat capacity, the differences among the
three compounds are small. The volume expansion of
Ti3SiC2 and the heat capacities of Ti3SiC2 and Ti3GeC2
agree well with the experiments. Through the calculated tem-
perature range, Ti3SiC2 is the most incompressible and
Ti3AlC2 is the most compressible. The differences of the
isothermal bulk moduli among the three compounds decrease
with increasing temperature. The phonon states were inves-
tigated using the phonon band structures and PDOS. It was
demonstrated that the characteristic phonon band structure at
low frequencies is related to localized Si, Al, or Ge atomic-
vibrational states parallel to the basal plane.
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