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Abstract

We investigate a global complexity bound of the Levenberg-Marquardt Method (LMM) for non-
smooth equations F'(z) = 0. The global complexity bound is an upper bound to the number of
iterations required to get an approximate solution such that ||V f(z)| < €, where f is a least square
merit function and e is a given positive constant. We show that the bound of the LMM is O(¢™?).
We also show that it is reduced to O(loge™") under some regularity assumption on the generalized
Jacobian of F'. Furthermore, by applying these results to nonsmooth equations equivalent to the
nonlinear complementarity problem (NCP), we get global complexity bounds for the NCP. In par-
ticular, we show that the bound is O(loge™') when the mapping involved in the NCP is a uniformly
P-function.
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1 Introduction
We consider a system of nonsmooth equations
Flz) =0, 1)

where F': R” — R™ is a locally Lipschitz continuous mapping. When the system (1) has a solution, it
is equivalent to the following nonlinear least squares problem.

minimize f(r) := 5| ()| @)

In this paper, we assume that the least squares merit function f is continuously differentiable, though F'
is nonsmooth. The system (1) satisfying these assumptions includes important applications such as the
nonlinear complementarity problem (NCP) and the Karush-Kuhn-Tacker (KKT) system [1]. For the
system (1) or the NCP, the Levenberg-Marquardt method (LMM) is known to be an efficient solution
method [2, 3, 4, 5, 6, 7, 8].

A global complexity bound is one of the important factors for choosing an appropriate solution
method [9, 10, 11, 12, 13, 14, 15, 16, 17]. When we solve an unconstrained minimization problem
of a nonconvex function ¢ by some iterative methods, the global complexity bound is defined as an
upper bound of the number of iterations required to get an approximate stationary point x such that
[[Vé(x)|| < e, where € is a given positive constant. Since it corresponds to the worst computational time,
it is useful when we want to estimate in advance the time for solving a large-scale problem. Recently,
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the bounds of some general iterative methods for the unconstrained minimization problem, such as the
steepest descent method and the Newton-type methods, have been actively investigated. Thus, if we
apply these results to the least squares problem (2), we can estimate the bound for (2). However, since
these methods are not specialized to the problem (2), they are not efficient. In fact, the steepest descent
method converges slow in general. Moreover, the Newton-type methods [9, 10, 11, 13, 14, 15, 16] require
the twice continuous differentiability of F'. Recently, Ueda and Yamashita [17] investigated the bound of
the LMM, which is a special method for (2). Under the assumption that F is continuously differentiable,
they showed that it is O(¢~2) without any regularity assumption on F. However, we cannot directly
apply this result to a system of nonsmooth equations.

In this paper, we consider an LMM for the nonsmooth equations that uses the generalized Jacobian
of F. We show that it has the same bound O(¢~2) as [17]. Moreover, under some regularity assumption
of the generalized Jacobian of F', we also show that an upper bound of the number of iterations required
to get an approximate solution x such that ||F(z)|| < € is O(loge™!). By applying these results to the
NCP, we get the global complexity bounds for the NCP. In particular, we can get the bound O(loge™1)
when the mapping involved in the NCP is a uniformly P-function.

This paper is organized as follows. In the next section, we give some definitions related to the
generalized Jacobian. In Section 3, we introduce the LMM for nonsmooth equations. In Section 4, we
give the global complexity bounds of the LMM. In Section 5, we apply the results on the bounds to the
NCP. Finally, Section 6 concludes the paper.

Throughout the paper, we use the following notations. For a vector z € R™, ||z|| denotes the
Euclidean norm defined by ||z|| := VaTx. For a symmetric matrix M € R"*", we denote the maximum
eigenvalue and the minimum eigenvalue of M as Apax(M) and Apin (M), respectively. For a matrix
M € R™™ | M| denotes the ¢35 norm of M defined by |[|M| := \/Amax(MTM). If M is symmetric
positive semidefinite matrix, then | M| = Apax(M). B(z,r) denotes the closed sphere with center
and radius r, i.e.,, B(z,r) :={y € R" | |ly — z|| < r}. For sets S; C R™ and Sy C R™, S1 + S5 denotes
the sum of S; and Sy defined by S; + S3 := {z +y € R" |z € S1,y € Sa}. For a set S, P(S) denotes
the set consisting of all the subsets of S.

2 Preliminaries

In this section, we give some definitions that will be used in the subsequent sections.
When a vector mapping F' is nonsmooth, we cannot necessarily use the Jacobian of F'. Nevertheless,
we can define the generalized Jacobian of F' if F is locally Lipschitz continuous [18, 19].

Definition 2.1. Let Dp C R™ be the set where F is differentiable.
(a) The B-subdifferential of F at x is defined by

OpF(z)={J e R"™™ | J = lim VF(z"), lim 2% =z, {2*} C Dp}.
k—o0 k—o0

(b) The Clarke generalized Jacobian of F at x is defined by
OF (z) = co OpF(x),
where co denotes the convex hull of the set.

Remark 2.1. Note that since F is assumed to be locally Lipschitz continuous in this paper, we can use
the above subdifferentials. Note also that OpF (x) and OF (x) are nonempty and compact set for each x
1

[18]. Moreover, if a least squares merit function f(x) = 5| F(x)|| is continuously differentiable, we have

Vf(z)=JTF(z), VJ € OF (z) by using the standard calculus rules [18].

Remark 2.2. The Fischer-Burmeister function defined by v (a,b) = Va? + b>—a—b is not differentiable
at (0,0), but it is locally Lipschitz continuous. Thus, the generalized Jacobian 01 is well-defined at (0,0).

Remark 2.3. To solve the nonsmooth equations (1), the Newton-type methods with the generalized
Jacobian are often used [3, 20]. For example, the generalized Newton method updates the k-th iterative
point as 2*+1 = 2% + d*, where d* is a search direction such that Jyd* = —F(2%), Ji, € OF (z).



From Definition 2.1, the generalized Jacobian OF is a point-to-set mapping from R™ into P(R"™*™).
Next, we introduce the upper semi-continuity of a point-to-set mapping [21].

Definition 2.2. Let X be a subset of R™, Y be a subset of R"*™ and © be a point-to-set mapping
from X into P(Y).

(a) © is uniformly compact near T € X if there exists a neighborhood N of T such that the closure of
Uzen©(z) is compact.

(b) © is closed at T if ¥ — z,y* € O(zF) and y* — § imply y € O(Z).
(c) O is upper semi-continuous at T if © is uniformly compact near T and closed at .

It is well-known that OF is upper semi-continuous [18]. Thus, for each z, max ;cgp(,) ||| is bounded
above.

3 The Levenberg-Marquardt method

In this section, we explain the LMM for the system of nonsmooth equations (1). In what follows, let
z* be the k-th iterative point, Fy be F(2*), and J, € 0F(z*). Throughout the paper, we need the
following assumptions.

Assumption 3.1.
(a) The vector mapping F is locally Lipschitz continuous.
(b) The least squares merit function f is continuously differentiable.

As mentioned in Remark 2.1, we can use the generalized Jacobian under Assumption 3.1 (a). More-
over, the system (1) satisfying Assumption 3.1 includes important applications such as the nonlinear
complementarity problem (NCP) and the Karush-Kuhn-Tacker (KKT) system.

For the current iterative point 2%, an LMM adopts a search direction d¥ () defined by

d*(ur) = = (I3 Ji + pd) T F,

where p is a positive parameter. In order to guarantee global convergence property, pi is updated
based on the idea of the trust-region method [22, 23]. Note that a search direction d*(uy) is given as a
solution of a trust-region subproblem of (2), that is,

1
mi(?iglize §||F(xk) + Jid||*  subject to ||d|* < AZ,
cRn

and py, corresponds to the Lagrange multiplier of the Karush-Kuhn-Tucker conditions of the subproblem.
Since the trust-region method controls the trust-region radius Ay for global convergence, it requires to
solve the subproblem at each iteration [22]. On the other hand, Osborne [23] proposed to update
directly instead of Aj. Then, d*(uz) is given as a solution of the linear equations which is much easier
to solve than the trust-region subproblem. Therefore, we adopt his updating rule with the following
little modification. We set uy as

e = Vil Fe°,

and we control a positive parameter vy, instead of . Here, d is a given constant such that § > 0. In
what follows, we denote the search direction as d*(v},) instead of d*(uz).
We control v, as follows. Let fi, : R” x R — R be a model function of f at z* defined by

1 1
Fi(d,v) = Sl + Jid]* + §V||Fk||5||d||2-



Let pr : R” x R — R be the ratio of the reduction of the merit function value to that of the model
function value, i.e.,

F(a*) = f(at +d)
f@*) = fild,v)
If pr.(d*(vi), vx) is large, then the LMM adopts d*(vy) and decreases the parameter v;. On the other

hand, if pg(d*(vy),vs) is small, then the LMM increases v, and computes d*(v,) once again.
We describe the precise description of the LMM as follows.

pr(d,v) ==

The Levenberg-Marquardt Method

Step 0 : Choose parameters €, vg, d,v1, Y2, M1, 72 such that
0<e<l,yy>0,0>20,711<1<7v, 0<n <ny <1

Choose a starting point z°. Set k := 0.
Step 1 : Choose Ji € OF (z*). If ||JT Fi|| < ¢, then terminate. Otherwise, go to Step 2.

Step 2 : Step 2.0 : Set I, :=1 and ¥, = v.
Step 2.1 : Compute
d*(o,) = =(JF T + o, | eI 1)~ I F.

Step 2.2 : Compute
f@*) — f(@* + d*(m,))

k — = —
PRl (), ) = 5 oAy — R (@ ), 71,

If pk(dk(z’/lk)jlk) < n1, then update 7;, 11 = Y21, , set I == Il + 1, and go to
Step 2.1. Otherwise, go to Step 3.

Step 3 : If o > pi(d*(7,), 1, ) > m, then update vy = 1, .
If py.(d*(m, ), 71,) > n2, then update vgy1 == Y17,
Update z¥T! = 2% + d*(i7;,). Set k:= k + 1, and go to Step 1.

In what follows, for simplicity, we denote [ and fi;, at the last iteration of the inner loops of Steps
2.0-2.2 for each k as [} and pj, respectively.

In the remainder of this section, we show that the LMM is well-defined when ||JT Fy|| # 0. First, we
give a lower bound of the reduction of the model function.

Lemma 3.1. Suppose that Assumption 3.1 holds. Then,

o o) — LT g il
FE) = A& @)o) = =5 F Al ) 2 g7 Ry



Proof. By the definitions of f(x*), fx(d*(v),v) and d*(v), we have

Fa) = @ 0).0) = IR = (G150 + RO + AR 01

1
= —FlJd*(v) - §d’“(y)T(JkTJk + v||Fy||°T)d* (v)

1
= fiFkTJkd’“(u)

1
= iFkTJk(JkTJk +v||F |0 D) I Fy

Amin (JTJk + V”FkHJI)_l
> Jon (et AR
_ [T Fi|l®

2Amax (JiF T + V|| Fi||°T)

[T F)?

2017k 11> + vl F%)1°)
This completes the proof.
Next, we give an upper bound of ||d*(v)]|.

Lemma 3.2. Suppose that Assumption 3.1 holds. Then,

)
Ak

ld* ()] <

Proof. By the definition of d*(v), we have

I )| = 1T+ VI D) T B
< NIE T+ VB D ) - T F|
— N (CE T+ o EP D)) |TE E]
1
= ST T oE D e P
< | JE Fr||
< VIRD

where the last inequality follows from the positive semidefiniteness of J J.
From Lemmas 3.1 and 3.2, we give an upper bound of f(z* + d*(v)).

Lemma 3.3. Suppose that Assumption 3.1 holds. Then,

175 F 1 175 Frll
UTkll? + vIIEl?) vl Pl

Fat +d* W) < fild* (), v) - 5 /0 I(Vf(z* +7d"(v)) = Vf(z"))]dr.

Proof. Since f is continuously differentiable, we have
f(ah +d"(v))
1
= f(z") +/ Vi* +rd*w)Td*(v)dr
0

= f(z") +/0 Vfk +rd*w)Td*v)dr + fu(d*(v),v) — fr(d*(v),v) + B Jpd*(v) — FL J.d"(v)

:nw%mw+mﬁ%wmwaw+ﬁmw@»ﬂéNﬂﬁ+mww—ﬁﬂfﬁww.



It then follows from Lemma 3.1 and V f(2*) = JI F, that
f(a* +d*(v))
1
= fr(d*(v),v) = (f(&*) = fu(@*(v),v)) + / (Vf(@* +7d"(v)) = Vf(z")Td"(v)dr

0
< fuld*(v),v) = (f(a") = fi(d*(v),v)) + |d" ()] / I(Vf(z" +7d"(v)) = Vf(z"))lldr

175 Fie ]| 75 F |

k
SR TV VA R T E

/ I(VF(* + rd* () — VF(2*)) |dr,

where the last inequality follows from Lemmas 3.1 and 3.2. O

Next, we give the following key lemma for the well-definedness.

Lemma 3.4. Suppose that Assumption 3.1 holds. Suppose also that | JF Fy|| # 0. Then,

pr(d*(v),v) > 1
for v sufficiently large.

Proof. Since ||JT F;|| # 0, we have || Fy|| # 0. Thus, if v is sufficiently large, v||F)||° > ||.Jx||* holds.
In what follows, we suppose that v||F}||° > ||Jx||* holds without loss of generality. It then follows from
Lemma 3.3 that

15 Bl 1
W(F° v Fell®

T
WEBL (g mag+4 [ 1956 +r0) - 16 ler) . @

fa® +d*(v)) < fuld*(v),v) —

/ IV £ + rd*(v)) — V(b)) |dr
< fuld* (). v) +

Taking v — 0o, we have lim,_, [|d*(v)|| = 0 from the definition of d*(v), and hence

Jim / 1(VF(z* + rd () — V(z*)) | dr = 0.

V—r00

Thus, since ||J{ Fy|| # 0, the following inequality holds for sufficiently large v.

4/01 I(Vf(z" +7d"(v)) = Vf(2"))lldr < [|J5 Fx .
It then follows from (3) that
F* +d* () < fi(d* (@), v).
Therefore, by the definition of pi(d*(v),v), we have

Jh) = St d )
f@*) = fu(d*(v),v) =7
which is the desired inequality. O

pi(d*(v),v) =

Now, we show the well-definedness of the LMM.

Theorem 3.1. Suppose that Assumption 3.1 holds. Suppose also that ||JI Fy|| # 0. Then, the LMM is
well-defined, i.e., the number ly of inner iteration is finite.

Proof. From the updating rule of 7, , we have 7;, — oo as [, — 0o. Thus, when I, is sufficiently large,
we have from Lemma 3.4 that

f@@?) — f(a* + d*(m,))
f(xk) - fk(dk(plk)’plk)
Therefore, the LMM is well-defined. O

pe(d (), 1) = >1>7.



4 Global complexity bound

In this section, we estimate the global complexity bound of the LMM. Let Kyuter be the total number of
outer iterations when the algorithm terminates. If there does not exist such Kgyter, we define Koyter :=
0. Moreover, let Kiota1 be the total number of inner iterations, i.e.,

Kuuter -1
Ktotal = lk .
k=0

Note that Kiota means the total number of solving linear equations.
In order to investigate Kiota, we firstly make the following assumption.

Assumption 4.1.
(a) 0 <1.
(b) The level set of f at the initial point z° is compact, i.e., Q = {zx € R" | f(z) < f(x°)} is compact.

Since {f(z*)} is monotonically decreasing, the sequence {z*} is included in the compact set Q.
Moreover, since the generalized Jacobian OF is upper semi-continuous as mentioned in section 2, there
exist positive constants Ur and U; such that

IF ()]l < Up, max(|[J|I, |77]]) < Us, VJ € OF (z), Yz € Q. (4)

Now, we show that ||d*(v)|| is bounded from above when v € [vy, ).

Lemma 4.1. Suppose that Assumptions 3.1 and 4.1 hold. Then, for any v € [vy, o),
|d*(v)|| < Ua,

UsUL™®
vo
Proof. It follows from Lemma 3.2 that
-5
WEE _ EI- IR UsU
vIIFel® = vllFellP T v

where Ug =

ld* ()] <

where the last inequality follows from (4) and v > vy. O

When F is continuously differentiable, Ueda and Yamashita [17] assumed that the Jacobian of F
is Lipschitz continuous to investigate the global complexity bound of the LMM. However, since F' is
nonsmooth in this paper, the assumption does not hold in general. Instead, we assume that the gradient
of the merit function f is Lipschitz continuous.

Assumption 4.2. Let Uy = UJU}J‘S/VO. V[ is Lipschitz continuous on Q+ B(0,Uy), i.e., there exists
a positive constant L such that

IVf(z) =Vl < Lz —yl, Vz,yeQ+B(0,Uq).

By using the assumption, we show that py(d*(v),v) > 1if v is greater than a specific value depending
on Fk.

Lemma 4.2. Suppose that Assumptions 3.1, 4.1 and 4.2 hold. Suppose also that

max(U%, voUd, 4L)
- 17510

14

Then,

pk(dk(u),u) > 1.



Proof. From (4) and the assumption on v, we have the following three inequalities.

VIIFRI > U7 > (| Jkll?, (5)
VoUgv

v > > v, 6

AR (6)

v[|FP|| > 4L. (7)

By using (5) and Lemma 3.3, we have
I 2/ 2 (B |
| Fell> " vl F)°

o (~WERD + 4 [ NSt 4 w) - VrElar) 9

fa® +d*(v)) < fuld*(v),v) /0 I(Vf(z" +7d" () = Vf(z"))lldr

< fu(d*(v),v) +

On the other hand, by using (6) and Lemma 4.1, we have z* + 7d*(v) € Q+ B(0,Uy) for any 7 € [0, 1].
It then follows from Assumption 4.2 that

1 1
4 [ U(TS* + 7 0) - VA Jdr <4 [ Lt @) Jar
0 0
<aLld )]
_ AL
V|| F]|°
I Fill

A

where the second inequality follows from 7 € [0,1], the third inequality follows from Lemma 3.2, and
the last inequality follows from (7). It then follows from (8) that

fl@® +d* (v)) < fr(d*(v),v).
Therefore, by the definition of py(d*(v),v), we have

F) — f* 4 d5 ()
F@) — @ @)e) —

which is the desired inequality. O

pr(d"(v),v) =

From Lemma 4.2, we can show that v} ||F}||° is bounded from above.
Lemma 4.3. Suppose that Assumptions 3.1, 4.1 and 4.2 hold. Then,
VillFxll® < Uvr,

where U, p = v2 max(U2%, voU%,4L).

Proof. From Lemma 4.2, if 7, ||F}.||° > max(U2,yU%,4L), then py(d*(7,),7,) > 1, and hence the
inner loops of Step 2 must terminate. Therefore, if 7y ||F},||° > max(U2, 1pU2, 4L) at the k-th iteration,
then v} || Fx||® = 1| Fk||°>. On the other hand, if 1| Fx||° < max(U2,voU%,4L), then v} ||Fy||° must
satisfy v ||Fy||® < o max(roUQ,4L). Otherwise, ﬁlz,lﬂFkH‘S > max(U%,voU%,4L), which contradicts
pk(dk(ﬁl;_ﬁ,ﬁl;—l) < 11 < 1. Consequently, we have

Vil Fell® < max (o1 [|Fy||°, 72U7, v210U R, 124 L)
= maX(VZ—1||Fk||57 FYQU?a 'YQVOU?N ’724L)
maX(VZ—1||Fk—1H6772U3772V0Ug"a724-[/)

IAIA

-+ < max(vo|| Fo||°, 12U3, y2roUs, 124L)

Y2 maX(’VQU.%a VOU?TW 4L)

from the updating rule of v. O



By using the above lemma, we give a lower bound of the reduction of the merit function when
k< Kouter-

Lemma 4.4. Suppose that Assumptions 3.1, 4.1 and 4.2 hold. Then, for all k such that k < Koyter,
Fa®) = f@h) > pe?.
where p = 72([]33_1[]”),

Proof. Since py(d*(v}),vi) > n1 from the definition of v}, we have

F@) = 1) > (@) = Fold 7).vp) = ol Tl

> " , 9)
2011 Jkl* + w1 F511°)

where the last inequality follows from Lemma 3.1. On the other hand, we have ||J g Fyl| > €, Yk < Kouter
from the definition of Koyter- It then follows from Lemma 4.3, (4) and (9) that

mll T Fe S m 2
2|12 + vl Fell®) — 2(U3 + Uyr)

fah) = @) =

which is the desired inequality. O
Now, we give an upper bound of Kyyter-

Theorem 4.1. Suppose that Assumptions 3.1, 4.1 and 4.2 hold. Then,
0
Kouter < ’Vf(x)ﬁ_z + 1-‘ .
p

Proof. Let K be [(f(z°)e=2/p) + 1]. Suppose the contrary, i.e., Kouter > K. It then follows from
Lemma 4.4 that

K-1
F(@°) = f(2°) = f@@) = Y (f(27) = f@*)) > Y pe = p’K (10)

Jj=0 Jj=0

[ (1E0) ]

from the definition of K. This contradicts (10), and hence we obtain the theorem. O

On the other hand, we have

From Theorem 4.1, the next theorem gives the global complexity bound Ky, of the LMM.
Theorem 4.2. Suppose that Assumptions 3.1, 4.1 and 4.2 hold. Then,
U, U6 Kouter
Ktotal < IOg,Yz %6_6 +1 )
VO,Yl outer

and hence Kioa1 = O(e72).

Proof. Since € < [[J§. 1 Fiope—1ll S UslIFK e -1l from (4), we have
€
[ F R e 11 > U,



Now we suppose the contrary of the theorem, i.e., Kiota > [logw(e_éUupU§7§(°“t°r/1/071’(‘”“”) +1].

The number of satisfying py.(d* (2, ), 71,) < m1 is ZkK:“B"“_l(lz —1). Moreover, the number of satisfying

Pk (dk(ﬂlk), 7y,.) > n2 is at most Koyter. It then follows from the updating rule of vy, that

* ) * )
VE aer— 1 HF Koo —111" > Vi e —1U S €
Kouter—1 l*_1 _ _ _
= ypyer=t T Kower U0 = pyyliotat g Kouter y Kouer [ -6 0
log (UVFUgwgouter 6*5>
v2 Kouter
voY —-K v K
> 1/072 1 72 oute ,.Yl outer 66 — Ul/Fa

where the last inequality follows from the assumption that Kiota > ﬂogﬂ/2 (Uur Uf;'yg( outer / 1/071K outer) + 17,
This contradicts Lemma 4.3. It then follows from Theorem 4.1 that

i U FUé,yKouter B
Kiota < |log,, | ——%2—e | +1
Vo,yl oute

= [Kouter(1 — log,, 11) + log., Uy + dlog., Uy +dlog,, €' —log., vo+ 1]

20
< ’Vf(p)e_Q + 1-‘ (1 —log,, 1) +log,, Uyr +dlog,, Uy +dlog,, el — log.,, vo + 1-‘ ,

and hence Kot = O(e72). O

Note that since J,CTF r = 0 does not imply Fj = 0, Theorem 4.2 does not provide a global complexity
bound of || Fy|| < € for some positive constant é. To get the bound, we replace the termination criterion
in Step 1 with || Fg|| < € in the remainder of this section. We call the resulting method the modified
LMM, and denote the total number of inner iterations of the modified LMM as Kiotal. Note that since
f is nonconvex, the modified LMM may not terminate. Thus, we further assume a regularity of the
generalized Jacobian.

Assumption 4.3. There exists a positive constant o such that )\min(JkaT) >0 forallk > 0.
Under Assumption 4.3, we give the global complexity bound Kiotal-
Theorem 4.3. Suppose that Assumptions 3.1, 4.1, 4.2 and 4.3 hold. Then, Kyotal = O(logé™1).

Proof. Since py(d*(v}),v;) > m from the definition of v},

ey TR
Fat) = £ 2 m (£ = Fe@ 00 70) = 57 A TR

(11)

where the last inequality follows from Lemma 3.1. On the other hand, Assumption 4.3 implies that
| JL Fg||? > o Fg||?. It then follows from (11) that

mllJg Fil?
(I Tkll? + v F 1)
= 27’10* é
201k 11? + vl Fll°)
mo 2
> ————||F;
> sy
- mo k

fa) = fa =

1751

where the third inequality follows from (4) and Lemma 4.3, and the last equality follows from the
definition of f. Therefore, we have

k
fat) < (1- 25— ) s < (1- =) 16,

10



and hence if

log 72):5;50)

k> —~
log (1 - 7z1e—)

then f(z*) < €2/2, ie., |Fi|| < é. Thus, we have Kouter = O(logé™!), where Koyger is the total number
of outer iterations of the modified LMM. It then directly follows from Theorem 4.2 that Kiota =
O(loge™1). O

When F is continuously differentiable, Ueda and Yamashita [17] also give the global complexity
bound Kot under the same regularity assumption. However, their result is Kiotal = O(€_2). Therefore,
the result in Theorem 4.3 is much better than that of [17].

5 Application to the nonlinear complementarity problem

We apply the results obtained in the previous section to the nonlinear complementarity problem (NCP(G))
[1]: Find z € R™ such that

x>0, G(x) >0, 27'G(z) =0,
where G : R™ — R". In this section, we assume that the mapping G satisfy the following assumptions.
Assumption 5.1.
(a) The vector mapping G is continuously differentiable.
(b) VG is locally Lipschitz continuous.

By using the Fischer-Burmeister function, we can reformulate NCP(G) into the following nonsmooth
equations [24].

P(w1, Gi(x))
F(z) = : =0, (12)
Y(Tn, Gn(T))

where v : R? — R is the Fischer-Burmeister function defined by

¥(a,b) = Va2 + b —a—b.

Note that ¢ is not differentiable at (0,0). Therefore, if there exists i such that x; = G;(z) = 0, then

F is not differentiable at 2. Nevertheless, F is locally Lipschitz continuous under Assumption 5.1 [25].
1

Moreover, the least squares merit function f(z) = %||F(2)||* has the following properties [26].
Lemma 5.1. Suppose that Assumption 5.1.

(a) F is locally Lipschitz continuous.

(b) f is continuously differentiable.

(¢) Vf is locally Lipschitz continuous.

Lemma 5.1 (c¢) implies that V f is Lipschitz continuous on any compact set.
By using Lemma 5.1, we get the global complexity bound of the LMM for the equations (12) equiv-
alent to the NCP as a direct application of Theorem 4.2.

Theorem 5.1. Suppose that Assumption 5.1 holds. Suppose also that 6 < 1 and a sequence generated
by the LMM is bounded. Then, the global complexity bound of the LMM for the NCP is O(e~?).
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Remark 5.1. A sequence generated by the LMM is bounded if the level set of f is compact. The level
set of f is compact if G is a uniformly P-function [25] (see Assumption 5.2 for the definition). The
level set of f is also compact if G is monotone, NCP(G) has a strictly feasible solution and the Fischer-
Burmeister function is replaced with the penalized Fischer-Burmeister function 1. (a,b) = 1¢(a,b) +
(1 — 7)max(0, a) max (0, b), where T € (0,1) is an arbitrary but fized constant [27].

Remark 5.2. Note that the bound in Theorem 5.1 is not for a solution of NCP(G) but for a stationary
point of f. However, a stationary point of f is a solution of NCP(G) if G is Py-function, i.e., there
exists i such that x; #y; and (z; — y;)(Gi(z) — Gi(y)) > 0,Vx,y € R™ [25].

Next, as related to Assumption 4.3, we further make the following assumption on G.

Assumption 5.2. G is a uniformly P-function, i.e., there exists a positive constant o > 0 such that

max (z; — y;)(Gi(x) = Gi(y)) > al|z —y||*, o,y € R™.

When G is a uniformly P-function, it is well-known that the following properties hold [25, 28, 29, 30].
Lemma 5.2. Suppose that Assumptions 5.1 and 5.2.
(a) The level set Q of the merit function f is compact.
(b) For any J € OF(z) and x € R™, J is nonsingular.
(¢) The NCP(G) has a unique solution x*.
)

(d) There exists a positive constant ¢ such that |z — z*|| < ¢||F'(z)| for any z € Q.

From Lemma 5.2 (a), (b) and the upper semi-continuity of the generalized Jacobian OF, there exists
a positive constant ¢ such that Ay, (JJT) > o for any J € OF(z) and x € Q. Therefore, Assumption
4.3 holds.

Now, we get the bound for the NCP(G) as a direct application of Theorem 4.3.

Theorem 5.2. Suppose that Assumptions 5.1 and 5.2 hold. Suppose also that § < 1. Then, the global
complexity bound of the modified LMM defined in Section 4 is O(logé~1). Moreover, for an approximate
solution & such that |F(Z)| < €, the distance ||& — z*|| = O(€).

Proof. The first part of the theorem directly follows from Theorem 4.3. The second part of the theorem
follows from Lemma 5.2 (d) and the assumption on &. O

6 Concluding remarks

In this paper, we have investigated the global complexity bound of the LMM for the nonsmooth equa-
tions. We have shown that the bound is O(e~?) without any regularity or convex assumptions. We have
also shown that the bound is O(loge™1) under the regularity assumption of the generalized Jacobian.
Moreover, by applying these results to the NCP, we have obtained the same global complexity bounds
of the LMM for the NCP. In this paper, we have assumed that the mapping G involved in the NCP is
a uniformly P-function for the regularity assumption of the generalized Jacobian. By using other as-
sumption such as the monotonicity of G, we may have a better global complexity bound. Furthermore,
it would be worth estimating global complexity bounds of other solution methods for the NCP such as
the generalized Newton’s method [28, 31].
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