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Abstract 

 The damping of the relaxation modulus under step shear deformation is weaker for 

multi-branched polymers such as comb polymers than for linear polymers. This weak damping has 

been related to the hierarchical relaxation, the branched arm relaxation occurring prior to the 

backbone relaxation and dilating the entanglement network for the backbone relaxation/contraction. 

A corresponding model has been proposed and favorably compared with the data for the damping 

function.  However, the enhancement of dilation due to large deformation, known to occur for 

linear polymers to affect the chain contraction rate, was not considered in the model.  Thus, in this 

paper, we investigated the dilation for a comb polymer under deformation with the aid of a 3D 

multichain sliplink simulation that naturally accounts for the dilation due to the constraint release 

through the many chain dynamics. The simulation was confirmed, to the first time, to reproduce the 

linear and nonlinear viscoelastic data for a comb polyisoprene [Kirkwood et al Macromolecules 

2009].  A magnitude of dilation under deformation was examined for the survival probability of 

the sliplinks. It turned out that the dilation for the comb backbone activated by the arm relaxation is 

enhanced by the deformation at short times but not at long times where the backbone relaxes and 

the damping function is defined.  This result lends support to the conventional model.  



 
-3- 

Introduction 

Entangled polymers exhibit significant nonlinearity in their viscoelastic relaxation under 

large deformation, and this nonlinearity is intimately related to the processability (Tadmor and 

Gogos 2006).  According to the K-BKZ constitutive equation (Bernstein et al. 1963), the 

characteristic measure of the nonlinearity is the damping function that describes the non-linear 

decrease of the relaxation modulus under large deformation. In particular, multi-branch polymers 

such as combs and branch-on-branch dendrimers are known to exhibit weaker damping compared 

to linear and star-branched polymers (Laun 1978, Osaki 1993). This weak damping of multi-branch 

polymers has been related to the hierarchical relaxation, the branched arm relaxation occurring prior 

to the backbone relaxation and dilating the entanglement network for the backbone relaxation 

(McLeish 1988). Specifically, Vega and Milner (2007) focused on a reduction of the effective 

entanglement density for the backbone: Since the branched arm relaxes faster than the backbone, 

the multi-branch polymer effectively behaves as a linear polymer in solution (with the relaxed arm 

serving as the solvent) in a long time scale where the damping function is defined. If the backbone 

volume fraction is relatively small, the backbone has scarce entanglements thereby showing the 

weak damping analogous to that observed for low molecular weight linear polymers (Osaki 1993, 

Osaki et al 1998). 

Kapnistos et al (2009) have semi-quantitatively examined the hierarchical relaxation 
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picture with the slip-spring model (Likhtman 2005). In their model, a Rouse chain is constrained by 

a set of discrete virtual springs each of which is anchored in space at one end and attached, at the 

other end, to the chain through a sliplink.  Thus, the density of the topological constraint can be 

tuned with the number nvs of the virtual springs per chain. Indeed, Kapnistos et al (2009) have 

reported that the magnitude of nonlinear damping lies between those for the Rouse model (no 

damping) and the Doi-Edwards model (Doi and Edwards 1986) if nvs is small. Although they have 

not made any simulation for branch polymers, they focused on the semi-quantitative agreement of 

their simulation for linear polymers with small nvs and experiments for comb polymers to 

rationalize the hierarchical relaxation of comb polymers.   

Kirkwood et al (2009) have further developed the hierarchical relaxation picture and 

proposed a theoretical description of the damping function of multi-branch polymer. In the time 

scale for the backbone relaxation, the tube diameter a increases due to the dilation activated by the 

relaxation of the arms and the backbone ends as a = a0φBB
-1/2 where a0 is the original tube diameter 

and φBB is the volume fraction of the unrelaxed portion of the backbone.  This increase of tube 

diameter reduces the primitive path length L measured along the dilated tube axis as L = 

Z0
bba0 φBB

1/2 where Z0
bb is number of entanglement segment along the backbone. This relaxation of 

the primitive path length occurs even under deformation and therefore the primitive path length 

after the arm relaxation is expressed as L = λ(γ) φBB
1/2 Z0

bba0 where λ(γ) is the chain stretch at the 
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deformation. Thus the effective stretch of the backbone from its original length is obtained as L / 

Z0
bba0 = λ(γ) φBB

1/2 and the corresponding effective strain is written as γφBB
1/2. Substituting this 

effective strain into the approximated Doi-Edwards damping function, they obtained the damping 

function as a function of φBB as h(γ, φBB) = 1/ (1+ 4φBBγ
2/15). The obtained damping function was 

in reasonable agreement with experiments. 

 In spite of the abovementioned success of the hierarchical picture, it has been pointed out 

that the effect of deformation on the dilation was not considered in the above treatment, e.g., it is 

assumed that φBB does not depend on strain. According to the Doi-Edwards theory (Doi and 

Edwards 1986), the chain contraction under the deformation results in a loss of the constraints, and 

the damping is indeed explained in terms of the magnitude of this loss. The loss of constraint would 

be negligible for the backbone unless the branch point withdrawal takes place (Archer and 

Varshney 1998). On the other hand, for the branched arm, the deformation may enhance the dilation 

compared to that at equilibrium.     

Thus, in this study, we examined the dilation process of comb polymer under deformation 

by using 3D multi-chain sliplink simulation called primitive chain network simulation (Masubuchi 

et al. 2001). This was the first attempt of the quantitative simulation for the comb polymer 

(although the simulations had been conducted earlier for multi-branch (H-shaped) polymer 

(Masubuchi et al 2006) and star polymers (Masubuchi et al 2004, 2011).)  For both linear and 
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nonlinear relaxation, the simulation results were found to be in reasonable agreement with the 

experimental data for comb polymer melt (Kirkwood et al. 2009). The dilation of the entanglement 

network under step deformation, the main target of this study, was quantified through the survival 

probability of the sliplinks. The extra dilation due to the deformation was indeed observed at short 

times (where the arms relaxed) but not at long times where the backbone relaxed and its damping 

function was defined, which lends support to the model of hierarchical relaxation under the 

deformation (Kirkwood et al. 2009). Details of these results are presented in this paper. 

 

 

Model and simulation 

The simulation code utilized in this study, including a topological change around branch 

point, has been proposed earlier (Masubuchi et al. 2006, 2011). The polymer is represented by 

consecutive segments, sliplinks and branch point. Molar mass of the segment is assumed to be 

comparable to the entanglement molecular weight. The sliplink bundles segments in pair to form a 

network in 3D space. The polymer motion is described by Langevin-type equations for the spatial 

displacement of sliplinks, chain ends, and branch points, and for a change of the monomer number 

in each segment due to the monomer transport through the sliplink. The equations incorporate the 

chain elasticity, the chemical potential gradient, the friction against the medium, and the Brownian 
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random force. In addition to the branch point motion and the chain sliding, a topological change of 

the network was activated through creation and destruction of the sliplinks at the chain ends to 

represent hooking and unhooking among the chains. For multi-branch polymers, a further 

topological change is activated around the branch point to realize the curvilinear hopping of the 

branch point along the backbone (McLeish 1988). When all sliplinks on an arm disappear 

simultaneously, the hopping is achieved by a jump of the branch point to the next segment across 

the neighboring sliplink following the algorism proposed earlier (Shanbhag and Larson 2004). We 

assume equal probability (1/3) for the choices among three events, the jumps toward two backbone 

directions and no jump. The last choice (no jump) is incorporated to represent an event that the 

retracted arm does not penetrate into the next sliplink but hooks another surrounding chain.  

In the actual simulation runs, the average equilibrium length of the segment, a (the 

undilated network mesh size), was chosen as the unit length, kT as the unit energy, τ0=ζa2/6kT with 

ζ = friction coefficient of the sliplink as the unit time. For comparison with the experimental data, 

we utilized the unit of molecular weight M0 (and the corresponding unit stress G0) as a fitting 

parameter rather than the molecular weight calculated from the unit length a. For the calculation of 

linear viscoelasticity, simulations under quiescent condition were performed for sufficient long time 

(10 times longer than the longest relaxation time, at least) to obtain linear relaxation modulus G(t) 

as the auto-correlation function of shear stress. The auto-correlation function was calculated by the 
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fast multi-tau correlator algorism (Magatti and Ferri 2001) and converted into G*(ω) by the 

REPTATE software (Ramirez and Likhtman 2009). The periodic boundary condition was employed 

with the simulation cell box of 83. For the relaxation modulus under step shear deformation, 

Lees-Edwards (Lees and Edwards 1972) shear boundary was used with the simulation cell of 163 

for noise reduction. (It was confirmed that the results were essentially insensitive to the cell 

dimension in the range from 83 to 203 for the examined comb molecule for which the radius of 

gyration under equilibrium is ca. 4). In the simulation cell the deformation was applied affinely. 

The segment density was fixed at 10/a3 for both cases. 

 

Results 

Figure 1 compares the simulated linear viscoelastic G* (= G’ + iG”) with the data for a 

comb polyisoprene (Kirkwood et al. 2009) having the arm and backbone molecular weights of 

10.2k and 85.1k, respectively, and 4.6 arms per backbone.  In the simulation, the number of the 

segments was chosen to be 3, 5 and 3 for the arm, the backbone sequence between branch points, 

the end sequences of the backbone, respectively, and the arm number per backbone was set at 5. 

(These numbers were based on the unit molecular weight M0=3.5k (Masubuchi et al. 2008) 

determined for linear polyisoprene melt (Matsumiya et al. 2000).) The other parameters for the 

fitting were τ0 = 2.4 sec and G0 = 0.49 Pa; these values were determined from the data for linear 
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polymer after a correction of temperatures (40Co for Matsumiya et al (2000) and -30Co in Fig. 1) 

through the WLF shift reported by Kirkwood et al (2009). Note that here we neglect the difference 

in microstructure of the polyisoprene samples (Matsumiya et al. 2000 and Kirkwood et al. 2009) 

and thus further assessment on the parameters is required. Nevertheless as noted in Fig.1, the 

simulated G* agrees reasonably well with the data.  However, the arm and backbone relaxation 

processes seen at high and low frequencies have rather narrow mode distribution in the simulation 

compared to the data.  A similar result was noted for the hierarchical relaxation model (Kirkwood 

et al. 2009), and the difference between the simulation and data can be due to a distribution in the 

branching structure/molecular weight of the comb sample. (For example, the slow terminal 

relaxation seen for the experimental G’ data can be attributed to the slow component in the sample.) 

Figure 2 compares the simulated relaxation modulus G(t,γ) under large deformation with 

the data at 30˚C.  The simulation parameters are M0 = 3.5k, τ0 = 1.0 x 10-4 sec and G0 = 0.61 MPa, 

being evaluated from the parameters utilized in Fig 1 after the WLF correction of temperature (30Co 

in Fig.2). The simulation did not consider the glassy relaxation of the sample and thus 

underestimated G(t,γ) at short times, t < 10-3 sec.  At longer t up to 10-1 sec, the simulation 

reproduces the data considerably well within the stress fluctuation in the simulation indicated in the 

small window in Figure 2.  (The deviation seen at even longer t > 10-1 sec can be again attributed 

to the a distribution in the branching structure/molecular weight of the comb sample.) 
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The time-strain separability of the simulated G(t,γ) (Fig. 2) is examined in the top panel 

of Fig.3.  It has been reported that due to the failure of the decoupling between chain stretch and 

orientation the time-strain separability is not valid under rigorous assessment but it is realized 

approximately in the margin of error (Sanchez-Reyes and Archer 2002 and Furuichi et al 2010). In 

this study the fluctuation of stress is not sufficiently small for the assessment of the separability (as 

shown in the small window in Fig.2). Thus we assumed the separability at long t, and the damping 

function h(γ) was evaluated accordingly. Nevertheless for the smoothed data the separability is 

reasonably confirmed as shown in the top panel.  In addition, as shown in the bottom panel, the 

h(γ) thus obtained from the simulation (filled circles) is close to the data (unfilled circles; Kirkwood 

et al (2009)).  The simulated h(γ) and the data commonly exhibit the γ dependence weaker than the 

Doi-Edwards prediction (dashed curve).  

 

Discussion 

As judged from the agreement between the simulation and data seen in Figs. 1-3, the 

quality of the simulation appears to be satisfactorily high to give information for the dilation for the 

comb backbone under deformation. Specifically, we utilize the survival probability of the sliplinks, 

ϕ(t), to represent the dilated entanglement mesh size as a’(t) = a ϕ(t)-1/2 (with a = undilated mesh 

size) (Masubuchi et al. 2011).  The top, middle, and bottom panels in the left column of Fig.4 
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show the time evolution of ϕ(t,γ) under deformation defined for the comb molecule as a whole, the 

arm, and the backbone, respectively. As a reference for comparison, ϕ(t,γ) simulated for a linear 

polymer (having 20 entanglements per chain) and a star polymer (with 4 arms each having 10 

entanglements) is shown in the 3rd panels of Figures 5 and 6.  The top panels of Figures 5 and 6 

show the G(t,γ) simulated for these linear and star chains.  In Figures 4-6, the thick dashed curve 

indicates the quantities at equilibrium for G(t,γ) and ϕ(t,γ), and we refer these equilibrium quantities 

as G(t) and ϕ(t) hereafter.  

We first focus on the behavior of the linear and star chains (Figures 5 and 6). The 

damping behavior of their relaxation modulus G(t,γ) and the resulting damping function h(γ) were 

in good agreement with experiments and thus h(γ) was close to the Doi-Edwards prediction 

(Furuichi et al 2008, 2010). (Note that G(t,γ)/G0 at t/τ0=1 is less than unity due to the fluctuation 

according to the force balance around sliplink as discussed earlier (Masubuchi et al 2003 and 

Furuichi et al 2008). This is consistent with the fact that our parameter G0 is larger than the plateau 

modulus GN.) The sliplink survival probability ϕ(t,γ) of these chains under deformation (3rd panels) 

shows damping that reflects the extra unhooking induced by the chain contraction (Furuichi 2010).  

This damping is qualitatively similar to that seen for G(t,γ).  However, the damping is much 

weaker for ϕ(t,γ) than for G(t,γ) (compare 2nd and bottom panels showing the ratio G(t,γ)/G(t) and 

ϕ(t,γ)/ϕ(t)), because G(t,γ) is contributed from not only the dilation but also the chain orientation 
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and the chain stretch (Mead et al 1998).  Another difference can be found for the time evolution of 

G(t,γ)/G(t) and ϕ(t,γ)/ϕ(t), that represent the time evolution of the nonlinearity.  For both linear 

and star polymers, the G(t,γ)/G(t) ratio is known to decrease monotonically with t and approaches 

the damping function h(γ) at long t (Islam et al. 2001), as can be confirmed also from the presented 

behavior of G(t,γ)/G(t).  On the other hand, the ϕ(t,γ)/ϕ(t) (bottom panels) first decreases and then 

increases with increasing t, as clearly shown for star polymer in Figure 6.  This non-monotonic 

behavior of ϕ(t,γ) is related to long-lived sliplinks that is formed between segments near the chain 

center and/or branch point.  The curvilinear distance of such sliplinks measured from the 

chain/arm ends is large, so that the contraction of the chain/arm does not remove those sliplinks 

(and allows them to be long-lived).  Those long-lived sliplinks tend to suppress the decay ϕ(t,γ) at 

long t, which results in the non-monotonic change of the ϕ(t,γ)/ϕ(t) ratio.   

We should also note that the long-lived sliplinks hardly contribute to the modulus (or 

stress) since the long-lived sliplinks are rather scarce to constrain the orientational relaxation.  For 

example, at t/τ0 > 1000 in Figures 5 and 6, G(t,γ) has almost fully relaxed while ϕ(t,γ) has not. At 

these t, each chain had less than one surviving sliplink and was subjected to no significant 

constraint against the orientational relaxation (stress relaxation).  

Now, we turn our attention to the comb polymer (see Fig. 4). The above-mentioned 

feature of the ϕ(t,γ)/ϕ(t) ratio is clearly noted for the arm (middle panel in the right column).  
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Namely, this ratio is the smallest and the damping is the strongest at intermediate times, t ~ 10-2 sec.  

More importantly, ϕ(t,γ) for the arm becomes insensitive to the deformation and approaches ϕ(t) at 

equilibrium in a longer time scale of the backbone relaxation, t > 10-1 sec.  This feature suggests 

that the magnitude of dilation due to the arm relaxation is not affected by the deformation (and 

coincides with that at equilibrium) in the long time scale of the backbone relaxation.  

Consequently, ϕ(t,γ) for the backbone (bottom panel) is not sensitive to the deformation and 

remains close to ϕ(t) at equilibrium (thus φBB is virtually insensitive to γ). This result, indicating no 

extra deformation-induced dilation in the time scale of the backbone relaxation, lends support to the 

assumption made in the hierarchical models (Vega et al 2007, Kapnistos et al 2009, Kirkwood et al 

2009). 

In relation to our previous study (Furuichi et al 2010), we discuss the effect of convective 

constraint release (CCR). (Although the considered system is not under flow, we use the term CCR 

to express the mechanism that releases the entanglement on every occasion of the contraction of 

surrounding chains.) Figure 7 shows time evolution of sliplink number per molecule Ns(t) 

normalized by its equilibrium value Ns
0. For linear and star polymers (top and middle panels), the 

ratio Ns(t)/ Ns
0 first decreases, shows a minimum at the characteristic time of chain contraction, and 

then increases for the longest relaxation time. The decrease of Ns(t)/Ns
0 is attributable to the CCR 

that is the removal of sliplinks for a given chain due to the chain contraction of surrounding chains. 
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Because the contraction becomes more significant under larger deformation, Ns(t)/Ns
0 decreases 

with an increase of strain. As we reported earlier (Furuichi et al 2010) this change of Ns(t)/Ns
0 

induces the coupling between chain stretch and orientation, and consequently the rigorous 

time-strain separability is valid only at times comparable to the terminal relaxation time. 

Nevertheless, for the linear and star polymers CCR occurs considerably. On the other hand, for the 

comb polymer (bottom panel), the change of Ns(t)/Ns
0 occurs only in a short time region that 

corresponds to the arm relaxation (t < 10-2 sec), and Ns(t)/Ns
0 is stable in time and insensitive to 

strain in the time scale of backbone relaxation (t > 10-1 sec). That means CCR (disentanglement 

induced by chain contraction) does not significantly occur in the time scale of backbone relaxation. 

Thus the coupling between chain stretch and orientation induced by CCR is less significant for the 

comb polymer. This also lends support the hierarchical model (Vega et al 2007, Kapnistos et al 

2009, Kirkwood et al 2009) where the effect of CCR is not considered. 

 

 

Conclusions 

Primitive chain network simulations were performed for comb polymer melt to investigate the 

dilation of entangled network under deformation. The simulation reproduced the linear ad nonlinear 

viscoelastic data of a model comb polyisoprene reasonably well.  Analysis of the sliplink survival 
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probability ϕ(t,γ) obtained from the simulation indicated that ϕ(t,γ) for the arm approaches ϕ(t) at 

equilibrium in the time scale of the backbone relaxation and ϕ(t,γ) for the backbone reduces to ϕ(t) 

at equilibrium accordingly. This result indicates that the deformation activates no significant extra 

dilation in that time scale, lending support to the conventional assumption in the hierarchical model 

for multi-branched polymers (Vega et al 2007, Kapnistos et al 2009, Kirkwood et al 2009). To 

discuss applicable range of the assumption for branch structure, magnitude of deformation, etc, 

further assessment is required for other experimental dataset and we are working on this direction.  

 It so appears that the primitive chain network simulation is capable to predict the 

nonlinear stress damping of multi-branch polymers. However, it should be noted that the branch 

point withdrawal (McLeish and Larson, 1998) was not taken account in the current algorism for the 

topological change around branch point. It should be also noted that the possibility of reduction in 

monomeric friction for stretched chains (Ianniruberto et al, 2011) was not considered. For this 

reason, the current simulation is not applicable for elongational flows (Heinrich et al, 2002), for 

example. Implementation of the branch point withdrawal is an important subject of our future work, 

and the results will be reported elsewhere.  
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Figure Captions 

Figure 1  Storage modulus (G’) and loss modulus (G”) of comb polyisoprene (PI132 in Kirkwood  

et al (2009)). Filled and unfilled circles indicate the G’ and G” data. Solid and dashed lines are from 

simulation.  

 

Figure 2  Relaxation modulus of comb polyisoprene under step shear deformations. Symbols are 

the same as in Kirkwood et al (2009), and the initial strain is 0.5, 1.0, 2.0, 3.0, 4.0 and 5.0 from top 

to bottom. Solid curves are from simulation under the corresponding strain. Thick dashed curve is 

the simulated linear relaxation modulus. Small window shows the bare simulation data without 

smoothing.  

 

Figure 3   Test of time-strain separability (top panel) and the resulting damping function (bottom 

panel) for the simulation data presented in Fig. 2. Thick curve in the top panel indicates the linear 

relaxation modulus. In the bottom panel, unfilled circles show the experimental data (Kirkwood et 

al. 2009), filled circles are from the simulation, and the dashed curve indicates the Doi-Edwards 

damping function.  

 

Figure 4 Sliplink survival probability ϕ(t,γ) (left panels) and the ratio ϕ(t,γ)/ϕ(t) (right panels) 
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simulated for the whole molecule of the comb polymer (top panel), the arms (middle panel), and the 

backbone (bottom panel) during the stress relaxation process examined in Fig. 2.  Solid curves and 

unfilled circles indicate the probability under step shear strains ranging from 0.5 to 5.0. Thick 

dashed curve for ϕ(t,γ) indicates the probability ϕ(t) at equilibrium.  

 

Figure 5 Relaxation modulus G(t,γ) (top panel) and sliplink survival probability ϕ(t,γ) (3rd panel 

from the top) of a linear polymer (M=20M0). The ratio G(t,γ)/G(t) (2nd panel) and ϕ(t,γ)/ϕ(t) 

(bottom panel) are also shown. Solid curves and unfilled circles indicate the behavior under step 

shear strains of 0.5, 1.0, 2.0, 3.0, 4.0 and 5.0.  Thick dashed curves for G(t,γ) and ϕ(t,γ) show the 

behavior at equilibrium, G(t) and ϕ(t). 

 

Figure 6 Relaxation modulus G(t,γ) (top panel) and sliplink survival probability ϕ(t,γ) (3rd panel 

from the top) of a 4-arm star polymer (M=40M0, Ma=10M0). The ratio G(t,γ)/G(t) (2nd panel) and 

ϕ(t,γ)/ϕ(t) (bottom panel) are also shown. Solid curves and unfilled circles indicate the behavior 

under step shear strains of 0.5, 1.0, 2.0, 3.0, 4.0 and 5.0. Thick dashed curves for G(t,γ) and ϕ(t,γ) 

show the behavior at equilibrium, G(t) and ϕ(t). 

 

Figure 7 Sliplink number per molecule Ns(t) normalized by its equilibrium value Ns
0 under step 
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shear strains of 0.5, 1.0, 2.0, 3.0, 4.0 and 5.0 for linear (top), star (middle) and comb (bottom) 

polymers. 
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