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Electron spin torque in atoms

Takaaki Haraa, Masato Senamia, Akitomo Tachibanaa

aDepartment of Micro Engineering, Kyoto University, Kyoto 606-8501, Japan

Abstract

The spin torque and zeta force, which govern spin dynamics, are studied by using monoatoms in their steady states.
We find nonzero local spin torque in transition metal atoms, which is in balance with the counter torque, the zeta force.
We show that d-orbital electrons have a crucial effect on these torques. Nonzero local chirality density in transition
metal atoms is also found, though the electron mass has the effect to wash out nonzero chirality density. Distribution
patterns of the chirality density are the same for Sc-Ni atoms, though the electron density distributions are different.

1. Introduction

Recently, electron spin has received considerable atten-
tion due to the great development of spintronics [1]. One of
representative examples is a disk read-and-write head [2],
which brought in today’s high capacity hard disk drives.
The usage of spin is expected to achieve a further break-
through in the field of information processing and stor-
age. Almost all spintronics devices realize many functions
by controlling electron spin e.g. due to magnetic fields.
Therefore, the efficient control of the spin is an essential
key for spintronics devices. In fact, spin-polarized current
injection and a magnetic field are often used to control
magnetization vectors. For example, spin transfer torque
RAM, which is now widely studied, uses the transfer of
spin-aligned electrons.

For the control of the spin, the torque for the spin is the
most important quantity. Nowadays, spin-transfer torque
has widely been researched as the torque affecting the spin
[3–5]. This torque corresponds to the transfer of spin angu-
lar momentum from spin-polarized current to a magnetic
element. This can be given as the form, − ~

2e (⃗js · ∇)n⃗,
where j⃗s denotes spin current density and n⃗ is a mag-
netization vector. As the force for moving domain wall,
another spin torque perpendicular to the above torque is
also studied [6–8]; βm⃗ × (⃗j · ∇)m⃗, where j⃗ is current
density. However, most of these approaches are based
on phenomenological grounds, such as analyses with the
Landau-Lifshitz-Gilbert equation and the exchange inter-
action between spin-polarized current and localized spin.

In this work, we propose a generic and essential descrip-
tion of the torque for the spin [9–11], which is derived
from first principles. Hence, the essential property of the
spin dynamics can be studied by our approach. In addi-
tion, phenomenological spin torques as mentioned above
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are explained in a microscopic point of view. In this pa-
per, we pick up various atoms of main group elements and
transition metals and investigate the steady state of elec-
tron spin. Surprisingly, we find that the steady state of
spin in atoms, particularly transition metals, is realized
in a balance between nonzero local spin torque and its
counter torque, the zeta force. In addition, we show that
the magnitude of the spin torque is significantly dependent
on electrons in d-orbitals.

In this work, our purpose is the establishment of the
validity of the spin torque and zeta force and the investi-
gation of properties of them. Hence, our scope is restricted
to the steady states of monoatoms. After we are familiar
enough with these novel quantities, we will clarify popu-
lar phenomenological torques for electronic spin and the
dynamics of any spin states from electron wave functions.

2. Theory and calculation methods

2.1. Spin torque and zeta force

The quantities of the spin torque and the zeta force are
proposed by Tachibana[9, 10]. These quantities clarify the
dynamics of spin. The degree of freedom of the spin can
naturally be described in the relativistic theory. In the
Dirac equation, the spin degree of freedom is intrinsically
included. As explained later, the spin torque and the zeta
force are derived only for the four-component electronic
states in the relativistic theory. Hence, throughout this
study, our discussion is restricted to the relativistic theory.

Before the definitions of the spin torque and zeta force
are introduced, we consider the spin angular momentum
density operator in quantum field theory [10],

1
2

~σ̂k
e (r⃗) = ψ̂†(r⃗)

1
2

~Σkψ̂(r⃗), (1)

where k = 1 − 3 and ψ̂ is the four-component spinor.
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The dynamics of electron spin is defined by the time
evolution of the spin angular momentum density opera-
tor. Hence, the equation of motion of the spin angular
momentum density is given by

∂

∂t

[
~
2
σ̂k

e (r⃗)
]

= t̂ke(r⃗) + ζ̂k
e (r⃗). (2)

The time derivative of the spin angular momentum is re-
duced by using the ordinary Dirac equation. We can clas-
sify the right-hand side into two parts, the spin torque
term t̂ke(r⃗) and the zeta force term ζ̂k

e (r⃗). The first
term corresponds to the ordinary spin torque term, which
comes from the Heisenberg equation in quantum mechan-
ics, dσ⃗/dt = −(i/~)[σ⃗,H]. The latter zeta force, which is
chiral force, appears in quantum field theory. The expec-
tation value of the zeta force for finite system vanishes,
since the integration over the whole region is zero. The
spin torque is related to the relativistic stress tensor den-
sity, and the zeta force is rewritten by using the chirality
density. These are considered to originate in e.g., spin-
orbit and spin-spin interactions, and magnetic fields. At
the steady state of the spin, the spin torque should be in
balance with the zeta force.

The definition of the spin torque density operator is
given by

t̂ke(r⃗) = −ϵlnk τ̂Πln
e (r⃗), (3)

where ϵlnk is the Levi-Civita tensor and τ̂Πln
e (r⃗) is the

relativistic stress tensor density operator,

τ̂Πkl
e (r⃗) =

i~c

2

[
ˆ̄ψ(r⃗)γlD̂k(r⃗)ψ̂(r⃗) − D̂†

k(r⃗) ˆ̄ψ(r⃗)γlψ̂(r⃗)
]
.

(4)

Here, c is the speed of light in the vacuum and D̂k is
the covariant derivative which is given by the derivative
operator and the vector potential Âk,

D̂k (r⃗) = ∂k − i
Zee

~c
Âk (r⃗) . (5)

Here Ze = −1 is for the electron. The stress tensor den-
sity is known to classify properties of chemical bonding
[12–20]. The relativistic stress tensor (4) is a Hermite op-
erator, and however not symmetric tensor for the exchange
of indexes k and l. On the other hand, the nonrelativistic
stress tensor is symmetric, and hence the spin torque arises
from the asymmetric property due to relativistic effects, as
mentioned above. Hence, to see this relativistic effect, we
must use a relativistic four-component wave function. As
shown in Eqs. (3) - (5), the definition of the spin torque
includes the vector potential. Hence, the spin torque is
the driving force of the rotational motion of spin induced
by a magnetic field.

The other term is the zeta force,

ζ̂k
e (r⃗) = −c∂k

[
ˆ̄ψ(r⃗)γk 1

2
~Σkψ̂(r⃗)

]
, (6)

where the multiple appearance of the index k does not
mean the summation over k in this equation. Equation (6)
is reduced to

ζ̂k
e (r⃗) =

~
2e

∂k ĵ0
5(r⃗), (7)

where ĵ0
5 is the zeroth component of the chiral current

density operator ĵµ
5 (µ = 0 − 3),

ĵµ
5 (r⃗) = −ce

[
ˆ̄ψ(r⃗)γµγ5ψ̂(r⃗)

]
, (8)

γ5 = iγ0γ1γ2γ3. (9)

As you can see after easy algebra, the zeta force and the
spin torque are derived as a product of the large com-
ponent (ψ1 and ψ2 in the Dirac representation) and the
small one (ψ3 and ψ4 in the Dirac representation) of a
four-component spinor. Therefore, it can be concluded
again that the spin torque and the zeta force are quanti-
ties arising from the relativistic effects.

The zeroth component of the chiral current is the chi-
rality density [21]. The meaning of the chirality density is
more apparent in the following expression,

ĵ0
5(r⃗) = −ce

[
ψ̂†

Rψ̂R − ψ̂†
Lψ̂L

]
, (10)

where, ψ̂L and ψ̂R are the left-handed and right-handed
spinors. These operators are defined as

ψ̂L = P̂Lψ, ψ̂R = P̂Rψ, (11)

where P̂L and P̂R are chirality projection operators,

P̂L ≡ 1 − γ5

2
, P̂R ≡ 1 + γ5

2
. (12)

The left-handed and right-handed electrons are flipped to
each other by the mass term. In the following, we will see
this for free electrons. Since γ5γ

µ + γµγ5 = 0, equations
for ψ̂ and γ5ψ̂ are derived as

(iγµ∂µ − m) ψ = 0, (13)
(iγµ∂µ + m) γ5ψ = 0. (14)

By these two equations and Eq. (12),

iγµ∂µψ̂R = mψ̂L, (15)

iγµ∂µψ̂L = mψ̂R. (16)

For massless electron, m = 0, Eqs. (15) and (16) are inde-
pendent of each other. Otherwise, ψ̂L and ψ̂R are mixed
due to their Dirac mass term. Hence, the chirality density
is not conserved, unless an electron has much larger ki-
netic energy than the electrons mass. We will show in the
next section that the chirality density in atoms actually
generates zeta force and controls the dynamics of electron
spin.
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Table 1: Computational details of CI.

Atom
Number of
electrons

(excluding frozen core)

Active
space

number

Active orbitals
(electronic eigenvalue

no. for Eg / Eu)

Number of spinors
in the RAS2

(1Eg, 2Eg, 1Eu, 2Eu)

Fermionic or bosonic
Representation

for D2h

Ca 2 18 4 − 9 / 7 − 9 (6, 6, 3, 3) ag
Sc 1 16 4 − 8 / 7 − 9 (5, 5, 3, 3) 1Eg
Ti 2 10 4 − 8 / - (5, 5, 0, 0) ag
V 3 16 4 − 8 / 7 − 9 (5, 5, 3, 3) 1Eg
Cr 6 18 4 − 9 / 7 − 9 (6, 6, 3, 3) ag
Mn 5 10 4 − 8 / - (5, 5, 0, 0) 1Eg
Fe 6 16 4 − 8 / 7 − 9 (5, 5, 3, 3) ag
Co 7 16 4 − 8 / 7 − 9 (5, 5, 3, 3) 1Eg
Ni 8 16 4 − 8 / 7 − 9 (5, 5, 3, 3) ag
Cu 11 12 4 − 9 / - (6, 6, 0, 0) 1Eg
Zn 10 10 4 − 8 / - (5, 5, 0, 0) ag

2.2. Computational details

We study the spin torque and zeta force of monoatoms.
In particular, we take Sc-Zn atoms as examples of transi-
tion metals and a Ca atom as an example of main group
elements. As mentioned above, we should derive relativis-
tic four-component wave functions. Hence, our calcula-
tions of electron states are carried out by DIRAC10 pro-
gram package [22]. In our calculations, the Dirac-Coulomb
Hamiltonian is used.

For the choices of basis functions, we take the aug-cc-
pVTZ basis set [23] for the large component of Sc-Zn atoms
and the 6-311G** basis set [24] for a Ca atom. For the Ca
atom, a different basis set is chosen. However, the accu-
racy of derived wave functions is comparable with those
for other atoms, since the 6-311G** basis set has also
triple zeta and polarization functions. The contraction of
these basis sets is prepared by nonrelativistic calculations,
and however, for realizing spin-orbit coupling accurately,
the nonrelativistic contraction is not suitable. Hence, all
basis sets are decontracted in this work. Basis sets for
small components are determined by the unrestricted ki-
netic balance method.

For Hartree-Fock (HF) calculation, DIRAC10 uses
average-of-configuration HF. For some transition metal
atoms, both 3d and 4s shells are open. We specify two open
shells appropriately. After the four component HF calcu-
lation, configuration interaction (CI) calculations are per-
formed in the restricted active space (RAS) method [25].
The details of CI calculations are summarized in Table 1.
In these calculations, we have chosen parameters so that
energy levels reported in Ref. [27] are reproduced appro-
priately. The lowest energy state of each atom is used for
the calculation of the spin torque and the zeta force. This
calculation is performed by the MRDFT program pack-
age [26]. Only active electrons in CI calculations are used
for this calculation. In our program package, the vector
potential has not been coded. However, the effect of the
vector potential by single atom at the steady state is neg-
ligibly small.

3. Result

3.1. Spin torque and zeta force
In this section, we investigate the spin torque and zeta

force of monoatoms of transition metals. Before this calcu-
lation, we calculate some other low energy states and show
their results, in order to check our electronic states. The
results of electron states for a Fe atom are shown in Table 2
as an example. These data show that spin-orbit interac-
tion breaks degeneracies and these states show fine struc-
ture depending on their total angular momentum, J . Our
results realize sufficiently the energy difference between
these states. Each J state has its multiplicity 2J + 1, and
the corresponding number of electron states are derived
for all values of total angular momentum.

Next, we calculate the spin torque and zeta force of the
ground state of monoatoms of transition metals. At the
steady state, the expectation value of spin angular mo-
mentum density operator has no time variation. There-
fore, two terms in the right-hand side of Eq. (2) should
cancel out each other. We pick up again a Fe atom as
an example and show its spin torque and zeta force dis-
tributions in Fig. 1. The first state of J = 4 in Table 2
is chosen as mentioned above. The directions of the spin
torque and zeta force are opposite at every point. As seen
in Fig. 1, we can confirm that our calculations realize the
cancellation well. Residual values are smaller by at least
one order of magnitude, and this difference arises from the
deviation between the true wave function and ours, e.g.,
due to the finite expansion of gaussian basis functions and
the use of the Dirac-Coulomb Hamiltonian. As a result,
it is shown that a Fe atom has nonzero local spin torque,
and the spin steady state is realized by the cancellation
between the spin torque and zeta force. We also check the
cancellation between the local spin torque and zeta force
for other states of a Fe atom. We calculated the local
spin torque and zeta force at 132651 (= 51× 51× 51) grid
points in the cube, whose sides are 2 bohr and center is at
a nucleus, and derived the average of the norms of them.
These average values of the norms of the spin torque and
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0.00.0

0.221

0.000

0.055

0.110

0.166

(a)

0.217

0.000

0.054

0.108

0.163
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0.025

0.000

0.006

0.013

0.019
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Figure 1: (Color online) The distributions of the (a) spin torque
and (b) zeta force of a Fe atom. Trigonal pyramids represent each
vector. Lower threshold values are taken as 0.163 (a.u.) for both
panels. (c) Sum of the spin torque and zeta force. The threshold
value is 0.019 (a.u.).

Table 2: Energy levels of a Fe atom and the average values of the
norm of the spin torque and zeta force. The level of the ground state
is zero. The index J denotes the total angular momentum quantum
number. Experimental data from Ref. [27] are stated as boldface
letters.

J Irrep
Level

(cm−1)
Avg. of spin torque

(a.u.)
Avg. of zeta force

(a.u.)

4 0.00

ag

0.00 9.59 × 10−3 9.60 × 10−3

0.00 9.05 × 10−3 9.06 × 10−3

0.00 3.90 × 10−3 3.90 × 10−3

0.00 5.61 × 10−3 5.61 × 10−3

0.00 3.29 × 10−2 3.29 × 10−2

bg

0.00 8.06 × 10−3 8.06 × 10−3

0.00 8.13 × 10−3 8.13 × 10−3

0.00 8.59 × 10−2 8.59 × 10−2

0.00 2.89 × 10−2 2.89 × 10−2

3 415.933

ag
455.13 8.32 × 10−2 8.32 × 10−2

455.13 5.56 × 10−3 5.56 × 10−3

455.13 6.63 × 10−3 6.64 × 10−3

bg

455.13 5.74 × 10−3 5.74 × 10−3

455.13 5.33 × 10−3 5.33 × 10−3

455.13 1.00 × 10−1 1.00 × 10−1

455.13 1.45 × 10−2 1.45 × 10−2

2 704.003

ag
774.10 3.20 × 10−2 3.20 × 10−2

774.10 3.15 × 10−3 3.15 × 10−3

774.10 6.39 × 10−3 6.40 × 10−3

bg
774.10 9.27 × 10−2 9.27 × 10−2

774.10 5.65 × 10−2 5.65 × 10−2

1 888.132
ag 978.90 4.03 × 10−3 4.03 × 10−3

bg
978.90 1.15 × 10−2 1.15 × 10−2

978.90 8.18 × 10−2 8.18 × 10−2

0 978.074
ag 1079.23 4.32 × 10−4 4.33 × 10−4

zeta force are shown in Table 2 as consistency check. If
the local spin torque cancels out with the local zeta force,
these averages must have the same value. We can see the
average values of the spin torque are the same as those of
the zeta force. Therefore, this results strongly suggest the
cancellation between the local spin torque and zeta force.

This nonzero local spin torque is not specific for the Fe
atom. We confirmed that this can also be seen for other
transition metals, Sc-Ni atoms. The average values of the
spin torque and total torque for transition metals, Sc-Zn
atoms, are shown in Table 3. The cancellation between
the spin torque and zeta force is clearly seen for Sc-Ni
atoms, the norm of total torque vector is much smaller
than that of the spin torque, except for Cu and Zn atoms.
We can also see that the magnitudes of the spin torque for
Sc, Cu, and Zn are extremely smaller than those of other
transition metals. We discuss the origin of this difference
in later part of this section.
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Table 3: The average values of the norm of the spin torque and total torques (spin torque + zeta force) for transition metals. Configuration
(Config.) of valence electrons for ground states are also shown. The electrons included in the calculation of the spin torque are stated as
boldface letters. The index J denotes the total angular momentum quantum number.

Sc Ti V Cr Mn Fe Co Ni Cu Zn
Spin torque

(a.u.) 1.52 × 10−8 2.62 × 10−2 2.29 × 10−1 2.30 × 10−2 3.24 × 10−2 9.60 × 10−3 1.80 × 10−1 1.09 × 10−2 1.78 × 10−9 5.36 × 10−11

Total
(a.u.) 8.98 × 10−12 3.65 × 10−5 8.66 × 10−5 1.21 × 10−5 3.24 × 10−4 2.48 × 10−4 1.28 × 10−4 2.09 × 10−4 1.78 × 10−9 5.38 × 10−11

Config. 3d14s2 3d24s2 3d34s2 3d54s1 3d54s2 3d64s2 3d74s2 3d84s2 3d104s1 3d104s2

J 11/2 2 11/2 3 21/2 4 41/2 4 1/2 0

(a) (b)

(c) (d)

Figure 2: (Color online) The z-component of the spin torque for transition metals on the plane z = 0. (a) Sc, (b) Fe, (c) Cu, and (d) Zn.

Next, we discuss the distribution patterns of the spin
torque of monoatoms of transition metals. We show the
distribution pattern for each transition metal on the z = 0
plane in Fig. 2, as examples. The ground states are used
for this calculation, according to the conditions in Table 1.
The distribution patterns of the spin torque of Sc and Fe
atoms are similar to each other in spite of the difference
of the magnitude. We confirmed that this similarity of
the distribution pattern is seen for Sc-Ni atoms in three
dimensional one. Hence, only Sc and Fe atoms are shown
among Sc-Ni atoms. On the other hand, distribution pat-
terns for Cu and Zn atoms are drastically different from
other transition metals and have somewhat noisy patterns.
We consider that the smallness of the spin torque and zeta
force is beyond the accuracy of our calculation.

Cu and Zn atoms are different from other transition
metals, since d-orbitals of these atoms are fully occu-
pied. In addition, Sc atom is also different from other
transition atoms, since it has only one d-orbital electron.
We speculate that the smallness of the spin torque and
zeta force of these atoms is due to these specific config-

uration of d-orbital electrons. First, to show the impor-
tance of the d-orbital electrons on the spin torque and
zeta force, we calculated the spin torque and zeta force of
main group elements, up to calcium. These atoms showed
extremely small spin torque and zeta force of the order of
10−10−10−12 (a.u.), which are much smaller than those of
Sc-Ni atoms. As an example, the distributions of the spin
torque and zeta force of a Ca atom are shown in Fig. 3.
We can see that the spin torque and zeta force are very
small and the cancellation between the spin torque and
zeta force is not seen. Hence, we consider that the spin
torque and zeta force of this atom are too small for our
calculation accuracy to realize the cancellation. Partic-
ularly, as can be seen in Eq. (3), the spin torque is de-
fined as the difference between the off-diagonal elements
of the relativistic stress tensor density operator. Hence,
very high accuracy is required to calculate the spin torque
for these main group elements accurately. In fact, the
typical order of off-diagonal elements of stress tensor den-
sity is 10−1 − 10−3 (a.u.). Hence, the accuracy about ten
or more order of magnitude is required to derive reliable
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2.68e-10

0.00e+00

6.70e-11

1.34e-10

2.01e-10

(a)

5.70e-12

0.00e+00

1.42e-12

2.85e-12

4.27e-12

(b)

Figure 3: (Color online) The distributions of the (a) spin torque and
(b) zeta force of a Ca atom. Their lower threshold values are taken
as (a) 6.70 × 10−11 (a.u.), (b) 2.85 × 10−12 (a.u.), respectively.

results of the spin torque. The difference between main
group elements up to calcium and transition metals is d-
orbital electrons: e.g. the ground state of the Ca atom is
known as [Ar]4s2. Hence, we consider that larger torque
of transition metals is due to the contribution of d-orbital
electrons.

If d-orbital electrons have important effects on the spin
torque and zeta force, an excited state of a Ca atom which
has a d-orbital electron, should have much larger spin
torque and zeta force compared to the ground state. The
fourth excited state of a Ca atom has [Ar]4s3d configu-
ration. The spin torque of this excited state is shown in
Fig. 4. For this state, the spin torque has much larger
value than the ground state as expected. In addition, we
confirmed the cancellation between the spin torque and

7.48e-08

0.00e+00

1.87e-08

3.74e-08

5.61e-08

Figure 4: (Color online) The distributions of the spin torque of the
excited state [Ar]4s3d for the Ca atom. The lower threshold value is
taken as 6.3 × 10−8 (a.u.).

the zeta force. The average value of the norm of the spin
torque in this calculation is 1.04 × 10−8 (a.u.), which is
similar magnitude to that of the Sc atom, which has the
same d-orbital electron configuration.

Here, we return to the difference of magnitude of torques
between transition metals. As shown in Table 3, all of their
torques, except for Cu and Zn atoms, are canceled and the
distribution patterns are the same. However, the values of
the torques of the Sc atom is much smaller than that of
Ti-Ni atoms as mentioned above. The Sc atom has only
one electron in valence d-orbitals. The fourth excited state
of a Ca atom has also the same d-orbital configuration and
has similar magnitude to that of the Sc atom. Therefore,
it is supposed that the interaction between electrons in d-
orbitals makes spin torque and zeta force large as Ti-Ni
atoms. Then, we consider the second excited state of the
Sc atom, [Ar]3d24s, and calculate its spin torque and zeta
force in order to test our consideration, as the Ca atom
above. The result is shown in Fig. 5. It is found that
the magnitude of the spin torque of the excited state is
significantly larger than that of the ground state, and it
has roughly the same order of the torque of Ti-Ni atoms.
This result reveals that d-orbital electrons dominantly con-
tribute to the spin torque and zeta force and more than
one d-orbital electron makes torques larger.

For Cu and Zn atoms, the spin torque and zeta force
are much smaller than other transition metals. The can-
cellation between the spin torque and zeta force cannot
be seen, since it is beyond the accuracy of our calcula-
tion. From these results, we consider that the spin torque
and zeta force have only small value for fully occupied d-
orbitals. Therefore, we calculate the second excited state
[Ar]3d94s2 of the Cu atom. The spin torque in this ex-
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0.501

0.000

0.125

0.250

0.375

Figure 5: (Color online) The distributions of the spin torque of the
Sc atom for the excited state [Ar]3d24s. The lower threshold value
is taken as 0.375 (a.u.).

5.31e-07

0.00e+00

1.33e-07

2.66e-07

3.98e-07

Figure 6: (Color online) The distributions of the spin torque of the
excited state [Ar]3d94s2 for the Cu atom. The lower threshold value
is taken as 3.98 × 10−7 (a.u.).

cited state is shown in Fig. 6. The spin torque and zeta
force have the same distribution pattern as that of other
transition metals. The cancellation between them was also
confirmed in this excited state. The average value of the
norm of the spin torque in this calculation is 1.22 × 10−8

(a.u.), which is the same order of the torque of a Ca atom
in the excited state and a Sc atom in the ground state.
In Cu and Zn atoms, d-orbitals are fully occupied in the
ground state, and contributions from d-orbital electrons to
the spin torque and zeta force seem to be suppressed. For

the excited state of the Cu atom, the number of occupied
d-orbitals are nine, and its torques are as large as those
of states whose d-orbitals are occupied by only one elec-
tron. As a result, it can be concluded that the spin torque
and zeta force are significantly small for fully occupied d-
orbitals.

The spin torque and zeta force are expected to be closely
related to the spin-orbit interaction. In a future work, we
will study the relation between the spin torque and the
spin-orbit interaction.

3.2. Chirality density

We analyze the local chirality density, defined as
Eq. (10), which is the potential for zeta force. Al-
though the expectation value of the zeta force is zero for
monoatoms, the local chirality density can exist in them.
The chirality and electron density distributions of ferro-
magnetic metals, Fe, Co, and Ni are shown in Fig. 7.
Green (light) and blue (dark) envelopes represent posi-
tive and negative chirality density iso-surface, respectively.
For chirality density, these three atoms have closely simi-
lar distribution patterns to each other. The positive and
negative regions are inverted for the Ni atom. However,
since the system has rotational symmetry, this is consid-
ered to be the same pattern. This similarity of the pat-
terns is an expected result, since the distribution patterns
of the zeta force are the same. (Note that the zeta force
is proportional to the gradient of the chirality density.)
We checked that the distribution patterns of Sc-Mn atoms
are also the same. As discussed in Sec. 2.1, the nonzero
chirality density is dissipated by the electron mass term.
However, surprisingly, the nonzero local chirality density
exists even in steady states and make the zeta force prob-
ably due to spin-orbit interaction. In addition, we com-
pare the distributions of the chirality density and the elec-
tron density. Pink (transparent) surface represents elec-
tron density. The distributions of the electron density are
much different from each other. The reason of the differ-
ence of the electron density is that occupied d-orbitals are
different for these atoms. Hence, it is very interesting that
the chirality density has the common distribution pattern
though the distribution of the electron density is signifi-
cantly different. This is explained by the distribution of
the small components of four-component wave function.
As mentioned in Sec. 2.1, the chirality density (zeta force)
is derived as the product of large and small components of
a wave function. The electron density is dominantly de-
termined by the large component. Hence, the difference of
the large component is compensated by the small compo-
nent. Actually, we have checked that the distributions of
the small component of wave function are much different
between these atoms. This result is the unique feature of
the spin, which can never be explained in the nonrelativis-
tic property of electrons.
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(a)

(b)

(c)

Figure 7: (Color online) The iso-surfaces of the chirality density
and electron density of (a) Fe, (b) Co and (c) Ni atoms. Green
(light) and blue (dark) envelopes represent positive and negative
chirality density iso-surface, respectively. Pink (transparent) surface
represents electron density of active electrons in our CI calculations.
Each iso-surface value of chirality/electron density is taken as (a):
±2.30 × 10−2/1.44, (b): 4.77 × 10−1/1.83, (c): ±3.23 × 10−2/2.72,
respectively. The unit of all panels is atomic unit.

4. Conclusion

In this study, we have analyzed the spin torque and zeta
force of transition metals. We have shown that transition
metals which have partially occupied d-orbitals, have large
local spin torque. This nonzero local torque are canceled
out by the zeta force, and hence the observed spin steady
state is realized in spite of the existence of nonzero spin
torque. On the other hand, transition metals which have
fully occupied d-orbitals, and main group elements up to
calcium, which have no occupied d-orbital, have almost
no local spin torque. We have carefully confirmed that
large spin torque and zeta force are attributed to d-orbital
electrons, using excited states of Ca, Sc, and Cu atoms.

In addition, we have surprisingly found the existence of
local chirality density in atoms even at the steady state,
though the Dirac mass term of the electron has effects to
wash out nonzero chirality density. Although the distribu-
tion patterns of electron density are drastically different
between transition metal monoatoms, because of different
occupied orbitals, those of the chirality density have the
common pattern for transition metals from Sc to Ni atoms.
It is explained due to the compensation by the distribu-
tion of small components of wave functions for the different
distribution of large components.
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