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Abstract 
  In machine tools, the difference between the position of the tool center point and that 
of position detectors of the control system leads to a dynamic mechanical error, which is 
obtained as the difference between the feedback-controlled table position and the 
position of the tool relative to the table (tool-table relative position). In this paper, 
analysis methods are proposed to roughly determine the component of the mechanical 
system that causes the dynamic mechanical error. Two methods, a two-encoders method 
and a four-accelerators method, for investigating the influence of the mechanical 
component on the dynamic mechanical error are proposed. In both methods, the 
frequency response function between the feedback-controlled table position and the 
tool-table relative position is evaluated. By the proposed methods, the dynamic 
mechanical error of a high-precision machining center in the X and Y directions is 
analyzed for frequencies up to 200 Hz. It was found that the entire frequency range 
could be divided into three distinct subranges depending on how the component of the 
mechanical system influences the dynamic mechanical error at different frequencies. 
The analysis results indicated that in the low-frequency range, the dynamic response of 
the driven component plays a dominant role in influencing the dynamic mechanical 
error. Then, the dynamic mechanical error of the experimental machine was measured 
for small circular motions. The dynamic mechanical error occurred at the micrometer 
level. The dynamic mechanical error can be estimated from the frequency response 
function measured by the proposed method. 
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1.  Introduction 

In recent times, demands for high-precision machining that can achieve a geometric 

accuracy of submicrometer level are increasing to produce high-precision dies and 

molds for optical parts. High-precision machining requires not only accuracy but also 

productivity. Therefore, dynamic contouring errors of machine tools must be suppressed 

under high-speed conditions. Linear motor drives are widely used to enhance the 

response and reduce the motion error due to friction [1-3]. The dynamic response of the 

control system and the mechanical system also influences the dynamic contouring error 

under high-speed conditions. In particular, the dynamic response of the mechanical 

system causes the dynamic mechanical error which is defined as the difference between 

the position of the tool relative to the work table and the table position measured by 

position detectors of the control system. 

  A number of control schemes have been proposed to reduce the dynamic contouring 

error in multi-axes motion. Methods for tuning control parameters have been used to 

match the response to commands among all axes [4]. Model-reference feedforward 

(MR-FF) controllers are also used so that the feedforward and feedback controller can 

be designed independently to match the dynamic response [5, 6]. The cross-coupled 

control (CCC) method proposed by Koren et al. is a popular method to compensate 

contouring errors [7-9]. In CCC, the error is calculated from the deviation of each axis. 

The above approaches are effective in reducing the dynamic contouring error at the 

position detector.  

  However, to date, few studies have investigated the dynamic mechanical error of 

machine tools. Franse et al. experimentally evaluated the dynamic response of an 

ultraprecision machine tool to external disturbance forces [10]. Pereira et al. measured 



the dynamic mechanical error of a coordinate measuring machine performing circular 

probe motions [11]. Although the error is modeled as a function of normal acceleration 

in their study, the error model is obtained by fitting measurement data. The influence of 

the mechanical system on the error is not explained clearly. 

  Modal analysis is effective to analyze the dynamic response of the mechanical system 

and determine the cause of an undesirable relative position between two components. 

However, it is practically difficult to determine the cause of the dynamic mechanical 

error because the error is influenced by two relative positions. 

  In this study, analysis methods are proposed to roughly determine the component of 

the mechanical system that causes the dynamic mechanical error. In this analysis, the 

dynamic mechanical error is also estimated from the table position measured by 

position detectors of the control system. The dynamic mechanical error of a 

high-precision machining center is analyzed with the proposed method. Then, the 

dynamic mechanical error of the machining center for circular motions is measured to 

compare the measured error and the error estimated with the proposed method. 

 

2.  Method for analyzing dynamic mechanical error 

2.1  Concept of the method 

  Figure 1 shows the schematic of a machine tool during table motion. The table 

position is detected and controlled with a linear encoder. In Fig.1, it is assumed that the 

scanning head of the linear encoder is attached to the driven component of the machine 

and the scale of the linear encoder is fixed on the fixed component. During table motion 

phase, if the position of the linear encoder differs from the tool center position, a 

difference will occur between the position of the tool relative to the table and the table 



position measured by the linear encoder because of the dynamic response of the 

mechanical system to the driving force and counter force. In this paper, this difference is 

defined as the dynamic mechanical error. Henceforth, the position of the tool relative to 

the table is referred to as a T-T (Tool-Table) relative position. The table position 

measured by the linear encoders is referred to as a feedback-controlled table position. 

  The mechanical system of the machine tool should be modified to reduce the 

dynamic mechanical error. Modal analysis is effective to analyze the dynamic response 

of the mechanical system and determine the cause of an undesirable relative position 

(such as a relative vibration) between two components. However, because the dynamic 

mechanical error is influenced by two relative positions, it is difficult to determine 

which relative position causes the error.  

In this paper, two analysis methods are proposed to roughly determine the cause of 

the dynamic mechanical error. One method is referred to as a two-encoders method (2E 

method) and the other is referred to as a four-accelerometers method (4A method). In 

both methods, the frequency response function Get(s) between the feedback-controlled 

table position and the T-T relative position is obtained to evaluate the dynamic 

mechanical error. The frequency response function Gferel(s) between the driving force 

and the feedback-controlled table position and the frequency response function Gftrel(s) 

between the driving force and the T-T relative position are measured to investigate 

which response influences Get(s). Once the cause of the dynamic mechanical error is 

determined by the proposed method, the modal analysis can be used to decide the 

component to be modified in detail. The function Get(s) can be also used to estimate the 

dynamic mechanical error from the feedback-controlled table position. The details of 

these methods are as follows. 



2.2  Two-encoders method 

  The function Get(s) is obtained by the following equation: 
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To obtain the functions Gferel(s) and Gftrel(s), the feedback-controlled table position and 

the T-T relative position are measured with the linear encoder and a 2D grid encoder 

(such as KGM, HEIDENHAIN). The driving force can be calculated from the motor 

current feedback and the force constant of the drive system.  

  The dynamic mechanical error is directly measured by the 2E method. Compared to 

the 4A method, the 2E method can achieve higher resolution in position measurement 

and higher sensitivity in the low-frequency range of 0-several Hertz.  

 

2.3  Four-accelerometers method 

  The function Get(s) is obtained by the following equation: 
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where Gftool(s), Gftable(s), Gfhead(s), and Gfscale(s) are frequency response functions 

between the driving force and the absolute positions of the tool tip, the table, the 

scanning head of the linear encoder, and the scale of the linear encoder, respectively. 

Each frequency response function is measured with an accelerometer. The driving force 

can be obtained as described in Section 2.2. 

  Compared to the 2E method, the cause of the dynamic mechanical error can be 

determined more clearly in the 4A method because the influence of the dynamic 

responses of the fixed and driven component on Gferel(s) and Gftrel(s) can be analyzed. 



However, the sensitivity of the accelerometers in the low-frequency range limits the 

bandwidth of the measurement. 

 

3.  Analysis of dynamic mechanical error of a machine tool 

3.1  Machine tool used in the experiment 

  The dynamic mechanical error of a machine tool is analyzed by the proposed 

methods. Figure 2 shows a photograph of the experimental machine. Its major 

specifications are listed in Table 1. The machine has three linear axes and is designed to 

achieve a motion accuracy of submicrometer level under high-speed conditions. The 

machine employs linear motor drives and high-precision rolling guideways. The Y and 

Z axes have twin drive units to avoid yaw. The Y axis is driven by the Y1 and Y2 drives, 

and the Z axis is driven by the Z1 and Z2 drives. 

  The feedback-controlled table position is measured by linear encoders with a 

resolution of 0.1 nm. The feedback-controlled table position in the Y direction is 

measured by the linear encoder of the Y1 drive. A 2D grid encoder with a resolution of 1 

nm (KGM182, HEIDENHAIN [12]) is installed to measure the T-T relative position in 

the X and Y directions. A grid plate of the 2D grid encoder is mounted on the table and 

a scanning head of the 2D grid encoder is attached to the spindle in place of a tool. The 

specifications of these measuring instruments are listed in Table 2.  

  A commercial NC system is used to control the drives. The NC servo system uses PI 

control in the motor current loop, PI control in the velocity loop and P control in the 

position loop. The servo system also has a MR-FF controller to design the response of 

the whole control system and the feedback system independently [5]. With the MR-FF 

controller, the synchronization error among axes is eliminated and the motion error due 



to external disturbances is suppressed. The bandwidth of the velocity loops of X and Y 

axes is about 170 Hz and 110 Hz, respectively. The gain of the reference model is set to 

300 rad/s. 

 

3.2  Experimental method 

  In this experiment, the dynamic mechanical error is analyzed by the 4A method. The 

2E method is also used to verify Get(s). In both methods, the machine is excited in the X 

and Y directions independently by drive units to obtain the frequency response functions. 

An analog chirp signal is input to the servo amplifier as the velocity command of drive 

units. 

Figure 3(a) illustrates the experimental setup in the 2E method. While the machine is 

excited, the feedback-controlled table position, the T-T relative position, and the motor 

current feedback are measured using a synchronized data acquisition system [13]. The 

acquired data are input to the PC and Gferel(s) and Gftrel(s) are calculated. The driving 

force is obtained by multiplying the motor current feedback and the torque constant of 

the motor. 

Figure 3(b) shows the experimental setup in the 4A method. Two accelerometers are 

attached to the table and the scanning head of the 2D grid encoder to measure Gftable(s) 

and Gftool(s), respectively. The location of the other two accelerometers is shown in 

Fig.4. According to the assumption described in Section 2.1, Gfhead(s) and Gfscale(s) are 

measured at the linear encoder scale and the linear encoder scanning head, respectively, 

in the measurement in the X direction (Fig.4(a)). In the measurement in the Y direction, 

Gfhead(s) and Gfscale(s) are measured at the linear encoder scanning head and the linear 

encoder scale of the Y1 drive, respectively (Fig.4(b)). The frequency response functions 



are obtained using a FFT analyzer. The driving force is obtained in the same manner as 

the 2E method. 

  In both methods, the measurement is conducted for frequencies up to 200 Hz. The 

frequency range is divided into three subranges of 0.2-20 Hz, 10-100 Hz, and 50-200 

Hz to adjust the excitation force. In each frequency range, the machine is excited for 90 

s and the measured data are averaged. The number of sample points is set to 1024. 

 

3.3  Comparison of four-accelerometers method and two-encoders method 

  Figures 5 and 6 show Get(s) in the X and Y directions, respectively. In both figures, 

Get(s) obtained by the 4A method is close to the Get(s) obtained by the 2E method. For 

frequencies up to 5 Hz, the Get(s) obtained by the 4A method has greater noise. 

  Ideally, the magnitude and phase of Get(s) are 0 dB and 0 deg., respectively. However, 

several peaks and valleys are observed in the magnitude plot in Figs.5 and 6. The 

magnitude increases over the entire frequency range in the Y direction, which is not 

seen in the X direction. This difference between Get(s) in the X and Y directions is 

discussed in Section 3.5. 

 

3.4  Analyses in the X and Y directions 

3.4.1 Analysis in the X direction 

  Figure 7 shows Gferel(s) and Gftrel(s) obtained by the 4A method. For frequencies 

higher than 100 Hz, the peak-valley patterns of the magnitude of Gferel(s) and Gftrel(s) are 

different. This difference causes peaks and valleys of Get(s), as shown in Fig.5. In the 

low-frequency range, the magnitude of Gftrel(s) is slightly larger than that of Gferel(s). 

  Then, the influence of Gftool(s) and Gftable(s) on Gftrel(s) is discussed. Figure 8 shows 



Gftool(s) and Gftable(s). The function Gftable(s) has no resonance peak in the magnitude plot 

and is dominated by the mass of the driven component. On the other hand, several 

resonances and antiresonances, which represent structural vibration modes of the fixed 

component, are seen in Gftool(s). The peak at 30 Hz corresponds to the rocking mode 

about the Y axis. 

  The magnitude of Gftable(s) is larger than that of Gftool(s) over the entire frequency 

range and Gftrel(s) is obtained by subtracting Gftable(s) from Gftool(s). Therefore, the larger 

the difference in magnitude becomes, the larger the influence of Gftable(s) on Gftrel(s) 

becomes. Then, the entire frequency range can be divided according to the influence of 

Gftable(s) and Gftool(s) on Gftrel(s) into the following three subranges. 

 

(1) 0-25 Hz: For frequencies lower than the natural frequency of the lowest structural 

vibration mode, the influence of Gftable(s) is dominant because the 

magnitude of Gftable(s) is more than 20 dB larger than that of Gftool(s). 

(2) 25-100 Hz: The influence of Gftable(s) is basically dominant. The function Gftool(s) 

also has an influence around its resonance frequency because the 

difference in the magnitude is about 10 dB and not large enough. 

(3) 100-200 Hz: Both Gftable(s) and Gftool(s) have an influence. 

Figure 9 shows Gfhead(s) and Gfscale(s). The influence of Gfhead(s) and Gfscale(s) on 

Gferel(s) can also be discussed as described above. Therefore, it is concluded that Get(s) 

in the low frequency range is dominated by the dynamic response of the driven 

component. 

 

 



3.4.2 Analysis in the Y direction 

Figure 10 shows Gferel(s) and Gftrel(s) in the Y direction obtained by the 4A method. 

The magnitude of Gftrel(s) is larger than that of Gferel(s). For frequencies higher than 100 

Hz, the magnitude difference increases with the increase of the frequency, which results 

in the increasing magnitude of Get(s) (as shown in Fig.6). The influence of 

Gftool(s) ,Gftable(s), Gfhead(s), and Gfscale(s) on Get(s) can also be explained as described in 

Section 3.4.1. 

 

3.5 Analysis of the difference between the X and Y directions 

As described in Section 3.3, the magnitude of Get(s) increases over the entire 

frequency range in the Y direction, which is not seen in the X direction. This difference 

between Get(s) in the X and Y directions is caused by the magnitude difference between 

Gferel(s) and Gftrel(s) in each direction. 

The Nyquist plots of Gftool(s) ,Gftable(s), Gfhead(s), and Gfscale(s) in the Y direction are 

shown in Fig.11 to discuss the magnitude difference between Gferel(s) and Gftrel(s). The 

one in the X direction is also shown in Fig.12. In Figs.11 and 12, the response for 

frequencies higher than 100 Hz is plotted and the color of markers indicates the 

variation of the frequency. Responses Gferel(s) and Gftrel(s) are obtained as vectors 

between the plotted responses. In Fig.11, it is obviously seen that the magnitude 

difference between Gferel(s) and Gftrel(s) increases with the increase of the frequency. On 

the other hand, in Fig.12, the magnitude of Gftrel(s) decreases by the phase delay of 

Gftool(s) between 100 and 160 Hz, and the resultant magnitude difference between 

Gferel(s) and Gftrel(s) is small. This phase delay is caused by the vibration mode in the X 

direction between the bed and the driven component of the Y axis. 



4.  Measurement of dynamic mechanical error for circular motions 

The dynamic mechanical error of the experimental machine is measured for practical 

motions. Measured error is compared to Get(s) to verify the analysis with the proposed 

method. 

 

4.1  Measurement method 

  For circular motions in the XY plane, the T-T relative position and the 

feedback-controlled table position are measured simultaneously to obtain the dynamic 

mechanical error. The measurement system shown in Fig.3(a) is used also in this 

experiment. 

 The measurement is carried out for clockwise circular motions. The experimental 

conditions for circular motions are summarized in Table 3. The circular motion is 

continued for several rotations to conduct the measurement under steady state 

conditions. The number of rotations is four for 1 mm radius and two for other radii. The 

sampling time is set to 1.8 ms. 

 

4.2  Measurement result 

  The error contours at 5 m/min are shown in Fig.13. In Fig.13 (b) and (c), the 

difference is observed in the error contours around the start and end of motion because 

of the transient response of the machine. When the radius is 5 mm, the dynamic 

mechanical error is less than 1 μm. However, as the radius decreases, the dynamic 

mechanical error increases and reaches to about 4 μm. In Fig.13(c), the elliptical 

distortion is observed in the T-T relative position and the feedback-controlled table 

position, which is caused by the difference between phase delays of the X and Y drives.  



The experimental result shown in Fig.13 shows that the diameter of the T-T relative 

position is larger than that of the feedback-controlled table position. The diameter ratio 

in the X and Y directions between the T-T relative position and the feedback-controlled 

table position should correspond to the magnitude of Get(s). 

Figures 14 shows the comparison between the magnitude of Get(s) measured in 

Chapter 3 by the 2E method and the diameter ratio in the X and Y directions. In both 

directions, although spike noises are observed in Get(s), the magnitude of Get(s) is larger 

than 0 dB even in the low-frequency range and is positively correlated with the 

frequency.  

It can be seen that the variation of the diameter ratio corresponds to the magnitude of 

Get(s). Ignoring the spike noises, the difference between the diameter ratio and the 

magnitude of Get(s) is about 0.01 dB at maximum. This difference corresponds to the 

dynamic mechanical error of 1.2 μm under the condition 6 shown in Table 3. The results 

in Fig.14 indicate that the dynamic mechanical for small circular motions can be 

estimated by Get(s). 

 

5.  Conclusions 

Two methods were proposed to roughly determine the component of the mechanical 

system that causes the dynamic mechanical error. By the proposed methods, the 

dynamic mechanical error of a high-precision machining center was analyzed in the X 

and Y directions for frequencies up to 200 Hz. The dynamic mechanical error of the 

experimental machine was measured for small circular motions. Measured error is 

compared to the dynamic response of the machine to verify the analysis with the 

proposed method. From this study, the following conclusions have been drawn. 



(1) The two-encoders method and the four-accelerometers method were proposed for 

investigating the influence of the mechanical component on the dynamic 

mechanical error. In both methods, the frequency response function Get(s) 

between the feedback-controlled table position and the tool-table relative position 

is evaluated. 

(2) By the four-accelerometers method, influences of the driven and fixed 

components of the machine were separately investigated. It was found that the 

entire frequency range could be divided into three distinct subranges depending 

on how the component of the mechanical system influences the dynamic 

mechanical error at different frequencies. The analysis results indicated that in the 

low-frequency range, the dynamic response of the driven component plays a 

dominant role in influencing the dynamic mechanical error. 

(3) The dynamic mechanical error occurred at the micrometer level for small circular 

motions. The measured dynamic mechanical error can be estimated by Get(s). 
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Figure 13  Error contours for circular motion. Feed rate=5 m/min. 

Figure 14  Comparison between the magnitude of Get(s) and the diameter ratio. 

(a) Comparison in the X direction. 
(b) Comparison in the Y direction. 



 

 
 
 
 
 
 
 
 

Table 1  Specifications of the machine tool. 

Size W × D × H: 850 mm × 1900 mm × H:2200 mm
Machine 

Mass 2500 kg 

Mechanism Coreless linear motor 
X: single drive, Y and Z: twin drive  

Driven mass X: 60 kg, Y: 220 kg, Z: 220 kg, 

Travel distance X: 130 mm, Y: 225 mm, Z: 150 mm 

Guideway type Linear rolling guideway 

Maximum feed rate 15 m/min 

Encoder resolution 0.1 nm 

Drive 
system 

Maximum 
acceleration 2 G 

 

 

 

 

 

 

 

 

 



 

 

 

Table 2  Specifications of measuring instruments. 

Resolution 0.1 nm 
Linear encoder 

Accuracy ± 2.5 μm/ full stroke 

Resolution 1 nm 
2D grid encoder 

Accuracy ± 2 μm /230 mm 

Type Piezoelectric 

Sensitivity 50 mV/ m/s2 

Resolution 6 ×10-4 m/s2 rms 
Accelerometer 

Bandwidth 0.5 – 3000 Hz 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

Table 3  Experimental conditions for circular motion. 

Condition Feed rate 
m/min 

Radius 
mm 

Angular velocity 
rad/s 

(Frequency Hz) 

Number of 
rotations 

1 3 5 10 (1.6) 2 

2 3 2 25 (4.0) 2 

3 3 1 50 (8.0) 4 

4 5 5 16.7 (2.7) 2 

5 5 2 41.7 (6.6) 2 

6 5 1 83.3 (13.3) 4 
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Fig. 1  Schematic of a machine tool during table motion. 



 

Y
Z

X

Table

X drive

Y1 drive

Z1 drive

Spindle head

Y2 drive

2D grid encoder 
scanning head

2D grid encoder 
grid plate

Z2 drive

 
Fig.2  Photograph of the machine tool used in the experiment. 
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(b) Four-accelerometers method. 

 
Fig. 3  Experimental setup for the analysis of dynamic mechanical error. 
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(a) Measurement in the X direction. Splash guards and the 2D grid plate are removed. 
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(b) Measurement in the Y direction. 

Fig.4  Location of accelerometers in the four-accelerometers method. 
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Fig. 5  Get(s) in the X direction measured by the 

  four-accelerometers method and the 
  two-encoders method. 
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Fig. 6  Get(s) in the Y direction measured by the 

  four-accelerometers method and the 
  two-encoders method. 
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Fig. 7  Gferel(s) and Gftrel(s) in the X direction 

obtained by the four-accelerometers method. 
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Fig. 8  Gftool(s) and Gftable(s) in the X direction 
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Fig. 9  Gfscale(s) and Gfhead(s) in the X direction. 
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Fig. 10  Gferel(s) and Gftrel(s) in the Y direction 

obtained by the four-accelerometers method. 
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Fig. 11  Nyquist plot of Gftool(s) ,Gftable(s), Gfscale(s), 

         and Gfhead(s) in the Y direction. 
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Fig. 12  Nyquist plot of Gftool(s) ,Gftable(s), Gfscale(s), 

         and Gfhead(s) in the X direction. 
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Fig. 13  Error contours for circular motion. Feed rate=5 m/min. 



 

 

0 5 10 15 20 25 30

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

Frequency Hz

M
ag

ni
tu

de
 d

B

 

 

FRF obtained by the two-encoders method
Diameter ratio in circular motions

 
(a) Comparison in the X direction 
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FRF obtained by the two-encoders method
Diameter ratio in circular motions

 
(b) Comparison in the Y direction 

Fig. 14  Comparison between the magnitude of Get(s) and the diameter ratio. 


