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Dielectric properties of the hydrogen-bonded material, 5-bromo-9-hydroxyphenalenone (C13H7O2Br; BrHPLN), are investigated
theoretically by means of electronic structure calculations and Monte Carlo simulations. The density functional calculations of
BrHPLN crystals have revealed that the polarization per one molecule can be about 1.7 times larger than that of the isolated
monomer. It is also found that there exists significant electron density (0.01e bohr−3) in an intermolecular C−H · · ·O region,
which, together with the interatomic distances of 2.39Å for H · · ·O and 3.34̊A for C · · ·O, suggests the existence of intermolecular
weak hydrogen bonding that may enhance the molecular polarization. The induced polarization effects in various intermolecular
configurations are evaluated with the Fragment Molecular Orbital method. In addition to theπ-π stacking interactions, two
types of “in plane” intermolecular weak hydrogen-bonding configurations are found to affect the molecular dipole moment most
significantly. These effects are efficiently included in a Monte Carlo simulation method in terms of “dipole corrections” as
functions of both the intermolecular arrangements and the intramolecular proton configurations. The application to the dielectric
phase transition of BrHPLN crystal shows that the dipole corrections almost double the transition temperature, toward better
agreement with experiments, and qualitatively affect the temperature dependence of the dielectric constant. Discussions are
given to support that the results will remain adequate and consistent even after explicit inclusion of the quantum tunneling
effects.

1 Introduction

Ferroelectricity and antiferroelectricity have been very impor-
tant topics in condensed matter physics. Since the first report of
a ferroelectric phenomenon in an investigation of Rochelle salt
in 1920,1,2 a great number of ferroelectric and antiferroelec-
tric materials have been discovered and widely used for indus-
trial applications such as a ferroelectric random access memory
(FeRAM) and a thermistor. Recently, great progress has been
made in the materials design of organic ferroelectrics in the
field of organic electronics.3,4

In the fundamental scientific interest, meanwhile, ferro-
electrics have attracted much interest. One of the best
known ferroelectric materials is potassium dihydrogen phos-
phate KH2PO4 (KDP).5 In the KDP crystal, there exists an
O−H · · ·O hydrogen-bond network. Owing to the dimension
and origin of the network, KDP is called a three-dimensional
hydrogen-bonded system. A number of crystals isomorphous
with KDP and other zero- , one- , two- , and three-dimensional
hydrogen-bonded systems have been found to exhibit phase
transitions.6–8

Most of the hydrogen-bonded systems exhibit large isotope
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effect, i.e., the change of phase transition temperature induced
by substitution of deuterium for hydrogen. For example, the
transition temperature is almost doubled in the case of KDP
and its family. The isotope effect has been investigated experi-
mentally and theoretically for a long time.9–11

5-R-9-hydroxyphenalenone (R= Br, I or methyl group), be-
longs to hydrogen-bonded dielectrics. This group of materi-
als is known as the zero-dimensional hydrogen-bonded system
and synthesized artificially to study the isotope effect. As men-
tioned in Ref. 12, 5-R-9-hydroxyphenalenone seems to have
only intramolecular hydrogen bonding and the hydrogen-bond
length (O· · ·O distance) is not affected much by the deuterium
substitution. Therefore, these materials have been considered
as ideal materials to investigate the effect of the deuteration
separately from the Ubbelohde effect.9,13

Dielectric, calorimetric, spectroscopic and structural stud-
ies revealed that 5-bromo-9-hydroxyphenalenone (C13H7O2Br;
BrHPLN) and 5-methyl-9-hydroxyphenalenone (C14H10O2;
MeHPLN) exhibit the quite different behavior: the only BrH-
PLN shows a large isotope effect, although BrHPLN and MeH-
PLN have almost the same molecular and crystal structure in
the high temperature range.12,14–27 Both the H and D com-
pounds of MeHPLN undergo the paraelectric-antiferroelectric
phase transition around 42 K. In contrast, the H compound of
BrHPLN (h-BrHPLN) exhibits no phase transition down to 3 K,
while the D compound (d-BrHPLN) shows two phase transi-
tions corresponding to the normal-incommensurate phase tran-

1



sition at∼ 37 K and the incommensurate-commensurate one at
∼ 20 K.14,18,28The d-BrHPLN crystal is also considered to be
antiferroelectric in the low temperature region.

Kiyanagiet al. attributed the antiferroelectric property to the
local electronic dipole momentin the hydrogen-bond region,
which arises from the separation between the peaks of electron
and nuclear density distributions resulted from the X-ray and
neutron diffraction experiments.22,25,27 Their analysis shows
that thelocal electronic dipole momentpointing from the eno-
lic oxygen to the carbonic oxygen within the molecule has the
magnitude 0.9 ∼ 2.2 D, and the resulting dipole-dipole inter-
action energy corresponds well with the phase transition tem-
perature. However, our calculation (see Fig. 1) shows that the
transverse component of the molecular dipole moment points
the opposite direction and its magnitude is much smaller com-
pared to theirlocal electronic dipole moment. This indicates
that we need more careful analysis taking better account of the
molecular aspects.
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Fig. 1 Schematic structure of the enol-form tautomerization of
BrHPLN and the atomic labels. The two oxygen atoms, Oen and Ocar,
denote an enolic oxygen and a carbonic oxygen, respectively. The
thick arrows indicate the transverse and longitudinal components of
the dipole moment, which are calculated with the HF/3-21G(d,p)
level. For the molecular and crystallographic drawings in this paper,
the software VESTA was used.29

In a previous theoretical study, a simple three-site model
was proposed to describe the isotope effect of the zero-
dimensional hydrogen-bonded ferroelectrics and antiferro-
electrics.30,31 More recently, quantum chemical calculations
were performed for several neighboring dimers of BrHPLN
and 5-iodo-9-hydroxyphenalenone (IHPLN).32,33 The tunnel-
ing parameter and interaction parameter of the transverse Ising
model10,34 were calculated and the ordered phase at the low

temperature limit was discussed on the basis of the mean field
approximation. Although these works have provided intriguing
clues under their approximations, in our view, more extensive
analysis will be needed for elucidation of the dielectric proper-
ties arising from the intricate intermolecular interactions in the
crystal. For instance, it has been shown in the case of anotherπ-
conjugated hydrogen-bonded organic ferroelectric, phenazine-
chloranil acid (Phz-H2ca), that intermolecular hydrogen bonds
of O−H · · ·N type significantly enhance the electronic polar-
ization.35,36 In BrHPLN and its families, on the other hand,
there exist analogous C−H · · ·O type intermolecular arrange-
ments. This type of bonding is known as the weak hydrogen
bond, whose existence is recognized in many chemical and bi-
ological systems,37,38 but their roles are in most cases yet un-
clear.

In this paper, from this point of view, we focus on the effect
of the intermolecular hydrogen bond on the dielectric proper-
ties of BrHPLN. To our knowledge, the realistic molecular cal-
culations beyond the dimer interactions and the Monte Carlo
simulations with long-range interactions taking account of the
induced polarization effects have been done for the first time.
We use density functional theory (DFT) with plane-wave basis
sets39 and the Fragment Molecular Orbital (FMO) method40

in order to evaluate the effect of the intermolecular hydrogen
bond. Then we shall show that the effect of the intermolecu-
lar hydrogen bond is significant to the dielectric properties of
BrHPLN. In addition, we performed Monte Carlo (MC) simu-
lations in order to determine the microscopic ordering in the an-
tiferroelectric phase in the low temperature. We also propose a
Monte Carlo method with the correction of the dipole moment,
reflecting the results of the FMO calculation. The quantitative
discussion of the phase transition temperature is given by com-
paring the results of the MC simulations with and without the
correction.

The paper is organized as follows. In Sec. 2, we give brief
explanation of computational methods. Sec. 3 is devoted to
results and discussions. The paper ends with some concluding
remarks in Sec. 4.

2 Methods

2.1 Several Settings

We begin with some settings for the calculation. The BrH-
PLN molecule has two energetically equivalent enol-form tau-
tomers and these two states are equilibrium states in a sym-
metric double-well potential. It is considered that the tunneling
transfer of a proton takes part in the tautomerization between
the equilibrium states. For sake of simplicity, however, we do
not explicitly consider the quantum tunneling effect but only
briefly discuss its possible consequences in Sec. 3.3. In addi-
tion, we take no account of the decrease of the crystal sym-
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Fig. 2 Schematic structure of BrHPLN crystal (hydrogen atoms are
not shown).

metry fromC2/c to P21/c, which occurs with the paraelectric-
antiferroelectric phase transition, but with minor (and continu-
ous) structural change,ca. 3% of volume change and a few de-
grees of angular distortion.18,25The deuteration does not affect
the molecular structure of BrHPLN in the room temperature.
Thus, through the paper we use the molecular structural data
of h-BrHPLN on the neutron diffraction data at 10 K which is
shown in Ref. 27. In Fig. 1 and Fig. 2, we show the schematic
molecular and crystal structure, respectively. The crystal sys-
tem of h-BrHPLN at 10 K is monoclinic and the space group
is C2/c (#15; Z = 4). The lattice parameters are set to be
a = 11.959 Å, b = 11.685 Å, c = 7.010 Å and β = 97.54◦.
We here refer the point 0.25̊A distant from C8 toward C7 as
a molecular center. (Note that the molecular center isnot the
center of the mass.) In the direction of thec-axis, the molecules
are arranged such that the molecular centers are aligned in a
straight line. In this paper, we assume that these structural pa-
rameters are kept through the whole temperature range. In ad-
dition, we set up a Cartesian coordinate system so thatx- and
y-axis coincide with the crystallographica- andb-axis, respec-
tively.

In Fig. 1, the dipole moment of BrHPLN is also shown.
Since all of the atoms in the BrHPLN molecule are almost
coplanar, the molecular dipole momentp = (px, py, pz) lies in
the molecular plane. We thus define the components of the
dipole moment parallel and perpendicular to theb-axis as the
longitudinal (p∥ = py) and transverse (p⊥ =

√
p2

x + p2
z) dipole

moments, respectively. These two parameters are often used
in the following discussions. The transition of the hydrogen
atom in the intramolecular hydrogen bond (H1 in Fig. 1) from
one equilibrium state to the other inverts the transverse dipole
moment. In the following, we refer to the configuration of the
hydrogen atom H1 as “H-configuration”, and use the expres-
sion L (R) when the hydrogen atom H1 is bonding to the left
(right) oxygen atom viewed in the direction of thec-axis.

2.2 Density Functional Calculation with Plane-Wave Ba-
sis Set

As a first step, we investigate the effect of intermolecular bond-
ing for the electric polarization of BrHPLN by calculating
spontaneous polarization with the Berry phase method.41,42

To facilitate the calculation of the dielectric polarization per
molecule by the Berry phase method, all the H1 atoms are
placed (virtually) on the same side such that all the transverse
components of molecular dipoles align in the same direction.
We performedab-initio plane-wave density functional calcu-
lation with generalized gradient approximation (GGA) using
the PWSCF package in QUANTUM ESPRESSO.43 We use
the Perdew-Burke-Ernzerhof (PBE) exchange-correlation func-
tional and ultrasoft pseudopotentials with the kinetic energy
cutoff of 30 Ry for wave functions and 300 Ry for charge den-
sity. Thek-space integration is achieved with a finitek-point
mesh for monoclinic reciprocal unit lattice vectors(a∗, b∗, c∗).
We have used the (4, 1, 2)k-point mesh for self-consistent-field
(SCF) calculations. After the SCF calculations, the calculation
of the spontaneous polarization is carried out with the (10, 1, 2)
k-point mesh. In order to check the convergence of the sponta-
neous polarization, the calculation is performed with different
mesh sizes: the (10, 2, 4)k-point mesh for the SCF calcula-
tions and the (20, 2, 4)k-point mesh for the calculation of the
spontaneous polarization.

2.3 FMO Calculation

By the Berry phase density functional calculation in the previ-
ous section, we can see that the polarization of the molecule
is affected by its surrounding molecules (See Sec. 3.1). The
plane-wave density functional approach, however, cannot be
applied to evaluate the polarization per one molecule of an-
tiferroelectric systems in which the net polarization vanishes.
As the next step, in order to specify what positional relations of
the molecules strongly affect each other and how different is the
effect by each H-configuration of the environmental molecules,
we performed quantum mechanical calculations with the FMO
method.40 In the FMO-2 scheme, a whole molecular system is
divided into small fragments andab-initio calculations are car-
ried out for each fragment monomer and fragment dimer. In the
FMO method, dipole moments for each fragment are also cal-

3



Table 1List of the trimers calculated with the FMO method. Relative
positions for the molecular centers of the molecules are given which
form the trimers with a reference (0, 0, 0) molecule. The H1 atom of
the reference molecule is arranged on the upper side in the
longitudinal direction (+b). The positionsX, Y andZ are written in
units of the lattice parametersa, b andc, respectively. (The double
sign applies in the same order.) The schematic structures of these
trimers are given in Figs. S1-S14 in the ESI.† In the Cartesian
coordinates defined in Sec. 2.1, the positions are expressed as
x= Xa+Zccosβ , y=Yb, andz= Zcsinβ
Trimer Position Trimer Position

X Y Z X Y Z
A ±1.0 0.0 0.0 H ±0.5 −0.5 ±0.5
B 0.0 ±1.0 0.0 I ±0.5 0.5 ±0.5
C 0.0 −1.0 ±0.5 J ±0.5 −0.5 ∓0.5
D 0.0 1.0 ±0.5 K ±0.5 0.5 ∓0.5
E 0.0 0.0 ±1.0 L 0.0 0.0 ±0.5
F ±0.5 −0.5 0.0 M ±1.0 0.0 ±0.5
G ±0.5 0.5 0.0 N ±1.0 0.0 ∓0.5

culated. Therefore, by regarding one molecule as one fragment,
we can evaluate the difference of the dipole moment influenced
by the surrounding molecules from that of an isolated BrHPLN
molecule. We used the program GAMESS44 for the FMO cal-
culations.

Before the calculation we classified the neighboring
molecules by their relative positions from one molecule by us-
ing the crystal structural data. Because of the crystal sym-
metry, there exist two molecules in the same positional re-
lation. Therefore, we can construct a trimer with the two
molecules and the reference molecule. We set up the 14 types
of trimers listed in Table 1, which include all the nearest-
neighbor molecules and next-nearest-neighbor molecules along
thec-axis. The schematic structures of the trimers and their po-
sitions in the crystal are shown in Figs. S1-S14 in the ESI.†
For each of the trimers, the calculation was done in all the
cases of the H-configurations of two surrounding molecules
(LL, LR, RL, and RR) with the H-configuration of the cen-
tral molecule fixed to be L, It is sufficient to calculate with the
H-configuration of the central molecule fixed to be one side,
because of the crystal symmetry.

The calculation results are evaluated with the relative change
of the dipole moment of the central molecule in each trimer
pFMO = (pFMO

x , pFMO
y , pFMO

z ) from the dipole moment calcu-
lated with the isolated monomerpmon= (pmon

x , pmon
y , pmon

z ). It
is obvious thatpFMO depends on the H-configuration of the
molecules. We introduce the sign parametersi = ±1 with
i = 1,2 and 3, where the sign corresponds to the direction of
the transverse dipole moment:−1 (H-configuration: L) and+1
(H-configuration: R). The subscripti labels the molecules of
the trimers. The molecule 2 is the central one and the molecules
1 and 3 are its surrounding ones. Then, the relative change of

the dipole moment is defined as

∆pµ(s1,s2,s3) =

∣∣∣∣∣ pFMO
µ (s1,s2,s3)

pmon
µ

∣∣∣∣∣−1, (1)

with µ = x,y and z. Moreover, we define the trans-
verse/longitudinal dipole moments of the central molecule in
each trimer and the isolated monomer as mentioned in Sec. 2.1,
i.e., pFMO

⊥ =
√

(pFMO
x )2+(pFMO

z )2, pFMO
∥ = pFMO

y , pmon
⊥ =√

(pmon
x )2+(pmon

z )2, and pmon
∥ = pmon

y . Then, the relative
changes of the transverse and longitudinal dipole moment are
also written as

∆p⊥(s1,s2,s3) =

∣∣∣∣ pFMO
⊥ (s1,s2,s3)

pmon
⊥

∣∣∣∣−1, (2)

and

∆p∥(s1,s2,s3) =

∣∣∣∣∣ pFMO
∥ (s1,s2,s3)

pmon
∥

∣∣∣∣∣−1= ∆py(s1,s2,s3), (3)

respectively.

2.4 Monte Carlo Simulation with Dipole Moment Correc-
tion

The dielectric properties of the crystal system were investigated
by performing Monte Carlo simulations. In this study, we do
not take into account the proton tunneling process. This means
that the properties of BrHPLN in the classical limit are inves-
tigated. In the MC simulation, we consider the dipolar sys-
tem on the 3D lattice of BrHPLN. In the system, each molec-
ular electric dipole is located at the center of the mass of the
molecule (1.79 Å from C8 toward Br) and the dipoles inter-
act with other dipoles through dipole-dipole interactions. Tak-
ing the H-configuration into account, we can assume that each
dipole moment has discrete values.

We here define a unit cell for the MC simulation (MC unit
cell). Figure 3 shows the MC unit cell. Since the molecu-
lar crystal of BrHPLN has face-centered molecules, the MC
unit cell is set in a slightly different manner from the crystal-
lographic unit cell. The MC unit cell consists of two unit cells
along thea- andb- axis and one unit cell along thec-axis, which
means that the MC unit cell is a 2a×2b×c monoclinic lattice.
Furthermore, we defineNa, Nb andNc as the number of the MC
unit cells along thea-, b- andc-axis, respectively. The total
number of the molecules considered in the MC calculationN is
written asN = 16NaNbNc.

In this work, we correct the dipole moment obtained from the
calculation for the isolated monomer by using∆pµ(s1,s2,s3) in
Eq. (1). For every sitej, we compose the trimers in Table 1 so
that site j is the central molecule for each of the trimers, and
apply the relative changes obtained from the FMO calculation

4



a

b

c

Fig. 3 Unit cell for Monte Carlo simulation (MC unit cell). Each
triangle indicates a BrHPLN molecule and inverted triangle
represents an inverted one. The molecular electric dipole is located at
the center of the mass. The dotted triangles are not included in the
MC unit cell but belong to the next ones.

according to the H-configurations of the trimers. Assuming that
the relative changes can be linearized with all the trimers, we
can write corrected dipole moment of sitej as

p jµ =

(
1+∑

α
∆pµ(s

α j
1 ,sj ,s

α j
3 )

)
pmon

µ , (4)

with µ = x,y andz, wheresj andsα j
i (i = 1,3) denote the H-

configurations of the sitej and the sites which compose trimer
α with site j, respectively. The summation ofα is taken over
all the trimers considered. Therefore, usingp j = (p jx, p jy, p jz),
the Hamiltonian of the system is written as

H =
1

4πε0
∑
j<k

1

r3
jk

[
p j ·pk−

3(p j · r jk)(pk · r jk)

r2
jk

]
, (5)

with r jk = |r jk|, wherer jk is the position vector from sitej to k
andε0 is the vacuum permittivity. In the MC simulation,sj can
be flipped in every Monte Carlo trial. The dipole moments can
be corrected according to Eq. (4) in every MC step, where 1 MC
step consists of a series of trials throughout the lattice. From
now on, we will refer to this procedure as “dipole correction”
here.

We have used the replica exchange Monte Carlo method45

with periodic boundary condition. For updating of each replica,
we have adopted the Metropolis algorithm. The number of
the replicas for the exchange Monte Carlo method is 80 be-
tween 5 K and 130 K, distributed at regular intervals. The tem-
perature of each replica is fixed throughout simulations. Ini-
tial configurations of the replicas were taken randomly and all
replicas were thermalized without being exchanged. After the
thermalization, one exchange trial between replicas was made
every 5 MC steps (one replica-exchange step) and data were

collected at every replica-exchange step. We take 20000 MC
steps for the thermalization and 300000 MC steps for the mea-
surement. Investigated system sizes are(Na,Nb,Nc) = (3,3,9),
(4,4,12) and(5,5,15), corresponding toN = 1296, 3072 and
6000 dipoles, respectively. The cutoff radiusrc for the dipole-
dipole interaction is set to be 20̊A. In the case without the
dipole correction, the maximum value of coupling parameters
with the dipole outside this radius is 0.49 K, which is small
enough compared with the critical temperature evaluated by
our calculation (See Sec. 3.3). Using the above conditions, we
performed the MC simulation with or without the dipole cor-
rection.

3 Results and Discussion

3.1 Spontaneous Polarization, Charge Density and NPA
Charges

We consider three types of crystal structures shown in Fig. 4,
which differ in density. Crystal (a) is the original structure of
BrHPLN. Crystal (b) has the structure in which face-centered
molecules are removed from crystal (a). In crystal (c), the face-
centered molecules are also removed and the distance between
neighboring molecules in the same stack is three times longer
than that of crystal (b).

The longitudinal polarization is canceled because of the crys-
tal symmetry. The calculated transverse polarizations per one
molecule are (a) 1.04 D, (b) 0.45 D and (c) 0.60 D. The results
have been checked to converge within 0.01 D for the use of
different k-point mesh sizes. It is obvious that the BrHPLN
molecule is strongly affected by its surrounding molecules.
Comparison between (a) and (b) shows that the interaction be-
tween the neighboring molecules in the same layer increase the
polarization. However, the closer the distance with neighbor-
ing molecules in the same stack is, the smaller the polarization
becomes. This is considered to be the effect of theπ-π stacking
interaction, which appears in trimer L in Table 1 and Fig. S12
in the ESI.† It should be noted that each molecule in crystal (c)
is approximately isolated and the result is the same order as the
calculated result of the monomer (See Fig. 1).

We also calculated the electron charge density of BrHPLN.
The calculated charge density contour map is shown in Fig. 5.
In this plot, the charge density is viewed normal to(203) plane
and the positional relation of the molecules is the same as that
of trimer I in Table 1 (See also Fig. S9 in the ESI†). As can be
seen, the charge density at the intermolecular region amounts to
0.01e bohr−3. It has been reported that this amount of charge
density is significant in intermolecular regions in the case of
other organic molecular ferroelectric systems: this charge den-
sity mediates the intermolecular covalency and strongly en-
hances the electronic polarization.35,36In BrHPLN, a hydrogen
atom (H2) of one molecule is close to an oxygen atom of an-
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Fig. 4 Three types of crystal structures used for plane-wave density functional calculation. (a) Original crystal structure. (b) Structure in
which face-centered molecules are removed from the original structure. (c) Structure in which the distance between neighboring molecules in
the same stack is three times longer than that of (b).
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Fig. 5 Charge density of BrHPLN viewed normal to(203) plane.
Contours are drawn on a logarithmic scale from 0.01ebohr−3 to
0.1ebohr−3. The color scale is linear from blue to red as charge
density increases.

other molecule. From the crystallographic data, we obtain the
lengths of H2· · ·O and C2· · ·O as 2.39 Å and 3.34 Å, respec-
tively. This type of configuration, C−H · · ·O, is well known as
the weak hydrogen bond and the lengths mentioned above sat-
isfy the criterion of the weak hydrogen bond.38 Therefore, the
results suggest that there exist one-dimensional chains of the in-
termolecular weak hydrogen bonds and the chains make great
contribution to the dielectric properties in the BrHPLN crystal.
In Fig. 6, we show the schematic view of the intermolecular
bonding chains.

The role of the intermolecular weak hydrogen bond is fur-
ther examined by the natural population analysis (NPA)46 from
the FMO calculations. The NPA is recognized as more robust
population analysis against the variation of the size of the basis
set. We employed NPA for the isolated monomer and trimer I
in Table 1 (See also Fig. S9 in the ESI†), assuming that all the

Fig. 6 Schematic showing the one-dimensional intermolecular
hydrogen-bond chains in BrHPLN (viewed along thec-axis).

molecules are in the same H-configuration. In Fig. 7, we show
the schematic structure of trimer I and labels of atoms used for
NPA. The results are shown in Table 2. In the trimer case, it
is seen that the charges of the oxygen atoms and those of the
hydrogen atoms close to the oxygen atoms of another molecule
become more negative and positive than in the case of the iso-
lated monomer, respectively. On the other hand, there is little
change in the charge of H1 and C2 atoms. This suggests that
the oxygen atoms attract the electrons of the hydrogen atoms of
the neighboring molecules, leading to the increase of the inter-
molecular covalency.

Another type of C−H · · ·O configurations is also seen in
trimer F, which satisfy the criterion of the weak hydrogen
bond shown in Ref. 38. Figure 8 and Table 3 show the
schematic structure and the NPA charges of trimer F, respec-
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Table 2NPA charges for the isolated monomer and the central
molecule of trimer I. The atomic charges of H2 and C2 close to the
enolic oxygen (H2(· · ·Oen) and C2(· · ·Oen)) and the carbonic oxygen
(H2(· · ·Ocar) and C2(· · ·Ocar)) of another molecule are shown
separately. For the labels of atoms, see Fig. 7

HF/3-21G(d,p) HF/6-31G(d,p)
Atom Isolated Central Isolated Central
Ocar −0.699 −0.725 −0.777 −0.803

H2(· · ·Ocar) 0.249 0.266 0.254 0.275
C2(· · ·Ocar) −0.334 −0.333 −0.327 −0.324

Oen −0.723 −0.736 −0.770 −0.784
H2(· · ·Oen) 0.249 0.260 0.254 0.267
C2(· · ·Oen) −0.323 −0.328 −0.317 −0.320

H1 0.533 0.533 0.584 0.582

3.34

2.39

C2

H2

Ocar enO

H1

C2

H2

Fig. 7 Schematic structure of trimer I. Labels for atoms are also
shown. The values in the figure denote the distances between atoms
(in Å).

Table 3Same as Table 2, but for trimer F. The charges of H1 of the
surrounding molecules are omitted because there are not significant
differences (less than 0.001)

HF/3-21G(d,p) HF/6-31G(d,p)
Atom Isolated Central Isolated Central
Ocar −0.699 −0.712 −0.777 −0.793

H4(· · ·Ocar) 0.253 0.259 0.262 0.267
C5(· · ·Ocar) −0.144 −0.149 −0.154 −0.158
H3(· · ·Ocar) 0.236 0.246 0.242 0.254
C3(· · ·Ocar) −0.109 −0.104 −0.112 −0.105

Oen −0.723 −0.732 −0.770 −0.781
H4(· · ·Oen) 0.252 0.255 0.260 0.262
C5(· · ·Oen) −0.143 −0.149 −0.152 −0.158
H3(· · ·Oen) 0.238 0.244 0.244 0.252
C3(· · ·Oen) −0.095 −0.092 −0.099 −0.094

2.953.723.78

3.01

C5

H3

Ocar

enO

H1

C3

H4
H1

Fig. 8 Same as Fig. 7, but for trimer F.

tively. As can be seen, there exist two types of the configu-
rations: C3−H3· · ·O and C5−H4· · ·O. The interatomic dis-
tances in these configurations are longer than those of trimer
I. Moreover, the differences of the NPA charges between the
isolated molecule and the central molecule of trimer F are
smaller than those of trimer I. Therefore, it is considered that
the effect of the intermolecular bonding is smaller than that of
trimer I. In trimer F, the intermolecular charge density is about
0.003ebohr−3.

In trimer F, there is a large difference in the NPA charge of
the Br atom (See Table S1 and Fig. S15 in the ESI†). As is seen
in Table S1 in the ESI,† some hydrogen and carbon atoms of
the surrounding molecules are affected by the Br atom. The
Br atom may thus contribute to the intermolecular bonding.
Nonetheless, we shall reserve this issue for future investiga-
tions to compare with the other substituents such as MeHPLN
and IHPLN.
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3.2 Dependence on positional relations and H-
configurations

In the previous section, we show that the intermolecular bond-
ing makes the significant change in the dipole moment. We
next discuss the change of the dipole moment induced by the
surrounding molecules. Figure 9 shows the results obtained
from the FMO calculation. In Fig. 9, the horizontal axis is the
labels of the trimers defined in Table 1 and the vertical axis is
∆p⊥(s1,s2,s3) and∆p∥(s1,s2,s3) defined by Eqs. (2) and (3),
respectively. The transverse component is mainly affected by
three types of trimers, F, I, and L, which make more than 20%
of differences from the dipole moment of the isolated monomer.
This result is consistent with the result of the previous sec-
tion. Furthermore, in these trimers, the change of the dipole
moment strongly depends on the H-configurations of the sur-
rounding molecules. On the other hand, the longitudinal com-
ponent is also affected by the environmental molecules. This,
however, depends on rather the type of the trimers than the H-
configurations. This result is reasonable because this direction
is perpendicular to the reversible component with the proton
transfer. We consider that the effect of this direction is aver-
aged out in the crystal.

3.3 Monte Carlo simulation

From the results in the previous section, we could impose the
condition on the MC simulation as follows. First, only the
relative changes of trimers F, I and L are used for the dipole
correction of the transverse component. Second, the relative
changes of the longitudinal component are not taken into ac-
count. Henceforth, we show the results of the MC simulation
in which the result of the HF/3-21G(d,p) level is used for the
value ofpmon

µ in Eq. (4).
The paraelectric-antiferroelectric phase transition was found

by the measurement of the dielectric constant along thea-
axis.12,14We thus calculate thex-component of the polarization
per unit volumePx, which is defined as

Px =
4
V ∑

j
p jx, (6)

whereV is the volume of the system calculated. The fact is well
known that the order parameter (e.g., Px) still remains in the
order of 1/

√
N even at infinite temperature.47 We thus employ

finite size scaling for our simulation results. Figure 10 shows
the scaled plot of the absolute value|Px| for several system sizes
with or without the dipole correction. It is seen that the curves
for the different system sizes are scaled well by

√
N. In the high

temperature range, which corresponds to a paraelectric phase,
the polarization of the system is enhanced because of the dipole
correction.

In both cases, we can see that the polarization tends to zero as
temperature decreases. For more detailed description of the low

(a)

(b)
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Fig. 9 Relative change of the (a) transverse and (b) longitudinal
dipole moment. In each type of the trimers, four values
corresponding to the combination of the H-configurations of the
surrounding molecules (LL, LR, RL, and RR) are plotted for the case
of the HF/3-21G(d,p) level (closed symbol) and HF/6-31G(d,p) level
(open symbol). The bars represent the range between the maximum
and minimum for each type of the trimers.
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Fig. 10Scaled plot ofx-component of polarization|Px|. Data for
different system sizes (N) with (closed symbol) or without (open
symbol) the dipole correction are plotted as functions of temperature.
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Fig. 11Absolute value of the staggered polarization|Pstg|. Data for
different system sizes (N) with (closed symbol) or without (open
symbol) the dipole correction are plotted as functions of temperature.

temperature phase, let us introduce the order parameterPstg,
which is called the staggered polarization. If we write the posi-
tion of the sitej as(a j ,b j ,c j) with the same manner as Table 1,
a j , b j andc j can take integer or half-integer values. Using these
parameters, we definePstg as

Pstg=
1
N

N

∑
j=1

(−1)2(a j+c j )sj . (7)

The parameterPstg is equal to 1 or−1 in the case where all
of the transverse dipole moments of the neighboring molecules
along thec-axis and(±1/2,±1/2,0) directions are antiparal-
lel. In Fig. 11, we show the temperature dependence of the ab-
solute value of the staggered polarization in our system. As can
be seen,|Pstg| changes drastically with temperature and|Pstg| is
nearly equal to 1 in the low temperature range. From these re-
sults, we conclude that a phase transition from a paraelectric
phase to an antiferroelectric phase occurs in BrHPLN; this re-
sult corresponds to the experimental results. By the definition
of Pstg, polarization ordering in the antiferroelectric phase can
be drawn as shown in Fig. 12.

As is seen in Fig. 10 and Fig. 11, the critical temperature of
the systemTc with the dipole correction becomes larger than
Tc without the dipole correction. In order to compare with the
experimental data, we define the critical temperatureTc in the
same manner in Ref. 12 and Ref. 14 ,i.e., the peak position
of the dielectric constantε, although the Binder parameter is
usually used in Monte Carlo study.47 In Fig. 13, we show the
temperature dependence of the static dielectric constant. The
calculated static dielectric constant is comparable with that ob-
tained from the experiments,12,14although the experimental re-
sult is the dynamic dielectric constant measured at a frequency
of 10 kHz. We refer to the critical temperatureTc as∼ 24 K
without the dipole correction and∼ 50 K with the dipole cor-

a

b

c

Fig. 12Schematic diagram of the antiferroelectric state obtained
from the MC simulation. In this ordered state, the corrected
transverse dipole moment is evaluated as 0.98 D.

rection. The dipole correction, which is introduced in order to
include the effect of the intermolecular weak hydrogen bond-
ing, brings about an amplification of the molecular dipole mo-
ment and leads to increasing the critical temperature.

The critical temperature with the dipole correction is still
higher than that of d-BrHPLN from experiments (37 K). There
are, however, two reasons to support the present computational
results. First, inclusion of the quantum tunneling effect is ex-
pected to improve the correspondence with the experiment. As
is shown below, the tunneling effect is represented by the tun-
neling frequencyΩ in the transverse Ising model34 andΩ is
estimated to be about 10 K for d-BrHPLN. Therefore, the in-
clusion of this tunneling frequency will reduce theTc toward
better agreement with the experiment (See below for the de-
tail). Second, the dipole moment of the BrHPLN monomer
depends on basis sets. In Table 4, we show dipole moments
calculated by using several basis sets. We can see that the elec-
tron correlation and intramolecular polarization strongly affect
the dipole moment. In particular, the inclusion of the electron
correlation leads to a notable decrease of the transverse dipole
moment. We may therefore roughly estimate that if the electron
correlation effect were included, the computedTc will be re-
duced by the factor of(2.278/2.529)2 ∼ 0.8, i.e., the square of
the ratio between the net dipole moments from HF/3-21G(d,p)
and MP2/LANL2DZ(d,p), as implied from Eq. (5). It would be
intriguing to explore the electron correlation effect more quan-
titatively, which we plan to report in future in conjunction with
its influence on the potential barrier height along the proton
displacements.

Finally, we mention the correspondence with the transverse
Ising model,10,48which is often used in the study of hydrogen-
bonded ferroelectrics. The Hamiltonian of the transverse Ising

9



d
ie

le
c
tr

ic
 c

o
n

s
ta

n
t 
ε

 1

 1.5

 2

 2.5

 3

 3.5

 4

 4.5

 5

 0  20  40  60  80  100  120  140

T / K

N = 1296

       3072

       6000

N = 1296

       3072

       6000

Fig. 13Dielectric constantε = 1+χ, where the electric
susceptibilityχ is calculated as the fluctuation ofPx. Data for
different system sizes (N) with (closed symbol) or without (open
symbol) the dipole correction are plotted as functions of temperature.

Table 4Dipole moment of the BrHPLN monomer calculated with
several computational levels

Computational level Dipole moment / D∣∣pmon
⊥

∣∣ ∣∣pmon
∥

∣∣ ∣∣pmon
∣∣

HF/3-21G 0.558 3.614 3.656
HF/3-21G(d,p) 0.675 2.438 2.529
HF/6-31G 0.643 3.933 3.985
HF/6-31G(d,p) 0.742 2.928 3.020
MP2/LANL2DZ(d,p) 0.466 2.230 2.278
MP2/cc-pVDZ(-PP)a 0.415 1.649 1.700

a The cc-pVDZ basis set was used for H, C and O, and the cc-pVDZ-PP basis
was used for Br.

model is written as

H =−Ω∑
i

σx
i −∑

i, j
Ji j σz

i σz
j , (8)

whereσα
i (α = x,z) are Pauli matrices,Ji j is the coupling pa-

rameter between sitesi and j, andΩ is the tunneling frequency.
The mean field theory of the transverse Ising model tells us that
the result depends on the ratioΩ/|J|, whereJ is the molecular
field parameter∑ j Ji j .34,49ForΩ/|J|< 1 the ordered phase ap-
pears, while it disappears forΩ/|J|> 1. In our dipolar system,
the coupling parameterJi j is calculated using the following re-
lation:

Ji j =−1
4

(
E(LL)

i j +E(RR)
i j −E(LR)

i j −E(RL)
i j

)
, (9)

whereE
(hih j )
i j is the dipole-dipole interaction energy between

the two sites in the case where the H-configurations of sitei
and j arehi andh j , respectively. By the definition, whenJi j

is positive (negative), the interaction is ferroelectric (antiferro-
electric). By using Eq. (9), the molecular field parameterJ is
evaluated to beJ = −20 K with rc = 20 Å in the case without
the dipole correction. This value is consistent withTc ∼ 24 K
obtained from the MC simulation. In the case with the dipole
correction, on the other hand, it is difficult to determineJi j be-
cause of the increase/decrease of the dipole moment according
to the H-configurations of the surrounding molecules. How-
ever, from our result of the MC simulation, we can estimateJ
as about−50 K in the system.

Although the experimental value of the tunneling frequency
for d-BrHPLN, ΩD, is unavailable, we estimate it from other
available data in the following way. First, the experimental tun-
neling frequency of h-BrHPLN is known to beΩH = 60 K.17

We then refer to the related compound, 9-hydroxyphenalenone,
isolated in solid neon, for which the tunneling frequencies of
both the H and D compounds have been measured spectroscop-
ically asΩH = 50 K andΩD = 8.6 K, respectively.50 Assum-
ing that the ratioΩH/ΩD carries over for the BrHPLN com-
pounds, we can estimate the tunneling frequency of d-BrHPLN
asΩD = 10 K. Therefore, if we extend our method to treat the
quantum tunneling effect just like the transverse Ising model,
we can obtain some results which are consistent with the ex-
perimental data.

In the mean field theory, the transition temperatureTc is rep-
resented as

1
|J|

=
1
Ω

tanh

(
Ω

kBTc

)
, (10)

wherekB is the Boltzmann constant.11,51Substituting the value
of J andΩD into Eq. (10), we estimate that the transition tem-
peratures are corrected to 49 K from 50 K (with the dipole cor-
rection) and to 18 K from 24 K (without the dipole correction).
Only in the case with the dipole correction,Tc approaches the
experimental value. This will remain robust (or even be rein-
forced) by taking account of the general tendency of the mean
field theory to overestimateTc (assuming that the tunneling cor-
rection will not be larger thanΩ).

4 Concluding Remarks

In summary, we have investigated the properties of the
hydrogen-bonded antiferroelectrics, BrHPLN, by means of the
electronic structure calculations and Monte Carlo methods.
The significant charge density which amounts to 0.01ebohr−3

has been found in the intermolecular region. This suggests that
BrHPLN has the one-dimensional intermolecular chains of the
C−H · · ·O type weak hydrogen bonds shown in Fig. 6, and
these bonds increase covalency. The MC method with the cor-
rection of the molecular dipole moment has been proposed to
evaluate the dielectric properties including the effect of the in-
termolecular hydrogen bonding. Our calculation results show
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that a phase transition occurs from a paraelectric phase to an
antiferroelectric phase at 50 K. This transition temperature is
the same order as the experimental results. In present work,
we have treated BrHPLN only. However, the above discussion
on the intermolecular hydrogen bonding is applicable to MeH-
PLN and IHPLN, because of their similarity in the molecular
and crystal structure. We will apply our method to other materi-
als and extend our method to the quantum Monte Carlo method
in the future.
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FIG. S1. Schematic structure of trimer A and its position in the crystal. Each triangle indicates a BrH-

PLN molecule and inverted triangle represents an inverted one. The three solid triangles correspond to the

components of the trimer.
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FIG. S2. Same as Fig.S1, but for trimer B.
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FIG. S3. Same as Fig.S1, but for trimer C.
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FIG. S4. Same as Fig.S1, but for trimer D.
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FIG. S5. Same as Fig.S1, but for trimer E.
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FIG. S6. Same as Fig.S1, but for trimer F.
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FIG. S7. Same as Fig.S1, but for trimer G.
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FIG. S8. Same as Fig.S1, but for trimer H.
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FIG. S9. Same as Fig.S1, but for trimer I.
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FIG. S10. Same as Fig.S1, but for trimer J.
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FIG. S11. Same as Fig.S1, but for trimer K.
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FIG. S12. Same as Fig.S1, but for trimer L.
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FIG. S13. Same as Fig.S1, but for trimer M.
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FIG. S14. Same as Fig.S1, but for trimer N.
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FIG. S15. Schematic structure of trimer F. The values in the figure denote the distances between atoms (in

Å). Labels for atoms are given for TableS1.

TABLE S1. NPA charges for an isolated monomer and the central molecule of trimer F. The charges of the

atoms around the Br atom of the central molecule are shown

HF/3-21G(d,p) HF/6-31G(d,p)

Atom Isolated Central Isolated Central

Br 0.078 0.056 0.062 0.037

H2′ 0.249 0.251 0.254 0.255

C2′ −0.323 −0.334 −0.317 −0.330

H3′ 0.236 0.239 0.242 0.246

C3′ −0.109 −0.099 −0.112 −0.100

H2 0.249 0.253 0.254 0.256

C2 −0.334 −0.342 −0.327 −0.336

H3 0.238 0.241 0.244 0.249

C3 −0.095 −0.087 −0.099 −0.090
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