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Abstract 

For a Riemann surfaceS, let End(S) denote the set of all holon1orphic endo­

nlorphisms of S. It is a sen1igroup with the semigroup operation being com­

position of maps. A rational semigroup is a subsemigroup of End(C) without 

any constant elen1ents. The study of dynamics of rational sen1igroups can 

be regarded as a generalization of the study of usual one-din1ensional con1-

plcx dynan1ics, Kleinian groups and iterated function systen1s generated by 

conforn1al n1aps in 1R2
. \Ye can define Fatou sets and Julia sets for ratio­

nal sen1igroups. In general the Julia set is not fon,·ard invariant under each 

elen1ent of the sen1igroup. This is the n1ost difficult aspect of the study of ra­

tional sen1igroups. For cxan1ple, the Julia sets n1ay have non-en1pty interior 

points. But if G = (fr, ... , fm) is a finitely generated rational sen1igToup, 

then the Julia set J (G) of G satisfies the backward sclj-sim-ila1~ity , that is , 

J(G) = Ui=.tfj- 1
(J(G)). Fron1 this \YC can show that if G = (ft, ... , fm) sat­

isfies the open set condition, then the interior of the Julia set of G is en1pty( 

Proposition 2.6.3). \Ve have another sufficient condition that the Julia sets 

have en1pty interior points(Theorcn1 2.6.4) . 

In Chapter 1, we see the definition of Fatou sets and .Julia sets and will 

see son1e fundan1ental properties. 

In Chapter 2 '' c define hyperbolic, sub-hyperbolic, sen1i-hyperbolic and 

expanding scn1igroups. These arc son1e standaTd classes of rational sen1i­

groups. For any finitely generated rational sen1igroups, hyperbolicity and ex­

pandingness are equivalent under son1e s111all assun1ptions (Theoren1 2.1.38, 

Thcorcn1 2.1.39 and Theoren1 2.-!.17). In Section 2.1, we sho\v that if a ra­

tional en1igToup G is sub-hyperbolic or scn1i-hypcrbolic, then there is no 

wadcring don1ain in the Fatou set of G. Furthennorc, if we assun1e G is 

finitely generated, then there exists an attractor in the Fatou set of G. 

In Section 2.2, \\·e consider the continuity of the Julia set with respect to 

the perturbation of the generators. If a finitely generated rational sen1igroup 

has an attractor in the Fatou set, then the Julia set n1oves continuously. 

Furthcrn1orc, if a finitely generated rational sen1igroup is hyperbolic and the 

backward in1ages of the Julia set by the generators are n1utually disjoint, 

then the Julia set n1oves by hol01norphic n1otion. 

In Section 2.3, it is shown that if G is a finitely generated rational scnli­

gron p and t.h post critical set is included in a cmn poncn t of the Fatou set 

of G, th '11 the .] ulia set of G has a kind of sclf-sin1ilar-likc struct nrc. 

In Section 2.-! we ,,·ill consider the skew prodncts of rational functions . 

Th ::Julia set" of a11y skc\\. product is defined to be the closnrc of the union of 

the fi bcn\·i ·c .] ulia sets. \Vc ,,·ill define hyperbolicity and se1ni-hypcrbolicity. 

\\ ·c \\·ill show that if a skC\\. prod net is se1ni-hyperbolic, then the Julia set is 

equal to the union of the fiberwise Julia sets and the ske,\· product has the 

contraction property \\ith respect to the back\\·ard dynamics along fibers. 

In Section 2.5, we will consider necessary and sufficient conditions to be 

semi-hyperbolic. ·\'/e \\·ill shO\\. that any sub-hyperbolic semigroup w:ithout 

any superattracting fixed point of any elen1ent of the semigroup :in the Julia 

set is sen1i-hyperbolic. 

In Section 2.6, ''"e will show that if a finitely generated rational semigroup 

G is sen1i-hyperbolic and satisfies the open set condition \\-ith the open set 

0 such that ~ ( oO n J (G)) < oo , then 2-dinlensional Lebesgue n1easure of 

the .] ulia set is equal to 0. 

\Ve consider the Hausdorff din1ension of the Julia sets of rational semi­

groups. To investigate that \\·e construct the subconfonnal measures(Section 2.8). 

If \ve assun1e strong open set condition , \\·e can also construct the confor­

nlal n1easures(Section 2. 7). If a rational sen1igroup has at n1ost countably 

n1an v elen1en ts and the o-Poincare series converges, then \\·e ca11 construct 

6-su bconforn1al n1easures. \ Ve will see that if G is a finitely generated sen1i­

hyperbolic rational semigroup, then the Hausdorff din1ension of the Julia set 

is less than the exponent o(Theoren1 2.8.7). if G is a finitely generated sen1i­

hvperbolic rational sen1igroup and the back,vard in1ages of the Julia set by 

tl~e generators are mutually disjoint, then the Hausdorff din1ension of the 

.] ulia set is equal to the infin1un1 of exponents \\·hose Poincare series con­

vero·e and is equal to the unique exponent c5 \\·hich allows us to construct the 

o-c~nforn1al n1easurc. Furtheren1ore, 0 < 2 and the a-Hausdorff 111easure of 

the Julia set is strictly positive and finite. (Theorcn1 2.7.4, Corollary 2.7.5, 

Corollary 2. 7.6). To show those results the contracting property of backward 

dvnan1ics \\·ill be used. 

v In Chapter 3 for anv finite])· o·cncrated rational se1nigroup G = (ft, · · · , fm) 
, • D 

\\·e consider the skC\\. product costructccl by the generator systc1n. 

If G. = (/ f ) is an CXl)alldino· finetelv 0°·cncratcd rational scn1i-r [, ... , m o • 

OTOUI) then us in o· the thcnnodynarn-ical fonnalisnLs on the skC\\. product con-
o , 0 . 

structecl by the generator system { ft, ... , /Til}, \\·c can get an u ppcr cst1-

n1atc of the .Julii-1. set of G(Section 3.1). In that inecpu-uity, if \\·e assu1nc 

that { 1·:- 1 (J (G))} _ arc n1u t ually disjoint, then \\·c sec that the equality 
J j-l, ... ,71! 

holds, 

In Section 3.2, \\"C construct the (backwanL) sclf-s·i77Lilar 1/Lcasurc . ThaL 

is, a kind of in\·ariant n1casurcs 1\·hosc projcctioll to the base spacr'(spacc 

of oue-siclccl infinite \\·orcls) arc some Bernoulli 111cas1rres. \\·c \\·ill silO\\. the 

uniqueness for ~:u1y \\·eight \\·ithout any assumption about hypcrbolicity. Fur­

thennorc in Section 3.3, 1\·c caliculatc the metric entropy of those n1casures. 

\Vc sho,\· that the topological entropy of the skC\\. product constructed by 
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the generator system { !1, ... l f m} is equal to 

log(I:j:1 deg(fJ)) 

and there exists a unique ma.xin1al entropy n1easure, which coincides with 
the back,Yard self-sin1ilar n1easure corresponding to the ·weight 

. _ ( deg(/1) 
ao .- m l • . . l 

~eg(fm) ) . 

L deg(fJ) L deg(fJ) 
J=l J=l 

Hence the projection of the n1axin1al entropy n1easure of the skew product to 
the base space is equal to the Bernoulli n1easure corresponding to the above 
,,·eight a0 . Applying this result if {fj 1(J(C))L=L .. ,m are 1nutually disjoint , 
then we get a lo,ver estin1ate of Hausdorff din1ension of the .Julia set of G. 

In the paper ::Sen1i-hyperbolic transcendental sen1igroups" (a joint work 
with Hartje Kriete in Goettingen Univerisity, Gern1a.ny), we consider son1e 
sufficient and necessary conditions to be sen1i-hyperbolic for sen1igroups gen­
erated by (transcendental) entire functions. \Ve will consider son1e exa1nples 
of se111i-hyperbolic transcendental sen1igroups . 
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Notes 

• The paper ::on dynamics of hyperbolic rational semigroups ::\vas pub­
lished in Journal of :Niathen1atics of Kyoto University, Vol.37, No.4, 
pp.717-733, 1997. 

• The paper ::on Hausdorff din1ension of Julia sets of hyperbolic ratio­
nal sen1igr?ups"· \vas published in Kodai Iviathen1atical Journal, Vol.21, 
No.1, pp.l0-28, l'viarch 1998 . 

• A survey of results from Chapter 1 to Chapter 3 was published in 
Dynamics of Sub-hype1bolic and semi-hype1bolic rational sernigToups 
and conformal rneasures of Tational semigroups, In S.iviorosawa, editor, 
REviS Kokyurokn 1042: Con1plex Dyn an1ics and Relat ed Problcn1s , 
Kyoto University, 1998, pp.68-78. 

• Another survey of results fron1 Chapter 1 to Chapter 3 will be published 
in Dynamics of Tational semigToups and skew p1oducts, In 1\'I.Kisa.ka, 
editor, RI:NIS Kokyuroku: Research of Complex Dynamics, 1999. 

• The paper ''Sen1i-hyperbolic transcendental sen1igroups" is a joint work 
with Hartje Kriete in Goettingen Univerisity, Gern1any. 



8 

Acknowledgement 

I would like to thank my advisor, Professor Shigehiro Ushiki, for many valu­

able advices and con1ments. I \vould also like to thank Professor ?viasahiko 

Taniguchi, .Jun I<igami, Toshiuki Suga,va, Atsushi Kan1eyan1a and ?viasashi 

Kisaka for n1any helpful advices and discussions . 

I would like to thank Professor Ren Fuvao in Fudan univerisitv for n1anv 
"" v .... · 

interesting discussions and con1n1ents during the international conference on 

cmnplex analysis held at Beijing university in August 1997. 

Chapter 3 was written during n1y stay in Goettingen university(April 

1998-Septen1ber 1998). I would like to express n1y gTatitude to Professor 

~vianfred Denker , Hartje Kriete and Stefan l\'l .Heinen1ann for their kind hos­

pitality in Goettingen and so n1any valuable advices and con1n1ents . Actually 

this stay was so good and fruitful for n1e . 

I would like to thank Professor ?'vi an fred Denker, Ain1o Hinkkanen , Gavin 

rda.rtin and Olivier Sester for n1any valuable and interesting adivices and 

con11nents in son1e sen1inars and conferences in Gennany. 

I would like to thank David Boyd and Rich Stankewitz for so n1any inter­

esting advices and discussions. It is very exciting and wanderful for n1e that 

I can discuss so n1uch about rational sen1igroups with then1 . 

I thank n1y fan1ily for n1any supports and encouragen1ent for 111e. 

9 

Comments 

This paper is dedicated to :.'viasaki Hashin1oto(1971-1994). 

I ren1en1ber he encourged n1e, :: Su1ni ha zettai suugaku dekirutte. Ore ga 
hoshou suru ." 



Chapter 1 

Introduction 

1.1 preliminaries 

For a Rien1ann surface S, let End(S) denote the set of all holon1orphic en­

don1orphisn1s of 5 . It is a semigToup with the sen1igroup operation being 

composition of functions. A rational semigroup is a subsen1igroup of End(C) 

\Vithout any constant elen1ents . \Ve say that a rational semigroup G is a 

polynomial semigroup if each elen1cnt of G is a polynon1ial. 

Definition 1.1.1. Let G be a rational sen1igroup. Vle set 

F( G) = { z E C I G is norn1al in a neighborhood of z}, J( G) = C \ F( G). 

F (G) is called the Fa toll set for G and J (G) is called the Julia set for G. 

Definition 1.1.2. Let G be a rational sen1igroup and 2 be a point of C. 

The backward orbit c-t ( z) of 2 and the set of exceptional points E (G) arc 

defined by: 

1 dcf { - . ( } c- (z) = wE c I there IS SOHlC g E G such that g lU) = z ) 

Definition 1.1.3. Let G be a rational sen1igroup a.ncl S = {!,, I /\ E A} a 

generator systcn1 of G. For each !J E G, \Vc set 

wls(g) = lnin{n EN I g = r,, ... !,,,.}. 

\Vc call wls(g) the word length of g with respect to S. 

11 
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Definition 1.1.4. A subsen1igroup H of a sen1igroup G is said to be of finite 
index if there is a finite collection of elen1ents {g 1 , g2 , ... , gn} of G such that 
G = U£= 1giH. Similarly we say that a subsen1igroup H of G has cofinite 
index if there is a finite collection of elen1ents {g1, g2 , ... , gn} of G such that 
for every g E G there is a j E {1, 2, ... n} such that g1g E H. 

Lemma 1.1.5. Let G be a Tational semigToup. 

1. FoT any f E G: 

j(F(G)) c F(G) j- 1 (J(G)) c J(G) , 

F(G) c F((f)), J((f)) c J(G) 

2. Assunw G is geneTated by a compact subset A of End( C). Then 

J(G) = U /- 1(J(G)). 
/E t\ 

We call this pToperty the backwaTd self-sin~ilaTity of the Julia set. 

PToof. By definition, it is easy to sho\v 1 . Since J( G) is backward invariant. 
under G, ,,.e haYe 

J(G) ~ UfE :\f- 1(J(G)). 

Suppose there exists a point x E J (G) that does not belong to U /EA f- 1 ( J (G)) . 
There exists a neigh borhoocl U of x in C such that f (U) C F (G) for each 
f EA. Take any .T' E U. Let E > 0 be any s1nallnun1ber. Since u1E,\j(x') 
is a c01npact subset of F(G), there exists a nu1nber 51 > 0 such that 
if cl(f(x'), v) < c)l for smne f E A , then cl(gf( .T'), g(y)) < E for each 
g E G U { irl}. Take 62 > 0 snch that if cl(.1:', y) < 02 then d(f ( x'), f (y')) < 61 

for each f EA. Then \ve have that if d(x', y) <(52 , then d(gf(x'), gf(y')) < E 

for each !J E G U { icl} and each f E !\ . Hence we have :r E F (G) ~:u1d this is 
a contradiction. 0 

If a set I( Satisfies that I{ = u;~ I r-l (I(), \\'C say that I( has backward 
self-si1nilarity. Next lcn1ma was shown in (Hivil], (ZR]. 

Lemma 1.1. 6 ( [HMl], [ZR]). Let G l.Je a rat·ional se1nigToup. 

1. If a subscrn-ig·r-ou7J H of G -i.'-; of finite m· cofin·ite inclc1:, then 

J(H) = J(G). 
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In particular, when G is a rational semigToup geneTated by finite ele­
ments { / 1, !2, ... f n} and n~ is an integeT, if we set 

Hm = {g = /j 1 · · · /jk E G I m devides k}, 

Im = {g E G I g is a pToduct of sorne elements of woTd length n1} 

then 

J(G) = J(Hm) = J(Im)· 

H eTe we say an ele1nent f E G -is woTd length 1n if n~ is the n2in-i1num 
integeT such that 

f = fjl .. . fJm · 

2. If J (G) contains at least thTee points, then J (G) is a peTject set. 

3. If theTe is an elem,ent g E G such that deg(g) 2 2 OT theTe is an element 
g E G such that deg(g) = 1 and the oTdeT of g is infinite, then 

E(G) = {z E C I ~G- 1 (z) < oo}, ~E(G) ~ 2. 

4- If a point z is not in E(G), then joT cvcTy .T E J(G), x belongs to 
G- 1(z). In paTticulaT if a po·int z belongs to J(G) \ E(G), then 

c;-1(.:) = J(G). 

5. If thcTc is an clcrncnt g E G such that cleg(g) 2 2 OT thcTc is an clcrncnt 
g E G such that clcg(g) = 1 and the onle7' of g 'is 1:nfinitc and J (G) 
conta-ins at least three points, then J (G) is the srnallcst closed backwm·d 
-invaTiant set conta·in·ing at least thTcc points. Here we say that a set A 
is backwaTd invaTiant under G if joT each g E G, g- 1 (A) C A. 

6. If J (G) contains at least thTec po·ints, then 

J (G) = {::. E C I ::. -is a 1·cpclhng fi1:cd po-int of sontc g E G} 

Proposition 1.1. 7. Let { Q ,\} be a farn'ily of polyn01nials that arc not of 
degree one and G l.Jc a polyn01nial scntigroup gcnendcd by { Q ,\}. 
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If a transformation O"(z) = f.1Z+ 1 E AutC, f.1 = exp( 2t), kEN satisfies 
for every A 

O"(J((Q>.))) = J((Q>.)), 

then 

O"(J(G)) = J(G). 

Proof. For e-:ery polynon1ial Q that is not of degree one, .J( Q) is COI11-

pletely invariant under a transfon11ation z H ( exp( 2Zi) )( z) if and only if 
Q = azdP(zk) , \\·here Pis a polynon1ial, a is a nun1ber, and dis an integer 
([Bel) ). So it is easy to see the staten1ent using Len1n1a 1.1.6.6. D 

Example 1.1.8. For a regular triangle PlP2PJ, \\·e set gi(z) = 2(z- Pi)+ 
Pi, i = 1, 2, 3. A.nd let G be a rational sen1igroup generated by {gi}, not as 
a group. Then J( G) is the Sierpiriski Gasket. 

In general, the Julia set of a rational sen1igroup n1ay have non-en1pty 
interior points. For exan1ple, J ( ( z 2

, 2z)) = {I z I ~ 1}. In fact, in [HI'vl2) it 
was shown that if G is a finitely generated rational sen1igroup, then any super 
attracting fixed point of any elen1ent of G does not belong to fJJ( G). Hence 
we can easily get n1any exan1ples that the Julia sets ha' e non-en1pty interior 
points . 

Since the Julia set of a rational se1nigroup n1ay have non-en1pty interior 
points, it is significant for us to get sufficient conditions such that the Julia 
set has no interior points, to know when the area of the Julia set is equaJ. to 
0 or to get an upper estin1ate of the Hausdorff din1ension of the .Julia set . 
\Ve will try that using various infon11ation about fonvard dynan1ics of the 
sen1igroup in the Fatou set or backward dynan1ics of the sen1igroup in the 
Julia set. 

1.2 Limit functions 

First, we will give some cmnn1en ts about li111i t functions of sen1igrou ps . The 
study of lin1it functions pht:y-s a very in1portant role in the study of con1plex 
dynan1ical systen1s. Th ~ forward invariant dm11ains of iteration of rational 
functions arc classified into five types by the li1nit functions([Bel), [::VIi]). 

Let S be a hyperbolic Rien1ann surface, 500 th' one point conlpactifica­
tion of S, and H a su bsc1nigroup of End( S). 

Definition 1.2.1. 
.C H ( 5) (g;r {!..? : S ---t Sco I there is a sequence (g i) of 11111 tually distinct 

elen1ents of H such that gj -t <.p locally unifonnly on S as j ---t co}. 

1.2. LL\IIIT FU1VCTIO~\:S 15 

Remark 1. Every fan1ily A of elen1ents of End(S) contains a sequence that 
converges to an elen1ent of End( S) or co. ((:Nli]). 

Lemma 1.2.2. Let S be a hyperbolic Riemann surface and H a subsemi­
group of End{S). If g E His non-constant and t_p belongs to LH(S), then 
r_pg E LH(S). Moreover if r_p also belongs to End(SL then 99 E LH(S). 

Proof. Let t_p be an elen1ent of LH ( S). There is son1e sequence (fj) of n1utually 
distinct elen1ents of H such that /j ---t y. Then the sequence (fjg )converges to 
r_pg and {fjg} are n1utuallv distinct because g is non-constant. By definition 

r;g belongs to LH(S). 
~ext assun1e!..? also belongs to End(S). The sequence (g/j)con\·erges to 

gy. \Ve \Yill show {gfj} contains infinitely n1any elen1ents that are n1utually 
distinct. For each nun1ber i, j, \\·e set 

C is a countable set and we Call take a point 1.: of S which does not belong 
to C. Then { fj ( x)} are n1utually distinct and the sequence (fj (.1:)) converges 
to t_p(x) E S. Now assun1e that there exists a subsequence(jk) of (j) such 
that ]t.: ---t co as k ---t co and all ele1nents of {g !Jk} are equal to an elen1en t 
hE End(S) . Then for each k, gfjk(x) = gr_p(x) 311d this is a contradiction 
because g is non-constant. So {gfj} contains infinitely n1any clc1nents that 
are n1utually distinct. By definition, it follo\\·s that g<p belongs to LH(S). D 

Lemma 1.2.3. Let S ue a hyperlJol-ic Riemann surface and H a sulJsemi­
group of End(S) generated uy a generator system, {g,d >-EA S'l.lCh that U ,\E :\ {g,\} 
is a cornpact sulJset of End( S) with respect to the corn pact open topology. Let 
r; ue a non-constant ele7lwnt of End(S) and suppose a sequence (fj) in H 
converges to r;; locally unifonnly on S. Then the following hold. 

1. If r_p is an inject-ive 1nap(resp. a covering rnap on S, an clernent of 
Aut(S)), then there exists a/\ E A such that g,\ is an inject-ive 1nap(resp. 
a covering nwp on S, an cle7Twnt of A1d(S)). 

2. Suppose that the1·e eTists a wonl w E !\ N and a sequence (nJ) of positive 
integeTs such that fJ = gw,. . o · · · o gw

1 
for each j. Then there eTists a 

) 

sequence (hn) in H co1weTg-ing to Ids locally 1Lniformly on S and a 
). E A such that !J ,\ E Aut( S). !vf oTeoveT, if ~A < co and the word length 
ofgu.,. . o · · -ogw

1 
is eq-ual to nj joTeachj EN, thenHHn Aut(S)) = oo 

) 

and there ex-ists a sequence (h 11 ) in H consisting of rnutually d-isjo-int 
clc1nents of H such that hi! -t Ids. 
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Proof. \Ve \vill show 1. For each j there exists an element o: j E G U {I d5 } and 

a Aj E A such that fj = O.j o g).. 1 . \Ve can assun1e the sequence (o:j) converges 

to a map o: locally uniforn1ly on S and the sequence (g).. 1 ) converges to a n1ap 
g).. locally uniformly on S for some A E A. Then we have that <p = o: o g)... If 
<pis an injective n1ap, then g).. is injective on S. If <pis a local ison1etry on S 
,,·ith respect to the hyperbolic n1etric on 5, then g).. is also a local ison1etry. 

\Ye \\·ill show 2. For each j there exists an elen1ent hj E H such that 

gu. o · · · o gu: = h1·qw o · · · o gu:
1

• \Ve can assun1e the sequence (h1·) nJ+l I - "J 

converges to an clen1ent h E H. Then ,,-e have <p = h o ry. Since <p is non-
constant, ,,.e have that h = I d5 . By the staten1ent 1, we have that there 

exists a/\ E A such that g).. belongs to ..-\ut(S). 

:-J ow \Ve assun1e ~A = k < oo and the word length of g u·" 
1 

o · · · o g lL'J is 
equal to nj for each j E N. Then in the above argun1ent we can assun1e that 
there exists a ,,·ord T = ( 1 1, 1 2 , ... ) E AN such that for each j E N 

for son1e /3j E H. Since hj -+ Ids we have that gri o · · · o gr1 is an injective 
1nap and a local ison1etry with respect to the hyperbolic n1etric on S for each 
j. Hence gr

1 
o · · · o gr

1 
belongs to Aut( S) for each j. Since the \Vord length of 

gw,. . o · · · o gw
1 

is equal to nj, \\·e have that (gr1 o · · · o gr1 ) consists of n1utually 
) 

disjoint elen1ents. Hence the staten1ent of our len1n1a holds . 0 

Lemma 1.2.4. LetS be a hyperbolic Riemann surface and H a finitely gen­
erated S?.Lbse1nigro1tp of End(S) generated by {g 1, •• . , gf..:}. If there is a non­
constant elernent <p E L H ( 5), then at least one of the following assertions is 
tnLe: 

1. theTe e1;ists a wonl v; E { 1 ... 
1 
k} N 

1 
a sequence (n j) of positive integeTs 

and a non-constant ele1Twnt ¢ E L H ( S) such that the word length of 
gw,.. o · · · o Dw

1 
is eq-ual to nj for each j and Dw" . o · · · o gw 1 -+ ¢ locally 

) ) 

unifonnly on S as j -+ oo. Jvf oTe011e1· we have that Ids E L H ( S), that 
there exists an elernent i E { 1, ... , k} S'l.lch that g; E Aut( S) and that 
HH n Aut(S)) = 

2. the1·e eTists a woTd w E { 1, ... , k} N and a sequence ( Ctn) in H such 
that lin1 inf II (g 11 .,. o · · · o !Jw

1 
)' ( z) II > 0 joT any z E S whc1'e we denote 

H--l-CO 

hy II · II the 7W7-rn of the de?"i·uat·ive with res7Ject to the hypeTbolic ·rneb·ic 
on S and 

as n -+ oo locally 'llnijonnly on S. 
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Proof. \Ve £x a generator systen1 {g1, ... 1 gk} of H. There is a sequence (fj) 
of mutually distinct elen1ents of H such that fj -+ <p and \Yord length of fj 
strictly increases as j -+ oo. \Ve represent each fi by its reduced word. \Ve 

take a subsequence (f1j) of (fj) as follows. There is a generator gu:
1 

of H such 
that for each j 

flj = ... 0 gU:J . 

Inductively when we get a sequence (fnj)j, \Ve take a subsequence (fn+l,j)j 
of it as follO\\'S. There is a generator gLL'n+J of H such that for each j 

fn+l,j = ... 0 gU:n+J 0 ... 0 gLL'J. 

Now ,,.e get a sequence (fnn)n and a word wE {1, ... , k }N such that for each 
n 

Take a point z E S. Suppose there exists a subsequence of (an ( z)) converging 
to a point of S. Then there exists a subsequence (anJ of (an) converging to 
a n1ap a E End( S). \Ve can assun1e that ( o:nJ converges to a n1ap locally 
uniforn1ly on S. Since <p is non-constant, we have that a is non-constant. By 
Len1n1a 1.2.3, we get the assertion l. 

Suppose there exists no subsequence of (a.11 (z)) converging to any point 
in 5. Then the assertion 2 holds. 0 

t ext we define stable d01nains( [Hi:vll]). 

Definition 1.2.5. Let G be a rational scn1igroup and U a connected cmn­
ponent of F( G). \Vc say that U is a stable clon1C1.in if there is an elen1ent 
g E G \ AutCC such that g(U) C U. And ,,.e set 

dcr { I ( ) . } Gu = g E G g U c U . 

Si1nilar definitions for en tire se111igronp can also h e given . 

Definition 1.2.6. Let U be aclon1ain ofCC and H asnbsen1igroup ofEnd(U). 
Then we set 

LH(U) (~r { <p : U -+ U I there is a seqnence (gJ) of n1utually distinct 

clen1ents of H such that !JJ -+ v locally u11ifon11ly on U as j -1 e0}. 

Remark 2. If g E H is non-constant and <p belongs to L H ( U), then <p o g E 

LH(U). ~·"Ioreover if <p also belongs to End(U), then go <p E LH(U). 
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: ·ow \Ve consider a case such that there are only finitely n1any constant 
limit functions taking its value in a domain U. In this case LH(U) has only 
finitely n1any elen1ents . 

Proposition 1.2. 7. Let G be a rational semigroup and U a subdomain of 
F (G) and we set 

H={gEGig(U)cU}, A= {(EUI3~E£H(U), v=(}. 

If H is finitely generated and if 1 < ~A < co, then any <y E LH(U) 'lS 

a constant rnap being its valueE U. And AI = H n Aut(C) has only fin itely 
rnany elerrwnts. 

Remark 3. A sin1ilar result for entire sen1igroup also holds. And if \Ye set 

then 

P{<? E LH(U) 13( E U, r.p = (} = l, Idu E LH(U). 

Next \\·e consider a case such that there are infinitely n1any constant 
lin1it fu11ctions taking its value in a stable don1ain. 

Proposition 1.2.8. Let G be a rational(entire) se1nigroup} U a stable do-
7nain of G. vVc set 

H:::: Gu, 

If A has an accurnulation point in U 
1 

then B 'is a ]Jerfect set} in parbcular 
an Hncount ablc s·et. 

Proof. First, it is easy to sec that B is a closed subset of U. Assun1e that A 
has <-1.11 accUJnulation point in [j and ( E B is an isolated point. There is a 
sequence (YJ) of H converging ( locally unifon11ly on U. By our assu1npsion 
A is not en1pty and Lake a point. :r E A. Then !JJ (.~:) --* ( as j --t co and 
!]j(x) E A by the re1nark after Definition l.2.G. So ( belongs to U, for it 
is an isolated poin t. 1 ow !JJ ( () --t ( as j --t oo and gJ ( () = ( for large 
enough j because ( is isolated . Also for each co1npact set I( , !}j Inaps I\-
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into a sn1all disc about ( for large enough j. It follows that for large enough 
j, the point (is an attracting fixed point of 9]· Take a large enough number 
j and set g = gj. For each y E A the sequence (gn (y)) converges to ( as 
n --t co . Because ( is an isolated point, gn (y) = ( for each large enough n. So 
A C Ung-n { (}, and each point of A is isolated in U because {gn} is norn1al 
in U. This is a contradiction. 0 

If A has infinitely n1any points and there is no accumulation point of A 
in U, then by the proof of Proposition 1.2.8, for any ( E A there is an elen1ent 
g of H such that A C Ung-n { (}. It is a problen1 whether this situation can 
occur or not . 

Conjecture 1.2.9. If A has infinitely many points, then A has an accumu­
lation point in U. 

If this conjecture is true, by Proposition 1.2.8, it in1plies the follov.-ing 
conjecture . 

Conjecture 1. 2.10. If A has infinitely rr~any points} then B is a perfect set. 

~ ext we consider the nearly abelian sen1igroup in [Hrvil] and the li1nit 
functions as an exan1ple. 

Definition 1.2.11. Let G be a rational sen1igroup containing an elen1ent g 
with deg(g) 2 2. \Ve say that G is nearly abelian if there is a con1pact fan1ily 
of i'viobius (or linear fractional) transforn1ations <D = { <.p} with the following 
properties. 

• r.p(F(G)) = F(G) for all cp E <P 

• for all f, g E G there is a cp E <P such that f g = <.pg f 

Then by [Hl\111], if g E G is of degree at least t\vo, then J (G) = J (g). 
And it is also sho\Vll in [HiVIl] that in each stable donw.in U, the type of each 
ele1ncn t g E Gu such that deg(g) is at least two coincides. Here \Ve define by 
the type of g E G u the type of the connected con1ponen t of F (g) containing 
U. 

Let _-:( be a subset of C that is not a round circle. \Ve set 

G = {g I g is a polynon1ial, J (g) = x·}. 

If G contains an ele1ncn t g such that dcg (g) is at least two , then G is nearly 
abelian and we can take a fa111ily <D of Definition 1.2.11 so that it contains 
only finitely 111any clen1cn ts . 
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Proposition 1.2.12. Let G be a nearly abel-ian rational semigroup, 1> the 

family in Definition 1. 2.11 and U a stable domain. We set H = Gu and 

B = { ( E [J I 3<? E LH(U), :;; = (}. If 1> has only finitely many elernents, 
then for any element g of H, 

Be u 
in particular, B has at nwst finitely many elernents . i\!Joreover if B is not 

C7npty, either all ]JOints of B belong to u OT all points of B belong to aU. 

?roo f. Let a be an clcn1cn t of £ H ( U). Then there is a sequence (gJ) of 

111 u t ually distinct clen1cn ts of H con verging to a locally uniforn1l}- on U. Let 

g be any elc111Cn t of H. For every j there is an elen1en t '? J E <D such that 

\Yc can assun1c that (<?J) con,·erges to an elen1ent <?of <D. Then 

ga = g lin1 !Ji = lin1 <?igi g = <?O:!J . 
) -'r co ) -'r co 

If a is identically equal to a constant value ( E U, then 

g(() = <?((). 

There arc son1c positive integers n, 771 with n + 771 ::; ~<D + 1 such that gm(() 
is a fixed point of !) 11

• ! 0\\' aSSllll1C that B n u i 0 and B n au i 0. Let .T, !J 

be points of B n U, B n au respectively. Then there is a sequence (h.J) of 

n1ntually distinct clcn1cnt.s of H converging toy lo cally u11ifonnly on U. The 

seque11c (hJ(:t)) converges to !J as j 4 oo and hi(x) belongs to B for each 

j, this in1 plies that B has infinitely n1any cle1nen ts . 0 

Example 1. 2 _13. Let n be an integer snell that n 2:: 2 and \\·e set f ( z) = 

.:1! + c, a(z) = expC2;~;).: and G = (f, af, · · ·, al!- 1/). Then G is nearly 

abelian. If lei is s1na ll enough , then 0 belongs to F (G). Let U be the stable 

dmnain containing 0. Thrn 

Llf(U) = {a1(.:o), j = 0, .. . , 11.- 1}. 

\\·here .:o is an at tract.ing fixed point of f i 11 U ancl ~£ H ( U) = ll. _-\lso t.herc 

is a lllllllber c such that C'ac:lt clc1nent of Lu ( U) is constant value of DU and 

tLH(U) =II. 
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Example 1.2.14. Let rn, n be integers greater than 1. \\-e set f(z) = 

zm(.~- c), g(z) = zn(z- c)+ c, G = (f, g). If lei is sn1all enough, then 0 and 

c belong to the same connected con1ponent U of F(G). ~ ow f(O), f(c) = 0 
and g(O), g(c) = c and it in1plies that 

Lc(U) = { vo, <?c}, where 'Po= 0, <?c = c. 

Also G is not nearly abelian, for, the type off is super attracting and different 

fro111 that of g. 



22 

Chapter 2 

Hyper bolicity 

2.1 No Wandering Domain 

Definition 2.1.1. Let G be a rational sen1igroup. \Ve set 

P( G) = U { critical values of g}. 
gEG 

\\·e call P( G) the post critical set of G. V'ie say that G is hyperbolic if P( G) C 

F(G). Also \\·e say that G is sub-hypcTbolic if p{P(C) n J(C)} < oo and 

P(G) n F(G) is a con1pact set. 

\ 'Ve denote by B(:c, c) a ball of center .L; and radius c in the spherical1netric. 

\Ve denote by D(.T, c) a ball of center T E <C and radius c in the Euclidian 

111etric. Also for any h) perboplic Ine:u1ifold ivf we denote by H(.T, c) a ball 

of center J; E ~\! and radius E in the hyperbolic n1etric. For any rational 
n1ap g, \\·e denote by B9 (:c, c) a connected cmnponent of g- 1(B(.T, c)) . For 

each open set U in C and each rational n1ap g, we denote by c( U, g) the set 

of all connected con1ponents of g- 1(U). Note that if g is a polynon1ial and 

U = D(.T, r) then any elentent of c(U, g) is sin1ply connected by the Inaxiinal 

principle. 

For each set A in <C, we denote by Ai the set of all interior points of A. 

Definition 2.1.2. Let G be a rational scn1igroup and A a set in <C. \\·e set 

G(A) = U 9Ecg(A) and G- 1 (A)= UgEC.G-
1 (-4). 

\ Vc can shO\\. the follo\Ying Len1n1a inunediately. 

23 



2-± CHAPTER 2. HY-PERBOLICITY 

Lemma 2.1.3. Let G be a rational semigroup. Assume that {fA} AE.\ zs a 

generator system of G. Then we have 

U {crit-ical values of g} = U ( G U {I d}) ( { cTit·ical values of fA}). 
gEG 

Definition 2.1.4. Let G be a rational sen1igroup and ~v a positive integer. 

\\·e set 

SHs(G) 

{.r E Cl36(:r) > 0. 'Vg E G 'VB9 (x 6(.r)), deg(g: B9 (.r 6) -t B(:c 6)) ::S ~Y} 

and UH(G) = C \ (UsEi'ISHs(G)). 

Remark 4. By definition, SHs(G) is an open set in C and g- 1(SHN (G)) c 
S HN(G) for each g E G. Also U H(G) is a con1pact set and g(UH(G)) c 
[/ H (G) for each g E C. For each rational 111ap g '\\·ith deg(g) ~ 2 any 

parabolic or attracting periodic point of g belongs to U H (G) . 

Definition 2.1.5. Let G be a rational se111igroup. \Ve say that G is serni­

hyperbolic (resp. weakly se1ni-hyperbolic) if there exists a positive integer ~v 

such that J(G) C SHs (G)(resp.CJJ(G) C SHN(G)). 

Remark 5. l. If G is sen1i-hyperbolic and !V = 1, then G is hyperbolic. 

2. If G is hyperboli c, then G is scn1i-hyperbolic. 

3. For a rational n1ap f '\\·ith the degree at least two, (f) is sen1i-hyperbolic 

if and only if f has no parabolic orbits and each critical point in the 

.Julia set is 11on-rccurrent([ C.JY], [Y]). If (f) is sen1i-hyperbolic, then 

there arc neither indifferent cycles, Siegel disks nor Hennann rings. 

Definition 2.1.6. Let 1·1 be a don1ain in C and E a con1pact subset of F . 

\ \'e set 
n1od (E, V) =sup{ rnocl A}, 

where the suprenrurn is taken over all annulus .4 such that E lies in a cornpact 

cmnponcnt of il \A. 

Lernma 2 .1. 7 ( [ CJY]). FaT any ]JO sit-ivc integeT !V and Teal nurnbeT ,. with 

0 < r < 1, then~ c:L·ists (l. constant C = C( !Y , r) :·inch that if f : D(O, 1) ---1 

D(O, 1) is a pnJpe1· holonwTph ic 77WJJ with clcg(f) = iV, then 

H(f (2o), C) C f (H (2o, r )) C H(f(2o), r) 

for any 2 0 E D(O, 1). He1·c we can take C = C(1V, r) -independent of f. 
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Corollary 2.1.8. For any positive integer JV and real numbeT T with 0 < 
r < 1, there exist constants r 1 and r2 with 0 < r 1 ~ r2 < 1 depending only 

on r , JV such that iff : D(O , 1) -t D (O, 1) is a proper holomorphic map with 

deg(f) = 1V and f(O) = 0, then 

D(O , r1) C TV C D(O , r2) 

where TV is the connected component of f- 1(D(O, r)) containing 0. 

Corollary 2 .1. 9 ( [Y]). Let V be a simply connected domain in C 0 E 

il, f : \i -t D (O, 1) be a proper holomorphic map of degTee JV and f(O) = 
0 TY be the component of f- 1(D(O, r)) containing 0, 0 < r < 1. Then theTe 

exists a constant J-( depend·ing only on r and ]'..,.-, not depending on V and f , 

so that 

for all1:, !J E 8TV. 

X 
1-1 ::; J( 
y 

PToof \Ve will foliO\\" Y.Yin's proof([Y]). Let g : V ---1 D(0 , 1) be the univa­

lent function such that g(O) = 0. FroiD Corollary 2.1.8, 

for all .T E oT~V. Applying the Koebe distortion theorer11, we have that 

Then 

I ( -1) I ( ) I T 1 I I I ( - 1 I ( I 7'2 
g 0 . ( 1 + 7't )2 ~ .T ::; !J ) 0) . ( 1 - 7':2) 2 . 

I
.T 

1 
7·2(1 + TJ r~ __ 

- < =: l\. 
y - 1't(1- ,.:2) 2 

l\- is a const;.u1t depending only on JV and r. D 

Lemma 2.1.10. Let V be a dornain -inC, J( a continuum -inC wdh diarnsf\ = 

a. Assu1ne V C C \ J(. Let f : \1 ---1 D(O, 1) be a p1·opeT holornorphic 

rnap of degTee JV. Then theTe exists a constant r( JV, a) rlepenchng only on 

!V and a such that for each ·r with 0 < r :=; r ( ;V, a), there e1;ists a constant 

C = C ( JV, .,.) depending only on !V and T satisfuing that fo7· each connected 

com.pouent U of f- 1(D(O, r)), 

dimns U ~ C, 

where we denote by dianLs the spherical d·imnete'l'. Also we have C ( !V, r) ---1 0 

as ,. ---1 0. 
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Proof. Let r be a number \Yith 0 < r < 1. Let U be a connected component 

of j- 1(D(O, r)) and \/' be the connected con1ponent of CC \ V containing 

](. Since \l is connected, \/' is simply connected . Let U' be the connected 

con1ponent of CC \ U containing V'. Since U' is also simply connected and 

V' C U', we have that there exists a connected cornponent of U' \ \I' \\·hich 

is a ring don1ain. 

There exists a sequence (ri) ]=o of real nun1bers \Yith r0 = r < r 1 < · · · < 

rn = 1 such that there exist no critical \·al ues of f in D ( 0. ri+ t) \ D ( 0, rj) for 

j = 0.... n-1. For each i = 0, ... , n~ let U!' be the connected con1ponent of 

f- 1 (D(O, ri)) containing [J and let [Jf be the connected con1ponent of CC \ [Jf' 

containing F'. Then \\'C have 

U~' = U c U~' c · · · c u;: = F and 

U' = U' ::J U' ::J · · · ::J U' = V' 0 1 1l . 

By the construction, f: u:~l \ U;' --1 D(O, ri+l) \ D(O, ri) is a proper D1ap for 

i = 0 ... , n-1. Since there exist no critical values off in D(O, ri+t)\D(O, ri), 

each connected con1poncnt of Uf~ 1 \ Uf' is a ring don1ain. 

Now \\'C clain1 that for each i = 0, ... , n - 1, there exists a connencted 

COinponent of Uf~ 1 \ [)j' which is included in Uf \ Uf+l . \Vc \Vill show that. 

Since au: c u:~ I l there exists a ring dmnain Ri in u:~ l \ Uf' such that au: 
is a connected con1poncnt of aRi. Let R~- be the connected cmnponent of 

u:~ I \ Uf' containing Ri. Since 

we haxc I( n a(Uf \ Uf+ 1 ) = 0. Hence R~ C Uf \ Uf+ 1 and we have proved the 

abo\·c clain1. 

Frmn the above clai1n, we get 

1 ,. . 
1110d (U/+ 1, U') > --lo<r ~ for i = 0, .. . , n- 1. 

l - 2IT !V o , .i , 

It follO\\·s that 

nwd (V', U') 

> 

n-1 

1 1 
--lew-. 
2:t .:Y o ,. 
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On the other hand, by Lemn1a 6.1 in p34 in [LV] we have 

·) 
- 7f-

D10d (1/' U') < -. ' ' - 2C2 · 
1 

where C1 = min {a, dian1 5 U} . Hence the staten1ent of our lemn1a holds. 0 

Lemma 2 .1.11. Let F and lF be s-imply connected domains in CC. Suppose 

that lV C \.1 and mod (IV, \l ) > c > 0. Then there exists a constant 0 < /\ < 
1 depending only on c such that 

diam IV 
---:::;-A, 

diam V 

here by ::diam ·: we mean the spherical diameteT. 

Proof. \Ve can assun1e that 0 E IV and dian1 V = d(O, 1) "·here d is the 

spherical n1etric. Let g : D(O, 1) --1 V be the Rien1ann n1ap such that 

g(O) = 0. By Theoren1 2.4 in [!\de], there exists a constant c1 depending only 

on c such that 

\\·here \ve denote by dian1H the dian1cter \Yith respect to the hyperbolic n1etric 

in D ( 0 1). Since dian1 v· = cl(O, 1), by the Eoe be distortion theorcn1, we 

have that there exists a constant c2 not depending on V and Hi such that 

!g'(O)I :::; c2 . Using the I(oebe distortion theoren1 again, we sec that there 

exists a constant c3 depending only on c such that for each z E g- 1 (Hi ), 
ig(z)i:::; c3 . Hence there exists a constant 0 < c.1 < cl(0,1) depending only on 

c such th<-lt dian1 1~V :::; c.1 . 

0 

Lemma 2.1.12. Let G = (]1 , ... , fm) be a finitely generated rational se·mi­

gro?.LJJ. Let y be a point of cc \ u H (G). If theTe e1:ists· a neighboTiwocl vV of 

u such that cc \ c-l (IV) contains a contirnturn} then there e:J:'ists a ne?:gh­

b01·1wocl n i 1 of y such that joT each s1:rnply connected open neighb01-lwod V 

of y included in Hi 1 and joT each g E G, each elernent of c( \1, g) ·is .'-rirnply 

connected. 

? ·roof. For each j = 1, ... , n1., let C1 be the scL of all critical points of fJ. By 

Lcnuna 2.1.10, there exists a o > 0 s11ch that for each g E G. each clcincnt 

of c( B (y 6), g) docs not contain a11y t\n) diffcrcn t points of CJ, j = 1, . .. 1n. 

Then for any simply connected opc11 neighborhood F of y included in B(y, c5) 
and for any g E G, each clen1cnt of c(F, g) is sin1ply connected. 0 
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Lemma 2.1.13. Let G be a rational semigroup and 1V a positive integer. 
Then for each g E G, any critical point c of g does not belong to SHN( G) n 
(G U { id} )(g(c)). 

Proof. Assume that there exists a critical point c of an element g E G such 
that c E SHN(G) n (Gu {icl})(g(c)). Then there exists a sequence (gn) in G 
so that gng( c) -t c. 

There exists a positive nun1ber E such that B(c, E) c SHN(G). Since 
gng(c) -t c, \Ye can construct a sequence (nj) and a sequence (Bj) so that 
for each j, BJ is a connected con1ponen t of ( (gn 1 g )(gn~ g) · · · (gni g)) -l ( B ( c, E)) 
and c E Bj, which contradicts that c E SHN(G). 0 

Lemma 2.1.14. Let g be a rational map with deg(g) 2:: 2 and JV a posi­
tive integer. A ssurne that .T E J ((g)) n 5 Hs ((g)). Then 1: belongs to neither 
boundaries of Siegel disks, boundaries of H ennann 7'ings nor indifferent cy­
cles. 

Proof. By Theoren1 1 and Corollary in [~ ·la4] and Len1n1a 2.1.13, we can shO\\. 
the staten1ent in1n1ediately. 0 

Definition 2.1.15. Let G be a rational sen1igroup and U a con1ponent of 
F (G). For every elen1ent g of G, \Ye denote by U9 the connected con1ponent 
of F (G) containing g ( U). \ Ve say that U is a \\·andering don1ain if { U9 } is 
infinite. 

Remark 6. In [Hi\tll ], A.Hinkkanen and G . .J.~VIartin shO\\·ed that there ex­
ists an infinitely generated polynon1ial sen1igroup ·which has a wandering 
don1ain. 

Lemma 2 .1.16. Let G be a r·ational scrn'igro7J]J which contains an clement 
with the dcgTcc at least two. Let 1: be a point ofF( G) and assurnc that there 
c1:ists a point !J E 8 J (G) and a SC(j?.lence (!JIL) of clc,mcnts of G such that 
!Jn(.-z;) -t y. Then we have !J E P(G) n EJJ(G). 

?1-ooj. \Ve can assun1e that ~P( G) 2:: 3. Suppose y E C \ P( G). Let 6 be a 
lllunbcr so that B(y, 6) C C \ P(G). \Ve can assurne that for each ·n, gn(.1;) E 

B (!J, 6). For each ·n, there exists an analytic in verse branch o: n of gn in U 
such that a/L(gn(.1:)) = :r. Since ~P(G) 2:: 3, \H~ have {o:,1 }is norn1al in U. 
Hence if we take an E s1nall enough, 

dian1 an(B(y, cc5)) < d(x,J(G)), for each n. 

But .1: E o:n(B(!J, c5)) for large n ancl etn(B(y, cc5)) n J(G) ':F 0 because J (G) 
is back\\·arcl in variant under G. This is a con t.racliction. 

0 
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Corollary 2 .1.1 7. Let G be a rational semigroup which contains an element 
with the degree at least two. If P(G) n EJJ(G) = 0, then for each x E 

F (G), G ( x) \ F (G) and there is no wandering doma-in. 

Lemma 2.1.18. Let G be a polynomial semigroup 1 JV a positive integer and 
y a point in EJJ (G) n C. Assume that there exists an open neighborhood U of 
y S'U.Ch that u c SH:v(G) and ~(C \ G- 1 (U)) 2:: 3. Then for each :c E F(G), 
G(x)cC\{y}. 

Proof. \Ve can assun1e that oo E C \ c- 1 (U). Suppose that there exists a 
point x E F(G) and a sequence (gn) in G such that Yn(x) -t y as n -t oo. 
Let 6 be a positive nun1ber so that for each g E G, 

deg(g: V -t D(y, o)) ::; /V, 

for each V E c(D(y, o), g) . For any r with 0 < r::; 6 there exists a positive 
integer n(r) such that for each integer n \\·ith n 2:: n(r), gn(x) E D(y, r). 
Let Dgn (y, r) be the connected con1ponent of g;; 1(D(y, r)) containing x. For 
each n ,,·ith n 2:: n(r), there exists a conforn1al n1ap y 71 fron1 D(O, 1) onto 
D9 n (y,6) such that vn(O) = x. Fron1 Len1n1a 2.1.10, there exists a constant 
C (r) with C ( r) -t 0 as r -t 0 such that for each integer n with n 2:: r1- (r), 

Since nc \ G-l (U)) 2:: 3, the fcnnily { ctJn } is nornlal in D(O, 1). Hence if T is 
sufficiently sr11all, then for each integer n \vith n 2:: n(r), 

dian15 Dg,.(!J,r) < cL(J(G),.-z;), 

\vhere \ve denote by dia1n5 the spherical dian1eter and by d the spherical 
distance . On the other hand, since J (G) is backward in vari<:ul t under G ;.tnd 
!J E J(G), \ve have that for each n \vith n 2:: n(r), D 9" (y, r) n J(G) :f. 0. This 

is a contradiction. Therefore we have for each .1: E F(G), G(.'r) C C\ {y}. 0 

Lemma 2.1.19. Let G be a polynornial scrn-igroup. Assunw that ther-e exists 
a point T E F(G), a point !J E CJJ(G) and a sequence (gn) in G s-uch that 
giL (.1:) -t !J as n -t oo . Then at least one of the following holds. 

1. U H (G) = 0 and each clcnwnt of G is a lvfdbius tr-ansformation. For· 
each 2 E F (G), y E G (.::). 

2. ~(UH(G)) = lor· 2, UH(G) c J(G) and UH(G) n EJJ(G) ':F 0. F01· 
each 2 E F(G), !J E G(2). 
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.J. y E UH(G). 

Proof Suppose that ~(UH(G)) 2: 3. Fron1 Lernn1a 2.1.18, \Ye ·have y E 

UH(G). 
Suppose there exists a point z E F(G) such that G(z) c C \ {y}. 

Then there exists a neighborhood 1/ of z such that G(V) c C \ {y}. By 

Lemrna 2.1.18, y E UH(G). 
:-Jo,\· \\·e consider the case ~(UH(G)) = 1 or 2. Then co E UH(G). If 

::>0 E F(G), then since G(oo) = {co}, fron1 Len1n1a 2.1.18 the condition 

3. holds. : ·0\\. suppose oo E J(G). There exists an elen1ent g E G \Yith the 

degTee at least two. Frmn Corollary 2.1.14, g has no Siegel disks. Let z be a 
pointinF(G). SinceF(G) C F((g)), z E F((g)). Fron1nowanderingdon1ain 

theoren1 and the fact that g has no Siegel disks, there exists an attracting 

or parabolic periodic point ( E F(G) of g and a sequence (nJ) of positive 

integers such that gni(::) -t (. \Ve ha\·e ( E UH(G). If ( E fJJ(G), then the 

condition 2. holds. If ( E F (G), then since G is a polynon1ial sen1igrou p, ,,.e 

have G({(}) = {(} C F(G) and it in1plies y E UH(G) fron1 Len1n1a 2.1.18 . 
Hence the condition 3. holds. 

Finally we consider the case U H (G) = 0. Ass tune there exists an elernen t 
h E G with the degTee at least two. Since F (G) "/:: 0, \Ye have F ((g)) "/:: 
0. By the no \\·andering don1ain theoren1, g has (super)attracting cycles, 

parbolic cycles, Siegel disks or Hennann rings. Since U H (G) = 0, this is a 

contradiction. 0 

Theoren1 2 .1.20. Let G be a rabonal se1nigToup containing an clc77wnt with 
the dcgTcc at least two and U a connected cornponcnt. Assume that there 
e1:£sts a sequence (gn) of clcnwnts of G such that Ug,. n Ug,, = 0 if n "/:: 771 ( 

in ]JaTiticular, U is a wandc1~ing do77Lain). Then thcTc exists a subsequence 
(!Jnj) of (g~~) and a ]JOint y E P(G) n DJ(G) such that (gnJ corwcr]CS to !J 
locally uniformly on U. 

?Too f. By the rnethod in the proof of Thcoren1 2.2 .3 in [S 1], we can sho,,· 

that there exists a subsequence (gnJ of (gn) and a point y E oJ( G) such 

that (glt
1

) converges toy locally u11ifornlly on U. Hence the statcrnent of our 

theoren1 holds fron1 Len11na 2 .1.1 G. 0 

Theorem 2.1.21. Let G ben ]Jolynmnial sc·rn?:yrOH]J and U a connected co7n­
]Joncnt ofF( G). As.<·i"I/.71Le that then~ cT'ist.'; a .'iequencc (yll) of clcnwnts· of G 
such that U9 ,. n U9 , .. = 0 if n "/:: n1 (in ]Jariticular, U is a wandcTing doma-in). 
Then at least one of the following holds. 

1. U fl (G) = 0 and each clcnwnt o j G -is a lvf obi us trnnsfonnation . For 
each::: E F(G), G(::) n fJJ(G) ~ 0. 
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2. ~(UH(G)) = 1 or 2, UH(G) c J(G) and UH(G) n fJJ(G) "/:: 0. For 
each z E F(G), G(z) n fJJ(G) "/:: 0. 

S. Thereexistsasubsequence(gnj) of(gn) andapointy E UH(G)nfJJ(G) 
such that (gnj) converges to y locally uniformly on U. 

Proof. Using Lernn1a 2.1.19, \\·e can sho\\. the staten1ent in the san1e \\·ay· as 

the proof of Theoren1 2.1.20. 0 

By Len1n1a 2.1.10 and using the n1ethod of the proof in Len1n1a 2.1.18. 

"·e can sho\,. the next len1n1a in1n1ediately. 

Lemma 2.1.22. Let G be a rat-ional scrn:igToup andy a point of fJJ(G) \ 
U H (G). Assume that thcTc ex-ists an open neighborhood U of y such that 
c \ G- 1 ( U) contains a continuu7n ](. Then joT each :c E F (G) 1 G ( .T) c 
C\{y}. 

Lemma 2.1.23. Let G be a rational scrn'igroup. Ass1.anc that thcTc cTists 
a point .T E F( G), a pointy E fJJ( G) and a suqucncc (gn) ·in G such that 
gn(:c) -t y as n -t co. Then at least one of the following holds. 

1. U H (G) = 0 and each clement of G is a Jvf obi us transforrnation. FoT 
each z E F(G), y E G(::). 

2. U H (G) is totally disconnected, U H (G) c J (G) and U H (G) n fJ J (G) "/:: 
0. FaT each z E F (G) , y E G ( z). , 

3. y E UH(G). 

PToof. Suppose U H(G) is e1npty. Then we can show that each elcn1ent of G 
is a !vio bi us transfon11ation in the saJne way as the proof of Lcrnn1a 2 .1.19. 

Suppose there e~ists a point::: E F(G) such that G(::) C C \ {y}. 
Then there e~ists a neighborhood V of z such that G(V) C C \ {y}. By 

Lcn1n1a 2.1.22, y E UH(G). 
Suppose U H(G) n F(G) "/:: 0. Let::: E U H(G) n F(Gl..}!_G(::) c C \ {y}, 

then by the previous argun1e11 ts, y E U H (G). If y E G (:::), we have also 

y E Ufl(G). 
If U H( G) contains a continttunl, then frmn Len1111a 2.1.2:2, we !tave !J E 

UH(G). 
Suppose that 0 -::f. Ufl(G) C J(G) ancl UH(G) is totall_\: clisconHcctecl. 

There c~ists an elen1ent!..! E G of degree aL least b\·o. Since U H( G) is t.otall_\· 

ciiscon11ectecl and F (G) "/:: 0, b_v no wandering don1ain theore111 \\·e can sltO\\. 

that !J has an (super) attracting or parabolic periodic point ( in fJ.J( G). \Ve 

lta,·e(EUH(G). 0 
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By Lemma 2.1.23, ''"e can sho''" the next result in the san1e wav as the 
proof of Theoren1 2.1.20. " 

Theorem 2.1.24. Let G be a rat·ional semigroup and U a connected com­
ponent of F(G). Assume that there exists a sequence (gn) of elements of G 
such that U9 n n Ug"' = 0 if n f. rn {in pariticular, U is a wandering domain). 
Then at least one of the following holds. 

1. [j H (G) = 0 and each elcrnent of G is a lvf obi1Ls transformat-ion. For 
each z E F(G), G(.:) n o.J(G) f. 0. 

2. [JH(G) is totally disconnected, UH(G) c J(G) and UH(G)noJ(G) f 
0. For each z E F(G), G(-:) n ()J(G) f. 0. 

3. There exists a subsequence (gnJ of(gn) and a pointy E UH(G)noJ(G) 
s·uch that (gn 1 ) convcriJCS to y locally uniformly on U. 

By Len1n1a 2.1.22, \\·e can sho,,· the next result in1n1ediately. 

Theorem 2.1.25. Let G be a rational scTnigroup. Assurne that G is weakly 
semi-hyperbolic and there is a point z E F (G) such that the closure of the 
C-orbit G(z) is included in F(G). Then for each T E F(G), G(:r) c F(G) 
and there is no wandering dorna·in. 

\Text theoren1 follo,,·s fr0111 Lcn1n1a 2.1.23. 

Theorem 2.1.26. Let G be a nLtiorwl scrn-igTDllp containing an clement g E 
G with deg(g) ~ 2. Assurnc that G is weakly semi-hyperbolic. IfF( G) i-
0, then for each :t· E F (G), G (:1;) C F (G) and thcTc is no wandering doma·in. 

Definition 2.1.27. Let G be a rat.ional se1nigroup. \Ve set 

Ao(G) = G({.: E C I::Jg E G ,,·ith cleg(g) ~ 2, g(.T) = x and lg'(x)l < 1.}), 

. 4o(G) = G({z E F(G) l3g E G with deg(g) ~ 2, g(x) = :z_· ancllg'(x)l < 1.}) 

. -1(G) = G({z E C I::Jg E G', g(.r;) = .1· and lg'(.z:)l < 1.}), 

-~(G) = G({z E F(G) I::Jg E G, !J(.t:) =:rand lg'(.-r)l < l.}), 

·where the clos11re in th cl 'finition of _.:l0( G) and .4( G) is considered in C. 
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Remark 7. Bydefinition,A0 (G) c A(G)nP(G). Foreachg E G, g(A0 (G)) C 
A 0 (G) and g(A(G)) C A( G). \Ye ha,·e also similar staten1ents for .-i0 (G) and 
.4(G). 

Lemma 2.1.28. Let G be a rational semigroup. If .40 ( G) is a non-ernpty 
compact subset ofF (G), then 

0 f .-io(G) = .4(G) c P(G) n F(G). 

Proof. Let g be any ::viobius transforn1ation in G and x E C a fixed point of 
g ''"ith lg'(x)l < l. Since g(A~o(G)) C .-io(G) n F(G) and .-io(G) f 0, we have 
that .·r E .-1'0 (G). Therefore the staten1en t follo,,·s. 0 

Lemma 2.1.29. Let G be a rational scmigToup containing an elcm.cnt with 
the degTee at least two. Assume that G is semi-hyperbolic and F (G) f. 0. 
Then 

0 f Ao(G) = .4o(G) =A( G)= .4(G) c F(G). 

PToof. Let g E G be an ele111ent ,,·ith the degree at least two. Since F (G) f 
0, the elen1ent g has a (super)attracting periodic point Tin F(G). By Re­
n1ark 4, we have that A. 0 ( G) C F( G). Hence the staten1ent follo,,·s fro111 the 
proof of Len1n1a 2.1.28. 0 

Lemma 2.1.30. Let G = (ft, / 2 , . .. , fm) be a finitely gcncTatcd Tational 
sernigToup. Ass1LTTW that each elcrncnt of G with the dcgTcc at least two has 
neither· Siegel d-isks noT H cnnann r-ings and each clement of Aut C n G {if this 
is not ernpty) is loxodTornic . Also assurnc that ~J(G) ~ 3. Let Ut, ... , Us be 
sorne connected c01nponcnts ofF( G) and 1( a non-empty com,pact subset of 
V = UJ= 1 Uj such that Uj n ]( # 0 for each j = 1, ... , s and g ( ]\-) C ]( joT 
each g E G. Then for· each cornpact subset L of V there e1:-ists a constant c 
wdh c > 0 and a constant /\ w-ith 0 < /\ < l s-uch that 

1. sup{ll(fin · ··/i1)'(z)lll z E L (in, ... ,-i t) E {1 , . .. ,rn}'l}::; c/\n, 
·whcr·e we denote by II · II the nann of the dcrivat·ive of with Tcspect to 
the hypcTbolic rnctr .. ic on \f . 

2. sup{cl(/i, · · · /i 1 (z), I\) I :: E L, (i,l, ... , it) E {1, . .. , rn}1l} :::; c/\'\ 
wheTc we denote by rl the spherical rnctr·-ic . 

Proof. Let CL be a large positi,·e 1111111ber. For each j = 1, ... , s, let I\J be 
the COlllpact a-neighborhood of 1\' n uj in Uj with respect to the distance 
induced by the hyperbolic n1etric in UJ. \ \'e set I\-o = Uj= 1 I\- j. Then for each 
g E G, g(I\0 ) C 1\0 . If a is large enough, we have that L C I\-o. 
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\\·e clain1 that there exists a constant c > 0 and a constant /\ < 1 such 
that 

·where \Ye denote by II · II the norm of the derivatiYe of \\·ith respect to the 
hyperbolic n1ctric on F. To shO\\. the clain1, let :: be a point of f\ .. ·1 and 
(is+l · ... , it) an clernent of {1, ... , nL}s+I_ Then there exists an integer t 

\\·ith 1 :::; t :::; s such that (!t-.+ 1 • • • fit+l) (G-1~) c U1t, \\·here U;~ is the cornpo-
nent of\· containing (fit·· ·!t- 1 )(U1 ). Frmn the assurnption, \\·e ha\·c that for 

each :z; E I\-j 1 , II (fi.-r- 1 • • • I-t+ 1 )' (.1:) II < 1. Hence 

Therefore the clain1 holds . 
Fron1 the abo\·c clair11, \YC can shO\\. the staten1ent of our lcn11na inln1edi-

atcly. D 

Definition 2 .1. 31. Let G be a rational scn1igrou p and U a open set in C. 
\Vc say that a non-cn1pty con1pact subset J( of U is an attractor in U for 
G if g(J() C J( for each g E G and for anv open neighborhood V of]\- in [j 

and each :; E U, g (:;) E U for all but fini tcly n1any g E G. 

Lemma 2.1.32. Let G = (!I, !2, . .. , fm) be a finitely generated rational 
sernigToup and E a finite subset of C. Assurnc that each x E E 1:s not 
a non-TepeUing fi.Ted point of any elernent of G. Then joT any j\,J > 0, 
thcTe ex-ists a positive integer n0 such that for any integer n with n 2:: n 0 if 
:; , frt· 1 (:;), fu:'2 frc 1 (:;), • · • , (fu·,._ 1 • • • fu· 1 )(:;) and (fw" · · · frt· 1 )( z) belong to E 
and I(Jw,. · · · fw 1 )'(z)l f; 0, then l(frc,. · · · fw 1 )'(z)l > JJ. 

P1·ooj. \ Vc \Yill shO\\. the stat.cinCil t. by induction on ~E. \\'hen ~ E == l, it 
easy to sec that t.hc st.ate1ncnt holds. No\\' assu1nc that for each finite subset 
E of C \\·ith r£ :::; s the state1ncnt holds. Let £' be a finite subset of C \\·ith 
~E' = s + l and asslllllC that each T E E 1 is not a non-repelling fixed point 
of any clernent of G. Take a lllllllOcr Afo so that 

-\ 10 (ill f { I ( f j ) I ( () I I ( E E I ) ( Jj ) I ( () f; 0 ) j = 1 ' .. . 1 177 . } ) '2 > 1. 

Fro1n the h)rpotltcsis of the induction, there exists a positi\'C integer n. 0 such 
that for an)· Sllbsct. E of E 1 \\·it.h E f; E 1 and for an.\' integer n \\·ith n 2:: n 0 , 

if .1:, fu· 1 (.r), fw 2 fu· 1 (.1'), , (fu·,._ 1 • • • fu ·1 )(T) and (Jw,. · · · frt· 1 )(:c) belong to 
E and l(fll',. · · · fu- 1 )

1(.r)l f; 0. t.hcn l(fll.,. · · · fu- 1 )
1(.r)l > Jfo. for each !J E E 

and postive int.'ger t \\·ith t:::; n0 + l, \\-e set 

Gy.t = {!! E G' I !J(!I) = y, q: a product oft generators } . 
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Then we haYe that ~Gy,t < co and for each g E Gy ,t, y is a repelling fixed 
point of g. 

N 0 \\' ass u ill e that z ) f w I ( z ) ) f 1L''2 f u; 1 ( z) ) . . . ' ( f w n - I • • • f u.· I ) ( z) and ( f w" . . . fUJI )(:;) 
bel 0 n g t 0 E I ) ( f u; n . .. f u; I ) ( z) = z ) ( f w n . . . f w I ) I ( z) # 0 and ( f u; j • . . f u; 1 ) (:;) f; 
z for each j == l, ... , n - l. If n :::; no + l, we have 

l(fw" · · · fw 1 )
1(z)l > inf{lg'(z)ll g E G:: ,t, 1:::; t:::; no+ 1} > 1. 

If n 2:: n 0 + 2, then we have 

l(!lcn · · · fu.· 1 )
1
(z)l > ;\1o(inf{l(fJ)

1 (()11 ( E E
1 Jj(() =F 0, j = 1, ... rn.}r~ > 1. 

Frm11 these results, \\·c can shO\\- that for any J.J > 0, there exits a positive 
integer n 1 such that for any integer u \\·ith u 2:: n1 if z, fw 1 (.:), fw'2fw 1 (::), ••• , 

(fru,._
1 

• • • fw
1
)(z) and (frcu · · · fw 1 )(z) belong to£' and l(fwu · · · fu..J

1
(z)l f; 0, 

then 

Hence we have con1pleted the induction. 
D 

Lemma 2.1.33. Let G = (!I f2, ... , fm) be a finitely geneTated rational 
sernigToup and E a finite subset of C. Assurne that each 1-· E E is not any 
non-1·epeUing JD;ed point of any elernent of G. Then theTe e1;ists an open 
neighborhood V of E in C such that fm· each :z E 1/, if there e1:ists a woTd 
w = (w1 w2, ... ) E {1, ... ,7n}N satify·ing that: 

1. joT each n, (fu·,. · · · frt· 1 )( :z) E V, 

2. ( frL',. · · · fw
1 

( z)) accurnulates only in E and 

.J. for each n, (fu:,. · · · / 11: 1
) ( () E E and (Jw,. · · · ]u: 1 )

1 
( () f; 0 whe1·e ( 'lS 

the closest ]Jo ·int to z 1:n E, 

then :; ·is equal to the ]Jm:nt ( E E . 

P1Doj. Let c be a sn1allnun1Lcr so that B(.T, c) n B(y, c)= 0 if :r, !J E E and 
.z; f; y. Take an c s1nallcr, if neccsany, so that if .:0 E E ancl Jj ( zo) '=F 0 for 
son1e J, then fJID(.:o ,r.) is i11jcctivc . \\-e set I/= U::E£B(z, c). 

Let :; E F be a point . .-\ssurnc that there exists a \Yord w = ( 1c,, w2 . .. ) E 

{ l, . . . 711} N satisfy·ing the concl j tions l, 2 and 3. \ \"c Set O.n = fw,. fu·,. _1 ••• fu: 1 • 

From the conditions 2 and 3, there exists a point a E E and a seq uencc ( nJ) 
such that n,

11
(.:) ~ o as j ~co and Cl 11 i(() =a for each j. B)' lcinina 2.1.32, 
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\Ye have I ( O:n)' (()I -t oo as n -t oo. Hence by the Koebe distortion theorem, 

there exists a number TJ > 0 such that for each positive integer j, there 

exists an analybc inverse branch /Ji of O:ni on B(a, 17) so that ,3i(a) = ( and 

,f]i(B(a, TJ)) C V and dian1 ,3t(B(a, 17)) -t 0 as t -too. 

\Ve set Yi = l3J(o:n1 (z)) for each large j. \Ve clain1 that for each integer 

l with 0 ~ l ~ n i - 1, if ( f tt·1 + 1 f w 1 · · · f u: 1 )( Y i) = ( f u:1 + 
1 
f u: 1 · · · f v.: 

1 
) ( z) , then 

(ftL·~fu· l - l · · · ftL.t)(Yi) = (!tt·1fu:1_1 • • • !u: 1 )(::). Let us shO\\. the clain1 abo\·e. 

Assun1e that (fu-1+ 1 ]tL., · · · JIL.J(I)}) = (]u:1+ 1 ]tL., · · · ]u: 1)(z) . \\'e have that 

is an analvtic in\·crse branch of ] 1c fw . 
1 

• • • ] 1c1 satisfrinrr 
.... n 1 n 1 - - +1 v 0 

By Len1n1a 2.1.32 and the hocbe distortion theoren1, \Ye can assun1e that 

Since 

(2.2) 

(!w,fu·l-1 ... f/L'I )(!)}) = (f/L'[fl/'1-1 ... !wl/3j)(o:llj(z)) E B((!u:,!tl'f- 1 .. . !u;l )((), c) 
(2 .3) 

in1pli cs that (f~JI,!w,_ 1 · · · f1u 1 )(yi) = (f~~·,fw,_ 1 · · · ] 11.1 )(2) . Hence the clain1 
above holds . 

Frmn this clairn, it follo\YS that YJ = :; for each large j. Since diam 

,6J(B(o, 17)) -t 0 as j -t "" , \\·c ha\·e z = (. 

0 

Theorem 2.1.34. Let G = (]1 , f2,... f,/l) be a finitely gcnc1 ·atcd 1·ational 
se7n-ig?'O?.L]J. Asszl7nc that F( G) ':/:- 0, there -is an ele11wnt g E G such that 

deg(u) 2:: 2 and each elcm.cnt. of Aut ccn G Of this 7:.'-j not C71Lpty) -is lo'J;odnJ7HlC. 
Also we assu1ne all of the following conditions: 

1 . . -lo (G) -is a co·mpact sub:-;ct of F(G). 

37 

2. any element of G with the degree at least two has neither Siegel disks 
nor Hermann lings. 

3. ~(UH(G) n fJJ(G)) < oo and each point of UH(G) n fJJ(G) -is not a 
non-repelling fixed po-int of any element of G. 

Then _40 (G) =A( G)':/:- 0 and for each compact subset L of F(G) , 

sup{d(fin · · · fi 1 (z), .4(G)) I:; E L, (in, ... , il) E {1, ... , 7n}n} -t 0, 

as n -t oo, where we denote by d the spherical metr-ic. Also _4( G) is the 

smallest attractor in F (G) for G. J'vf oTeover we have that if ( hn) is a sequence 

in G consisting of mutually disjoint ele1nents and converges to a m.ap ¢ ·in a 
subdomain \/ ofF (G), then o is constant taking its value in _4( G). 

Proof. First \\·e will show that _-10 ( G) = _4( G) ':/:- 0. By the condition 2, g 

has neither Siegel disks nor Hern1ann rings . Since F (G) ':/:- 0 and by the 

condition 3 applying the no wandering don1ain theoren1 for (g), \~e see that 

the elcn1ent g has an attracting periodic point :r in F( G). Hence Ao( G) ':/:- 0. 
By Len1n1a 2.1.28 \\·e get .40 (G) =A( G)':/:- 0. 

Next we will show that for each x E F(G), G(x) C F(G). Assun1c that 

there exists a connected con1ponent U ofF( G), a. sequence (gn) of elcn1ents 

of G and a point y E f)J (G) such that (gn) converges to y locally unifon11ly 

on U. \Ve take a subsequence (g 1,n) of (gn) satisfying that there exists a 

ge11crator ]i 1 so that 

for each n .. Ind uctivcly \\·hen \ve get a sequence (!JJ,n) /l satisfying that there 

exists a word (i 1, ••• ,ii) E {1, ... ,m,}i so that !JJ,n = ·· ·]i1 · ··]i 1 for each 

r1-, we take a ubsequence (.QJ+l,n),1 of (!Jj,n)n satisfying that there exists a 

generator /ii+l so that 

for each n. By the diagonal rnethod, we get a subsequellce (!Jn,n)/1 of (gn) 
satisfying that there exists a. word ( i 1, i2 , ... ) E { l, ... , 77L} N so that for each 

n, 

where o:n is an elen1ent of G. \Ve consider the sequence (/311) \\·here ,a,l = 

}·. . .. j'· . \Ve sec th;-l.t UJ -1 u:J if II, -1 '171.. For if there exists II and 7/L \\'ith 
ltl l( ' ll T . tH -r ' 

n > ·1n such that U;3, = Uo,,, then 

(f . · · · }·· ) (U-; ) c Ua In 1,,+ l ,:.. HI .' 171 
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and the element fi,.. · · · hm+I has an (super)attracting fixed point Xo in [JJm. 

By the condition 3, ·we ha\·e x 0 E .4( G). Fron1 Len1n1a 2.1.30, it contradicts 

to that (gn) converges to y E fJJ( G) in U. Hence U.s,.. =j U~3m if n =J rn. :\I ow 
let z be a point of U. Since U,a,.. i Uf3m ifni n1, ''"e have (Pn(z)) accun1ulates 
only in CJJ(G). By Theoren1 2.1.24, we can show that (,3n(z)) accumulates 
only in fJ.J(G) n UH(G). For each large n, let (n be the closest point to 
.3i,..(::) in CJJ(G) n [iH(G). Since ~(CJJ(G) n UH(G)) <co and there is no 
super attracting fixed point of any elen1ent of G in CJ.J( G)~ there exists an 
integer n0 such that for each integer n with n :2: no, 

Frmn Len1n1a 2.1.33, ,,.e get a contradiction. Therefore ,,.c have for each 

.T E F(G), G(.-r) C F(G). _ 
\io,,· let :r be a point of F(G). \Ve have G(x) C F(G). Let {U1, ... , L-5 } 

be the set of ~connected C0111ponents of F( c;) ha\·ing non-cn1pty inter­
section \\·ith G(.-r). \Vc set II = Uj= 1 UJ. Suppose that x E Ui. For each 
(is+t,i 5 , ... ,i 1) E {1, ... ,n1}s+l, there exists an integer t with 1 ~ t ~ s 
such that (/i$+ 1 ···fit+! )(UJJ c UJt, where UJt is the con1poncnt of V con­
taining (fit··· fi 1 )(Uj)· Fron1 our assumption, the ele111ent lis+!··· fit+! has 

an attracting fixed point in UJt n .4(G). Hence, frmn Len1n1a 2.1.30, \Ye ha,·e 

as n --7 oo. Therefore for each con1pact subset L of F(G) , the sin1ilar resu lt 
holds. 

Next \\·c ,,·ill shm\· that. -~(G) is the sn1allcst at tractor in F( G) for G. 
Frmn the argu1ncnt above, .~l( G) is an at tractor in F( G) for G. Let]( be any 
at tractor in F( G) for G. It is easy to sec that each attracting fixed point of 
any clcn1ent of G in F( G) belongs to the set 1\·. It in1plics that .4( C) C ]\-. 

Finally assu1nc (hn) is a sequence in G consisting 1nutually disjoint cl­
Cincnts e:utd converges to a 1nap ¢ in a subdon1ain \/ of F( G). Then by 
Lc1nn1a 2 .1.30 we sec that ¢ is constant taking its value in .-1 (G). 0 

B ~, Theorem 2.1. 3-± and Lc1nma 2 .1. 29, we get the next theore111. 

Theorem 2.1.35 . Let G = (f1 , f 2, ... / 11 ,) be a finitely gcncnLterl nLt'i.onal 
se1nignJlL.]J which i:·i .'-;em.i-h:y]Je?·bol-ic. A ssu1ne thrLt then; is an, elc·mcnt g E G 
sHch that cleg([l) 2:: 2 and each clc1ncnt of Aut CC n G (if this ·i..'; not C?TL?Jty) 

'is lo:r:ochmnic. If F (G) ~ 0, then 0 i .--1 (G) = Ao (G) C F (G) and fo,. each 
C01lL J)(L C t subsc t L of F (G), 

Sttp{d(fi,. · · · fi
1 
(::), .-1(G)) I: E L, (i ,!, ... , it) E {1, . .. , rn}n} --7 0, 
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as n -t oo, where we denote by d the spherical metric. Also A( G) is the 
smallest attractor in F (G) for G .. lvf oreover we have that if ( hn) is a sequence 
in G consisting mutually disjoint clernents and converges to a map ¢ in a 
subdomain \ l ofF (G), then ¢ is constant taking its value in .4( G). 

Theorem 2.1.36. Let G = (f1 , f2 .. . , fm) be a finitely generated rational 
semigroup which is sub-hyperbolic. Assume that there ·is an element g E G 
such that deg(g) ~ 2 and each element of Aut CC n G (if th-is is not empty) 
is lo.TodTomic. If F(G) i 0, then 0 i .:i(G) = .40 (G) C F(G) and for each 
compact subset L ofF (G), 

as n --7 co, whcTc we denote by cl the spherical rnct1ic. Also .4 (G) is the 
smallest attTactoT in F( G) for G. j\!JoTeovcT we have that if (hn) is a sequence 
in G consisting n2utually disjoint clements and converges to a map ¢ ~n a 
subdon2ain \.·' ofF( G), then ¢ is constant taking its value in .4( G). 

?Too f. Since .40 ( G) C P( G) and G is sub-hyperbolic, \Ye have that .-i'0 ( G) is 
a cmnpact subset of F(G) a11d HUH(G) n J(G)) < oo. Now let x· be a point 
of U H (G) n fJ J (G) . Assun1e that there exists an elen1en t h E G such that 
h( T) = .T . Since G is sub-hyperbolic, x is neither attracting nor indifferent 
fixed point of h. Since G is finitely generated, by [Hl'vi2], we have that there 
exists no superattracting fixed point of any elen1ent of Gin fJJ(G). Hence x 

is a repelling fixed point of h. 
Frmn Theorcn1 2.1.34, the staten1ent of our theoren1 holds. 0 

Proposit ion 2.1.37 . Let G be a finitely gcncTatcd Tational scnLig1·oup which 
contains an clcrnent with the dcgTcc at least two. Assurnc that ~P( G) < oo 
and P(G) c J(G). Then J(G) = CC. 

Proof. Suppose F( G) i 0. Let g E G be an elc1nent with the degree at least 
two. By the assu1nption of our Proposition, g has a super attracting periodic 
point in fJJ( G). On the other hand, since G is finitely generated, by (Htvi2], 
there exist no super attracting fixed points of any elerncnt of G in fJJ(G). 
This is a contradiction. 0 

. ow ,,.e consider the expandinglless of hyperbolic rational se1nigroll ps, \\. h ich 
gives us clll information about the anal~rtic property of thcnl. 

Theorem 2 .1.38. Let G = (f1, f2, ... fn) be a fin-itely {!Cnc·ratccl h'!J]JC?-!Jolic 
Tational scrn-ig1-oup . Assurnc that G contains an clc1ncnt with the dcgTcc at 
least two and each i\II ou'ius transfo?-rnat·ion 'in G is nc?:thc'l· the identity noT an 
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elliptic element. Let I( be a compact s1tbset of C \ P( G). Then there are a 

positive number c, a number A > 1 and a Riemannian metric p on an open 

subset 1i of C \ P( G) which contains ]'( U J( G) and is backward invariant 

under G such that joT each k 

inf{!i(f;k o · · · o /; 1 )'(z)IIP I z E (fi~: o · · · o /iJ- 1 (1<..'), (ik, ... , ii) E {1, ... ~ n}k} 

:2 c/\ k, here we denote by II · liP the no1m of the derivative 1neasured fronL the 

metric p to it. 

Proof. This follo'>'>·s from Theoren1 2.4.17 "-hich '>\-e \\·ill sho"· later, but here 

we \\·ill sho'>\. the staten1ent in the ,,·ay sin1ilar to that of the proof of theo­

reiD3.13 in [\Ic]. \Ve denote by B the union of all con1ponents ofF (G) each 

of \\·hich has a non-en1pty intersection '>Yith P(G). Let Bt, ... , Bs be all the 

con1ponents of B. For each j = 1, ... , s \\-e tal.;:e the hyperbolic n1etric in BJ. 

Let LJ be the £-neighborhood of P( G) n BJ in BJ with resp ect to the distance 

in BJ induced by the hyperbolic n1etric, "-here E is ~positive nun1ber which 

is sufficiently sn1all. \Ve set L = Uj= 1 LJ and V = C \ L. Then \/ contains 

]( U J (G) and for each elen1ent g of G the in...-erse in1age g- 1 (F) is included 

in \/. 
By Theoren1 2.1.34, there is a positive integer rno such that for each 

nun1ber rn :2 1n0 the closure of g;;
1

1 (V) is included in \/for any elen1ent 9m of 

Gin the fonD fi, o · · · o /z
1

• Now let 'ln be any positive integer with 1n 2 nzo 

and !Jm any elen1ent of G in the forn1 /i,. o · · · o /i 1
• \Ve set U = g;;./ (V). \Ve 

take the hyperbolic n1etric in each con1ponent of \/ and denote it by p. Also 

'>Ye take the hyperbolic 111etric in each con1ponent of U and denote it bv T. 

\ Ve ,..,-ill show that the inclusion 111ap ·i : U -t \/ satisfies that IIi' ( z) II < l 

for each z E U \\·here \\·e denote by II · II the nonn of the derivative nlea­

sured fron1 the Rie1nannian 1netric T on U to the Rie1nannian 1netric p on F. 

.--\ss11n1c that there is a point .:0 E U such that IIi' ( zo) II = 1. Let H1t be the 

con nee ted cOin ponen t of U con t.aining .:0 and 1-V2 the connected con1 ponen t 

of V containing .:0 . For each i = 1,2 the universal cover of 1Vi is D(O, 1). 

Let I: D(O,l) -t D(O, l) be the lift of i: \~VI -t \V2. Since lli'(zo)ll = l, 
I(D(O, 1)) = D(O, 1) fron1 Schwartz len1n1 <:L It follo\\·s that IF1 = \V2 but 

this is a contradiction because the closure of g;;
1 

1 ('V) is included in \/. Hence 

lli'(.:)il < l for each.: E U. 
The map !J,n is a covering 1nap frmn [_) to \ 1 ancl is a local isonlC tr~· 

het\\·cen the Rie1nannian n1etric T on U and p on V. Hence II !J:n (.:)II p > 1 for 

each .: E [/ , \Yhere we denote by II · liP the Itonn of the derivative 111easured 

fron1 t.lte Tiicm;utnia.Il 1nctric p 011 V 1 o it.. 

It is cac:y to e that there exists a cmnpact snbsct. C ofF which contain· 

l\- and is hacl~\\·ard invariant 11ncler G, hencC' t.hc state1n 'll t of our t.hcoren1 

holds. D 
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Now '>Ye will shO'>\. the converse of Theoren1 2.1.38. 

Theorem 2.1.39. Let G = (ft 1 /2, ... fn) be a finitely generated rational 

sem-igToup. If there are a positive numbeT c, a numbeT A > 1 and a Rie­

nwnnian metric p on an open subset C containing J (G) s-u.ch that for each 

k 

:2 c/\k 1 where we denote by II · liP the norm of the derivative nLeasuTed from 

the nwtTic p on\/ to i( then G is hyperbol-ic and each lvfob-ius transforrnation 

in G -is loxodr01nic or hyperbolic. 

Remark 8. Because of the con1pactness of J( G) \\·e can show, '>Yith an easy 

argun1en t 1 '>Yhich is fan1iliar to us in the iteration theory of ra tiona! functions, 

that even if '>Ye exchange the metric p to another Rien1annian n1etric p
1 

~ the 

enequality of the assun1ption holds with the san1e nun1ber /\ and a different 

constant c1 . 

PToof. Take a positive integer J..: such that c/\'' > 1 <:llld fix it. \Ve take the 

con1pact £-neighborhood J( of J( G) in U with respec t to the distclllCe p. If E 

is sufficiently sn1all 1 then 

> l and for each g E G \\-hich is of the forn1 /;~: o · · · o fi 
1 

, the set g- 1 ( J() is 

inclncled in l\- . ~I arcover if \\·c take f sn1aller, then in J\- r.ltcre is no critical 

valne of any elc1nent of G \Yith the \\·ord length less than k hence there is no 

critical \'alue of any ele1nent of G in l\-. 

Now let h be any fV!obins transfonnation in C. \Vc will shO\\. that h is 

loxodr01nic or hyperbolic. Assu1ne that h is parabolic. Then the fixed point 

:r of h satisfies that ( h 11 
)' ( 1:) = 1 for each posi tivc integer n and .z.: E J (G) 

but. this is a contradiction. Assmnc th clt h is elliptic. \ Vc can assun1e that 

h(:;) = ci0 .z for some e E ill. and c n J(C) -::J. 0. There is a seqllence (nj) of 

posit.ive integers such that for !J E C n J(G) 11 111 (!J) -t y and (!1Tl 1 )'(y) -t l 

as J -t but this is a contradiction . D 

Definition 2.1.40. Let G = (f1, f2, ... fn) be a finite!)· generated ratioua1 

sen11gron p . \ \"e sa:v that G is expanding if the assumption of Theorem 2 .l. 39 

holds. 
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2.2 Continuity of Julia sets 

Definition 2.2.1. Let E be a 1netric space. \Ve denote by CompM(E) the 
set of non-en1pt:rr con1pact subsets of E. For every A, B E CompM (E) ,,-e set 

fJ(A, B) = sup{ d(x, B) I x E A} 

and 

d H (A , B) = 111 ax { o (A, B) , o ( B A) } . 

It is ,,·ell kno\Yll that dH is a distance on COinp-(£). \Ve call it the Hausdorff 
n1etric. 

Definition 2.2.2. Let -'\I be a con1plex n1anifold and _\ a set. Suppose the 
n1ap 

is holon1orphic for each /\ E A and t\,a : C -t C is non-constant for each 
,\ E ~\ and u E .i\1. Let Ga be the rational sen1igroup generated by {t,,a} ,\E.\ 

for ach a E ;\!. Then \Ye say that { Ga} aE :\f is a holon1orphic fan1ily of 
rational se111igroups. 

Remark 9. If a 111ap F : C x AI -t C is holOinorphic, then for each a E i.\1 
the 1nap F ( , a) is a rational n1ap and deg( F ( , a)) is a constant function 
on 1\f \Yhen AI is connected. For, if b,·o n1aps j, g frOin 5 2 to 5 2 are 
continuous c-u1d h01notopic, then deg(J) = deg(g). HolOinorphic fan1ilies of 
usual iteration of rational functions have been studied in [0-:ISS]. It is ,,·ell 
kllO\\·n tllat the set of J -stable panuneters is open and dense in the paran1eter 
space([\ISS], [\Ic]). 

Theorem 2. 2. 3. Let { Ga }rlE .\f be rL holornmphic ja1111:ly of Tational sern'l­
!J1'07.l]JS ?.uhcTe G(! = (!I , Ill ••• 1 Ill,(!). vVe assurne that fo ·r (L ]JOint b E AI theTe 
is a confincrncnt set 1\- of G!J. Then the 7TWJJ 

is· continuou . .,· at the ?Jo-int rt = h with n:.spect to the Ho:u .. s·dmjf rnct1·ic. 

P·roof. B)· Lcnnna l.l.G.G. for an_,. E > 0 there is a finite set 
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of repelling fixed points of Gb such that 

By the in1plicit function theoren1, there is a neighborhood H1 of bin .AI such 
that for every a E Hl and for every j = 1, ... ,l there is a repelling fixed point 

Xj.a of Ga such that 

For each a E 1-V \\-e set _ya = {:rl,a, · · · , Xt,a}- Then 

So 

~ ext, for every a E i.\1 we fix the generator systen1 {Jj,a} of Ga. \Ve denote by 
A the union of all con1ponents of F ( Gb) that have a non en1pty intersection 
with ]( and ,,.e take the hyperbolic n1etric in each con1ponent of A. Let o: be 
a positive nun1ber and ](2 be the con1pact 2o: neighborhood of J( in A and J(I 

be the con1pact a neighborhood of J( in A. Then if we take the neighborhood 
HI of b s1naller, there is an integer rn such that for every a E 1V and for every 
integer t satisfying 1n ~ t ~ 2 nL every elen1en t !J E G a of a product of t 
generators of Ga satisfies 

So for every a E IV and for every integer t satisfying 1n ~ t every elenlCn t 
g E Ga of a. product oft generators of G n satisfies the above. NO\\. we take the 
E neighborhood 0 of J( G0) with respect to the chordal1netric and we denote 
by L the set C \0. And if we take IV s1naller again there is an integer ll such 
that for every a E \.V everv element g E Gn of a product of u generators of 
G a satisfies that g ( L) C ](2 and so L is included in F ( G a). So 

Hence a f---7 .] ( G n) is continuous at the point {J \Yith respect to t.he Hausclorfl 
. D n1etn c. 

By Theoren1 2 .1.3-1, we get the foliO\\·ing resu It. 
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Corollary 2.2.4. Let JJ be a cornplex manifold. Let { Ga}aE.'vf be a holo­

morphic family of rational semigroups where G a = \!1 ,a, · · · , f n.a). Let b be a 

point of 1\ f. We assume that Gb satisfies the assumption in Theorem 2.1. 34. 
Then the map 

is continuous at the point CL = 6 with respect to the H au.sdorff metric. 

Corollary 2. 2. 5. Let jf be a com.plex rnanifold. Let { G a} aE .\ f be a holo­

morphic family of rational sernigroups where Ga = (fl.a, · · · , f n.a) . Let b be a 

point of .\f. Assunw that Gb contains an clement of degTee at least two and 

that each element of Aut C n Gb (if this is not ernpty) is loxodromic. If G6 is 

serni-hyperbolic OT sub-hyperbolic, then the rnap 

is cont-inuous at the point a. = b with respect to the Hausdorff metric. 

Theorem 2.2.6. Let { Ga}aE .\ f be a holornorphic farnily of rational semz­

groups where Ga = (JJ,a, · · · , / 11 ,a) · Then 

1. Let b be a point of 1\f. Assurnc that Gb is hyperbolic. And also assume 

that dcg(!J,b) is at Least two and each lvfobius transfonnation in G6 

is ncithc1· the identity nor an elliptic clement. Then there is an open 

neighborhood 1V of b such that for every a E H1 the Tational semigToup 

Ga is hypcTbolic and the rnap a H .J( Ga) is contin1wus w-ith Tcspect to 
the Hausdorff m.ctr-ic. 

2. UndcT the sarnc assu1nption as 1, -if the sets (f-:-6
1 
(.] (G))) 1 arc mutually 

], 

disjoint, then thcTc ·is an OJJCn neighborhood V of b and a continuous 

rnap i : C x V -t C such that jo1· cvc1·y z E C the rnap a H i ( z, a) is 

lwlonW7]Jh·ic, and for cvc7 .. !J a E V the rnap z H i ( z, a) is a quasi con­

formal horneo1norphisrn of C 71W]J]J'ing J ( Gb) onto J ( G(L). 

PToof. Proof of 1. For every a E 1\f we fix the generator syste1n {J1,a} of 

Gct· \Ve denote by A the union of all con1ponents ofF( G") that helve a non 

en1pty intersection with 1\ = P( GIJ) and \\·e take the hyperbolic n1etric in 

each c01nponent of A. Let 0 be a positive nu1nbcr aud 1\··2. be the c01npact. 

2o neighborhood of 1\· i11 .4 and l\- 1 be tltC' con1pact o: neighborhood of 1\· in 

A. Then if we Lake a sn1all neighborhood IV of h there is an integer n1. such 

t.hat for e\·ery Cl E H and for C\'er~· integer t satisf~'ing 171 ::; t ::; 2111, CYcn· 

clcrncnt g E Ga of a product oft generators of Ga satisfies 
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So for every a E lV and for eYery integer t satisfying n1 ::; t every elen1ent 

g E Ga of a product oft generators of Ga satisfies the above. ~0\\. let Qa 

denote the union of all critical points of all generators of Ga. Let L be a 

relatively con1pact neighborhood of Q6 in F(G6). If \\·e take 1F sn1aller, for 

every a E lV the set Q a is in L. And we can assun1e that there is a positi,·e 

integer u such that for every a E lV every element g E Ga of \Yord length u 

satisfies g(L) C 1<.."2 . So for e\·ery a E 1F the set P(Ga) is included in F(Ga) 

a11d so Ga is hyperbolic. And frorn this fact cor11bined \\·ith theoren1s 2.1.3-± 

2 .2. 3, it follows that the n1ap a H J ( G a) is continuous in 1·V. 

Proof of 2. \Ve take a neighborhood TV of b as abo\·c. \Ve can 

assun1e that Hi is a polydisc and for each a E Hi the sets (JJ~a1 
( J (G))) 1 are 

n1utually disjoint. Let c be a point of 1F and T be a repelling fixed point of 

9c = j 11 ,co· · · o Jim ,c where the nun1ber 777. is the \\·ord length of 9c. Then there 

is an analytic function T(a) in a SIDall neighborhood U of c in n· such that 

.1: (a) is a repelling fixed point of 9a and X (C) = .1:. If CLo is a point of EJ[j n rV, 

then x(a0 ) is a repelling fixed point of 9ao because Gao is hyperbolic. So \\'C 

can take an analytic continuation of x(a) throughout 1V such that T(a) is 

a repelling fixed point of 9a· Next if ha is an ele1nent of Ga such that the 

\vordlength is at n1ost 1n and x( a) is a fixet point of it then ha is equal to 9a 

because Ga is hyperbolic and the sets (fj~a1 (J(G)))j arc JDntually disjoint. So 

by the/\ lcn1n1a([:\ISS], [BR], [ST]) and Len1n1a l.l.G.G the statcn1ent follows 

i1n1nediately. 0 

Proposition 2.2. 7. Let { Ga} be a holonW7]Jhic fanLily of rational senLi!JTOU]J 

1.uheTc Gn is a 1·ational se1nigroup genc1·atcd by {I\,n} ,\E. \ for each a E 1\f. Let 

b E 1\I be a point. Assunw there exists a neighborhood U of b in 1\f suciL that 

jo1· each w E AN, n E N, the fan Lily of rat?:onal maps {!11: 1 ,a o · · · o /11,. ,a} nEU 

is ]-stable ·in U. Also assu1ne that ~ J ( G a) 2: 3 jo1· each o. E U and that the·re 

e1;ist th1·cc points .T 1, x 2 and :z: 3 in C which aTe nndually d·isjo-int such that 

.Ti E F(Ga) joT each a E U and i = 1, 2, 3. Then the rna7; a H J(Ga) ·i.e.; 

continuous on U with re.'·;pcct to the Hausdorff 1netric. 

Proof. By p54 in [:\Ic] , \\·e Ita vc tlta t for each w E A n E N, each point 

:;a of J ( fn.
1 

,1! o · · · o fu;" ,n) n1on~s ltolomorphically on U. Si nee .7: i E F ( Ga) for 

each n E [j and i = l, 2, 3, the fam i l_v of 111a ps {a H ..:(!} ,.,.: is nonnal in U. 

Since the Julia set of a rational sc1nigroup is equal t.o the closnrc of tltC' union 

of .Jnlia sets of all elcu1ent.s of the semigronp, the statculcnt follo\\·s. 0 

Example 2.2.8. Let c/ 1 , ... , dill be positive integers such that r/J 2: 2 for 

eachj = l , ... nLLctG(c 1 , .... c,,) = (..:d 1 +c1, ... ,::d'"+Cn1)foreach(ct···· ,c"~) E 
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em. Let 

Then the n1ap (c1, ... cm) H J(G(c1 , ...• cm)) is continuous in Mi. This can be 
sho\Yil b~, Proposition 2.2. 7 and Theoren1 4.2 in (:\Ic](in the condition 6 in 
Thcoren1 -±.2 in (:\Ic], \\·c can change the ::critical point :. to ::critical value .. ). 

2.3 Self-similarity of Julia Sets 

\Vhen G is generated by a single rational function f , \Ye know that if all the 
critical points are in the in1n1ediate attract.i\·e basin of a fixed point, then the 
.] ulia set is a Can tor set. \" O\\. \\·c consider the follo\Ying situation sin1ilar to 
that. 

Theorem 2.3.1. Let G = (/1 , ... , fn) be a finitely geneTated Tational serni­
gToup. Assurne that G conta-ins an elernent with the degTee at least two 
and each Mobius tTansjoTmation in G is neitheT the ident-ity noT an ellip­
tic elernent. If P( G) is included in a connected component U ofF( G) , then 
theTe aTe simply COnnected ciornains \11, ... 1 Vk and Tnappings h 1 1 ••• , hs jTOTn 
IV = U i \~j to H1 such that joT each j, i the map hi is a contTact·ion rnap frorn 
\-'~ to a dontain \~·, w-ith Tespect to the hypeTuolic metT-ic with the Tate of con­
tTaction bounded uy a constant stTictly less than one thTo-ughout \~ and 

J (G) c IV, U hi ( J (G)) = J (G). 
j 

PToof. There is a relatively cmnpact subdmnain V of U including P( G). For 
each positive integer 771 we denote by G111 the subsen1i gronp of G generated 
])y all elen1ents g 1 , . . . , g1 of \\·orcl length 111. If ,,-e take a ntnnber n1 large 
enough, then for each g E Gm, g 1naps the closure of V into V. So the closure 
of g- 1 (<C \ \/) is included in <C \ V. Each connected cmnponent of <C \ V is 
si1nply connect 'd becanse V is connected. For each c01nponent of <C \ V 
,,.c take all branches of [1-l on it. Then each branch is a con traction n1ap 
on each cOin ponen t of C \ V ,,-i th respect to the hyperbolic 1netric with the 
rate of contraction bollnclcd b~, a constant strictl~r less thau one. No,,· fron1 
Lcinnla 1.1.5.2 and Lcn1ma 1.1.6.1 

I 

.J(G) = J(G',u) = U Yj 1 (J(G,~)), 
j=l 

so the staten1ent follo,,·s. 0 

-±I 

Remark 10. In the above proof, if ,,-e can take F as a simply connected 
domain, then the .] ulia set is a self-sin1ilar set in C \ \/ ,,·ith respect to the 
hyperbolic n1etric. 

By Theorem 2.3.1 and the proof, we can show the follo\Ying result. 

Theorem 2.3.2. Let G = (/1 , ... , fn) be a finitely geneTated rational serni­
group. Assunw that deg(/1) is at least two. If P( G) is included in a connected 
cornponent U of F(G) and the sets {fj- 1(J(G))}J=l.. .. ,n aTe 1nutually disjoint. 
then the Julia set J (G) is a Cantor set. 

Example 2.3.3. Let Gc = (z 2 + c, :: 2 + ci) . Then J(Gc) is a Cantor set for 
sufficient!) large positive nun1ber c . 

2.4 Rational Skew Product 

Definition 2.4.1 (rational ske\v product). Let).: be a topological space. 
If a continuous n1ap j: _;,.: x <C -t _:\. x Cis represented by the follo,,·ing forn1: 

]((x, y)) = (p(T), qx(Y)), 

where p : _y -t )( is a continuous n1ap and qx : <C -t Cis a rational n1ap with 
the degree at least l for each x E )( then \Ye say that J: )( x <C -t ./\ x C is 
a rational ske,,· product. In this paper we ah,·ays assun1e that _-:( is a cmnpact 
n1etric space. 

Notation: For each n E N and :t E.\", \\'e set 

(rt) ·-
fJ .l: .- q1J"-I (x) 0 · · · 0 fJ.r:· 

Definition 2 .4. 2. Under the above situation, ,,-e define the follO\\·ing sets. 
For each .1· E _\", 

Fx = {v E <C I { q~rt)} n is norn1al in a neigborhoocl of !J}, 

FHrt.hcr ,,-e set 

.} ( j) = U }r , F ( j) = ( .\" X ((:) \ .} ( i) . 
J·E .\' 

C(/) = {(T, !J) E _\" x <C I q~.(v) = 0}, P(/) = U f'~(C(/)). 
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C!_ (/) is called the critical set for f and P(/) is called the post critical set for 
f. \'lore over we set 

(/n)'((x, y)) = (qln))'(y). 

If (1-·, y) is a period point off with the period n, then we say that (x, y) is 
repelling(resp. indifferent, attracting, etc.) if 1(1n)'((x, y))l > 1(resp.= 1, < 
1, etc.). 

Lemma 2 .4. 3. Let 1 : _y x C -t _:{ x C be a rational skew product represented 
by J(( .-c, y)) = (p(:t), qx(Y )). Then the following hold. 

1. if:c E _Y, then q; 1(Fp(x)) = Fx, q; 1(Jp(l·)) = lr· /(}(})) C }(j). 

2. if p : _\" -t _y is su1ject-ive. then 1: _;..:_ x C -t _y x C is s·uTjective. 

3. ifp_: )( -t )\is a S?.L7jective and open rna.p l then j-t(J(/)) = 1(1(])) = 
.] (f). 

Proof. \Ve will sho,,· the last staten1cnt. Suppose ]((.r, y)) E J(f). Then 
there exists a sequence ((Ti, Yi)) converging to /((.-c, y)) such that y; E Fx, 
for each i. Since p is an open n1ap, there exists a sequence (i;) converging 
to :L' such that p( i;) = x;. Then there exists a sequence (y;) converging to 
!J such that qi,. (f);) = !/i for each i. Then Vi E .] i:,. . Hence ( .7:, y) E J ( ]) . 
Hence 1- 1(1(/)) C }(]).Since /(J(])) C }(1) and j: _y x C -t _;( x Cis 
surjective, \\·c have j-I (J(/)) = /(J(/)) = }(/). 0 

Definition 2._:1.4. Let G be a rational sen1igroup generated by {Id ,\E :\. Let 
N - -

_;..:_ = A . Let f : _\'. x C -t _.\. x C be the 1nap defined by: 

"·here p : _;..:_ -t _;..:_ is tlte shift n1ap and .T E )( is represented by: x = 
( x r, .1:2, ... ) . Then " ·e say that j : _y x C -t _:{ x C is the rational skew 
product constructed by the ge11erator system {Id ,\E :\· 

Let G = (fr , ... , fnl) be a finitely generated rational se1nigroup. Let j : 
~~~l x C -t ~n1 x C be the rational ske,,· product constructed by the generator 
systc1n {ft,··· ,fill}, where~n' = {1 .. . , ·,n}N.Thcn]isafinite-to-oncancl 
open lllc~p. \Ye h;.n·e that a point ( w, :z;) E ~~~~ x C satisfies f:

1
.
1 
(.'r) '# 0 if and 

md)· iff is et hmncoJnorpltisin in a sn1all neighborhood of ( u:, .1:) . ~'vlon.'o'·cr 
the follo"·ing proposition holds. 

Proposition 2.4.5. Let G = (/ 1 , j 2 , . .. fnJ ue rL finitely ycne·,.atcd ·,.ational 
scn~ig1·oup. Let f : ~ 111 x C -t _, 111 x C be the ndional skew ?J'l'Oduct defined 
hy /((w, .r)) = (a(w), /1,.1 (.r)). Then the following hold. 
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1. F and J are completely invariant under ]. F is open and J is compact. 
J ( Jw) = law. F (/) is equal to the set of all the points ( w, x) E :Sm X C 
which satisfies that theTe exists an open neighboThood U of x and an 
open ne-ighboThood V of w such that joT each a E ~·- the family of maps 
{fan o · · · o fa 1 } is normal in U. 

2 . .J = n~=o1-n c~=m X .] (G)). 112 ( }) = J (G)) wheTe we denote by 112 

~m x C -t C the second projection. 

3. J has no inter·ioT points OT is equal to ~m x C. 

4. If t(J(G)) ~ 3, then J is a. perfect set. 

5. If~ ( J (G)) 2 3, ~Len J is equal to the closure of the set of all repelling 
period points off. 

6. Assurne ~(J(G)) 2 3 and E(G) C F(G). Let J( be a. cornpact subset of 
11.2 1 (C \ E( G)). If U is an open set in ~m x C satisfying U n J '# 0, 
then there exists a. positive integer JV such that for each integer n with 
n 2 JV, we have 1n (U) =:> J(. 

Proof. By definition, it is easy to sec 1. and 2. Assun1e J '# :S:::m x C and 
.J contains et non-en1pty open set U. Then F( G) '# 0 and for each positive 
integer n we have 

By l'vlon tel's theOI·e111, this is a contradiction. Hence 3. holds. 
Let z E J be a point and assun1e there exists an open neighborhood U of:: 

such that U\ { z} C f. There exists a positive integer n such that 11 1 (1n(U)) = 
:S:::m· It follo"·s that 11·2(/ll(::)) E .J(G) and 112 (jn(U \ {::})) C F(G). Since 
~ (.] (G)) 2 3, \\·e have J (G) is perfect and so that is a contradiction. Hence 
-±. holds. 

Now \Ve will show 5. Let ( w, .T) E J. Let U be a neighborhood of w in ~ m 

and v· be a neighborhood ofT in C. There exists a positive integer n such 
that if "·e set 

U,l = {o: E ~~~l I Ct:J = Wj, j = 1, ... ,n,} 

then Ull c U. \Vc set 

GTL = {D E G I !J = · · · fw, 0 · · · 0 ft l' l } · 

Then this is a su bse1nigrou p of G. \ Vc have 

J(G,l) = (fll', · · · fu·1 )-
1 J(G) 
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and since J(G) has infinitely n1any points, J(Gn) must ha\·e at least three 
points. By Theoren1 3.1 in [H:\11 ](:-i ote that if we read the proof of this 
theorem, \Ye can see that the staten1ent of this theoren1 holds whenever the 
Julia set has at least three points), we get that J( Gn) is the closure of the set 
of repelling fixed point of all elen1ents of Gn· Since x E (fu:" · · · f w

1 
)-

1 J( G) = 
J ( Gn), there exists an elen1ent g E Gn and a point y E V such that y is a 
repelling fixed point of g. Hence 5. holds. 

:-J O\\' \\'C \\·ill shm\· G. Let I\- and U be as in G. Assun1e E (G) 'f. 0. If E (G) 
has exactly two points, then it is easy to shO\\' the state111ent of G. Suppose 
E(G) = {:r} and let\' be a connencted con1poncnt of F(G) containing :r . Let 
()be the hyperbolic n1etric in\:. Since each Jj docs not increase the n1etric and 
.r is a fixed point of it, there exists an open hyperbolic ball .4 about .1· included 
in F such the1.t fJ(A) C A for each j. It in1plies that ](JT2l(A)) C JT._2 1 (A). 
Hence, fron1 the beginning of the prooL \\' C can assun1c that 

](J() ~ I\. (2.-±) 

\Ve '\\·ill shO\\. that for each positive integer k 

(2.5) 

There exists a positi,·c integer j such that tr 1 ]ki(U) = ~nt· On the other 
hand, by [Hl\11], for any rational se1nigroup G 1 the closure of the bacl.;:-.\·ard 
orbit of each point .l· E C \ E( G) under G 1 contains the .] ulia set J ( G 1). By 
(H:\'Il] again, the Julia set of the snbsc1nigroup Hk of G \Yhich is generated 
by: 

{fok O·· · ofn, I (o:J..:, ... ,O: t) E {1, ... ,n2}J..:} 

is equal to J( G). Also \\·e have E(HJ..:) = E( G) by definition of the exceptional 
set. Hence (2.5) holds. 

By 5., \\'C obtai ll that there exists an open set U0 included in U and <-t 

positive integer s such that /" ( U0 ) ~ U0 . Hence by ( 2.5), \\"C get that there 
exists a posi ti vc in tcgcr ~y such that pv ( U) ~ I\-. Frorn ( 2 .-±), it follO\\'S that. 
for each positi,·c int 'gcr 11 \\·i h 11 ~ !Y, \\·c have fn ( [/) ~ l\-. Hence the 
sLaLcrncnt. of G. holds \\·hen E( G') ltas cxact.ly one point. If £(G) = 0, \\T 

can shO\\. the st.aLc'nlcnt in t.hc same \\'c\\' as the abo\·e. 0 

Definition 2.4.6 (hypcrbolicity). Let/:_-:\. x C --1 .-:\. x C be a rational 
skC\\. prodnct. \\·c sa~· that f is h~·1)('rbolic along fibers if P (/) C F(/) . 
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Definitio_n 2.4. 7. Let j: _y x C --1 _,y x C be a rational skew product. \Ve 
say that f is expanding along fibers if there exists a positive constant C and 
a constant A \Yith A > 1 such that for each n E N, 

i~f- ll(]n)'(z)ll ~CAn, 
::EJ(f) 

\\·here \Ye denote by· II · II the norn1 of the derivative \\·ith respect to the 
spherical n1etric. 

Definition 2.4.8 (semi-hyperbolicity). Let ] _;( x C --1 -~ x C be a 
rational skew product. Let 1V be a positive integer. \Ve say that a point 
(1: 0 , y0 ) E _;..: x C belongs to SHs(]) if there exists a neighborhood U of :z:o 
and a positi\·e nu111ber 6 satisfying that for any :r E [J, any n E N, any 
elen1ent .l' 71 E p-n(x:) and any elen1cnt V of c(B(yo, 5), qt)), 

\Vc set 

u H ( j) = ( _:'( X c) \ u N ENs H JV ( j) 0 

\\'e say that j is sen1i-hyperbolic along fibers if for any (To, Yo) E ](]) there 
exists a positive integer JV such that (.-ro, Yo) E SHs(f). 

Lemma 2 .4. 9. Let j : -~ x C --1 _-:\. x C be a Tational skew pToduct. If f is 
hype1 bolic along fibers, then it is scnLi-hypcTbolic along fibeTs. 

Lemma 2 .4.1 0. Let G = (f1 , f 2 , . . . , fm) be a finitely geneTated Tational 
se7n:igT07.L]J . Then G is se1ni-hypeTbolic 'if and only if the 1·ational skew ]JTod-uct 
f : _-:( x C --1 _;( x C constnLcted by the gencTatoT system, { J~1, !1, ... , fm} 
is se1n'i-hyJJerbol'ic along fibeTs. G ·is hypeTbol-ic ·if and only if f ·is hyperbol-ic 
along fibeTs. 

Definition 2.4.11 (Conditi~n(C1)). Let j: _\'xC --1 .-:\xC be a rational 
ske\Y proclnct. \Vc say that f satisfies the condition (Cl) if there exists a 
fmnily { D 1: }xE.\' of discs in C such that. the following three conditions arc 
satisfied: 

2. for any .1: E -~ we have that. cli;-un(rJ~n)(Dx)) --1 0 as 11 --1 c . 

3. inC.E.\ ciiarn (D.r) > 0. 

ow \\'C ,,·ill show the follO\\·ing lcrnrna and theorem. 
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Lemma 2 .4.12. Let f : _-:\ x C --1 _y x C be a rational skew product satisfying 
the condition (Cl) . Assu1ne that there exists a point (:r0 , y0 ) E _-;( x C with 
Yo E Fxo a connected open neighborhood U of Yo in C and a sequence ( n j) 
of posit-ive integers such that Rj := q~~i) converges to a non-constant map 
¢ unifomly on U as j ---t oo . Let (xj, YJ) = jni (xo, y0 ) and (:r 00 , Y::o) = 
lin1J--t::o(:z:J, YJ)· Let Si.J = q~'.tl-n;) for 1 ~ i < j. Let 

F = { y E c 1 3 E > o, 1i n1 suP suP c1 ( si .j ( ~) , ~) = o} . 
!-tOO j>i d(~.y)S:E 

Then '- is a non-enLpty open set and for any y E av, we have that 

(2.6) 

Theore~ 2.4 .1 3. Let f : )\ x C ---t _:\. x C be a rational skew pToduct. 
Assume f is senri-hyperbolic along fibers and satisfies the condition ( C1). 
Then the follow-ing hold. 

1. Let (xo, Yo) E _X x C be any point with Yo E Fxo. Then for any open 
connected neighboThood U of y0 in C, there exists no S'LLbsequence of 
( qt)) 11 converging to a non-constant rnap Locally unijoTnlly on U. 

2. 

](]) = u .JJ:. 
xE .\' 

. ). If there eJ:i.'.;ts a disc D in C such that Dr = D f07· all x E _-:( in the 
condition ( C 1), then the1·e e1:ist positive constants 6, L and /\ ( 0 < /\ < 
1) such that joT any n E N, 

To sho,,· Lc1111lla 2.-!.12 ancl Tlteore1n 2.-1.13, ,,.c need the follo,,·ing len1ll1cl. 

Lemn1a 2 .4 .1 4. Let f: )\ xC ---t _;.:_ xC be a ndional skew ?J'l'Od'llct satisfy-ing 
the condition (Cl). Asswnc (To, y0 ) E Sfl1y(/) for so1nc "yEN . Then there 
c:z:is-!,s rL JJOsiti-ue n ·u.7n{;cr r50 such that jo1· each !) with 0 < r5 < r50 thc7·c cz:i:-;t...,· 
a neighborhood [j of .r0 in C sati.sfying thrLt j01· each n E N, each T E [J and 
each .t: rt E p-Tt (T), we lwvc thrLt each clc·mcnt of c( B (y0 , 6). q_~·',:)) is shnply 
connected. 
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Proof. Take a positive number 61 such that for each x E _y and each x 1 E 
p- 1 (:r-), \Ve have that each connected con1ponent of q;/(Dx) contains a ball 
with the radius at least 61. 

By the semi-hyperbolicity and Lemn1a 2.1.10, "-e can take a positive nun1-
ber 6o and a open neighborhood U of x 0 in C such that for each 6 with 
0 < 6 < 5o 1 each X E ul each n E N 1 and each .T n E p-n (X)' \\'e have that 

the dian1eter of each elen1en t of c( B (Yo, 5), q~'~l) is less than 51 . 

)I O\Y "·e \vill sho"· each elen1ent of c( B (Yo, 5), qt)) is sin1ply connected by 

induction on n. _-\ssun1e an elen1ent IV of c(B(y0 ,5), q~~)) is sin1pl:y connected. 
Let H'1 be a connected con1ponent of q;n1+

1 
(IV) \vhere 2.'n+l is an ele111ent of 

p- 1
(T 11 ). Suppose H'1 is not sin1ply connected. Each connected con1ponent 

of 31Vt is 111apped onto o\V by qXn+I. Hence the in1age of each connected 
C0111ponent of C\ 1Vt by qXn+! contains D~.n. Hence \Ye have that diai11 n -1 ~ 61 
, "·hich contradicts to the choice of 50 and U. 0 

_ -o\\· '"e will show the Len1n1a 2.4.12. 

PToof. \Ve will show the staten1ent developing a n1ethod in !vi..J onsson 's 
Thesis([.J]). By the definition, \/ is an open set. Since ¢ is non-constm1t, 
there exists a positive nu1nber a such that 

for each j E N. \Ve have that B(y20 , n) C \/. For, if y E B(y20 , a) then 
!J = Ri(~i) for son1e ~i E (j and so d(Si,j(y), y) = d(RJ(C), Ri(C)) which is 
sn1all if i is large. Hence V is a non-e1npty open ct . 

Take any !J E oV. \ V e will show 

(.r20 , y) E ](}). (2.7) 

Assmne this is false. If there exists a positive integer i0 such that { Si.J} J'2.i'2.io 
is nonnal in a neighborhood of !J 1 then since si,j ---t I cL on v n 1 V, \\"e have 
that 1-V C 1-.r and it is a con tracliction. Hence there exist seq uenccs (it:), (j ,-.:) 
and (~k) snch that i~,.. ~ )J.:, )J.:- ik ---t oo, ~k ---1 y and 

(2.8) 

\\·here \\·e denote b)' (D 1.).rE.\ a L-lnlily of discs inC in the definition of condi­
tion (C1). Since ,,-e arc ass1uning (.~: 20 , y) E F(/), '"c lti-1.\'e that there exists 
an disc B around y such that B C F1';~._ aucl ~k E B for large k. B_v (2.8), the 
condition (C1) and the definition of\/, we get a contradiction. Hence (2.1) 
holds . 
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_ ·o,v we \\·ill sho\\. (x:::c, y) E UH(j). Suppose this is false. Then there 
exists a positive integer ~v such that (x:x>, y) E SHs(J). Let 60 be a number 
for (x:x>, y) in Lemn1a 2.4.14 and let 5 = 5o/2. \Ve can assume that there 
exists a neighborhood U' of x:x> satisfying that for any x E U', any r& E N, 
any element 1-'n E p-n(x) and any element V of c(B(y, 60 ), qt:)), 

deg(ql~l : 1/--+ B(y, 60 )) :s; iV. 

Take two don1ains 111 and F2 such that 

(2.9) 

If j > i and i is large cnouoo·h, then Si 1· is close to Z:clv on V1 . Hence S· · is • l l,J 

biholon1orphic on \/i and S;,i (\-'1 ) ::J \/2 . Let hi,J : V~ --+ V1 be a n1ap such 
that Si.j o hi.J = icl on \/2 and hz,j o Si,J = id on 5;~/ (1'12) n \/1 . Then \\·e ha\·e 
that 

1i 111 sup sup cl (hi ,j ( ~) l ~) = 0. 
z-t:x, j>i ~Ell:! 

(2.10) 

For each (i,j) such that j > ·i and i is large enough, let B;.i E c(B(y, 5), Si.J) 
be an elen1ent such that h;_J(V2 nB(y, 5)) C Bi.j· By the choice of 50 , we ha\·e 
that Bi ,j is sin1ply connected. By se111i-hyperbolicity, there exists a positi\·e 
integer i\f s11ch that for each (i,j) with j > i \\·here i is large enough, 

(2.11) 

where \Ye denote by ::cv1
' the set of critical values . Hence there exists a 

positive 111ll1lbCr (} \Ylth 0 < (} < 2fT SllCh that for each ( i, j) with l < j 
there exist a sector [Ji,J in B (y, 5) of angle e \\·i th the center y such that 

Ui.J n cv(Si_J\B .. J = 0 and Ui,J n 1,2 -/: 0. Let !Ji.J : Ui.J --+ B;,J be the 

analvtic continnatio11 of hi 1· on V) n Ui 1·. Let !Ji 1· E B~· 1· n n· · (U· ·) such • ' - ) ' ) :.Jl,J l,] 

that Si.J(!Ji,J)) = y. By (2.10) 1 Coroll a.ry 2.1.9 1 Condition (C1) and t he fact 
V2 n Ui,j -:j: 0, we have that there exists a positive nu111ber 61 SUCh that 

(2.12) 

for each (i, j) such that j > i and i is large cuough . \To\\. \\"C~ will slto\\. the 
following clai111: 

Claim: 1i1n sup r!(yi,j, y) = 0. ( •) 1'') -· ,) 

!-~:>.:) j>i 

Suppose this is false. Then there exists a seq ucnce ( (iJ.:, jt.:)) \\-i th j J.: > i J.: and 
a positi\·e mtinbcr c52 snell that. d(!Ji~o,J~o, y) > c52, for each k. \Ve can assu1ne 

00 

that (Yik .ik) converges to a point y as k --+ oo and that there exists a sector 
Uo with the center y such that Uik,Jk = U0 for each k. Then we have that 

(2.14) 

For, assun1e the left hand side is not emptv. Then since S· . --+ icl in V 
" 1 k ,]k 

and the fan1ily {S;.,}J,!B(y.c5 1 j2)}J.: is norn1al 1 \Ve have that Si".j"--+ id locally 
uniforn1ly on B (y, 51 /2) . But this is a contradiction because i) # y. Hence we 
have (2.14). 

By Len1n1a 2.1.10, there exists a positive nun1ber 53 with 53 < 61 /.J. such 
that for each k, the dian1eter of each elen1en t of c( B (y, 63 ), Si~: .Jk) is less 
than 51. Hence if \Ye take a fixed point z E B(y, 63) n Uo, then \Ye have that 
for each large k, 

(2.15) 

On the other hand, since gik.)k --+ icl locally unifon11ly on \12 and (gik,ik )k is 
nonnal in Uo, we have that gik,i~: --+ id locally uniforn1ly on U0 . Hence \Ye 
have that cl(gik.i~:(z), y) < 61/4 for each large k. Together with (2.15) and 
B(i), 51/2) n 1 = 0, \\·c get a contradiction . He11ce we have shown the clain1 
(2.13). 

Since B (Yi,j, 61) C Bi,j for each (i, j) such that j > i and i is large 
enough, by the above clain1 \\·e have that there exists a positive integer i 0 

such that for each ( i, j) with j > i 2: i0 1 

Hence (Si,j)J>i5:io is non11al in B(y, 51/2). Since Si,J--+ icl on B(y, 51/2)n\11 

we have that !J E V and this is a contradiction. Hence \VC have shown the 
first sta ten1cn t of our len1n1a. 0 

Now we \vill show Theoren1 2.4.13. 

PToof. The staten1ent 1 follows fr0111 Le1nn1a 2.-±.12. 
Now \Ve will show the staten1ent 2 of our theorCin. Suppose the state­

n1ent is false. Then there exists a point (.ro, y0 ) E J(j) with y0 E F:ro 1 <-t 

connected cmnpone11t U of !Join C ancl ;.'L sequence (nj) of positin; integers 

such that flJ :~ (]~.'~;) converges to a 111ap 6 unifonnly on [J as j --+ oo. 

Let (.TJ1 !JJ) = /'11 (:ro 1 !Jo) and (1:::0, !Jc:v) = linlj~:>.J(.rJ, !JJ)· By Len1111a 2.1.10, 
there exists a positive nun1ber a such that !Ji E B(yc:v, a) and the ele1nent 
B i E c( B (Y-::o, a), fli) containing !JJ satisfies that. B J c U for each large 
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j. Hence Rj([J) ::J B(Y=:o· a) for each large j and it in1plies that ¢ is non­
constant. By Len1n1a 2.--1.12, it is a contradiction. Hence ;,ve have sho"·n the 
statement 2 of our theoren1 . 

Finally we will show the statement 3 of our theorem. By sen1i-hyperbolicity 
and Len1n1a 2.--1.14, there exists a positive integer :.Y and a positiYe real nuin­
ber 50 such that for any (.1-.1 , y') E J (]) there exists a neighborhood C' of .r' 
satisfying that for any real nu111ber T \\·ith 0 < T ~ 50 anv T E U'. any 
n E N , an:· ele1nent T 11 E p-n (.1-·) and an:· elen1en t F of c( B (y' 1) q.~:)). \\·e 
ha\·e that \ ·· is sin1ply connect ed and 

cleg(q~~~l : V --t B(y', 1)) ~ JV. 

Let 5 = 50/2. \\·e set 

_-l Tl = sup { d i a 111 ·c I u E c ( B ( y ) 5) ) q t) ) ' ( :z;. !/) E j ( j) ' T 1l E p- n (:1: ) } . 

First \\·e will shm\· 

(2.16) 

Suppa. this is fal . Then there exists a positi\·e constant C, a scqncncc 
((x", v")) of point.s in }(j), a sequence ((i", f/)) with jnk((i", f/)) = 
(.1:", v") for son1e n~,: EN, --too and a sequence (r.Jk)~,: with [hE c(B(y~,:, (5), qi';d) 
and f/ E U~-: for each /..; such that 

dia1n U~-: 2:: C, for each /..;. 

\Ve can assmne that ((.T", y")) tends to a poi11t Cr0, !l) E }(/) and that. 
((i", D")) tends to a pojnt p·.o, D0 ) E .J(J). B.v Corollar~ ; 2.1.9, there cxjsts 
a posi ti \·e number ,. such t.lta t B (D0 , ,. ) C U~-: for each large /..;. Hence 

(1td(B(-o )) B( o ) (hJ.: !J l ,. c y ' ,. ) (2 .1 /) 

for each large k. B :· the scco11cl staten1e11 t of our theoren1, \\·e have t.ha t. 
y0 E J;o . Hence there exists a positive integer j and a point :: E B(y0 r) 
such that 

q.i~) ( z) E D. 

Hcucc r; ~-~)(:: ) E D for each L-ngc 1.: . On t.lt c olltcr hallcl h:· the ccmdit.ion (Cl ) 
if we t.akc (50 so small then \\'('call ;.tssnmc 

U /n ( {.r} x D) n ( {y0
} x B (y0

, 50 ))= 0. 
n 2: 0 

2.4. R~TIO~\~AL SI\E\F PRODUCT 57 

Since nk --too, by (2.17) "·e get a contradiction. Hence \Ye have (2.16). 
Take a positive integer n0 such that for each n E N with n 2:: n0 

(2.18) 

Fix any positive integer k. Let ((x 11 , Yn)) be a sequence such that f((xn+l, Yn+d) = 
(xn , Yn) for each nand (xo, Yo) E ](j). For each j = 0, ... , k, let 1Fj be the 

elen1ent of c(B(Y(k-j)no, 5), q~1k:~)) containing Ykno· By (2.18) \\·e have that 

(2.19) 

For each j = 1, . . . /..;, 

(jno) . TT ,· B( S:) 
qXkn . I I j --t !/(k- j)no' U 

0 

is a proper holon1orphic n1ap ;,vith the degree at n1ost 1Y. Since q~~~:~) (1·Vj+I) is 

a connected component of (q~~~~il"o)- 1 (B(Y(k-j-!)no' 5)), ;,vhich is included 
in B(Y(k-j)no, 5/2) by (2.18), \\·e ha,·e that for each j = 0, ... , k- 1, 

(2.20) 

where cis a constant nun1ber depending only on JV. By Le1nn1a 2.1.11, there 
exists a A with 0 < A < 1 depending onl)' on JV such that 

dian11Vj+t/di£-nn 1Vj:::; /\,for each j = 0, ... ,k -1. 

Hence we get that dian1 1V~,;:::; /\" dian1 B(y0 , 5). Therefore the staten1ent 3 
of our theoren1 holds . 

0 

C orolla r y 2 .4. 1 5 . Let G = (f1 , !2, .. . , fm) be a finitely generated 1·ational 
sernigro?.Lp which is serm:-hypeTbolic. AssunLe G contains an elernent with the 
degree at least two and each elenwnt of Aut C n G (if th1:s is not ernpty) is 
lo:J:odTornic. Also ass?.Lrne F( G) -j. 0. Then the1 ·e e1:ists a 5 > 0, a constant L 
with L > 0 and a constant /\ vrdh 0 < /\ < 1 s·uch that 

:::; L /\'!, fm· each n. 

P1Doj. Let / : .-:\ x C --7 _-:( x C be the rational skc\\. product constructed 
by the generator syste1n {f1, f 2 , ... , / 111 }. Then this is seini-hyperbolic along 
fibers . Dy the existence of clll at.tr acl or in F(G) for G (Thcon'lll 2.1.33) \\·c 
ltaYe that if \\'C se L D J: = D for each T E _;,.:_ where D is a Sin all disc c-uouncl 
a point of the attractor then /satisfies the condition (C1) \\·ith that fcunily 
of discs. By Theore1n 2.-±.13, the statement of our Corollary holds. 

0 
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Corollary 2.4.16. Let j: )( x C -t )( x C be a rational skew product such 
that qx is a polynomial of degree at least two for each x E _y _ Assume f is 
semi-hyperbol-ic along fibers. Then the following hold. 

1. 

}(f) == U jx· 
xEX 

2. There exist positive constants 5, L and A(O < /\ < 1) such that for any 
n EN, 

S. For any cornpact subset]( of f(f), we have that Un?.ofn(J() C F(/) 
and th~re exist constants C > 0 and T < 1 such that for each n, 
sup ii(fn)'(z)ll:::; c,n _ 
=E r,· 

Proof. Take a sn1all disc D around oo and set Dx == D for each :z; E )(.Then f 
safisfies the condition C1 with the family of discs { Dx}. Hence the staten1ent 
1 and 2 follow frmn Theoren1 2.4 .1 3. Let J( be a con1pact subset of f(f). 
Suppose there exists a seque~1ce (-l-~,; 1 yk) of points in J( and a sequence (nk) of 
positive integers such that (jn~: ((T~,; 1 yk))) converges to a point Cz/, y') E ](f). 
As in Chapter 1 of [Se) or [.J), we have that the fan1ily { lx }xEX is lo\ver senli­

continuous. Hence we have that for each k there exists a point :.:~,; E Jp"l:(xl:) 

and (.zk) converges to y'. Since J( n J(f) == 01 by sen1ihyperbolicity and 

Len11na 2.1.10 we get a contradiction . Hence \ve get that Un?.o/n(J() c 
f(]). Let]('== Un?_o/ll(J(). By the staten1ent 1 of Theore1n 2.4.13, \Ye have 

that for each :.: == (T 1 y) E ](' 1 there exists a neighoborhoood U(z) of .1: in 
)\,_ a neigh borhoocl \' (:;) of y in C and a positive integer n (.:) such that 

II(J(Il(::)))'(.z')ll < 1/2 for each:.:' E U(:.:) x \l(:.:). Since](' is a con1pact set, 
,,.e get the state1nent 3. 0 

Theorer12 2.4.17. Let f _;.;_ x C -t _;.;_ x C be a nrhonal skew product. 
A ssurne f is hyperbolic along fibers and satisfies the r~o1ul:ihon ( C 1) with a 
frnndy of dis·cs (Dx)xE.\" such that theTe e1;ists a disc D satisfy-ing Dx == D 
frn all T E _:\.. Then j is e1:panding along fibers. 

P1-ooj. \Vc ha,·e only to sho,,· that there exists a positi,·c integer n0 such that 
for each 11 E N ,,·ith n 2:: n0 and :; E ](/), 
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Suppose this is false. Then there exists a sequence ( n1) of positive inte{Ters 
- - 0 

and a sequence (z1) = ((xJ, YJ)) in J(f) such that 

(2.21) 

\Ve can assun1e that fni(:.:J) converges to a point (x, y) E J(f). Let 6 be a 

sn1all positive nun1ber . For each j let Bi E c(B(y, 5), q~~;il) be the elen1ent 

containing Yi· By (2 .21) and Koebe distortion theoren1, there exists a positive 

constant c such that for each j, dian1 Bi 2': c. But this contradicts to the 
state111en t 2.4.13 of Theoren1 2 .4.13. D 

2.5 Conditions to be semi-hyperbolic 

Theorem 2. 5 .1. Let G == (!1 , f 2 , ... 1 j m) be a finitely generated rational 
sernigroup. Let zo E J( G) be a point . Assume all of the following conditions: 

1. there exists a neighborhood U1 of z0 in C such that joT any sequence 
(gn) C G, any dornain \/ inC and any point ( E U11 we have that the 
sequence (gn) does N 0 T corwerge to ( locally 'Ltniforrnly on V. 

2. theTe exists a neighborhood u2 of zo in c and a positive Teal THLTnbeT E 
such that if we set 

T = {c E c I 3j Jj(c) == 01 (G u {id} )(fJ(c)) n u2 -1 0} 

then joT each c E T n C(fJ) 1 we have d(c 1 (G U {icl} )(fj(c))) >E. 

3. F(G)=/:-0. 

Then .:o E SH,v(G) for so·me !V EN . 

Notation: For any fan1ily {g-'} AE ,\ of rational functio11s, we denote by 
F( {g,d) the set of a.ll points z E C such that z has a neighborhood where 

the fa1nily {g,d is norn1al. V/e set J({g,d) = C \ F( {gA} ). F( {g,,}) is called 
the Fa ton set and J ( {g,,}) is called the Julia set for the fmnily. 

Cora llary 2. 5. 2. Let G = (f1 , f2, . . . , fill) be a fin-itely generated rat·iorwl 
senngroup. Let : 0 E J( G) be a point. Ass?.L7ne all of the follO?.uing cond-itions: 

1. the1·c cxi< ts a neighb01-lwod U1 of :.:0 in C such that for any sequence 
(gn) C G consist·ing of 1nutually distinct clernents and any dmrwin F in 
F ( (gn)) 

1 
the1·c eJ:ists a point T E V such that the sequence U n {gn (.'r)} n 

C \ Ut i- 0. 



60 CHAPTER 2. H':{PERBOLICIT1-

2. there exists a neighborhood U2 of z0 in C and a positive real number E 
such that if we set 

T = {c E c I 3j, fj(c) = 0, (G u {id} )(fj(c)) n [h # 0} 

then for each c E T n C(fj), we have d(c, (G U {icl} )(fj(c))) >E. 

3. F(G) # 0. 

Then z0 E S HN (G) for some iV E N and there exists a ne-ighborhood rv of 
zo in C such that for any sequence (gn) C G consisting of ·mutually distinct 

elenwnts; we have 

sup{ diarn S I S E c(1V, gn)} -1 0, as n -1 oo. 

\Ve ,,·ill consider the proof of Theoren1 2.5.1. \Ve Dlay assunle ul = u2 = 
U for s0111e sn1all disc U . By condition 1 and 3, we n1ay assun1e oo E F( G) 
and g- 1 (U) C C for each g E G. 1-ow "·e ·will show the above theoren1 by 
developing a len1n1a in [~viaA] and using the n1ethods in [KS]. The stories are 
aln1ost san1e as those in [KS], except smne n1odifications. 

First "·e need son1e new notations. An ':square11 is a set S of the fon11 

5= {zECII~(z-p)l <5, IS'(z-p)l <5}. 

The point pis called the center of S and 5 its radius . For each k > 0, given 
a quare S "·ith center p and radius 5, we denote by S" the square with the 
center p and radius k5. Take a a > 0 such that U contains a closed square Q' 
with the center a point in [j and its radius 2a. Let Q" = ( Q') l/2. Q" is called 
::adn1issablc square at level 1. 11 \Ve will define asn1issable squares at leYel n 
for each n E N. Let Q be an adn1issablc square at level TL \vith the radius a. 

Then Q is covered by 16 squares with the radius a/8. \Vc have 20 sqnares 
with the radius a/8 adjacent to Q. \Ve call all these 36 squares adn1issable 
at level n + 1. These sq uarcs arc denoted by { Q,L,n+ 1}. The union of these 36 
sqnares is denoted by Q, which is called the :'square attached to Q.11 Each 
ad1nissablc and each attached square is a relative cornpact subset of U. 

Notation: For an!' open set \11 and for any rational n1ap !J, if \12 E 

c(V1 , g) then we set 6(\'-1 , !J) = ~{1; E \/1 I !J'(:-r) = 0}, counting the 
n1nl ti plici t. ~'. 

\Vc need son1c lcn1111as to show Thcore1n 2.5.1. 

L mma 2. 5. 3. Frn uivcu f > 0 CLnd IV E N' th ere c:risL'-i :·imne II 0 E N :-;u ch 
that the follo11ring holds: If Q -i,s· nn adn~issnble .'-irJ?.W?·e at so·me level n 2: no. 
Q the C07Tesponclin!J attached squnTe, V an elernent of c( Q, f) fo1· sonw 
f E G 

1 
nnd 6 ( \/

1 
f) :::; i·v, then dian~ ( 1\-) :::; E for each elenwnt 1-:..." E c( Q, f) 

contained in, V. 

61 

Proof Fix E > 0 and !.V E N. If the lemn1a is false then there exists a 
sequence ( n~,: hEN converging to oo, admissable squares Q J.Lk.nk and functions 
g~,: E G s~ch that dian1 (1{1.:) 2: E > 0 and 6(V~.: , gk) ::; JV for son1e elen1ent 
\/~,: E c(QJ.L;;,nk' gk) and son1e elen1ent ]{k E c(QJ.Lk,n~: 1 g~,:) contained in \Irk· 

Take 1 > 1 such that / 'V+l =~·Then there exists 0 < j::; JV + 1 such that, 

denoting by R~.: = Q~:.n~:, the set RZ- R~.: does not contain any critical values 

of g~.:lv~: · \Ve h~ave Rk ::J QJ.L~:,n~:· Take 1~-k E c(R~.:, gk) such that 1(~,: C 1~-k C \ 1k. 
Then dian1 ]{~,: > E. The elen1ent 9k is represented by the following fon11: 
g~,: = f~ 1 o · · · o fs

1
• Then there exists a positive integer i such that 

\Ve n1ay assun1e i is the largest one satisfying the above. Then taking E > 0 
sn1all enough , since the cardinality of generator s:y sten1 of G is finite \Ye sec 
that !s; o · · · o / 51 (f\k) is sin1pl_y connected. Set 1~-k = f.5 ; o · · · o ]51 (1~-k) and 
gk = fst 0 ... 0 ri+l. Since RZ - R~.: does not contain any critical values of 

g~.:lv~:, the elen1ent 1~-: E c(RZ, gk) containing 1~-k is also sin1ply connected. 
Since deg(§~.:l r~-+) :::; 1 + 1V and dian1 1~-k > E, by Corollary 2.1.9 \\·e sec that 

k 

there exists a positive real nun1ber r such that for each k, 

for son1c ::~,: E C. \Vc can assun1c that ( zk) converges to a point z E C and 
( Rk) converges to a point y E U. Then (gk) is non11al in B ( z, r/2) and we 
can assu1nc that (gk) converges to !J locally uniforn1ly on B(::, r/2) . But this 
contradicts to the assun1ption l. Hence the lcn1n1a holds. 0 

Now, let t = ~T, JV = ( -~nax cleg(fJ))t and E < 30\ .. \Ve can assu1ne 
J-1, ... ,Ill 

that E is snfficiently sn1all and di<:un U :::; E. Let rz, 0 E N be an integer in 
Len1n1a 2.5.3 for these E rlllci !V. 

Lemma 2.5.4 . Let G be an elernent of the fonn f = fw
1 

o · · · o fw~:. Let B 
be a sirnply connected S"ubclo7nain of (J, B' E c( B, f) an elernent such that 
6 ( B', f) > JV. Then thcTe eTists smne 1.1 E { 0, ... 1 k - 1} such that if we set 
B u = fw~:-v o · · · o fu·~: ( B') 1 then Bu ·is sinL]Jly connected, rh:a1n ( Bu) 2: E, and 

PToof. Suppose dic-nn Bv < E for each u = l, .. . k - 1, then B' is si1nply 
COllllectcd(\Totc that we can assun1c E is sufficiently s1nall) and dcg(fl w : 
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B' -t B) :::; !.V. Hence 6(B', f) :::; J'-/ and it is a contradiction. Hence there 
exists avE {1, ... , k- 1} such that 

dian1 Bv ~ E. 

Take the n1axin1al v(1 :::; v:::; k- 1) satisfying the above. Then Bv is sin1ply 
connected and 

deg(Jrt't 0 · · · 0 J W.t:-v-l IBv : Bv -t B) :::; J.V . 

0 

_ ·ow \\·e will shO\\. the Theoren1 2. 5 .1. 

Proof. Take E, E and jV as before. Take n 0 in Len11na 2.5.3 for E and iV. 

Let k be the sn1allest integer such that there exists son1e adn1issable square 

Q = Q,l,n at level n ~no \\·ith dian1 (IC) > E for son1e elen1ent ](of c(Q, JIL.1 o 

· ~ · o f wJ where ( WJ 1 ••• , wk) is son1e \Vord of length k. \Ve have k ~ 1. Let 
Q be the square attached to Q. By len1n1a 2.5.3, there exists an elen1ent 

S E c(Q, f1U 1 o · · · o fwJ such that 6(5, fw 1 o · · · o fw~.:) > JV. Take an integer 
v with 1 :::; v < k in Len11na 2.5.4. Then we have 

dianl (Jwk-v 0 · · · 0 fw~.: ( S)) > E. 

If \\·e set 5 = frc~.:-v o · · · o fw~.: (5) then 

d Co· ( j 0 · .. 0 j I -) < iV b lV I IUJ.:-v-1 5 - . 

and 

JL 

By the 1ninin1ality of !.:, we have that the dian1eter of ea.ch elen1ent of 

c(Q,L, n+l 1 fwl 0·. ·ofll'J.:-v-1) is less than E. Since deg(frul 0·. ·OJIUJ.:-v-lls) :::; i.Y , 
we have that 

E < dian1 S :::; 36!V E. 

This contradicts to E < :3Gz,\'. Hence we have proved that for each adn1issabl c 

square Q11,n \\·i tlt 11 ~ n 0 and each g E G, each elen1cn t ]( E c( Q JL,IL) g) sat­
isfics that dia1n (I\-) < E. S i nee f. is sufficicn t ly srnal l , I\- is si1n ply connect rd. 
By Lcnllna ~ . 5.-1, \\T haYe !.hat 

Hence zo E S Hs + 1. D 
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\fo\v we \\·ill sho\Y the Corollary 2.5.2. 

P1ooj. If \\·e assun1e the conditions in the assumption of Corollary 2.5.2, 

then clearly the conditions in the assun1ption of Theoren1 2.5.1 are satisfied. 
Hence \Ye have .z0 E SHN( G) for son1e :.V E N. NO\\. take a sn1all disc lV 
around .z0 contained in SHN(G) n T.h. If there exists a constant C > 0) a 
sequence (gn) C G consisting of n1utually distinct elen1ents and a sequence 

(lVn) \Yith H1n E c(1V, gn) such that dian1 Hln > C for each n: then by 
Corolla.Ty 2 .1. 9, there exists a positive real nun1ber T such that for each n, 
\Ye have B(.zn, 1) C lVn for son1e Zn E CC. \Ve can assun1e (.zn) converges to a 

pointy E CC. Then (gn) is norn1al in B(y, T/2). Since gn(B(y, r/2)) c rv c 
U1 for each large n EN, \Ye get a contradiction . Hence the staten1ent of the 

Corollary holds . 0 

Theorem 2.5.5. Let G = (!1, !2, ... fn) be a finitely generated Tational senti­
group. Assunw that there exists an element of G with the degTee at least two) 
that each elcnwnt of Aut <C n G (if this is not c1npty) is loxodrom,ic and that 
F( G) i- 0. Then G is scm-i-hypcTbolic if and only if all of the following con­
ditions arc satisfied. 

1. for each z E J (G) thcTe exists a neighboThood U of z in CC such that for 
any sequence (gn) C G, any domain V in <C and any point ( E U, we 
have that the sequence (gn) does NOT conveTge to ( locally unijo1·mly 
on \ 1 

2. for each j = 1
1 
••• , n1 each c E C (fJ) n J (G) sat?:sfics 

d(c, (G U {icl} )(fJ(c))) > 0 

Proof. First assun1e the conditions land 2. Then by Theorern 2.5.1 1 we have 

that G is serni-hyperbolic. 

Cm1verscly, suppose G is sen1i-hyperbolic. By Len1n1a 2.1.13, the condi­
tion 2. holds. Now we will show the condition l.holds. By Theoren1 2.1.35, 
there exists an attractor I( in F( G) for G. Let zo be any point and U a neigh­
borhood of .:-0 such that U n I( = 0. Suppose that. there e::,jsts a seqHence 

(y ,J C G, a clmnai n \ 7 iH CC and a point ( E U sttch t.ha t [/n ( as 11 -t co 
loccdl~' 11nifonnly 0 11 F. \Vc will cleclttce a contradiction. \\'c can clSSUille that 
there exists a word u; E { 1, ... , ll2 y~ such that. for each n, 
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where O.n E G is an elen1ent. Then fro111 Theoren1 :2.1.35 and that [Jnl\- = 0. 
we have that 

fwn 0 .. · 0 ]w
1 
(\/) C J(G), (2.22) 

for each n. Hence (f I.L'n ~ · • · o fu.
1 
)n is normal in V . No\\. let us consider the 

rational ske\Y product f constructed by the generator systen1 { j 1 ..... f m}. 
By the second stat n1ent ofTheoren1 2.4 .1 3 . \\·e have that {lc} x F C F(}). 
Hence there exists et positin~ integer n such that f u;,.. o · · · o fn.

1 
(F) C F( G). 

if \\·e take ·v sufficient!~· sn1all. But this contradicts to (2.22). Hence \\·e ha\·e 
sho\\·n that the condition 1. holds. 0 

Theorem 2.5 .6. Let G = (]1, f'2, ... , fm) oc a finitely generated suo-hyperbolic 
rational scrnigroup. Assurnc that there exists an clcnwnt of G with the degree 
at least two; that each clement of Aut C n G (if this is not c1npty) is loxo­
dromic and that there is no super attTacting ji1;cd point of any clement of G 
in J (G). Then there cTists a Riemannian rrwtTic p on a neighborhood V of 
J(G)\P(G) such thatfor cach:;0 E J(G)\G- 1(P(G)nJ(G)), ijthcTc exists 
a woni w = (wt, w2, ... , ) E {1, ... , n,y'~ satisfying (fw,.. .. · fwJ(zo) E J(G) 
for each n, then 

where II · II is the nonn of the derivative rncasured frorn p on \1 to it. 

Proof By Theoren1 2.1.36, there exists an attractor J( in F( G) for G such 
that l\-; :J P( G) n F (G). Let { V1 , . .. , \.'~} be the set of all connected coin­
ponents of C \ 1\- haYing non-e1npty in tersect ion \\·ith J (G). \Ve take the 
hyperbolic metric in ~~ \ P (G) for each Z: = 1, ... , t. \ \·e denote bv p the 
Rieinann ian llletric ill v = u~= I I 'i \ p (G). First \\·e \\·ill shO\\' the follO\\·ing. 

• Claim 1. there exists a ~: E N such t.hat for each n., 

\Yher ' II · II is the nonn of t.he deriva ti vc 1neasu red fro1n p to it. For each 
i = 1, ... , t, letT; be a point of \'in F(G). Since l\- is an attractor in F(G) 
for G, there exists a kEN such that for each (i 1 , .•• , ik) E {1 ... ,n1}k, 

(2.23) 

Let. .1 : hl~ a poillt or .!(G) n \ · ~· \ P(G). Suppose (f;~: ···fit )(T) E 1/j \ P(G) for 
sonw (i 1, ... , ik) E {1, ... , m}l.: and j. Let (j be the contt('Ctecl c:mnponent of 

(f'i~: · · · f~~)- 1 (1~· \ P(G)) n (I;\ P(G)) containing :r. Then 

( fz- k . . . f i I ) : u -7 \ '} \ p ( G) 
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is a covering map. Hence we have 

ll(hk · · · fi 1 )'(z)llu, vj\P(C) = 1, for each:; E U, (:2.2-1) 

'"here \Ve denote by II · II u, \11\P(C) the norn1 of the derivative n1easured fron1 
the hyperbolic n1etric on U to that on Vj \P( G). On the other hand, by (2.23) 
U f. Vi \ P( G). Therefore the inclusion map i : U -t \ li \ P( G) satisfies that 

lli'(z)llu. \··;\P(G) < L for each z E U, (2.25) 

\\·here \\·e denote by II · llu, V;\P(CJ the nonn of the deri\·ati\·e rneasured fron1 
the h~·perbolic rnetric on U t.o that on~~\ P(G). By (2.2-1) and (2.25), \\·e 

get 

(2.26) 

\\·here \\·e denote by II · llv;\P(G), v1\P(G) the nonn of the deriYative n1easured 
fro1n the hyperbolic n1etric on \,~· \ P( G) to that on Vj \ P( G). Hence the 
Clain1 1. holds. 

By Cla.in1 1., we get that if the sequence (fw" · · · fzz· 1 )(zo))~ 1 does not 
accun1ulate to any point of P(G) n J(G), then ll(fu;" · · · fw 1 )'(.:o)ll -too as 
n -t co. Hence \\·e can assun1e that the sequence accun1ulates to a point of 
P( G) n J( G). \\·c set 

\Ve will show the following. 

• Claiin2.ll(gn)'(:;o)ll-tcoasn-too. 

Since .::: 0 E J(G) \ c-t (P(G) n J(G)), by the sarnc argun1cnts as that in 
the proof of Theore1n 2.1.3-!, \\·e can sho\\. that there exists an E1 > 0 and a 

sequence (n,i) of integers snch that 

g,lj(.:o) E J(G) \ B(P(G), E,), Drtj+l (:;o) E J(G) n B(P(G), E,). 

Suppose the case there exists a constant f.'2 such that for each j, 

Then from Claim l, there exists a constant c > 1 Sllch i.ha!. for each j, 

Using the Claim 1 again, ,,.e can shm\· that II (g,J' ( .:o) II -t oo as n -7 co. 
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_·ext suppose the case there e;cists a subsequence (ht)~ 1 of (gnj+t)J= 1 
such that cL(h1(z0 )

1 
P(G)) --1 0 as l --1 oo. There exists a subsequence (,31 )~ 1 

of (gnj )~ 1 such that for each l ht = Ctt o ,3t ,,·here O.t is an elen1ent of G. Then 
there exists a constant c1 E N such that for each l 1 wls (at) ::; c1 where S = 
{!

11 
••• 

1 
fm}· Hence there e;cists a sequence (xt) such that cl(x 11 /31(z0)) --1 0 

as l --1 oo and o. 1(:r1) E P(G) for each l E N. \Ve can assun1e that x 1 E 
B(6t(z0 ), E1) for each l E N. Let rt be the analy·tic inYcrsc branch of 31 in 
B ( /3t ( z o ) 1 E 1 ) such that 

Since U~ 1 :·t(B(.3t(zo)1 c1)) c C\F..· and cl(:ct1 3t(zo)) --1 0. \\ce get ~:'t(:r 1 ) --1 .:0 
as l --1 ·:a. Hence \\·e ha\·e 

cl ( z o , h [ 1 
( P (G) ) ) --1 0, as l --1 oo . (•) ·) - ) - ·- ( 

There e;cists an i such that .zo E \~· \ P( G). For each l let \l j1 be the elen1ent 
of {VI, ... 

1 
I-'d such that ht(zo) E \lj1 \ P(G). Let 1·Vt be the connected coin­

ponent of h[ 1(\;j
1 

\ P(G)) n \.'i \ P(G) containing .z0 . Then ht: H1
1 --1 \ ·} 1 is a 

covenng n1ap. Hence \Ye have 

where II · II w
1

, vj
1 

\ r>(C) is the norn1 of the clerivati ve 1neasurecl fr01n the hyper­
bolic 1netric on H1

1 to that on \: j 1 • By Theoren1 2.25 in (!'vic], (2.27) in1plies 
that 

\\'here \\'C denote by l[ tlte inclusion Inap from 1Ft into vi \ P( G) for each 
I E N. It follO\\'S that 

(2 .28) 

where II · II\·,\ r>(C), \ ~~ \ r>(C) is the nonn of the derivative n1casnrccl frmn the 
h.qwrbolic met.ric on \ i \ P(G) to that 011 \ '11 \ P(G). B) (2.28) and Clain1 
l. we get. ll(gll)'(zo)ll --1 v ' as n --1 oo. Hence the Clain1 2 holds. 

In t.hc same \\·ay \\T can shO\\. that for each i = 1, ... 1 k - 1, 

\\ ·c hc1.\'C t.lws pro\·ecl t.h ' Thcore1n. 0 
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Theorem 2. 5. 7. Let G = (ft, !2 1 ••• 1 f m) be a finitely generated sub-hyperbolic 
rational semigroup. Assume that theTe exists an element of G with the degree 
at least two) that each element of Aut C n G (if this is not empty) is loxo­
dromic and that there is no super attracting fixed point of any element of G 
in J( G) . Then G is semi-hyperbolic. 

PToof. \Ve will appeal to Theoren1 2.5.5. Since there is no super attracting 
fixed point of any elen1ent of G in J( G) 1 the condition 2. in Theoren1 2.5.5 
is satisfied. By Theoren1 2.1.36. there e;cists an attractor J{ in F( G) for 
G. Let zo be any point and U a neighborhood of .z0 such that U n J{ = 0. 
Suppose that there e;cists a sequence (gn) C G1 a don1ain \/inC and a point 
( E [j such that 9n --1 ( as .,.~, --1 oo locally unifon11ly on V . \Ve will deduce 
a contradiction. \Ve can assun1e that there exists a \\·ord w E {1. .. . 

1 
1n }N 

such that for each 7l 1 

where a E G is an elen1ent. Then fr0111 Theoren1 2.1.35 and that U n J( = 0 1 

\\·e have that 

(2.29) 

for each n. Hence (f Wn 0 .. . 0 f w, )n is norn1al in \'. Let zl E v n c-l (P( G) n 
.J(G)) be a point. By the back\\·arcl self-sin1ilarity of J(G) and Len1n1a 2.1.33 1 

there exists a sequence (n1) of positive integers and a neighborhood 1·V of 
P( G) n J (G) in C such that for each j 1 

fwn . 0 · · · 0 fw 1 ( zt) E C \ IV 
) 

By Theoren1 2.5.61 \\·e have that 

(2.30) 

where II · II denotes the nonn of the derivati\·c \\·ith respect to the spherical 
1netric . Since (fw

11 
o · · · o fw, )n is nonnal in V1 this is a contradiction. Hence 

the condition l in Theore1n 2.5.5 is satisfied . By Theorcn1 2.5.5 1 \\·e get that 
G is sen1i-h)'perbolic. 0 

2.6 Open Set Condition and Area 0 

Definition 2.6.1. Let G = (f1 , f2, ... 1 f~~,) be a fiuitcly generated rational 
se1nigroup. \Ve say that G satisfies the open set condit·ion with respect to 
the generators j 1 1 f2 1 ••. 1 fm if there exists an open set 0 snch that for each 
j = 11 ... 1 7H, fj- 1(0) C 0 and {fJ- 1(0)1J=I, .... n 1 arc 1nutuall~· disjoint. 
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Definition 2.6.2. Let G == (ft, !2, ... fn) be a finitely generated rational 
semigroup. \Ve say that G satisfies the strong open set condition if there is 
an open neighborhood 0 of J( G) such that each set JJ- 1 

( 0) is included in 0 
and is mutually disjoint. 

Proposition 2.6.3. Let G = (]1, f2, ... , fm) be a finitely generated rational 
semigToup. Assume that G satisfies the open set condition with respect to 
the geneTators ft, !2, ... , J m and 0 \ J (G) f. 0 wheTe 0 is an open set in 
the definition of the open set condition. Then J (G) i == 0 wheTe we denote by 
J (G) 1 the in t eri 01· of J (G) . 

Proof. LetS== {ft, ... , fm}- ) .. ssun1e that .J(G)i f. 0. 
Then \\"e clain1 that for each elernent g E G and each point :?: E J ( Gr) 

g(:r) E C \ (0 \ J(G)). 

Suppose that there exists a point y E J ( G)i and an elen1ent g1 E G such 
that 9t(Y) E 0\J(G). Since J(G) == U£~ 1 l- 1 (J(G)), there exists an elen1ent 
hE G "·ith wls(h) = wls(Dt) such that h(u) E J(G). Since JJ- 1 (0) c 0 for 

each j = 1, ... 771, we have J(G) C 0 and J(G)i c 0 . Hence g1 1(0) n 
h- 1(0) f. 0. But Dt f. hand that is a contradiction because of the open set 
condition . Therefore the aboYe clain1 holds. 

" O\Y the clain1 in1plies that G is nonnal in .] (G) i but this is a contradiction 
and so \Ye ha\·e J(G)i = 0. 0 

Theorem 2.6 .4. Let G = (ft, !2, . .. fn) be a finitely gcneTatcd 1·ational sen~i­
gToup. vVe ass?.nnc that the set U(i,j):i-:f=Jl- 1 (J(G)) n jj- 1(J(G)) docs not con­
ta·in any cont-in-lL7.L7TL Then the Julia set J (G) hns no intc1~ioT points. 

PToof. Assu1ne J( G) has non-C1npty interior points and let U be a cmnponent 
of int(J(G)). Let :r be a point of U. Frmn Le1n1na 1.1.5.2, there exists a 
positive integer it \\·ith i 1 ~ n such that .·c E fz-~ 1 (J(G)). Frmn Len1n1a 1.1.6.--L 
\\·e have U n fz-~ 1 (int.J(G)) f. 0. Let V be the connected con1ponent of U n 
r~ l (in t 1 ( G) ) . 

\\·e will shO\\. that V is dense in U. To show that, we can assu1ne that 
F f. U. Then av n u f. 0. If av n u COlltains a continuuin ! \-, then frOill the 
assu111ption of our theorc1n, t.lterc exists a point :: E I\- such that for each j 
\\ · i t.ll j f. i 1 , :: tf_ Jj- 1 

( J ( G) ) . \ V e cl en o t. e t ll e open disk c e 11 t e r c cl at z of r a cl i us 
c h)' D(::, f). Hence there is a small positive 1tu1nbcr c such that. D(::, c) 
is i 11 cln cl c d i ll U an cl cl is j o in t fr 0111 U J i= 1, fj 1 

( .] ( G) ) . I· rom L e 111111 a 1. 1. 5 . 2 . 

D (::, E) C !,~ 1 (in t.J (G)) and this is a con tracl ict.ion because V is a connected 
('0111 poll ell t of u n /,~ L (ill t] (G)). Therefore cJF n u docs not COil tain an\" 

continuum ancl V is dense in U. 
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It follo\YS that /i
1 
(U) is included in a con1ponent U1 of int(J(G)). In this 

way, \ve can take a sequence ( ik )k such that for each k the nun1ber ik is in 
{1, ... , n} and 

where Uk is a component of int(.J(G)). \fo,,·let (gJ) be a sequence of elen1ents 
of G. If the sequence contains infinite elen1ents of (fi~: o · · · o ]i 1 ), then (gJ) is a 
norn1al fan1ily on U. Unless (gJ) contains any elen1ent of the fonn fi~: o · · · o ]i 1 , 

then for each l the set g1(U) is included in F(G) because of the assun1ption of 
our theoren1 and so (gj) is a norn1al fan1ily on U. It follo,,-s that U is included 
in F (G) and this is a contradiction. 0 

Remark 11. If u(i,J):if=Jr- 1(J(G)) n j 1-
1(J(G)) contains a continuun1, then 

the .] ulia set n1ay have non-en1pty interior points. For exan1ple, let p 1 == 
0, P2 == 1, PJ = 1 + i and p.1 = i. For each j == 1 ... ,4, \\·e set fJ(::) == 
2( z- PJ) + PJ. Then J ( (]1 , ... , f-1)) is equal to the closed rectangle PtP2P3P-t· 

Definition 2.6.5 . Let G be a polynon1ial sen1igroup. \Ve denote by !\(G) 
the closure of the set 1( 1 (G) consisting of the points, for each 2 of \Yhich, 
there is a sequence (gm)m consisting of n1utually distinct elen1ents of G such 
that the sequence (gm ( 2) )m is bounded. J( (G) is called the filled-in .] ulia set 

of G. 

Remark 12 . For each g E G the inverse in1age g- 1 
( J( (G)) is included in 

l\-(G) and .J(G) C 1<."(G) . If G = (/1, /2, . .. fn) is a finitely generated poly­
noinial se1nigroup, then 

!\(G)= U fJ- 1 (1\(G)). 
j=l 

Theoren1 2 .6 .6 . Let G = (]1, f 2 ... JTL) be a finitely gcnc1·atcd polynonL'ial 
senLigroup . Ass?.L712C that the set u(l,j):i-:f=j]i-[(1\(G)) n J;~-I(J\"(G)) docs not 
contain any contin7.L7.L7n. Then 

8(!\(G)) == J(G). 

Proof. Let z be a point of D(1\(G)) and let U be an open neighborhood of::. 
For each .1: E l\-1 (G) n U there is a sequence (v 111 ) Ill of clements of G such that 
([! 111 (x))ll! is bounded. But for each IJ E U\1{(G) the sccptcncc ([} 111 (1J))u 1 tends 
Lo infinity so G is not nonnal in [j and :: E J (G). So 8( 1\- (G)) C J (G). )I ext 
let U be a cmnponent of int(I\(G)). From the fact !\-(G)= Uj

1
= 1/ 1-

1
(1\-(G)) 

and our assumption \\·c can shO\\. that G is normal i11 U in the sa1ne \\·a.v as 
the proof of Theoren1 2.6.--L 0 
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Theorem 2. 6. 7. Let G = (/1 , f2, ... , f m) be a finitely generated rational 
semigroup which is semi-hyperbolic} contains an element with the degree at 

least two and satisfies the open set condition with respect to the generators 

j 1 , j 2, ... , j m. Let 0 be an open set in Definition 2. 6.1. Assurne that n 80 n 
J( G)) < co. Then the 2-dimensional Lebesgue measure of J( G) is equal to 0. 

Proof. \Ye ,,·ill sho,,- the staten1ent using the n1ethod of Theoren1 1.3 in 

[Y). \Ve fix a gen1erator systen1 S = {/1 , .. . 1/m}· By the assun1ption of 
our Theoren11 "·e have each elen1ent of Aut C n G(if this is not en1pty) is 
loxodron1ic. By Theoren1 2.1.35, A(G) is an attractor in F(G) for G. \\-e 

can assun1e oo E A( G). Suppose that the 2-din1ensional Lebesgue n1easure 
of J (G) is positive. 

Since ~(80 n J(G)) <co, G- 1(G(o0 n J(G))) is a countable set. Hence 
there exists a Lebesgue density point x of J( G) such that :z_· E J( G) \ 
(G- 1(G(o0 n J(G))). Since we have J(G) = UT= 1 j1~

1 (J(G)), there exists a 
\YOrd w = (tc 1 , w21 . . . ) E {1, ... 1 rn}N such that for each positive integer u , 

fluu · · · fw 1 (.r) E J(G). 
\Ve will show that the sequence (fwu · · · f w 1 (.T)) u has an accun1ulation 

point in J (G)\ 80 . Assun1e that is false . For each large u, let (u be the closest 
point to fwu · · · f,u1 (.1;) in 80 n J(G) . Since there exists no super attracting 
fix d point of any point of any elen1ent of Gin J(G), there exists a positi,·e 
integer s such that for each integer t with t 2: s 1 (fwt · · · fw.J' ( (s_ I) -:/::- 0. 
Since G is sen1i-hyperbolic1 \\·e have that for each .?; E ao n J (G)' if there 
exists an elen1ent g E G such that g (.rc) = x 1 then .T is a repelling fixed point 
of g. Applying Len1n1a 2.1.33, we get a contradiction. Hence the sequence 
(fw .. · · · !w

1 
(x))u has an accun11dation point in J(G) \80. 

By the argun1ent above, \\·e have that there exists an E > 0 and a seqnence 

(g,J of elc1nen ts of G such that for each 71 1 !Jn+ 1 = h n!Jn for son1e II ll E G 
and !Jn(T) E J(G) \ D(oO, E). Let (5 be a sn1all11u1nbcr so that 5 < E and for 
each !J E G and each x E J(G), 

deg(g: U -t D(.T 1 5)) ::; 1V 

for each U E c( D (.rc 1 5) 1 !J), \V here JV is a positive integer independent of 
:r, [I and U. By Len1n1a 2.1.12, \\·e can assu1ne that for each !J E G and each 
T E J (G), if 1' is a sin1ply connected open neighborhood of :r contained in 
D ( :z;, (5), then each clen1cn t of c( D ( :1·1 (5), !J) is si1n pl.Y connected. 

For each II, l \\·c set T ll = !Jn ( T). Let ull be the COllllCtccl COl1l pOll ell t of 
y - 1 (D(:rn, }5)) contai11ing 1:. \Tow we will clai111 that 

(2.31 ) 

71 

where \\-e denote by n& 2 the 2-din1ensional Lebesgue n1easure. By Corol­
lary 2.1.9, Proposition 2.6.3 and Corollary 2.-±.151 there exist a constant 

J( > 0, two sequences (rn) and (Rn) such that t ::; jt < L Rn -t 0 
and 

Since T is a Lebesgue density point of J (G), the clain1 holds. \f o"· \Ye get 

(2.32) 

For each n, Let ¢n : D(01 1) -t Dg" (xn 1 5) be the Rien1ann n1ap such that 
¢n(O) = T, where D9" (Xn 1 5) is the elen1ent of c(D(Tn, 5), gn) containing U11 • 

By (2.32) and the I<oebe distortion theoren1, we get 

(2.33) 

By Corollary 2.1.8, there exists a constant 0 < c1 < 1 such that for each H 1 
the Euclidian dian1eter of ¢-;: 1 

( Un.) is less than c1. Since \\-e can assun1e that 
Dg, (.Tn 1 5) C C for each nand uniformly bounded inC, by Cauchy's forn1ula 1 
\H::! get that there exists a constant c-2 such that 

(2.34) 

No"· we will show 

1 
D(Tn, :25) n F(G) = !Jn(Un n F(G)), for each n. (2.35) 

It is easy to sec that D (xn 1 ~5) n F (G) :J y,JU,l n F (G)). NO\\. let z be a point 
of D(.Tn1 ~6) n F( G) and a~sun1e that there exists a point w E [/,l n J( G) 
such that-gn(w) = z . Since J(G) = UJ"= 1Jj- 1 (J(G)) and gll(1u) E F(G) 1 there 

exists an elen1eut g E G with wls(g) = wls(!Jn) such that g(w) E J(G) C 0. 
Hence \\·e have g-:/::- gn and g- 1(0) ng~ 1 (0)-:/::- 0. But this contradicts to the 
open set condition. Therefore (2.35) holds. 

By (2.33) 1 (2.34) and (2 .35), we have 

n12(D(.rcn, }5) n F(G)) 

m. ·2 ( D ( .T n , } 5) ) 

< 

1n2((9n o ¢,l)(¢~ 1 (Uil n F(G))) 
Ill 2 ( D ( :r , t } r) ) ) 

./~ ~ t (U" n F (G) ) I ( !J ll o ¢ n ) ' ( : ) 12 rln7 ·2 ( : ) m ·2 ( ¢ ~ l ( U n ) ) 

1112 (¢;; 1 (Un)) 1JL2(D(.Tn, })) 

-t 0, 
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as n -t oo. Hence 1\·e ha\·e 

. rn2 ( D (X n ~ 6) n .] (G)) 
hn1 -. 1 _ = 1. 
n~:x:> m,2(D(xn, 2o)) 

\Ve can assun1e that there exists a point x:x> E J (G) such that 1.-·n -t J:x .. 

Then 

nl 2 ( D ( :r :x> , ~ 6) n J (G) ) 
m2(D(.1~:>-:), ~6)) = 1. 

This in1pli s that D(.l·-::o, ~6) C J(G) but this is rt contradiction because \\·e 
ha\·c J(G)i = 0 by Proposition 2.6.3. 0 

Corollary 2.6.8. Let G = (ft, /2, . .. fm) be a finitely generated rational 
semigroup which is S?.Lb-hyperbolic, contains an clernent with the degTee at 
least two and satisfies the open set condition with Tespect to the geneTators 
/1 !2, ... , fm· Let 0 be an open set in Definition 2.6.1. Ass'ume that ~(80 n 
J(G)) < oo. Then the 2-dimens-ional Lebesgue measuTe of J(G) is equal to 0. 

PToof. By Proposition 2.6.3 1 J(Gr = 0. Since G is finitely generated by 
[H!'vi 2), there is no super attracting fixed point of any elernent of Gin ().] (G) = 
J(G) . Therefore bv Theoren1 2.5.71 ,,.e haYe that G is sen1i-hyperbolic. By 
Theoren1 2.6. 71 the staten1ent holds. 

0 

2. 7 5-conformal measures and Hausdorff di­
mension. of the Julia sets 

\ Ve constrnct 6-confonnal 1neas1nes on .] ulia sets of rational scn1igrou ps and 
consider Hausdorff clin1eusion of the .Julia sets. h-confonnal 111eas1ues on 
.Julia sets of rational functions ~~-ere in trod need in [S ull]. Sec also [:-viTU]. 

Definit ion 2.7 .1 . Let G = (/11 / 21 . . . /ll) be a fin itely generated rational 
s 'n1igroup satisfying t.he strong open set condition and let <5 be a non-negati\·e 
111unber. \ Ve say that a pro babili t~· measn rc 1 L on CC is <5-confonnal if for each 
j = 1, .. . 1 n aud for each me as ura blc set A inclndcd in JJ- 1 (J (G)) where J1 

is iujectivc 011 A 1 

11UJ(A)) =I 11/j(:)llsrii' 

whcr' II · II denotes the norm of the derivati1·e 11·itlt respect. t.o the spherical 
111ctri c. .-\11 cl we sc t 

6(G) = inf{<5 I t.hcrc is a <5-confonnalincasllre 011 .J(G)}. 
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Theorem 2. 7.2. Let G = (/11 /2, ... fn) be a finitely generated rational semi­
group satisfying the strong open set c:Jndit-ion. We assume that when n is 
equal to one the degree of / 1 is at least two. Then there aTe a nurnber 
0 < 6 ~ 2 and a probability measuTe f.1 whose support is equal to J (G) such 
that f.1 is <5-conformal. Also 6(G) > 0. 

\Ve 1vill show the staten1ent in the san1e 11·ay as [Sull] or [\ITU]. \Ve need 
the follo1Ying len1n1a . 

Len1ma 2.7.3. UndeT the same assumption in Theorem 2. 7.2: let 0 be an 
open set in Definition 2. 6. 2. Then there exists an open set U whose clos?.LTe 
-is included in 0 n F (G) such that joT each open neighboThood H/ of J (G) 
there is a positive integc1· n1 satisfying 

u (2.36) 

gEC: 'WOTd length 2:m 

PToof. Let V be an open set IYhose closure is included in 0 n F( G). First 
11·e consider the case such that for each z E F( G), the C-orbit of z does not 
accun1ulate at any point of 11. If there are a sequence (xk) converging to a 
point y E F(G) and a sequence (gt.:) of G such that for each k 1 gk(xk) E \/ 
and the IYorcl length of g711 tends to infinity as n2 --1 oo 1 then the sequence 
(gk(y)) accurnulates in V because (gk) is non11al in a neighborhood of y. This 
is a contradiction. Putting U = v·, 11·e have (2.36). 

Now let \/1, ... 1 \l:n be all connected cmnponcnts of F( G) each of which 
has a non-empty intersection with or.. For each j we take the hyperbolic 
n1etric in \!j. \Ve set 

H = {g E G 1 g(\/1 n 0) n (1/1 n 0) # 0}. 

If H is ernpty1 take u in v1 n 0 so Sinall that \\·hose closure is included in 
F1 n 0. For each.: E F(G) 1 the C-orbit of.: docs not accun1ulate at a11y 
point of U 1 so by the prev ious argmnent 1 (2.36 ) holds. Hence \\·e can assun1c 
that H is llOll-elnpty. \ Ve have for each j) fJ ( oc) c oc. Therefore for each 
h E H1 h(\··1 nOr.) c F1 nor.. If I .1 is inclnclccl in a Siegel disc or a Hennann 
ring of an elen1ent of g E G, then g(F1 n 0) = F1 n 0. V/c can assurnc the 
word length of g is less thau that of any other elen1ent. of G which has a 
Siegel elise or a Hennann ring conL-1.ining F1. \\'·c represent g as 

Take Sllli-dl open set u in B = g- 1 (I ,-1 n 0) \ (F1 n 0). N otc that because of 
the back\\·arcl self-sin1ilari t~' of J (G) and the strong op 'll set con eli tiou, for 
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each open set Din 0 n F(G) and each elen1ent hE G, h- 1(D) c 0 n F (G ) 
and soB c 0 n F(G). \\-e haYe for each z E B, 

Hence G( z) n 0 docs not accun1ulate at any point of U and it follO\\·s that 

for each y E F(G), G(y) does not accun1ulate at any point of U. Therefore 

(2.36) holds. 

So \\·c can assun1c that each h E H has a (supcr)attracting basin con­

taining \-1, here note that h(VI n oc) c \ '-1 n o c. Let I( be the C01npact 

E-ncighborhoocl of oc in Uj'~ 1 \ 'j \\-ith respect to the h)'perbolic n1etric. For 
ach j = 1, ... , n and i = L . , 1n , \YC set 

\\·here 11·11 is the norn1 of the clcriYatiYc rneasurccl frorn the hyperbolic n1ctric 

on I<· to that on son1c \ ·~~ \Yhich contains fj(\ li). \Vc denote by dH(-, ·) the 

distance on \/1 induced by the hyperbolic n1etric. Then for each h E H and 

for each z E I\- n Fl n 0, c!.H(h(::), Fl n oc)/cLH(z, VI n oc) is less than 

sup { aj i I j = 1, . . . n, i. = 1 . . . , nL, aj i f- 1} < l. 

Since h( oc) c oc for each II E H, if \\' e take [j srnall enough ill I\- n \ ,-1 n 0' 
then for each y E F( G), G(y) docs not accun1nlate at any point of [j and so 

(2.36 ) holds. 0 

PToof. ofTltcorcrn 2.7.2. Let 0 be the open set in Dcfinitio11 2.6.2. Let [j be 

t.ltc op 'll set in Lcn1111a 2.7.3. \\'C' can <-lssmnc that U is a sin1pl~' COllllcct.ccl 

clmnain in 0 \ (P(G) U J(G)). NO\\. we have 

._ . .) ( ( ) .. -) 

\\·ltcrc Sis Lakcn allltolomorpltic inn~rsc branches of all clcincnts of G defined 

011 U, II · II denotes the norm of tltc clcriYat.i\·e with respccL to the spherical 

nwi.ric and 'Ill is t.ltc Lcbc.·guc llH'clS1lrc. for, assnn1c t.lt;lt there arc sequences 

(n1 1,);. a11cl (lk) 1,. of inte ger~) \\·itlt Ill ~. --t '- ~. sncJt th<-lL for each/; 11\C'rc is <·ll l 

c1ClllC1ll y, 11 ~_+1;... E (,'of \Hn-cllcllgth 111~. +!~,:and Ti!, E C of \\·ord lc11gt.lt lk so 
i.JLtl. 

r1- 1 +, ( 0·) n 7i,- 1 
( u ) r...;. 0 . 

- 111). • ~ • ). 

2. 7. 6-CO.NFOR}.,JAL .:\IEA..SURES 10 

Then because of the strong open set condition for each k there is an elen1ent 

hmk E G of word length nlk such that 

u n h-:n~(U) f- 0. 

But this is a contradiction by (2.36) and so (2.37) holds. 
:-J O\\. for each x E U \\·e set 

I(x) = U u 
gEC: \\-ord length m 

and 

for y E g- 1 (:r). By (2 .37) for aln1ost everywhere x E U 

:L d(vf < oo . 

·yEf(x) 

\Ve fix a point :z: E U such that (2.38) holds. And \\·e set 

6 = inf{sl :L d(yr < oo}. 
yE ! (:r) 

(2.38) 

For each j there is a positive nurnber cj such that llfj(z) II ~ cj in a neigh­

borhood of f;·~ 1 
( J (G)) and the set 

U g-l(:r) 

yEC: \\·orcl length m 

has CL~:=I deg(fJ)) 111 points so 6 > 0. 
No\\. we consider the case LyEf(x) d(y)s = oo. For each nurnbcr s > 6 "·e 

denote by fLs the probability rneasurc on C such that for each !J E I(:r) 

({ }) 
- d(y)s 

fls Y - L . · 
,,...!( ·) d(w)·~ u, c 1. 

Let f .L be a weak lirnit of J-L.-; when s "\; o. Then the support of JL is included 

in .J(G) because LyE!(:r) cl(y)s = oo. Let (be a point of Jj- 1 (J(G)). Also let 

V be <-l neighborhood of ( in Jj 1 
( 0) and assnrnc that fJ is injcc:ti,·c on F. 

Then fJ is a bijection fro Ill I (X) n \l to I (X) n fj (V). \ Vc set /\ = II fj (()II· Let 
E > 0 be a srnall nurnbcr. \Vc take v· sn1aller such that for each z E V 
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Then 

Let s "\; 5 and ·we get 

If 1; ( () = 0, ,_,_.e can show that p ( fJ ( ()) = 0. It follO\YS that p is a 6-conforn1al 
n1easure on J (G). 

~ext \\·e consider the case LyE!(x) cl(y) 5 < oo. \Ve take Patterson's func­

tion h i.e. h is a continuous and non-decreasing function fror11 JR.+ toR+ and 

satisfies that 

1. LyE!(x) h(d(y)- 1)d(vr converges for each s > 5 and does not con\·ergc 
for each s :::; 5. 

2. for each E there is a nun1bcr ro such that h(rt) ::; t€h(r) for each r > r0 

and t > 1. 

For 1nore detail about Patterson's function, see [Pat) . \Ve set 

,_,_·here we denote by 5!1 the dirac 1neasurc which is concentrated on {y}. 
Letting s "\; 5 \YC get a 6-confon11al n1caslne on J (G) in the san1c ,_,_-a!' as the 

case LyEf(x) cl(y)s =co. 

\Ve \vill sho,_,_· that support of JL is equal to J(G). By the constrnction the 
support of 1 L is included in J (G) .. O\V assun1e that there arc a point ( E J (G) 
and a positive llUnlbcr a such that p(D((, a)) = 0. By Lcn1n1a 1.1.6, there 
exists an elcn1cn t !] E G such that !J ( D ( (, a)) ::) J (G). Since f.L is a confon11al 
1neasurc, it follows that JL( J (G)) = 0 and this is a contradiction. Therefore 
the support. of fl. is cq ual to J (G). 

\ Vc now consider c5 (G). There is a c5( G) confonnal n1easure f.L on J (G). 
,-\ssuine that 5 (G) is eq nal to zero. If there exists a point .l' E f- 1 

(.] (G)) 
such that JL({.T}) > 0, then ft({fJ(.7:)}) = ;t({:z:}). Since backward orbit of 
any point of J( G) h ;.ls infini t.cly Illi-Ul)' points allclfl. is a probability 111 ~ a s lne . 

it is a contradiction. Hence fl. is non-atomic. For each 1ncasurablc se t .-1. 
included in J (G) \\·e sc t 
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Then T is a probability n1easure on J( G). But if A is a measurable set in 
J( G) such that for each j all branches of fj-l are ·well defined on .-i then 

n 

1(A) = (L deg(fJ))Il(A), 
j=l 

and this is a contradiction, since J (G) is a disjoint union of son1e finintely 
n1any points and son1e sets on each of which for each j all branches of fj-l 

are \Yell defined . 0 

Theorem 2.7.4. Let G = (j1, f2, ... fn) be a finitely geneTated hypeTbolic 
Tational semigToup satisfying the stTong open set condit-ion. vVe assume that 
when n is equal to one the degTee of f 1 is at least two. Let 5 be a nu1nbeT 
satisfying that 0 < 5 :::; 2 and assu1ne that theTe is a 6-conj01mal measuTe 11 

onJ(G). Then5=5(G) and 

din1H(J(G)) = 5(G), 0 < Ho(G)(J(G)) < oo, 

whcTe din1H is the H ausdoTfj dirnension and H a: is the a-H ausdoTfj rncasuTe. 

By Theoren1 2.6.7 , Them·e1n 2.7.2 and Theorcn1 2.7.4, \\·e get the next 

result. 

Corollary 2. 7.5. Let G = (f1, f 2 , ... fTl) be a finitely gcncTated hyperbolic 
rational scrnigToup satisfying the stTong open set condition. vVc assurne that 
when n is equal to one the degTee of j 1 is at least two. Then 

0 < cli111H(J(G)) < 2. 

And if we set o: = di1n(J(G)), then 

0 < Her(J(G)) <co. 

Corollary 2.7 .6. Let G = (f1,f2 , ... fTl) be a finitely generated hype1·bolic 
Tat'ional scrnigroup. vVe assv:mc that when n is cq·ual to one the degree of f 1 

'is at least two and the sets { fj-! ( J (G))} j = 1 , ... ,,L aTe nmtually disjoint. Then 

0 < diinrr(.J(G)) < 2. 

And 'if we set o = dim(.J(G)), then 

0 < Her(J(G)) < oo. 
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Proof. of Corollary 2.7.6. By Len1n1a 1.1.6.1 and Theoren1 2.1.38, \\·e can 
assun1e that 

i~f inf II Jj ( z) II > 1, 
J :EJ1-

1 (J(G)) 

\\·here \\·e denote by II · II the norn1 of the derivative with respect to the 
spherical n1etric. Then it is easy to see that G satisfies the strong open set 
condition. :-Jo\\. the staten1ent follm\·s fron1 Corollary 2. 7.5. D 

Proof. of Theoren1 2.7.4. To prove our theor·en1 it is sufficient to show that 
if for a nun1ber 5 satisfying 0 < 5 ~ 2 there is a 6-conforn1al measure JL on 
J(G), then 0 < HJ(J(G)) < oo. \Ve set 

A= inf inf llfj(z)ll. 
J :Ej

1
-:-

1 (J (G)) 

By Len1n1a 1.1.6.1 and Theoren1 2.1.38 we can assun1e that/\ > 1 by replacing 
G by a subsen1igroup 1111 of G. As G is hyperbolic , there is a nun1ber T > 0 
such that for each ( E .] (G) and for each g E G we can take well defined 
branches of g- 1 on D((, r) \vhere D((, r) is the r disc about ( . Also \\·c 
can assun1c tln.t for each j and for each ( E J (C) the rnap fJ is injective on 
D((, T). \Vc set 

Sc = { S I a branch of g- 1 on D( (, r), g E G}. 

By the Eoebe theorcrn, there is a positive nun1bcr c0 such that for each 
( E J (G) and for each S E Sc 

r 7' 
sup{IIS'(2)II J 2 ED((, 2)} ~co · inf{IIS'(.::)III 2 ED((, 2)} . 

\Ve fix a point 2 0 E J (G) . For each positive integer n there is a unique clernent 
!Jn E G of \\·ord length n snell that [} 11 ( zo) E J (G) because of Len1n1a. 1.1.5.2 
and the strong open set cond ition . \Ve take a branch SIL of g;: 1 such that 
S"(gll(20 )) = 2 0 . By the Koebe thcorern there arc a positive constant o:, ,3 
such that if we set 

Cr 
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Also we have r n -t 0 as n -t oo. Since the support of f-1 is equal to J (G), 
for each sn1all number a > 0 there is a number i.'vf (a) > 0 such that for each 
( E J( G) 

J-L(D((, a))> i\l(a). 

Fron1 above and since f-1 is 5 confon11al we get 

T 
~ c~ (-) -J r~. 

0: 

So there is a nurnber c1 > 1 such that for each n 

\Ve can take c1 independent of z0 E J (G) . \Ve set 

n1axi rnax: E/
1
- 1 (J(G)) II fj ( z) II 

C:2 = 

There is a nur11ber n such that 

-l < I< c2 r,! - .,. - c-2rr! 1 

for all r' with 1'
1 < r 1. Then for each r' such that 1'

1 < T 1 

So if \\·e set c = c 1 d, for any srnall r' 

l ·ow the staten1en t of our theoren1 follO\\'S inunediat.ely. D 
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In [D U 1], \I. Denker and \I. Urbanski gave a conjecture that for an:y· ratio­

nalr11ap f, din1H (.J( (f))) = 5( (f)). Sin1ilary we give the follo\ving conjecture. 

Conjecture 2. 7. 7. Let G = (f1: f2, . .. fn) be a finitely generated rational 
semigToup satisfying the stTong open set condition. vVe assurr"e that when n 
is equal to one the degree of f 1 is at least two. Then 

· din1H(.J(G)) = 5(G). 

2.8 6-subconforn1al measures and Hausdorff 
dimension of the Julia sets 

Definition 2.8.1. Let G be a rational sen1igroup and c5 a non-negative nun1-
ber. \Ve say that a Borel probability n1easure p on CC is 6-subconfon11al if for 
each g E G and for each Borel n1easurable set A 

·where \\·e denote by II · II the norn1 of the derivative \\·i th respect to the 
spherical n1etric. For each .T E CC and each real nun1ber s we set 

5(s, .-r) = L L ll!/(v)ll-:; 
QEC D(!J)=:r 

counting nnd ti plici tics ancl 

5 ( .r) = inf { s I 5 ( s·, T) < co}. 

If there is not s such that 5 ( s :r) < co, thc11 \ve set 5 ( T) = co. Also \\·e set 

so (G) = inf { 5 ( .T)}, s( G) = inf { c5 I ::ljL : (5-su bconforn1al nleclStnc} 

It is not difficult for us to prove the next result nsing the sa1ne 1ncthocl 
as t.hat. in t.hc section of r5-confonnal 1ncasHrc. 

Theorein 2. 8. 2. Let G be rL rational se1nigrou7J which has at m.ost countably 
rrwny elc·ments. If there e:1:i.-,ts a point .r E CC such that 5(.~:) < co then there 
is a 5(.7,·) -subconfornwl n"easure. In 7J(Lrt-icular, we have s( G) ::; so( G). 
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Proposition 2.8.3. Let G be a rational semigToup and 1 a c5-subconformal 
measure for G where c5 is a real number Assume that~] (G) ~ 3 and for each 
x E E(G) there exists an element g E G such that g(.-z;) = x and lg'(x)l < 1. 
Then the support of 1 contains J (G). 

Proposition 2.8.4. Let G = (/1, f2, ... , f m) be a finitely geneTated rational 
semigroup. Assume that G satisfies the open set condition with Tespect to the 
geneTatoTs f 1 , f 2 , ... , f m and 0 \ J (G) i- 0 wheTe 0 is an open set in the 
definition of the open set cond-it·ion. If there exists an attractor in F( G) for 
G, then 

so(G) :::; 2. 

Proof. \ Ve can assun1e 771 ~ 2. Let 1\- be an attractor in F (G) for G. There 
exists a sin1ply connected don1ain TJ in ( 0 n F( G)) \ (1{ UP( G)) such that 
g(U) n U = 0 for each g E G. By the open set condition, it is easy to see that 
if g i- h, then g- 1 (U) n h.- 1 (U) = 0. Hence we have 

L fullS'(z)Jj 2dm2(z) < oo, 
s 

\\·here S is taken over all holon1orphic inverse branches of all elen1ents of 
G defined on U, II · II denotes the nonn of the cleri\·ative \Yith respect to 
the spherical n1etric and 771 2 is the 2-din1ensional Lebesgue n1easure on CC. It 
follows that for aln1ost every where :r E U, 5(2, :c) < oo. 0 

Lemma 2.8.5. Let G be a Tational senLigToup. Assurrw that co E F(G), 
~] (G) ~ 3 and joT each .1: E E (G) theTe c:rists an clernent g E G such that 
g(:c) = T and lg'(:r)l < 1. We also assurne that there exist a countable set E 
in CC, positive nunLbeTs a 1 and a 2 and a constant c with 0 < c < 1 such that 
joT each :r E J (G)\ E, there exist two sequences (rn) and ( R n) of positive real 
nurnbers and a sequence (gn) of elenu~nts of G satisfying all of the following 
conditions: 

1 . .,.n -t 0 and for each n, 0 <ft.< c and !Jn(T) E .J(G). 

2. j01· each n, !Jn(D(:r, Rn)) C D(gn(:t) Ot ). 

3. joT each n gn(D(:r, Tn)) ~ D(gn(:r), a-2). 

Let (5 be a Teal nmnbe1· with c5 ~ s( G) and JL a c5- subconjm·rrwl1ncas·u1·c . Then 
c5-H a'usdmff 1ncasu1·c on J (G) is absolutely cont-inuous w-ith Tcspcr:.t to f'· such 
that the Radon-JVikocli1n de1 ··ivative is bounded j1'0T!L above. In JHL?Liculrn. we 
have 

d i rn H ( J (G) ) :::; s (G) . 
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Proof. By Proposition 2.8.3, the support of f.1 contains J (C). Hence there 
exists a constant c1 > 0 such that for each x E J(C), f-L(D(1-·, a 2 )) > c1 . 

Fixanyx E J(G)\E. ForeachnwesetR(z) = Rnz+x. Bythecondition 
1 and 2, the family {gn oRn} is norn1al in D(0,1). By \!arty's theoren1, there 
exists a constant c2 such that for each n and each w E D ( 0, c), 

:\"ote that ,,-e can take the constant c2 independent of :c E J( G) \E. Hence 
,-e have for each n, 

Ct < f-L(D(gn(:c), a2)) 

< f-L(gn(D(x, Tn))) 

< I llg~1(z)ll 6 dp(z) 
· D(x,rn) 

j ll(gn 0 Rn 0 Rn -l)'(.:)ll 6dp(z) 
D(x,rn) 

1 
< CJ-J J.L(D(x, Tn)) 

Rn 
1 

< CJ -5 f.1 ( D ( :z; 1 ,.H)) 1 
T' 

TL 

where c3 is a constant not depending on n and .T E J( G) \E. Therefore "·e 
get that there exists a constant C!J not depending on n and x E J( G)\ E such 
that 

JL(D(T, rn)) 
---

5 
-- ~ Ct. 

r~~ 
(2.39) 

ow \Ye can show the staten1ent of our lcn11na in the smne \\·ay as the 
proof of Theore1n 14 in [DU2]. \Ve will follow it. Let A be any Borel set in 
J (G). \ ,\·e set A 1 = A \ E. \ Ve denote by H,s the (5-Hausdorff 1neasure. Since 
Eisa countable set, \\·c have Hs(A) = Hs(A 1 ). Fix{, E. For every x EAt, 

denote by { ,.n (:r)} ~ 1 the sequence constructed in the above paragraph. Since 
1 L is regular, for every :z: E A 1 there exists a radi ns r ( 1:) being of the fonn 
rll(T) such that 

JL( U D(T, r(.1;)) \ . .:.1 1) <f.. 
:rE.·\t 

By· the Besico\·ic thcore111 \\·e can choose a countable subcon~r {D(.ri, ~".r;)}~ 1 
fron1 the co\·er { D ( .T, ,. (.r) L·E .·\ 

1 
of .-i 1, of n1Ld ti plici t~· bounded by' son1e con-
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stant C ~ 1, independent of the cover. By (2.39), \Ye obtain 

00 'X) 

L r(xi) 6 < c4 1 L f-L(D(.Ti, r(xi))) 
i=l i=l 

00 

< c4 1Cf-L(u D(.ri, r(xi))) 
i=l 

< c4 1 C(E + f-L(.-1 1)). 

Letting E ----* 0 and then 1 4 0 v;e get 

0 

Theorem 2.8.6 . Let G be a 1·ational semigToup geneTated by a geneTatoT 
system, {f-\}-\E:\ such that U-\E :\ {Id 'is a compact subset of End(C). Let~ be 
a Tational skew pTod1tct constntcted by the geneTator system . Assurne f is 
semi-hyperbolic along fibers and sat-isfies the condition Cl with a family of 
discs { Dx }xEX Sllch that Dx = D , Vx E _y with some D. Then we have 

din1H(J(G)) ~ s(G). 

PToof \Ve can assun1e oo E F(G). Let .T be any point of J(C). Since we 
have J (G) = U ,\t\ f; 1 

( J (C)), for each n E N there exists an elen1en t 9n E G 
\vhich is a product of n generators such that gn(.T) E J(G). Let 6 be a sn1all 
positive nun1ber. For each n, we denote by D9 ,. (gn(x), 6) the elen1ent of 
c(D(gn(.T), c5), 5) containing x. By Them·e1n 2.-± .13, if we ta.kc a 6 sinaller, 
then 

dia1n (D9 ,. (gn(x),S)) 4 0, as n 4 oo. (2.40) 

By Lernn1a 2.4.14, \Ve can assmne that Dull (gn(x), 6) is sin1ply connected for 
each n. Let ¢n : D(O, 1) 4 Dull (!JnCr),5) be the Ilie1nann 1nap such that 
¢n(O) = x. By the Koebe distortion thcorern, \\·e have that for each n, 

Since G is se1ni-hypcrbolic, \\· c can assu111e thaL D(J( G), (5) C 51-Is( G) 
\\·here !Vis a positive integer. By Corollary 2.1.10, we get 

sup{dian1 (6~ 1 (D1Jg 11 (.z;),c:5)))} ---7 0, as E----* 0. 
nEN 
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Therefore by the I<oebe distortion theoren1, there exists an E such that 

D g n ( g n (X) , E 5) ¢n ( ¢-;: 1 
( D g n ( g n (X) , E 5) ) ) 

C D(x, ~ lo~ (0) ll, for each n. 

By (2.40), we have 1¢~ (0) I -t 0 as n -t co . Applying Len1n1a 2.8.5, \\·e get 

din1H(J(G)) :S; s(G). 

0 

Theorem 2.8.7. Let G = (f1, f2, ... , fm) be a finitely generated rational 
semigroup which is semi-hyperbolic. Assll7ne that G contains an element 
with the degree at least two 1 each elernent of Aut <C n G (if this is not ernpty) 
is loxodromic and F (G) f. 0. Then we have 

din1H(J(G))::; s(G)::; so(G) . 

Proof. By Theoren1 2.8.6 and Theoren1 2.8.2 . 0 

Remark 13. Let G = (f1, f2 , ... , fm) be a finitely generated hyperbolic ra­
tional sen1igroup \\·hich satisfies the strong open set condition. \Ve assun1e 
that \\·hell n = 1 the degree of f 1 is at leas t two. B); the resu lts in Thco­
rcn1 2.7.2 and the proof, Theorcn1 2.7.4 and Corollary 2.7.5, \\·e have 

0 < clin1H J(G) = s(G) = s0 (G) = 5(G) < 2. 

Theorem 2.8.8. Let G = (f1, f2 , . . . fn) be a finitely generated rational serrLi­
grollp which is e:L]Janchng. Let /\ be the nHrnbe1· in the assHrnption of Theo-
1·c·rn 2.1 . S9. Then 

lao·("' deo·(f ·)) 
l. (J(G')) < D Lj D J c 1111 H . T • 

- log/\ 
(2.-±1) 

Proof. This tltcorcn1 follows fr01n a Corollary which \\'C \\·ill show later using 
thcnnodyw-1n1ical fon11alisn1s , but here we \\·ill shO\\' the state1nent directly. 
By replacing G by a snbse1nigroup Im of G, \\·e can assun1c that for caclt j 
and.:: E fJ- 1(J(G)) 

llfj(z)ll 2 \ 

where 11-11 denotes tltc 11orrn of the clcriYatin~ with rC'spcct t.o the sphcriccd 
metric. \ \'e tal~c a poin L .r E J (G). Now for each m tltc set 

u g-l{:t} 
gEC: \YOrd length rn 
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has at most C2:=1(deg(f1)))m points. Also for each z E J(G) and for each m,, 
if g EGis word length m and g(z) E J(G), then 

loa().. dea(J )) 
So for each number s such that s > o ~~g >.o 

1 we have 

gEC g(y)=x m=O j 

00 
loo· A 

= ~ ex p { rn 1 o g ( ~ d eg ( fJ) )( 1 - s ( L 0 
( ) ) ) } < co. L L loa· . dea f

1
-

m=O j D J D 

Fron1 the way of construction of 5-su bconfon11al111easure and Theorcn1 2. 8. r, 
the statement of Theorcn1 2.8.8 follows. 0 

Example 2.8.9. Let n be a positive integer such that n 2 -±. \Ve set G = 
(zn, n(z-4)+4). Then G is a finitely generated hyperbolic rational sen1igroup 
satisfying the strong open set condition. For, let f ( z) = .zn, g( z) = n (.::- 4) + 
4 and U = { lzl < 5}. Then the closures of f -! ( U) and g- 1 

( U) arc incl udccl 
in U and n1utually disjoint. Hence J( G) C U and G satisfies the strong open 
set condition. Since lg(O)I > 5, G is hyperbolic. By Theoren1 2.8.8, we get 

log(-n + 1) 
1 ::; din1H J (G) ::; ( ) . 

log TL 

Example 2 .8 .10. Let G = (f1, f2) \\·here f 1 (.::) = z 2 + 2, !2(::) = ::·2 - 2. 
Since r(G) n J(G) = {2,-2} and P(G) n F(G) is COinpact, \\·c have G 
is su b-hypcrbolic. By Theorcn1 2.5. 7, G is also scini-hypcrbolic. Since 
f; 1 

( D ( 0, 2) ) c D ( 0, 2) for j = 1, 2 an cl f 1- 1 
( D ( 0, 2)) n f 2-

1 
( D ( 0, 2) ) = 0 , G 

satisfies the open set condition. Also J (G) is included in B = uJ= 1 fJ-I ( D ( 0, 2)). 
Since B n CJD(O, 2) = {2, -2, 2i, -2i}, we get nJ(G) n CJD(O, 2)) <co. By 
Corollary 2.6 .7, 1\·e have nL 2(J(G)) = 0, \\·here \\·e denote by 1JL2 the 2-

cliincnsional Lebesgue Incasltre. By Thcorc1n 2 .8 . 7 and Proposition 2 .8.4, \\·c 
have also 

rlinz 11 (.J(G)):::; s(G):::; so(G):::; 2. 
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Chapter 3 

Ske-w products related to 
finitely generated rational 

• sern1groups 

In this chapter \\·e assun1e the following situation. Let 771 be a positive integer 

and I:m = { 1, . .. , 771} N. \ Ve denote by CJ : I:m -t l:m the shift n1ap, that is 

( w 1 , ... ) H ( w2, ... ) . 

Let G = (ft, !2, .. . fm) be a finit ely generated rational sen1igroup. Let f : 
~m x C -t l:m x C be the rational skew product constructed by the generator 

systen1 {ft , ... , fm}. Hence for each ( w, T) E I:m x C, 

j ( ( 1U, T) ) = ( (J W, !w 1 .T) · 

3.1 thermodynamical formalisms 

\Ve consider to use thennodynan1ical fon11alisms to get son1e estin1ates of 

Hausdo~ff din1ension of .Julia sets of expanding rational scn1igroups. 

For each j = l, ... , 1n, let IPJ be a Holder continuous function on fJ .. 1 
( J (G)). 

\Ve set for each (w, 1:) E J, <p((w, 1:)) = <tJw
1 
(.T). Then <p is a Holder contin­

uous function on J. \Ve define an operater L on C(J) = {4' : .J -t C I 

continuous } by 

( L cxp(<p((u/, y))) , (( , )) 
L ~/) ( 'llJ l .7:) ) = 'l; I 'U' ) IJ ' 

_ exp(P) ' 
!( ( IU 1 ,!f))=( IVJ) 

counting n1ultip li cit ies, where \Ve denote by P = P(flj, v) the pressure of 

(]lj v) . 

87 
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Lemma 3 .1.1. With the sarne notations as the above.. let G = (f1, j 2 : ... J m) 
be a finitely generated expanding rational semigrou.p. Then for each set of 

Holder continu_ous functions {Vi L=l, .... m, there exists a unique probability 
measure 1 on J such that 

• L -~ = I, 

• for each l' E C(i), IILnu- 1(u)niiJ -t 0, n -t c·o, where we set 
. l -

o. = _lnnt-+:::o L (1) E C ( J) and we denote by II · II J the supremurn norm 
on J, 

• o. 1 is an cqu'ilibri?.trn state for (]I J, (()). 

Lemma 3 .1. 2. Let G = (f1, f2, ... f m) be a finitely generated expanding ra­
tional sernigroup. Then there exists a unique nurnber 5 > 0 such that if we 

set <?i(x) = -6log(ll!j(x)ll),j = 1, ... 1 nl, then P = 0. 

Fr~n1 Lcn1111a 3.1.1 1 for this 5 there exists a unique probability n1casure 

1 on J such that Lj1 = 1 ·where Ls is an operator on C(f) defined by 

Also 6 satisfies that 

6 = ~l· or(J) < log(~7~ 1 deg(Jj)) 

.J j <Po.c/1 - j j (/;etcfT 

. l - -
'"here o_ = li1n, 20 Ls(1).: ,,.c denote by /ior(f) the 1nctric entropy of (f, o_1) 
and(/; is a function on J defined by <f?((w,x)) = log(llf:u

1 
(.'L·)II). 

B .v these argun1cn ts and results in section of 5- (sub) confonnal n1casu res 
, we get th' follo\\·ing result. 

Theorem 3.1.3. Let G = (/1, f2, ... fm) be a fin·itely geneTated expanding 
Tational ::;e ·mig?'OUJJ and 6 the rucmber in the above mgurnent. Then 

d i 111 u ( J (G) ) :s; s (G) :s; c5. 

ivforeouc1·. if the set . .,· {fJ- 1(.J(G))} a1'c ·mutually disjoint. thencliinrr(J(G)) = 

(5 < 2 and 0 < 1-fs ( J (G)) < oo, whc1·e 11 e denote by Hs the <5- Hausrlmff 
rncas·ure. 
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Corollary 3.1.4. Let G = (/1 1 /2 1 ••• fm) be a finitely geneTated expanding 
rational semigroup. Then 

log(~r:n deu(J ·)) 
dim (J(G)) < ~J=l 0 1 

H - lou). ' 
0 

where ). denotes the number in Definition 2.1.4 0. 

Example 3.1.5. l. Let G = (]1,/2) "·here f 1(z) = z2 and j 2 (::) = 

2.3(z- 3) + 3. Then \\·e can see easily that {lzl < 0.9} C F(G) and G 
is hyperbolic. By the corollary 3.1.4, "·e get 

loa· 3 
din1H(J(G)) :s; 0 < 2. 

log 1.8 

In particular, J( G) has no interior points. In Proposition 2.6.3, it "·as 

shown that if a finitely generated rational sen1igToup satisfies the open 

set condition with an open set 0, then the Julia set is equal to the 

closure of the open set 0 or has no interior points. Note that the fact 

that the Julia set of the above sernigroup G has no interior points was 

shown by only using analytic quantity. It seen1s to be true that G does 
not satisfy the open set condition. 

2. Let G = (~
3 

1 z2 + 8). Then "·c can sec easily that {lzl < 2} C F(G) 
and G is hyperbolic. Hence \\·e have 

loo· 5 
din1H J(G) < - 0

- < 2. 
- log 3 

In particular, J (G) has no in tcrior points. 

3.2 backward self-similar measure 

\ Vc now consider about invariant n1easurcs and sclf-sin1ilar n1casurcs on .Julia 

sets. In the cases of iterat ions of rational functions, Brolin's and Lyubich's 

studies arc "·ell known ([Br], [L]). Rcccn tly, D. Boyd in vcstigatccl ::invariant 

n1casurc" (that is , the 1ncaslHC (JT2 ) ~;!.in the notation in Thcorcrn 3.2. 3) in the 

case that each fJ is of degree at least two and have shown the uniqueness in 

[Bo]. \~Vc introduce son1c notations and results frm11 [L). Let A be a bounded 

opcn1.tor in the cmnplcx Banach space B. The operator A is called alnw.<;t 
peTioclic if the orbit {A "1 <;>} ~= 1 of any vector <? E B is strongly cond i tionallv 
con1pact. The eigenvalue /\ and related eigenvector arc called unitary if 

1/\l = 1. The set of unitary eigenvectors of the operator A "·ill be denoted 
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by spec11 A. \Ve denote by Bu the closure of the linear span of the unitary 
eigenvectors of the operator A. And \Ye set 

here the convergence is assun1ed to be strong. 

Theorem 3.2.1. ((L}) If A : B ---t B is an almost periodic operator in the 
complex Banach space B, then 

Corollary 3.2.2. ((Lj) Let A : B ---t B be an alrnost pe1~odic opeTa.toT in the 
complex Banach space B. Assume that specuA = { 1} and the point A = 1 is a 
simple eigenvalue. Let h f 0 be an invanant vectoT of the opeTator A. Then 
there exists an A w invar-iant functional J1 E B"', J1(h.) = 1, such that 

Let G = (f1, j 2 , ... fm) be a finitely generated rational sen1igroup. \Ve set 

di = deg(fi) for each j = 1, ... , 77l and d = L~ 1 di. For each con1pact set 

I( of <C we denote by C(I() all continuous con1plex valued functions on I(. It 
is a Banach space ·with supren1un1 norn1 on I(. Assun1e that I\ is back\vard 

invariant under G. For each j and for each elen1ent C? \\·e set 

\vhcre .z is any point of I(. Then A i'? is an clen1en t of C ( ]\') and A i 1s a 
bounded operator on C (I(). \ Vc set 

)!\) = { (at, ... , an) E IR1l I L O.j = 1, a j ~ 0}. 

And for each a E )!\) we set 

1l 
(Bnc;J)(z) = L aj(Ajc;J)(.z). 

j=l 

Then En is a bounded operator on C(J\). 
Sin1ilarly, le t I~- be a compact su bsct of ~ 111 x <C \\.11 ic:lt is back\vard 

invariant under ]. \Ve define an operator Ba on C (I~-) as follO\\·s. For each 
clen1e11 t (? E C (I\-) \\·e set 

(13nc?)(z) = ~(Ej-t(=lc;?((h~~~(() 
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where 0a(() =~if 111(() = (wt, w2~· .. ). _ 

Ba is a bounded operator on C(J{ ). Furtheren1ore, if 112(!{) = J(, then 
\\·e get 

and "2; C ( f{) ---+ C ( 1~-) is an ison1etry. 

Theorem 3.2.3. Let G = (f1, ... , fm) be a finitely generated Tat·ional semi­
group. Assume that there exists an element g0 E G of degree at least two, 
the exceptional set E(G) for G is included in F(G) and F(H)_-:J J(G) where 
H is a rational semigroup defined by H = { h -l I h E Aut (<C) n G}. ( if H 
is em,pty, put F (H) = <C.) Then joT each a E )!\) with_!!· f 0 theTe exists a 
unique regular Borel probability measure jJ,a on I:m X <C such that for each 
compac! set 1~, which is included in 112 1 (<C \ E( G)) and backward inva1iant 
under j, 

as n -:-t oo, for each (/J E C ( j(), where we denote by 1 the constant function 
taking its value 1. Sirrtilarly, there exists a unique regular Borel probability 
measure !-La on <C such that for each compact set J( wh-ich is included in 
<C \ E( G) and backward invanant ?.tnder G, 

as n ---+ oo, for each C? E C ( J(). _ 

J'vforeover, (IT 2).(j:Ln) = Jla· The S?.lpport of i:La is eq?.tal to J and the suppoTt 
of fLn is eq?.lal to J(G). 

Definition 3.2.4. \~Ve call jJ,a or f.La the self-sirn-ilm· m,easure with respect 

to the \veight a. 

\Ve need smne lcn11nas to prove Theoren1 3.2 .3. 

Lemma 3.2.5. Let G = (j1, ... , fm) be a finitely gener·ated 1·ational se7ni­
grO?.lJJ . Assurne that there e1;-ists an ele7lLCnt g0 E G of degTcc at least two and 
F (H) ~ J (G) where H is a r-at-ional scrn·igro·up defined hy H = {_h - t I h E 

A ?.lt (<C) n G}. (if H ·is e1np ty, 7nd F (H) = <C.) Then the·rc c~z;i.'.;ts· a c) > 0 such 
that j07 · each .T E J(G), if we denote by :Fx,c5 the fwnily of nutps satisfying 
that each elernent of it is a well-defined ·inverse branch of so1ne elenLCnt of G 
on. B ( ~· , 6) where B ( :r, b) is a ball about .T with the rad·i?.ts c5 with respect to 
the S]Jhcrical rnetric, then :Fx,J is a nonnal farnily on B ( T, c5). 
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Proof. Take x E J(G). Let D == B(x, E) ,,·here Eisa sn1all positive number. 

Let G1 be the subsemigroup of G such that for each element g E G1 there 

exists an element g 1 E G and integer j \\ith 1 :::; j :::; m and di ~ 2 satisfying 

g == g1 fi. Let :F1 be the family of n1aps fron1 D to CC such that each elernent 

of :F1 is an inYerse branch of son1e elen1ent of G1 . Then fron1 Theoren1 2.1 in 

[H::VI3], :F1 is norn1al in D. Taking E sn1aller, we can assun1e that 

(3 .1) 

\·o,,· let (gj)j be any sequence of elen1ents of :Fx,( where gi is an elen1ent of 

G. For each j there exists an elen1ent ViE G1 U {Jd} and hiE H U {Id} 
such that gj == 1/Jihi . Then for each j, Vi(hig} 1

) == gig} 1 == JcLD. Hence ,,.e 

have hig} 1 
E :F1. Since :F1 is normal in D, there exists a map g fror11 D 

to C and a sequence of positive integers (J'JJ such that hi~.: g~ 1 ---+ g locally 

uniforn1ly on D ask-too. By (3.1), we can assun1e that there exists a 111ap 

h fron1 a neighborhood V of g(D) to C such that h~1 ---+ h locally uniforn1ly 

on Vas k -t oo. It follows that g~ 1 == h~ 1 hikgik ---+ hg locally uniforn1ly on 

D as k ---+ oo. Hence we have :Fx,c. is norn1al on D. Since J (G) is con1pact., 
the staten1ent of our len1n1a holds. 

0 

Lemma 3.2.6. UndeT the sarne ass-umption as Theorem, 3 .2.3, let 1~- be a 
cornpact subset of JT2 1(C \ E(G)) which is backward invaTiant undeT j. If 

Bn<;J == A<;J, j/\j == 1, then/\== 1 and <.pis constant. That is, (C(F:)),
1 

== CC·l. 

PToof. Let z be a point of I~- such that 

lv(.:)j ==sup j<.p(w)j. 
wE r\· 

Then 

j<.p(z)j j(Bn<?)(z)j 

< L l4,(l(C)Iiv(C)I 
(Ej-r(:) 

Hence if (is a point of /- 1
(.:), then lv(()j == lv(z)j and it in1plies <r"(() == 

/\<.p(.:). Fix c-1.11~· point (o E J. By Proposition 2.4 .5. G, there exists a sequence 

( (n) such that (n E j -n (.:) for each positi \·e integer n and (n -t (o as n ---+ 02. 

Hence \\'e ha,·e /\'\?(:) == v((n) -t <-?(()as n -t CXJ . It in1plies /\ == 1. 
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:0Io\v we will show that <.p is constant. \\·e put <;J == ~v + i2s<;J. Then 

Let z be a point of J( such that 

Rv(z) ==sup ~<.p(w). 
u:E F: 

By a sin1ilar argun1ent \\·e can shO\\. that~<?(()== ~SJ(z) for each ( E j- 1 (.:). 

Let ( be any point of J. Let ( (n) n be a sequence such that for each n the point 

(n belongs to j-n(z) and (n -1 (.Then ~v((n) -t ~v(() so~<;>(:-)= ~v((). 
In the san1e \Yay \\·e can sho·w that if x is the n1inin1un1 point of the function 

Rv, then <.p( x) == <.p( (), where ( is any point of J. Hence R<.p is constant and 

by the san1e argun1ent 25v is also constant. \\'hence <.p is constant. 0 

Lemma 3.2.7. UndeT the same assumpt-ion as The01·ern 3.2.3 if 1\- ~s a 

cgmpact subset of JT2 1 (C \ E( G)) which is backwaTd invaTiant ?.tndeT /, then 
Ba is an almost periodic operator on C ( 1<.."). 

Proof. \Ve \vill develop the n1ethods of key len1n1a about equicontinuity of 

{B;0 ¢}n \Yhere ao == (~ ... , d:f), 6 E C(I\) in [Bo]. Let <.p E C(J\) be 

any elen1ent. \Ve have IIBa
11

\?llr\·:::; 11<-PIIr\· for each positive integer n. By the 

Ascoli-.--\rzela Theo~en1, we have only to show that the fan1ily {Ban<-?}
11 

is 
equicontinuous on !<..". 

For each t == (tt, ... , tm) E Nm, we set 

O.r,l == '\' 11 , r == 1, ... ,1n, 
L_., "== l t J.Jlk 

and a(t) == (at,t . .. , O.m,t) E W. Then there exists a sequence (t 1
) 1 of cle1nents 

of ~I' a such that a ( t 1 
) -t a , as l -t oo . 

For each p E N, we set 

Z - U(· ·) {l } {cv(f· · · · f· )} - 7t·)(cv(j11
)) p- zr, . . . ,z rE , ... ,1nP zl' 11 -- ' 

\vhere cv n1eans the critical values . 

Let U be any sin1p ly connected d01nain snell that U C C \ Z 11 . For each 

i == 1, ... , n1. c-u1d I E N, we set 

I j. · I 
!J i .j == i' J = 1' . . . ' t i. 

For each I E N \\·e consider {!JLj} i,j as a generator systcn1 and let J1 : ~ur(l) x 

C -7 ~ 111 (l) x C be the skew product n1ap constructed by that generator s!·ste1n 
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in the same \Yay as the beginning of this section \Yhere nl-(l) = z;:l t~. For 

each sEN and lEN, \Ye denote by Cis,!= CJs,!(U) the cardinality of the family 

consisting of well-defined inverse branches of f1 s on I:m(l) x U. For each finite 

\YOrd {1,2, .. . ,n1-(l)} 5
, let CJs ,k,o be the cardinality of the family consisting 

of well-defined inverse branches of the elen1en t in (gL) i.j corresponding to 
the ,,·ord a on U. Then by definition, we have 

Cls.l = L Cls,l.a· 

oE{l,:2, ... ,m(/)} 3 

For each k = 1, 2, . .. , m(l), let ek be the degree of k-th elen1ent of {gf.1L.J· 
Then "·e have 

Hence \\·e get 

Cls+l,l Cls+l,l.ok 

aE{l,2, ... ,m(/)} 3 kE{l,2, ... ,m(l)} 

> 
oE{l,2, ... ,m(l)} ·• kE{l,2, ... ,m(l)} 

kE{l,2, ... ,m(l)} kE { 1,2, .... m(l)} 

111 m 

j=l j=l 

d(l)CJs,t- 1n(lrc(l), 

"·here d(l) = Lj'~ 1 t~dj and c(l) = Lj'~ 1 2tj(cl]- dj)· It follows that CJp,l = 
rl(l) 11 and for each positive integer n, 

n-l 

CJ
1
)+,t,l ~ d(f)P+' 1

- c(l)nL(l)P L 1n(l)n-l-icl(l)i. 
i=O 

Hence we get for each l E N and n E N 

d(l)p+l- CJp+n,l < c(l)( rn(l) Y-1- ~(m{l) )' 
d(l)fl+ll - c!(l) d(!) 8 d(l) 

( 
f') ')) .)._ 

nL(/) Ill 1 Ill l 
- 1() 

= Lo1.tt- -1 La1- < 1, 
c l d)· d)· 

j=l j=l 

(3.3) 
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(3.--1) 

as l -1 oo . By (3.3), we can assun1e that there exists a nun1ber 6 with 
0 < ,\ < 1 such that for each l E N, 

n1-(l) 
cl(l) < /\. (3.5) 

\Tow let E > 0 be arbitrary sn1all positive nun1ber. Fro111 (3.2). (3.--1) and 
(3.5), \Ye get that there exists a positive integer p such that for each sin1ply 

connected don1ain U satisfving U C C \ Z11 , the number CJ11 ..J...n 1 = CJ ..J... 1 (U) 
v , • p, n, 

satisfies that 

L(l) p+n 
C · - CJp+n,/ < 

d(l)p+n - E, 
(3.6) 

for each l E N and n E N. 
Let d~"' be a fixed Inetric in ~m and de(, ) the spherical n1etric on 

C. Let d(, ) be the n1ctric on ~m x C defined by: d( (v/, y'), ( w, y)) = 

n1a."({ d~m (w', w), dc(y', y) }. 
Let 6 be a nun1ber in Lcn1n1a 3.2.5. Let J(' = B(J(G), }6) . Let (w,1:) E 

~m x C be a point such that 1.: E "2 ( l\-) n J\- 1 
\ Z 11 . \ Vc can easily sec that 

there exists a positive nun1ber 51 such that if cl(z, z') < 51, z, :::' E J( and 
it:z(z) = IT2(z'), then 

(3.7) 

for each l E Nand n E N. Hence by Le1nn1a 3.2.5, (3.6) and (3. 7), \\·e get that 
if \\'C take 62 so sn1all then for each ( w', .~;') E 1\- with cL( ( w, .T), ( w', .-r')) < ()2 , 

\\'C have 

J.B;z\l)v((w, .-r))- B~\l)v((w', .r'))J 

< JB;1

1(1)V((w,:t))- B~1(1)<?((w,T'))J + JB;t(l)V((w,.t;'))- .B;z\l)v((w',:t'))J 

< E + 2Af E + E = c(2 + 2/vf), 

(3.8) 

\\·here 1\f = sup:Er\·Jv(z)J, for each lEN and n EN. 
)I 0\\., let :z E l\- be a11y point. D y Proposition 2.4. 5. G, there exists a 

positi,·e integer 1 such that for each y E J\-, \\'C haxc 

(3.9) 
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For each l E N, \Ve set 

,3(l) = min t~ 1 • • • t~r. 
(u.·1 , ... ,w,..)E{l, ... ,m}r 

(3.10) 

Then \Ye have 

au.· 6(!) 
0 < (. n1in - 1 

) r ::; lin1 inf -' -_ , 
]= 1.. ... m du:j 1-+-:xJ cl( l)' 

(3 .11) 

3(l) Clu.·. 
li111 SUP '!(!) T :s; (. __:11aX -

1 
) T < 1. 

1-+-:xJ C J-1, ... ,m du .. 
J 

(3.12) 

Hence \\·e can assun1e that there exist constants c1 and c2 such that for each 

lEN, 

(3.13) 

For each l E N, let '-1 : ~m x <C -t .Bm(l) x <C be an natural en1bedding and 

tr
1 

: ~m(l) x <C -t .Bm x <C the natural projection . For each l E N and n E N, let 

5n,t be the set of solution of ftrn(z') = '-t(z) and ~5n,l the cardinality counting 

1nultiplicity. Let 5 1,t, 1 be a subset of 5 1,t such that the second projection of 

each point of the set belongs to tr2 (J\) n ]{' \ ZP and ~51,/, 1 = ,6(l). And let 

S1,1,2 = 5 1,t\5l,l,L· h_:cluctively, for each n 2 1, let 5n+l ,t, 1 be a set of backward 
in1ages of 5n,t,2 by j 1r such that the second projection of each point of the set 

belongs to tr2 (J\) n J\' \ Zl' and ~5n+t, 1 , 1 = ,6( l)~5n,I,2 where the cardinalities 
arc counted considering n1ultiplicity. And let 5n+ l,I ,2 = j-r ( 5n,l) \ 5n+ 1 ,I, 1 . 

Then inductively we can sec that for each n E N, 

(3.14) 

aud 

(3.15) 

By (3.13), there exists a positi \·e integer 1V such that for each lEN, 

( 
c1 u r - ,6 ( l ) ) N 

( 
< E. 

d l) r 
(3.16) 

By ( 3. 7 ) , there exists a llllll1 ber 11 > 0 such that for each 11. E N. I E N and 

j = 1, ... _Y, if::' E 71
1(SJ.l.l) and r.f(:::',:z:), cf(:::',y) < IJ , 

(3 .17) 
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By (3 .14), (3.15), (3.16) and (3.17), \Ve can see that if \\-e take 5.) > 0 sn1all 
enough then J( z, z') < 62, z' E J\ implies that for each n E N and l E N, 

i.B;(~rN('?)(z) _ .B;(;)rN('?)(/)1 
d(l)r,''i 

< d(l)-Nr L IB;(l)('?)(~t 1 (zi))- .B;(I)('?)(~t 1 (z~))l 
i=l 

1 N r:s. 
< (~ "" 1

'
1
'
1 

·J ( ·J +? ·\I) + ~5 · ·J ·'I) cf(f)Nr 0 cf(/)Sr-jr E - -~ ~ ,\· ,1,2-~ 1 

]=l 

N d(f)T- 3(/) f3( /) 
( ~ ( , : , ) j- 1 _: _· ' ') ( ') + ') /\II)) + •) :\If f:; cl(l)' cf(l)' _E ~ -- -- E, 

\vher on the above \Ye set { z1 , . . . zb} = 5rN,l, b = cl(l)',v and \\·e denoted 
by< the point of ft-rN(Lt(z')) corresponding to zi. By (3.13), there exists a 
constant C > 0, not depending on JV, such that for each l E N, 

Hence '\\·e get 

~(d(l)'- ,6(1) )H {J(l) < C 
f:; d(l)T d(l)T - • 

Letting l -t co, \\'C get that for each n E N, 

Thus we have proved the lcn1111a. 

(3.18) 

(3.19) 

(3.20) 

0 

Proof. of Them·en1 3.2.3. By Corollary 3.2.2, Len1n1a 3.2.6 and Len1n1a 3.2.7 
\\·e can show the staten1en t about con vergence of the operator and that the 
support of jl.(l is included in J in the sau1e way as that in [L]. Since T1a is 
B~-invariant and inf.:Ej 0(1(:::) > 0, by Proposition 2.4.5.6, we can show that 

the support of jl(l is equal to J immediately. It in1plies that the support of 
fL 11 is equal to 1 (G). 0 

Lemma 3.2.8 . UndeT the ,c.;mne a.'ii'LLrnpt-ion as Theorern .5.2.3, for any a E 
VV with a =/:- 0, we have f.Ln is rwn-atornic . 

Proof. \Ve set for each n E N, I E N and ::: E J (G), 

c( n, I)(:;) = (3.21) 
oE{ l, .. ,m(l)}", !)n

1 
o - .. 0!] 0 ,. (.:)EJ(C) 
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,,·here we denote by gcx
1 

any elen1ent of {gL} and mul denotes the multiplicity. 

\ Ve will show the follo\\ing clain1. 

Clain1 1. for any z E J(G), there exists an open neighborhood U(z) of z 
and a word (u· 1(z), ... , w2(z)) E {1, ... , nz,} 2 such that for each y E U(z), 

Suppose there exists a point z E J (G) such that for each ( w2 , w1) E { 1, ... , n1} 2 , 

For each j = l, ... n1, we set Zj = fj(z). \Ve can assun1e that there exists a 

positi\·e integer t \\·ith 1 ::; t ::; 1n such that dt 1 ••• , dt 2:: 2 and dt+l = · · · = 

dm = 1. 
If there exists an integer i such that z -f. zi then for each integer s \Yith 

l ::; s :; t, n1ul fs at z and at zi are equal to ds. Hence, conjugating G by 

son1e ?\Iobius transforn1ation, we can assun1c that z = 0, zs = oo, fs(z) = -~~ 
for each s with 1::; s::; t and Zt+t, ... ,zm E {O,oo}. It in1plies z E E(G) 
but this contradicts to the assun1ption E( G) C F( G). 

If z = zi for each i = 1, ... 1 n1, then conjugating G by son1e l'viobius 

transforn1ation, we can assun1e that z = oo and j 1 , ... 1 fm arc polynon1ials. 

It contradicts to E(G) C F(G). Hence the clain1 l. holds. 

Fron1 clain1 1
1 

there exists a finite collection U(xi), ... 1 U(xk) \\·ith 

u;·=l U(:rj) ~ J(G) "·here :r1, ... :r~,: E J(G) such that for each j = 1, ... , k, 
there exists a \vord (w2 (.Tj),1u 1(:rj)) E {1, . .. 1n} 2 satisfying t hat for each 

y E U(.Tj) 

\Vc set 

\\'c get for each .: E J( G) and l E N, 

·) . / ·) 

c(2,/)(:):; d(l)-- ( nnn t;)-c. 
j=J, ... 1 1/! 

H 'llce for each 11 E N, I E N ;-u1cl :: E J (G), 

c(2n,l)(:) < (d(/)'2 - (nlin;=t, ... ll! t~fc)n. 
cl(f)2n - r/(/)2 

(3.22) 
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Let E > 0 be any small number. And fix z E J (G). By (3.22), there exists a 

positive integer n0 such that for each ? E N, 

c(2n0 ,l)(z) 
d(l)2no ::; E. (3.23) 

Take ( E J( G). For each l EN and n EN, "·e set 

where Oy denotes the dirac 1neasure concentrated at y and g~,: denotes the 

k-th ele1ncnt of {gf.; }i.j. Note that by Theoren1 3.2.3, pf.n --7 fla(t') weakly as 

n -t oo. There exists an open neighborhood U of z such that if ,,.e set 

c' (2no l) ( U) = L deg(gcx 1 o · · · o 9cx,.
0 
I u) 

cxE{l, ... ,m(l)}no, 9o 1 O···ogcr"O (.:)EJ(G) 

then we have c'(2no,l)(U) = c(2n0 , l)(z). Hence by (3.23), we get that for 

each n EN and l E N, 

Letting TL -too, since we can assun1e that Pn(t') (EJU) = 0 for each lEN, we 

get for each l E N, 

(3.2--1) 

Bv the uniqueness of the sclf-sirnilar n1caslnc \\·ith reSI)CCt to the \vci o·ht a 
.J 0 l 

·we have fLa(t') -t fLa \\·eakly as l -too. Since we can assun1c Pa(CJU) = 0, by 

(3.24), we get 

Since E can be taken arbitrar~· small , we get fla ( {::}) 

non-ato111ic. 

~ 

3.3 entropy of f 

0. Hence 1 La IS 

0 

Lemma 3 .3 .1. UndeT the smne assunLption as The01·ern 3.2.3, let Jl.a be the 
self-sin~·ilar 1neasu1·e with respect to the weight Cl E W. Then ii.a 'is j -·invariant 
and 
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1. (],jja) is exact. 

2. hiia(]) 2=: H(EI(])- 1E) =- ~;: 1 ajlogaj + ~~ 1 ajlogdj, whe1e we 

denote by E the pa1tition of :Em x CC into one point subsets. 

P1ooj. By Theoren1 3.2.3, the measure f1a is B~-in,·ariant. Hence for each 

c_;J E c(=rn X CC), 

Hence ~La is /-invariant. 
Let u= denote the conditional n1easure on the elen1ent of partition j-t E 

containing z E =rn x CC\Yith respect to the n1easure f1a. Then by Theoren1 3.2.3 
and using the san1e argun1ent as that in p366-367 in [L], we can show that 

17! 

L (l.j L u:. = - c\ 1 

d· 
j=l J (EJ- 1 j(:.)n~m.j 

(3.25) 

\Yhere ~m,j = { w E ~ 711 I w 1 = j}. By Theoren1 3.2.3 and (3.25), using the 
san1e argun1cnt as that in P367 in [L) again, we can shO\\- that (/, f1a) is 
exact . 

By Len11na 3.2.8 1 \YC have tr 2.f1a is non-aton1ic. In particular, 

i1-a(cv (])) = 0. (3.26) 

By (3.25) and (3.26) 1 \\·e get that 

II! TTl 

( I 
-_, ' ai O.J ' aJ IE f E)(z) =- 0 cLJ ·-log-=- 0 aJ log -1 

. rl)· d)· . d)· 
j=l ;=1 

(3.27) 

for fL-ahnost all :: E = 71! x CC. Hence 

0 

~0\\- ,,-e will estin1ate the topological entropy off fron1 above. 
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Theorem 3.3.2. Let G = (!11 ... , fm) be a rational semigroup and j: l:m x 
CC -t :Bm x CC the skew p1oduct map constructed by the gene1ato1 system 
{!1, ... 1 f m}- Then the top logical ent1opy h(]) on l:m x CC satifies that 

m 

h(]) ::; log(L deg fj). 
j=l 

To prove this theoren1 1 we need several len1n1as. 
The first one is the Ruelle :s inequality for skew product maps. Let _y be a 

con1pact n1etric space and .?vi a con1pact CCX) n1anifold. Let f : _\" x .:\I -t -~ x 
AI be a continuous n1ap such that f(:r, y) = (u(x), gx(Y)) ·where u: _:( -t _-:( 

is a continuous n1ap 1 gx : j\;I -t AI is a differential map for each :c E _\'. 

Let Dygx : TyAf -t Tgr(Y).?vf be the linear n1ap induced by gx. Assu1ne that 
(.T, y) H Dygx is continuous. For each positive integer nand (x, y) E _y x AI, 
we define D(x,y)/n : Tyi.\J -t T~."(J"(x,y))lvf as v H D(ga"(x) o ·-- o gx)(v). Then 
we get the following result by a slight n1odification of Theoren1 2. in [Ru]. 

Lemma 3.3.3. Unde1 the above, let p be an f -invariant probability meas?.LTe 
on _y x AI. Then, 

1. the1e exists a Bo1el set D in _y x J\11 such that p(D) = 1 and joT each 
( x 1 y) E D the following holds. The1e is a stTictly incTeasing sequence 
of subspaces: 

0 = v(O) c \ l ' (1) c .. . c v(s(x,y)) = T t\t£ 
X,!J X,!J X,!J !J• 

S'l.LCh that1 joT 7· = 1, ... 1 S ( 1.:, !J) 1 

lin1 ~ loo·ll D( l /null = /\ (r) if 7.L E V(l·) \ \i(r·- 1
) 

n-+:x:J '/7, D I,!J X,!J X,!J X,!J 

. d d1) d:2) ds(x,y)) _ '; • / d1) _ an / \l:,v < / ,l. ,!f < · -· < / 'r ,!J . LC7 e we rnay Lave 1\x.y - -oo. The 

\ 1~(.J and ~\ ~~t aTe uniquely defined with these pTope1ties and independent 
of the choice of the flienwnnian rnet?vic on i'vf. The rnaps (.1:, !J) f---1 

(
. ) (T/(1) 1 1 (s(x,!J))) ('(1) ,(s(x,y))) . B . L 

5 .L 1 !} 1 I X, !J 1 • • • 1 \ • x 
1 
!J 1 1\ X 

1 
!J 1 • • • 1 /\X 1 !J a 1 e 0 7 e . 

2 L (r·) - d' Ti( r) l' u(r-1) j .. - ( . . ) f d ji . et 772x,y- 1111 \· J.:,y - c 1111 '>'x,y 01 1 - 1, . .. , s 1, 1 !J anc e ne 

~\+ ( x, v) = L 771~~~ ~\~~. 
r: ,\s·:~ >0 

Then, the 1net1·-ic cntn;py hP(f) of (f, p) sat-isfie:·i that 

hp(f)::; ,\p(/) + h(r. 1).p(a), 

wheTe ,\p(f) = J ~\+( .T 1 y)clp(.T 1 !J). 



102 CHAPTER 3. SI\E1\. PRODUCTS 

Corollary 3.3.4. Let G = (f1,... fm) be a finitely generated rational semi­
group and J : I:m x C --1 :s=m x C the skew P_roduct map constructed by the 

generator $ystem { f 1 , . . . f m.} Let p be an f -invariant probab-ility measure 

on ~m x C. Then we have 

hp(]) ~ 2n1a..~{o, r lin1 ~log ll(]n)'(z)lldp(z)} + h(:~I).p(O"). 
)::,m xc n---+::x:> n 

Let p be an !-invariant probability n1easure on :s=m x C. As in p108 in 

[Par] 1 
there exists a p-integrable function JP : :s=m x C --1 [1, oo) such that 

p(](---1)) = r Jp(z)dp(2), J4 
for any Borel set A in ~m x C such that ~A is injective . ! O\V we \\·ill generalize 

son1e ~lane's results([::vla1]), using the n1ethods in (?\la1] and Corollary 3.3.-±. 

Lemma 3.3.5. Let p be an ]-invariant ergodic pTobabildy rneasure on ~m x 
C with hp(]) > h0

1
).p(a). Then the function 2 H log llf'(z) II is p-integrable 

and 

(3.28) 

NfoTeoveT
1 

1 - l -lin1 -log ll(fll)'(2)11 = log llf'(z)lldp(2), 
n---+oo n, . ::,m xc 

(3.29) 

joT p-alrnost all z E :s=m x C. 

PToof. log II]' ( z) II is upper bo11nded. Since p 1s ergodic, \\·c have either 

log II]' ( z) II is not p-in tcgrablc and then 

( 3. 30) 

for p-a.e. z E :s=,1 x C, or log II]' II is }-£-integrable a11d : 

li1n ~ log II ( Jll )' (.:)II = I log II/' ( z) II dp( z) 
11---too n, . ::,,. xc 

(3.31) 

for p-a.c . .: E _, 111 x C. B~· Corollary 3.3.4, we have (3.30) contraclicts to Ollr 

assun1ption. Hence (3.31) holds. Using again Corollary 3.3.-± 1 \\·e get that 

J::,,, xclogllf'(.:)llr!p( z ) > 0 ancl 

hp(/) <:: 2 (, x_log llf'(~llldfl(~) + h(",J .p(a} 

0 
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Corollary 3.3.6. Let x E C be a critical point of some f1, j = 1 ... , rn. 

We set A= {(w,x) E I:m x C I Wt = j}. Then the function z H d(2,A) is 
p-integrable for each ergodic ]-invariant probability measure p with hp(]) > 
h(:~t).p(O"). 

\\le set 

where cp means the critical points. For each j = 1, ... 
1 
nL, \\·e set 

Then the follo\\·ing len1n1a holds. 

Lemma 3.3. 7. For each k with 0 < k < 1, there ex·ists a cont-inuous func­

tion T on 2:m x C, a constant C > 0 and a constant o: > 0 such that 

1. T(z) ~ C TI~=l d(z, ./YJ)a, {if dj = 1 for each j = 1, ... , n1, then 
1(z)~C) 

2. if 2 E (~m X C)\ UJ= 1_\"j and d(z1, z), cf(22, z) < T(z), then 

PToof. By Len1n1a II.5 in [l'vla1] ancl the proof of it, for each i = 1, ... , n1, 

there exists a continuous function Ti, a constant Ci > 0 and a constant 

ni > 0 such that 

1. Ti(:r:) ~ CiTiti=l dc(.T,!JJ.:}a;, where y,, ... ,Y&; arc critical points of fi· 
(j f cf i = 1 , t h C 11 Ti ( T) ;::: C i . ) 

2. if :r E Cis not a critical point of fi and d-c(a 1 ,:t),dc(a'2, :t) < T(.T), 
then 

\Vc set T(w,:r) = Tw
1
(.'r) for each (w,1:) E l:m x C. Then there exists 

a constant C > 0 such that 1. of our lcn11na holds. \Vc call assu1nc 

snp:E::,,, xc 1(z) < 1. Then we can assnmc that if cl(z 1 , .:2) < sup:E::,,, xc T(.:-) 1 

then 7ft (2 1) = 7r 1 (.:-2) . B~' the property of Ti 1 i = 1 1 ••• 777, we han~ 2. o f our 

lcn1n1a holds. 0 

\ Vc can show the follO\\·ing lcnnna llSing the sa1ne proof as that of Lc1nn1a 

13.3 in [.lvla2](\\·ith a slight n1odification). 
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Lemma 3.3.8. Let p be an !-invariant probability measure on :z=m x C and 
T : l:m x C --+ [0, 1) a function such that log T is a p-integrable function. Then 
there exists a measurable partition P of :z=m x C such that hp(j, P) < oo and 
diamP(z) ~ T(z) for p-almost all z E l:m x C, where P(z) denotes the atom 
of P containing z. 

Lemma 3.3.9. Let p be an !-invariant eTgodic probability nteasuTe on .S:::m x 

C with hp(j) > h (r.t) .p( a). Then there exists a measurable partition P of .S:::m x 

C such that hP(j, P) < oo and Pis a generatoTjor (j, p) i.e. V~ 1 j-n(P) = E 

(mod 0 ) where E denotes the partition of .S:::m x C into one point subsets. 

Proof. By Len1n1a 3.3.5, there exists a constant k with 0 < k < 1 such that 

for p-aln1ost all z E .S:::m X C, 

(3.32) 

For this k, take T: ~m x C--+ [0, 1) in Len1n1a 3.3.7. By Len1n1a 3.3.6 and 

Len11na 3.3.7, we have log T is p-integrablc. By Len1n1a 3.3.8, \Ye get that 

there exists a n1easurable partition P on ~m x C such that hP(J, P) < oo 

and dian1P(z) ~ T(z) for p-aln1ost all z E =m x C. \Ve will show that Pis a 
generator for (j, p). For each n E N, let P n = V£~0 j-n (P). It is sufficient to 
sho,,· that 

lin1 dian1 Pn(::) = 0 (3.33) 
Tl-t(X) 

for p-aln1ost all.:: E I:m x C. Let Zi E Pn(z), i = 1,2. Then fi(zi) E 
P(ji(z)), i = 1, 2, for all j = 1, ... n . Since dian1 P(ji(z)) ~ T(/i(z)), j = 

1, ... n, we have 

for each j = l, ... , n. Hence \H~ get 

Let C be the dian1etcr of C. \Vc get 

(3.3-!) 

Hence 

\ \·e can a u1nc that for each t = l, ... 777., the set ·yi = { ( lL', .z;) E _;m x C I 

u· 1 = i} is a union of atoms of P . Hence by (3.32) and (3.35) \\·e get t.hat 
(3.33) holds. Thus ,,.e h;-n·e pro,·ecl the len1n1a. D 
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Lemma 3.3.10. Let p be an f -invariant ergodic probability measure on l:m x 
C with hp(j) > h(-.I).p(a). Then 

hp(j) = r _log Jp(z)dp(z) = r _J(cif-l(c))(.:)dp(z). 
J~mxC J~mXC 

Proof. By Len1n1a 3.3.9 , there exists a generator P with hp(j, P) < oo. By 
Remark 8.10 and Len1n1a 10.5 in [Par), we get hP(j) = J~mxClogJP(.:)dp(z). 

D 

Proof. of Tl~eoren1 3.3.2 Suppose h(jL ~ log 1n. Then we ha,·e nothing to do. 

Suppose h(f) > log n&. Let p be any !-invariant ergodic probability n1easure 

on ~m x C "·ith hp(j) > log TTL. Then since h( a) = log 1n , by variational 
principle we get 

hp(]) > h(-.!).p(a). 

By Len1n1a 10 .5 in [Par) and Len1n1a 3.3.10, \ve have J(clf-tc)(z) =log Jp(z) 

and hp (]) = J~"' xc log JP ( z) dp( z). Since J is a cl : 1 n1ap where cl = L-7= 1 deg(Jj) 

, we have J(ci]- 1E)(z) ~ log(L_~: 1 deg(fJ)). Hence we get 

rn 

hp(j) ~ log(L .deg(fJ)). 
j=l 

By the variational principle, \ve get 

rn 

h(j) ~ log(L deg(fj)). 
j=l 

0 

Theorem 3.3.11. Let G = (f1, .. . , fm) be a fin ·itely generated Tational 
scrnigToup. AssunLe that there exists an clenwnt go E G of degTee at least 
two

1 
the e1:ceptional set E (G) for G is included in F (G) and F (H) ::J J (G) 

whe1·e H ·is a Tational sernigToup defined by H = {h-I I h E A 1Lt (C) n G}. (if 
H is ernpt?J1 put F (H) = C.) Let P-a be the selj-sin2ila~· rneas-uTe with Tespect 
to the weight o E W(See Them·ern 3.2.3). Then it is f- ·inuariant n.nd 

17! 11! 

j=l j=l 

A f:.w we hm;e that ( 7T 1) ~ ila is the B eTnoul L-i rneasu1·e on ._J 111 CO?Te sponcling to 
the weight a. lvf oTeove1·. let iL be the self-s·irnilar· rneasuTe wdh 1·espect to the 
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weight ( ~, ... , ~). Then j1 is the unique maximizing measure for f and we 
have 

m 

h(j) = hi;(j) = log(:L deg(fJ)). 
j=l 

Also we have (j, ila) is exact. 

Proof. By Len1ma 3.3.1 and Theoren1 3.3.2, \ve have 

m 

h(j) = h~1(j) = log(:L deg(fJ)). 
j=l 

Now assun1e there exists an /-invariant probability n1easure p on 2:
771 

x C 
with j1 =/ p and hp(j) = logd where d = :z:=;: 1 deg(/1). \Ve will sho,,· it 
causes a contradiction. \Ve can assur11e p is ergodic . Since there exists an 

elen1ent g E G with the degree at least two, we have log cl > log 1n. Hence 

hp(j) > h(-:o!).p(a). By Len1n1a 3.3.10, we have 

Bv Len1n1a 10.5 in [Par) , we have J(c:Jj- 1c:)(z) =log Jp(z). Since f is ad: 1 

n1ap, we have log JP ( z) ::; log d for p aln1ost all z E ~m x C . Hence lYe get 

log JP(z) = log cL for p ahnost all z E I:m x C. By Proposition 2.2 in [DU), 
,,.e get that iJc: (p) = p ,,·here a = ( ~, ... , d;;,) and En denotes the operator 

on C(I:m x C) defined in Section 3.2. If E(G) = 0, then by Theoren1 3.2 .3, 

we get p = j£ and this is a contradiction. Assurne £(G) =/ 0. Let V be the 

union of connected con1ponents ofF( G) having non-ernpty intersection with 

E(G). Let <.p E C(I:m X C) be any elen1ent with cp(z) 2 0 for all z E l:m x C. 
Let E > 0 be any nu1nber. Let Ac be the E-open hyperbolic neighborhood in 

V. Then f(c = 71:2 1 (C \ Ac) is con1pact and backward invariant under J. Then 
by Theoren1 3.2.3, 

~~ ... xC <;(~)dp(z) ! _(B;,'<p)(~)dp(z) 
. 2:::," xC 

> r ( iJ :~~ <?) ( z ) c1 (J ( :.: ) J r,· , 
-t p(K,) · { <p(z)dil (:), 
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as n --t co. Hence we have for each E > 0, 

( _ cp(z)dp(z) ~ p(K(J. { c.p(z)djj(z). 
J::=mxC }~ 

Since hp(j) > h(r.J).p(a) and pis ergodic, we have p(7T:2 1(E(G))) = 0. Letting 
E --t 0, we get 

r -c.p(z)dp(z) ~ r -c.p(z)djl(z). 
}:::;mXC J::=mxC 

It in1 plies that p 2 jl. Since p and ii are probability n1easures, it follows that 
p = jl but it is a contradiction. 0 

3.4 lower estimate of Hausdorff dimension of 
Julia sets 

Now we consider a generalization of !vi aile's result([rvia3]). 

Theorem 3.4.1. Let G = (ft, !2, ... fm) be a finitely generated Tational 
sernigT01L]J. Assume that the sets { r- 1 

( J (G))} j= 1, ... ,m aTe mutually d-isjoint. 
we define a map f : J (G) --t J (G) by f (X) = fi (:c) if .T E r- 1 

( J (G) ) . 
If f.L is an ergodic invariant probability rneas'LtTe joT f : J (G) -t J (G) with 
h~ (f) > 0, then 

and 

where we set 

r log(llf'll) df-L > 0 
.JJ (G) 

HD(JL) = inf{din1H(Y) I Y C J(G), JL(Y) = 1}. 

P1-ooj. \Vc can shm1· the staten1cnt. in the sc-u11c way as [\Ia3). l otc that the 

Ruelle's inequality([Ru]) also holds for the 1nap f : J( G) -t J( G). 0 

By Theoren1 3.3.11 and Theoren1 3.4.1, we get the following result. 
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Theorem 3.4.2. Let G == (ft, !2, ... fm) be a finitely generated rational 

semigroup. Assume that F(H) ~ J(G) where H == {h- 1 I hE Aut(<C)nG}(ij 

H == 0, put F(H) ==<C.) Also assume that the sets {fi- 1(J(G))}j=l.. .. ,m are 

mutually disjoint. Then 

lorr(~r:n derr(J ·)) 
din1H(J(G)) 2 o ~J=l 

1
° 1 

, 

JJ(G) log( II f II) dp 
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