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Chapter 1

Introduction

1.1 Introduction

In the field of science and engineering, it is required to solve boundary value problems (BVPs) of partial
differential equations (PDEs). As a numerical solver for BVPs, we can mention Finite Difference Method
(FDM), Finite Element Method (FEM) and Boundary Integral Equation Method (BIEM, also called
Boundary Element Method or BEM). With BIEM, we translate the PDEs into boundary integral equations
(BIEs) and discretise them into linear algebraic equations. In the discretisation, we only have to consider
the boundary of a domain. This remarkable feature keeps the size of the linear equations small in BIEM.
It is also notable that, among various numerical solvers for PDEs, the BIEM is particularly effective for
wave scattering problems because of the following reasons:

• Exterior problems are easily handled since discretisation of the domain is not required.

• Any artificial treatment to obtain a numerical solution which satisfies radiation conditions is not
needed since the solution is expressed in terms of a superposition of the fundamental solution which
satisfies the radiation conditions.

When we use the BIEM, however, we have to solve the linear equations with dense coefficient matrices
and the complexity for computing these matrices is O(N2) where N is the number of unknowns. This
complexity problem, however, is now almost solved because of the developments of the so called fast
BIEMs, which use acceleration techniques such as Fast Multipole Methods (FMMs) [1] to decrease the
computational complexity of BIEM to O(N(log N)α) (α ≥ 0). The FMM is originally proposed by Rokhlin
[2] as an acceleration technique for BIEM for Laplace’s equation in 2D and then further developed for N
body problems by Greengard and Rokhlin [3]. Because of this work, the FMM is made known widely.
After that, the FMM is studied for variety of wave problems as found in [4, 5], for example. Especially in
the field of elastodynamics, applications of the FMM for BIEM have been studied after some pioneering
works [6, 7]. Combined with the FMM, the BIEM is now considered as a fast solver for large scale wave
scattering problems.

As an attempt to further increase the applicability of fast BIEMs, we have been investigating ap-
plications of FMM accelerated BIEMs to periodic wave scattering problems (periodic FMM) these few
years. This is partly because of increased attention to periodic structures [8] such as photonic crystals [9]
and metamaterials [10] in optics. The photonic crystal, for instance, is a periodic structure of dielectric
materials having a geometric periodicity comparable to the wavelength of light. One can design a pho-
tonic crystal which prohibits the propagation of waves in a certain frequency range called a stopband. As
another interesting phenomenon related to periodic problems, we can mention the Wood’s anomaly [11].
This is a phenomenon in which a slight change of incident angle or frequency of the incident wave may
cause a drastic change on the scattered field. This phenomenon is somehow related to guided modes in
periodic structures [12]. It is also known that near Wood’s anomaly the accuracy and the convergence of
numerical solver will decline [11]. In spite of this difficulties, we have confirmed the efficiency of the peri-
odic FMM through studies for periodic wave scattering problems in electromagnetics [13, 14]. From these
investigations, we conclude that the periodic FMM can be a powerful designing tool for metamaterials
and photonic crystals in the field of nanophotonics.

Stopband and/or some other interesting phenomena due to periodicity will be observed also in the field
of elasticity. Actually, materials which have stopbands for elastic waves are called phononic crystals [15].
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The phononic crystal can be used as a Surface Acoustic Wave (SAW) filter, a sound-proof device and
a anti-vibration device. In elasticity, however, there are few studies of numerical solvers for periodic
problems compared with the case of optics. To design phononic crystals effectively, we have to develop
fast and accurate numerical solvers for the periodic boundary value problems for elastodynamics.

In view of these circumstances, the author will extend the periodic FMM to elastodynamics in 3D in
this thesis. The author first considers the phononic crystal in which both inclusions and the exterior matrix
are made of elastic materials. Through numerical analyses of basic academic problems, the accuracy and
efficiency of the proposed method will be confirmed.

Bearing the application of phononic crystals to sound-proof device in mind, we think that it is also
important to study the behaviour of sound wave scattered by phononic crystals. This problem is, however,
no longer a pure elastodynamic problem because sound waves have longitudinal components only. It is
natural to treat this problem as an acoustic-elastic coupled problem, in which the sound pressure is
governed by Helmholtz’ equation in the acoustic field while the displacement is governed by Navier-
Cauchy’s equation in the elastodynamic field. As another reason for an importance of the acoustic-
elastic coupled periodic problem, we can mention that material constants of exterior domain should be
considerably different from those of inclusion [15] for periodic structure to have special properties due to the
periodicity. Because of this aspect, the exterior domain is often made of fluid (water, hydrargyrum, etc.)
while the inclusion is made of metal. The author will present an FMM for this acoustics-elastodynamics
coupled problem, together with numerical examples in this thesis.

When we deal with realistic phononic crystals we may encounter large-scale problems, which include
over millions of degrees of freedom. This is partly because multi-layered phononic crystals are often
considered to produce sufficiently wide stopbands [16]. When we use FMM, we ordinarily use iterative
methods such as GMRES or BiCG for solving linear equations Ax = b obtained as discretised boundary
integral equations since the FMM gives us a fast method of computation of not A itself but Ax. Unfortu-
nately, the number of iteration of the iterative methods is unpredictable since the FMM does not assure
the fast convergence of the iterative methods. It is obvious that the computational cost for solving such
equations heavily depends on the iteration number of these solvers. This is especially true in periodic
wave problems, because the iteration number is known to increase sharply around the so called Wood’s
anomaly [11].

Use of preconditioners is a common technique to decrease the number of iterations. Indeed, we can
find many such attempts in literature, some of which propose general purpose preconditioners, while
others consider techniques applicable to particular numerical methods. As an example of the latter type
of preconditioners suitable especially for BIEM, we can mention approaches based on Calderon’s formulae
proposed originally by Steinbach and Wendland in Laplace’s equation [17]. This method is applied to
Helmholtz’ equation by Christiansen and Nédélec [18] and more recently by Antoine and Boubendir [19].
Niino and Nishimura confirmed the efficiency of the Calderon preconditioning for periodic wave scattering
problems for Helmholtz’ equation [20, 21]. Niino and Nishimura pointed out that the efficiency of the
approach proposed by Antoine and Boubendir [19] can be enjoyed simply by ordering the matrices properly
without using preconditioners. In the present study, the author will extend the Calderon preconditioners
to periodic FMMs for elastodynamics and acoustics-elastodynamics coupled problems in 3D and apply
the method to relatively large problems whose degrees of freedom is over one million.

1.2 Organisation of thesis

This thesis is organised as follows.

• Chapter 2
In chapter 2, we investigate a periodic FMM for elastodynamics in 3D. To avoid fictitious eigen-
frequency, we use the Burton-Miller method. We verify the proposed method by comparing the
obtained numerical results with analytic solutions for an infinite domain. We then apply the proposed
method to scattering problems for two periodic arrays of elastic inclusions and holes, and compare
the obtained energy transmittances with analytical and experimental result from previous studies.
We observe good agreements. Through these numerical analyses, we confirm the occurrence of
Wood’s anomaly in elastodynamics.

The material in this chapter is taken from Isakari et al.[22].

• Chapter 3
In chapter 3, an FMM for periodic boundary value problems of Helmholtz-elastodynamics coupled
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field is investigated as an extension of studies on periodic FMMs. Both Helmholtz and elastodynamic
field are solved by FMM. The efficiency and accuracy of the proposed method are confirmed through
three kinds of basic numerical tests. The materials dealt with are a polymethyl methacrylate slab, a
periodically perforated tungsten slab and periodically set spherical elastic inclusions all of which are
immersed in water. The numerical results are well verified by comparing with analytical solutions
or results from previous studies.

The material in this chapter is taken from Isakari et al.[23].

• Chapter 4
In chapter 4, we investigate preconditioning approaches based on Calderon’s formulae for periodic
boundary value problems for elastodynamics in 3D formulated in Chapter 2. The efficiency of the
proposed preconditioners are then tested with some numerical examples in section 4.4, where a
variety of scattering problems by periodic structures are considered.

The material in this chapter is taken from Isakari et al.[24].

• Chapter 5
In chapter 5, we investigate the Calderon preconditioning for acoustics-elastodynamics coupled prob-
lems formulated in chapter 3.

• Chapter 6
In chapter 6 we state conclusions.
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Chapter 2

A periodic FMM for elastodynamics
in 3D

2.1 Introduction

In this chapter, we investigate a periodic FMM for elastodynamics in 3D. To avoid fictitious eigenvalue
problem, we use the Burton-Miller method [25]. We verify the proposed method by comparing the
obtained numerical results with analytic solutions for an infinite domain. We then apply the proposed
method to scattering problems for two periodic arrays of elastic inclusions and holes, and compare the
obtained energy transmittances with analytical and experimental result from previous studies. We observe
good agreements. Through these numerical analyses, we confirm the occurrence of Wood’s anomaly in
elastodynamics.

The material in this chapter is taken from Isakari et al.[22].

2.2 Formulation

2.2.1 Statement of the problem

Figure 2.1: Periodic boundary value problems.

Let D be a domain defined by

D = ((−∞,∞) ⊗ [−ζ2/2, ζ2/2] ⊗ [−ζ3/2, ζ3/2]), (2.1)

which is further subdivided into N subdomains D = D1 ∪ D2 ∪ · · · ∪ DN (Fig. 2.1). We consider dou-
bly periodic problems in which the periodic lengths are ζ2 along the x2 axis and ζ3 along the x3 axis,
respectively. The domain D is impinged upon by an incident plane wave denoted by uI.

We are interested in obtaining the displacement ui, which is governed by the following Navier-Cauchy’s
equation in each subdomain Dm:

µ(m)ui,jj + (λ(m) + µ(m))uj,ij + ρ(m)ω2ui = 0, (2.2)
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where ρ(m) is the density and λ(m) and µ(m) are Lamé’s constants of the domain Dm and ω is the frequency,
respectively. Using these quantities, we define the elasticity tensor C

(m)
ijpq by

C
(m)
ijpq = λ(m)δijδpq + µ(m)(δipδjq + δiqδjp).

We assume as boundary conditions the continuity of the displacements ui and the tractions ti = C
(m)
ijpqup,qnj

across ∂Dk∩∂Dm where nj is the unit normal vector on ∂Dk∩∂Dm. Furthermore, we require the radiation
condition to the scattered field.

On the periodic boundaries given by SP = {x| |x2| =
ζ2

2
or |x3| =

ζ3

2
}, we require the following

periodic boundary conditions:

ui

(
x1,

ζ2

2
, x3

)
= eiβ2ui

(
x1,−

ζ2

2
, x3

)
, (2.3)

∂ui

∂x2

(
x1,

ζ2

2
, x3

)
= eiβ2

∂ui

∂x2

(
x1,−

ζ2

2
, x3

)
, (2.4)

ui

(
x1, x2,

ζ3

2

)
= eiβ3ui

(
x1, x2,−

ζ3

2

)
, (2.5)

∂ui

∂x3

(
x1, x2,

ζ3

2

)
= eiβ3

∂ui

∂x3

(
x1, x2,−

ζ3

2

)
, (2.6)

where βi = kIpiζi (i = 2, 3) are the phase differences of the incident wave, kI is the wave number and pi

is a unit vector defining the directions of propagation of the incident wave uI, respectively. Note that the
values of βi (i = 2, 3) used in this thesis may differ from the non-dimensional Floquet wavenumbers used
in the theory of periodic structures by 2nπ where n is an integer [12].

2.2.2 Boundary integral equation method

The boundary integral equations which are equivalent to the periodic boundary value problem are as
follows:

1
2
(u + αt) = (uI + αtI)δ1m + (U (m) + αT ∗(m))u − (T (m) + αW(m))t, (2.7)

where m is the subdomain number, uI and tI are the incident wave and its traction, respectively. α is
the coefficient of the Burtion-Miller method. Also, U (m), T (m), T ∗(m) and W(m) are integral operators
defined as follows:

(U (m)v)i =
∫

∂D

ΓP(m)
ij (x − y)vj(y)dSy, (2.8)

(T (m)v)i = v.p.
∫

∂D

ΓP(m)
Iij (x − y)vj(y)dSy, (2.9)

(T ∗(m)v)i = v.p.
∫

∂D

T
(m)
ij ΓP(m)

jk (x − y)vk(y)dSy, (2.10)

(W(m)v)i = p.f.
∫

∂D

T
(m)
ij ΓP(m)

Ijk (x − y)vk(y)dSy, (2.11)

and “v.p.” and “p.f.” stand for Cauchy’s principal value and the finite part of divergent integrals,
respectively. The traction operator T

(m)
ij is defined as T

(m)
ij = C

(m)
ipjqnp∂q and ΓP(m)

ij and ΓP(m)
Iij are Green’s

function and the kernel of double layer, both of which satisfy the periodic boundary conditions in Eq.(2.3)–
(2.6) and the radiation condition. These kernel functions are given in terms of the following lattice sums:

ΓP(m)
ij (x − y) = lim

R→∞

∑
ω∈L(R)

Γ(m)
ij (x − y − ω)eiβ·ω, (2.12)

ΓP(m)
Iij (x − y) = lim

R→∞

∑
ω∈L(R)

Γ(m)
Iij (x − y − ω)eiβ·ω, (2.13)

where L stands for the following lattice points:

L(R) = {(0, ω2, ω3)|ω2 = pζ2, ω3 = qζ3, |p|, |q| ≤ R, p, q ∈ Z},
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and Γ(m)
ij and Γ(m)

Iij represent the fundamental solution and the kernel of double layer for three dimensional
elastodynamics given by:

Γ(m)
ij (x − y) =

1
4πµ(m)

[
eik

(m)
T |x−y|

|x − y|
δij +

1

k
(m)2
T

∂2

∂yi∂yj

(
eik

(m)
T |x−y|

|x − y|
− eik

(m)
L |x−y|

|x − y|

)]
, (2.14)

Γ(m)
Iij (x − y) =

∂

∂yl
Γ(m)

ik (x − y)Cklmjnm(y). (2.15)

In these formulae, k
(m)
L and k

(m)
T stand for the wave numbers of longitudinal and transverse waves of the

subdomain Dm defined by:

k
(m)
L = ω

√
ρ(m)

λ(m) + 2µ(m)
, k

(m)
T = ω

√
ρ(m)

µ(m)
.

We note that the above formulation has no irregular frequency since it is based on the Burton-Miller
method [25], which is known to have unique solution when the coefficient α has non-zero imaginary part.

2.2.3 Fast multipole method

Formulation

As preliminary descriptions, we give an outline of the fast multipole method for non-periodic problems in
this section. The reader is referred to Rokhlin [2], Nishimura [1], etc. for further details.

We first note that FMM is a fast method to calculate the integrals which appear in the boundary
integral equations (2.7). Hence, we usually use iterative methods such as GMRES and BiCG to solve
linear equations Ax = b which is obtained as discretised integral equations (2.7) since these iterative
solvers include the computation of Ax.

In FMM for wave problems in frequency domain, there are two kinds of expansions of the integral
kernels as follows:

• FMM based on the series expansion of the fundamental solutions (low frequency FMM)

• FMM based on the diagonal form (for high frequency problems) [5]

We here use the low frequency FMM in this thesis since most of periodic problems of interest can ap-
propriately be solved with this formulation. We henceforth state the formulation of the low frequency
FMM for elastodynamics in 3D. To this end, we prepare the equations for the multipole expansion of the
fundamental solutions GL,T of three dimensional Helmholtz’ equation since the FMM for elastodynam-
ics can be formulated similarly to that for Helmholtz’ equation. The fundamental solution of the three
dimensional Helmholtz’ equation with wave number kL,T can be expanded into the following form:

GL,T(x − y) =
eikL,T|x−y|

4π|x − y|

=
ikL,T

4π

∞∑
n=0

n∑
m=−n

(2n + 1)(−1)mI−m
n (

−→
Oy, kL,T)Om

n (
−→
Ox, kL,T), (2.16)

where we have assumed |
−→
Ox| > |

−→
Oy|. This expansion is known as Gegenbauer’s addition theorem [26].

Also, the functions Im
n and Om

n denote entire solutions of Helmholtz’ equation and radiating solutions of
Helmholtz’ equation which are singular at the origin, respectively. They are expressed as follows:

Im
n (

−→
Ox, kL,T) = jn(kL,T|

−→
Ox|)Y m

n

( −→
Ox

|
−→
Ox|

)
, (2.17)

Om
n (

−→
Ox, kL,T) = h(1)

n (kL,T|
−→
Ox|)Y m

n

( −→
Ox

|
−→
Ox|

)
, (2.18)

where jn and h
(1)
n are the spherical Bessel function of the nth order and the spherical Hankel function of

the 1st kind and the nth order, respectively. Y m
n is the spherical harmonic function. We note that in this
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thesis we define Y m
n in the following manner:

Y m
n (x̂) =

√
(n − m)!
(n + m)!

Pm
n (cos θ)eimφ,

where (r, θ, φ) represents the spherical coordinate of the point x, x̂ represents x̂ =
−→
Ox

r
. Also, Pm

n is the
associated Ledgendre function defined as follows:

Pm
n (x) = (1 − x2)m/2 dm

dxm
Pn(x) (m ≥ 0), (2.19)

P−m
n (x) = (−1)m (n − m)!

(n + m)!
Pm

n (x) (m ≥ 0), (2.20)

where Pn is the Ledgendre polynomial.
Im
n and Om

n can be expanded into the following form:

Im
n (

−→
Ox, kL,T) =

∞∑
n′=0

n′∑
m′=−n′

(2n′ + 1)Um,m′

n,n′ (
−−→
OO′, kL,T)Im′

n′ (
−−→
O′x, kL,T), (2.21)

Om
n (

−→
Ox, kL,T) =

∞∑
n′=0

n′∑
m′=−n′

(2n′ + 1)Tm,m′

n,n′ (
−−→
OO′, kL,T)Im′

n′ (
−−→
O′x, kL,T), (2.22)

where we have assumed |
−−→
OO′| > |

−−→
O′x| in Eq.(2.22). In these expansions, Um,m′

n,n′ and Tm,m′

n,n′ are the
functions defined as follows:

Um,m′

n,n′ (
−→
Ox, kL,T) =

∞∑
n′′=0

n′′∑
m′′=−n′′

(2n′′ + 1)Em,m′,m′′

n,n′,n′′ Im′′

n′′ (
−→
Ox, kL,T), (2.23)

Tm,m′

n,n′ (
−→
Ox, kL,T) =

∞∑
n′′=0

n′′∑
m′′=−n′′

(2n′′ + 1)Em,m′,m′′

n,n′,n′′ Om′′

n′′ (
−→
Ox, kL,T), (2.24)

Em,m′,m′′

n,n′,n′′ =
in

′+n′′−n

4π
(−1)m′+m′′

∫
|x̂|=1

Y m
n (x̂)Y −m′

n′ (x̂)Y −m′′

n′′ (x̂)dSx̂. (2.25)

We note that Um,m′

n,n′ and Tm,m′

n,n′ have the following properties:

U−m,−m′

n,n′ (
−→
Ox) = (−1)m+m′

Um′,n
n′,n (−

−→
Ox), (2.26)

T−m,−m′

n,n′ (
−→
Ox) = (−1)m+m′

Tm′,n
n′,n (−−→

Ox). (2.27)

We are now interested in computing the following integral Vi(x):

Vi(x) =
∫

S

Γij(x − y)tj(y)dSy − v.p.
∫

S

ΓIij(x − y)uj(y)dSy, (2.28)

where S is the subset of the boundary ∂D which is far from the observation point x. Vi(x) is an integral
which appears in the boundary integral equations for non-periodic problems in the case that the coefficient
of the Burton-Miller method α is 0. The fundamental solution of three dimensional elastodynamics (2.14)
can be rewritten in the following form:

Γij(x − y) =
1

µk2
T

(
eipr

∂

∂xp
ejqr

∂

∂yq
GT(x − y) +

∂

∂xi

∂

∂yj
GL(x − y)

)
, (2.29)

in the case of x 6= y. When |
−→
Y x| > |

−→
Y y| is hold, Gegenbauer’s addition theorem (Eq.(2.16)) and the

representation of the fundamental solution Eq.(2.29) give the following multipole expansion of Vi(x):

Vi(x) =
i

4πµk2
T

∞∑
n=0

n∑
m=−n

(2n + 1)
{

kLML
n,m(Y )

∂

∂xi
Om

n (
−→
Y x, kL) + kTMT

r;n,m(Y )eipr
∂

∂xp
Om

n (
−→
Y x, kT)

}
,

(2.30)
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where ML
n,m and MT

r;n,m are the multipole moments defined as follows:

ML
n,m(Y ) =

∫
S

(−1)m

{
tj(y)

∂

∂yj
− uj(y)nk(y)

(
λδjk

∂

∂yl

∂

∂yl
+ 2µ

∂

∂yj

∂

∂yk

)}
I−m
n (

−→
Y y, kL)dSy, (2.31)

MT
r;n,m(Y ) =

∫
S

(−1)m

{
tj(y)ejqr

∂

∂yq
− uj(y)nk(y)µ

(
ekqr

∂

∂yj

∂

∂yq
+ ejqr

∂

∂yk

∂

∂yq

)}
I−m
n (

−→
Y y, kT)dSy.

(2.32)

In the case of |
−−→
Y X| > |

−→
Xx|, Eq.(2.30) can be further expanded into the following form (the local expansion)

in light of Eq.(2.22):

Vi(x) =
i

4πµk2
T

∞∑
n′=0

n′∑
m′=−n′

(2n′ + 1)
{

kLLL
n′,m′(X)

∂

∂xi
Im′

n′ (
−→
Xx, kL) + kTLT

r;n′,m′(X)eipr
∂

∂xp
Im′

n′ (
−→
Xx, kT)

}
,

(2.33)

where LL
n,m and LT

r;n,m are the coefficients of the local expansion defined as follows (M2L formulae):

LL
n′,m′(X) =

∞∑
n=0

n∑
m=−n

(2n + 1)Tm,m′

n,n′ (
−−→
Y X, kL)ML

n,m(Y ), (2.34)

LT
r;n′,m′(X) =

∞∑
n=0

n∑
m=−n

(2n + 1)Tm,m′

n,n′ (
−−→
Y X, kT)MT

r;n,m(Y ). (2.35)

The FMM algorithm requires us to shift the origin of the multipole moment and the coefficient of the
local expansion. This can be achieved by expanding Im

n in equations (2.31), (2.32), (2.33) as follows:

ML
n,m(Y ) =

∞∑
n′=0

n′∑
m′=−n′

(2n′ + 1)Um′,m
n′,n (

−−→
Y ′Y , kL)ML

n′,m′(Y ′), (2.36)

MT
r;n,m(Y ) =

∞∑
n′=0

n′∑
m′=−n′

(2n′ + 1)Um′,m
n′,n (

−−→
Y ′Y , kT)MT

r;n′,m′(Y ′), (2.37)

LL
n,m(X) =

∞∑
n′=0

n′∑
m′=−n′

(2n′ + 1)Um′,m
n′,n (

−−→
X ′X, kL)LL

n′,m′(X ′), (2.38)

LT
r;n,m(X) =

∞∑
n′=0

n′∑
m′=−n′

(2n′ + 1)Um′,m
n′,n (

−−→
X ′X, kT)LT

r;n′,m′(X ′). (2.39)

We note that we have used Eq.(2.26) to obtain equations (2.36), (2.37).
When the coefficient of the Burton-Miller method α is not zero, one computes the following one instead

of Eq.(2.28):

Vi(x) = v.p.
∫

S

(Γij + αTikΓkj)(x − y)tj(y)dSy − p.f.
∫

S

(ΓIij + αTikΓIkj)(x − y)uj(y)dSy, (2.40)

To this end, one only has to replace Eq.(2.33) by the following equations:

Vi(x) =
i

4πµk2
T

∞∑
n′=0

n′∑
m′=−n′

(2n′ + 1)
{

kLLL
n′,m′(X)

(
∂

∂xi
Im′

n′ (
−→
Xx, kL) + αTik

∂

∂xk
Im′

n′ (
−→
Xx, kL)

)
+kTLT

r;n′,m′(X)
(

eipr
∂

∂xp
Im′

n′ (
−→
Xx, kT) + αTikekpr

∂

∂xp
Im′

n′ (
−→
Xx, kT)

)}
,

(2.41)

and any modification for the other formulae is not required.
We remark that a naive computation of equations (2.33)-(2.39) truncating the infinite series with p

terms gives O(p4) complexity even when Um,m′

n,n′ , Tm,m′

n,n′ are precomputed. In our implementation, how-
ever, we reduce this complexity to O(p3) by using rotations of the coordinates and recursive formulae as
discussed in Gumerov and Duraiswami [27]
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Algorithm

We now discuss how to apply the FMM for BIEM.

1. Make “cell-tree” structure.
To determine which element is sufficiently far from the observation point, so that the multipole ex-
pansion is valid, we introduce a cell-tree structure (Fig. 2.2). An octree is used for three dimensional
problems. We first make a cube which circumscribes ∂D and call this cube the cell of level 0. we
then take a cell (a parent cell) of level l (l ≥ 0) and divide it into 8 equal sub cubes whose edge
length is half of that of the parent cell and call any of them a cell (a child cell) of level l + 1 if
some collocation points of boundary element belong to this cube. We continue to subdivide the cells
unless the number of boundary elements belonging to the cell is smaller than a given number Nleaf .
A childless cell is called a leaf. Fig. 2.2 shows the above procedure. We note that this figure shows
the case for two dimensional problems with quadtree. We also note that Nleaf is set to be Nleaf = 2
in the figure, while in our implementation, we usually set Nleaf to be several dozen.

We now define some terminologies at each level which represent how far the cells are from the target
cell which includes the observation point. Fig. 2.3 shows a case at level 3.

• Adjacent cell: A cell which shares at least one edge with the target cell.

• Interaction list: A set of cells which are not adjacent cells of the target cells while their parents
are adjacent to the parent of the target cell.

• Far cell: A cell which is neither adjacent cells nor in the interaction lists.

Figure 2.2: Cell-tree structure.
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Figure 2.3: Definition of adjacent cells, interaction lists and far cells in the case
at level 3.

2. Execute the upward pass
We compute the multipole moments at the centre of each cells at level l (l ≥ 2) in the upward pass.

(a) The multipole moments for a leaf cell are computed by Eq.(2.31) and (2.32).

(b) The multipole moments for a non-leaf cell are computed from its children’s multipole moments.
We first shift the centre of the children’s moments from the centre of the child to that of the
current cell by using M2M formulae (2.36) and (2.37). We then sum up all children’s moments.

3. Execute the downward pass
We compute the coefficient of the local expansion at the centre of each leaf and evaluate the integral
which appears in RHS of Eq.(2.28) (or (2.40)) with the full integral range ∂D in the downward pass.

(a) We convert the multipole moments of non-leaf cells in the interaction list to the coefficient of
the local expansion at the centre of the target cell by using M2L formulae (2.34) and (2.35)
and sum them up.

(b) If the current cell is at level l (l ≥ 3), we shift the centre of the coefficient of the local expansion
from the centre of the parent cell to that of the current cell via L2L formulae (2.38) and (2.39).

(c) For leaf cells, we compute the local expansion in Eq.(2.33) (or (2.41)).

(d) For leaf cells, we compute the contribution from elements in the cell itself, adjacent cells and
leaf cells in the interaction lists by direct integration using Eq.(2.8)–(2.11).

(e) We complete the evaluation of the integral as the sum of the results of (c) and (d).

These procedures give us the LHS of (2.7) for given u and t. Hence, we can now solve the linear
algebraic equations obtained as discretised (2.7) using an iterative method.

2.2.4 Periodic FMM

In this section, we discuss how to extend the FMM described in the above section to periodic problems.
From the lattice sum expression Eq.(2.12) for the Green’s function ΓP

ij , we see that the periodic boundary
value problems can be interpreted as an ordinary problem with an infinite repetition of the replicas of the
unit cell (Fig. 2.4).

We now take the unit cell as the level 0 cell in FMM and divide the set of replica cells into those
adjacent to the unit cell (denoted by CN) and others (denoted by CF). We note that the unit cell may
not be a cube. To deal with non-cubic cell, we only have to change the definition of the adjacent cell, the
interaction list and the far cells. The reader is referred to Otani and Nishimura [28] for further details
on the treatment of non-cubic cell. Corresponding to CN and CF, the sum in ΓP

ij is divided into the
contribution from CN, denoted by ΓPN

ij which includes the contributions from the unit cell itself, and
those from CF, denoted by ΓPF

ij . Namely, we have
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Figure 2.4: Replica cells.

ΓP
ij(x − y) = ΓPN

ij (x − y) + ΓPF
ij (x − y), (2.42)

where

ΓPN
ij (x − y) =

∑
ω∈L′

Γij(x − y − ω)eiβ·ω, (2.43)

ΓPF
ij (x − y) =

∑
ω∈L′′

Γij(x − y − ω)eiβ·ω, (2.44)

and L′ is the set of centroid of the cells belonging to CN and L′′ = L\L′. With ΓPN
ij and ΓPF

ij , the integral
which appears in the RHS of Eq.(2.7) can be evaluated as follows:

• The contribution from ΓPN
ij

The contribution from ΓPN
ij can be evaluated by introducing the cell-tree structure in CN.

1. Change the definition of the adjacent cells, interaction list and far cells as indicated in Fig. 2.5.

2. Execute the ordinary upward pass from the deepest level to level 0 in the unit cell. In this
process, we compute the multipole moments of cells in each level l (l > 0).

3. Execute the ordinary downward pass from level 0 to the deepest level. We note that the
multipole moments in the replica cells CN and their children, which are required to compute
the coefficients of the local expansion in Eq.(2.34) and (2.35) can be obtained as ML,Teinβi

by virtue of the periodic boundary conditions in Eq.(2.3)–(2.6), where ML,T is the multipole
moments of descendant cells of the unit cell and n is either 1 or −1. The displacements and
tractions in replica cells, which are required to compute the direct integration, can be obtained
in the same manner.

• The contribution from ΓPF
ij

We now derive a formula to compute the contribution from ΓPF
ij (periodic M2L formula). To this
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Figure 2.5: Interaction list for periodic FMM.

end, we consider the following potential V (x) with the Helmholtz’ periodic kernel.

V (x) =
∫

∂D

GPF(x − y)φ(y)dS, (2.45)

GPF(x − y) =
∑

ω∈L′′

eik|x−y−ω|

4π|x − y − ω|
eiβ·ω, (2.46)

where φ is a density function. Since we have now |
−→
Ox−

−→
Oω| > |

−→
Oy| and |

−→
Oω| > |

−→
Ox|, we can expand

V (x) as follows:

V (x) =
ik
4π

∞∑
n′=0

n′∑
m′=−n′

(2n′ + 1)Im′

n′ (
−→
Ox)

( ∞∑
n=0

n∑
m=−n

∑
ω∈L′′

(2n + 1)Tm,m′

n,n′ (−ω)eiβ·ωMn,m(O)

)
,

(2.47)

where Mn,m(O) is the multipole moment of the unit cell defined as follows:

Mn,m(O) =
∫

∂D

(−1)mI−m
n (

−→
Oy)φ(x)dS, (2.48)

and O is the centre of the unit cell. We have used Eq.(2.16) and (2.22) to derive (2.47). By
extending the above observation to the elastodynamic kernel, one may obtain the following periodic
M2L formulae:

LL
n,m(O) =

∞∑
n=0

n∑
m=−n

(2n + 1)TPm′,m
n′,n (kL)ML

n′,m′(O), (2.49)

LT
r;n,m(O) =

∞∑
n=0

n∑
m=−n

(2n + 1)TPm′,m
n′,n (kT)MT

r;n′,m′(O), (2.50)

where ML
n′,m′(O),MT

r;n′,m′(O) are the multipole moment of the unit cell, and LL
n′,m′(O), LT

r;n′,m′(O)

are the coefficient of the local expansion of the unit cell. TPm,m′

n,n′ (kL,T) is the coefficient of the
periodic M2L formulae defined as follows:

TPm,m′

n,n′ (kL,T) =
∑

ω∈L′′

Tm,m′

n,n′ (−ω, kL,T)eiβ·ω. (2.51)

TPm,m′

n,n′ (kL,T) can be computed with recursive formulae [27, 28] whose initial value is as follows:

TP0,m′

0,n′ (kL,T) = (−1)n′+m′

(∑
ω∈L′′

Om′

n′ (−ω, kL,T)eiβ·ω

)
. (2.52)
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We note, however, it is quite impractical to compute the lattice sums which appear in RHS of
Eq.(2.52) as they are since the convergence of this series is extremely slow. In our implementation,
we have precomputed them with the help of Fourier analysis, the details of which are found in Otani
and Nishimura [14]

2.2.5 Far fields

In the limit of x1 → ±∞ (S±, see Fig. 2.6), the displacement fields u allow the following expressions in
terms of the superposition of plane waves:

u±
i = δ±uI

i +
∑

n

AL±
n (dL±

n )ie
ikLpL±

n ·x +
∑

n

AT±
n (dT±

n )ie
ikTpT±

n ·x, (2.53)

where n is a multiple index defined by n = (n2, n3), δ+ = 0 and δ− = 1. Also, dL,T±
n is the unit

Figure 2.6: Far fields.

vector which represents the direction of motion of the scattered wave and pL,T±
n is the unit vector which

represents the direction of propagation of the scattered wave given by

pL,T±
n =

1
kL,T


±
√

k2
L,T −

(
β2+2n2π

ζ2

)2

−
(

β3+2n3π
ζ3

)2(
β2+2n2π

ζ2

)(
β3+2n3π

ζ3

)
 . (2.54)

The summation which appears in Eq.(2.53) is taken over such n2, n3 that the vector pL,T±
n is real. Then,

we obtain the following formulae for the amplitude of the plane waves of far fields in Eq.(2.53):

AL,T±
n =

ΩL,T±
n

IL,T±
n

, (2.55)

ΩL,T±
n =

∫
∂D

e−ikL,TpL,T±
n ·x

(
t · dL,T±

n + ikL,T

[
λ(u · n)(dL,T±

n · pL,T±
n )

+µ
(
(u · dL,T±

n )(n · pL,T±
n ) + (u · pL,T±

n )(n · dL,T±
n )

)] )
dS, (2.56)

IL,T±
n = 2ikL,Tζ2ζ3

(
(λ + µ)(dL,T±

n )1dL,T±
n · pL,T±

n + µ(pL,T±
n )1

)
, (2.57)

where u, t are the displacement and traction at ∂D which are computed by the FMM, respectively.
Let ǔj = Re[uje

−iωt] be the corresponding solution in time domain to solution uj in frequency domain.
We define the time averaged rate of energy < PSe > which pass thorough the inspection surface Se as
follows:

< PSe > =
1
T

∫ t′+T

t′
PSedt, (2.58)

PSe =
∫

Se

˙̌uiTjkǔkdS, (2.59)
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where T is the period given by T = 2π/ω. We then obtain the time averaged rate of energy of the plane
wave which consists of the Eq.(2.53) as follows:

< PL,T±
n >=

ωkL,Tζ2ζ3|AL,T±
n |2

2

(
(λ + µ)(n± · dL,T±

n )(pL,T±
n · dL,T±

n ) + µn± · pL,T±
n

)
, (2.60)

where n± are the normals of Se. For the field which can be described as a superposition of plane waves
like Eq.(2.53), the following energy conservation law holds:

E :=
∑

α=L±,T±

∑
n

< Pα
n >

< P I >
= 1, (2.61)

where < P I > represents the time averaged energy of the incident wave. We also define the energy
transmittance T and reflectance R in the following manner:

T :=
∑

n

< PL+
n > +

∑
n

< PT+
n >, (2.62)

R :=
∑

n

< PL−
n > +

∑
n

< PT−
n >. (2.63)

2.3 Numerical examples

In this section, we present some numerical results, which verify the accuracy and applicability of the
periodic FMM for elastodynamics in 3D. We consider the problems of plane waves entering the domain
including elastic spherical scatterers which are set periodically (Fig. 2.7). We first state techniques common
to all the examples to follow.

• We use the collocation method with locally constant elements for discretisation. In the discretisation,
we divided the surface of elastic inclusion ∂D in the unit cell in Fig. 2.8 into N = 18000 triangular
elements.

• We utilise Flexible GMRES, which is known as FGMRES [29], as the solver for the algebraic equa-
tions. The error tolerance for the convergence of FGMRES is set to be 10−5 times the initial
residual.

• As a preconditioner for the algebraic equations, we use the part of the matrix computed directly in
the FMM algorithm as the (right) preconditioner. The inversion in the process of preconditioning is
carried out approximately using GMRES (with FGMRES for the main solver) which we terminate
either after 10 iterations or when the norm of the error is less than 10−1 times its initial value.

• For the calculation we use Fujitsu HX supercomputer (‘Thin’ SMP cluster) at Academic Center
for Computing and Media Studies of Kyoto University. The code is OpenMP parallelised and the
number of CPUs is 16.

Figure 2.7: Periodic spherical scatters.
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Figure 2.8: Unit cell.

2.3.1 Infinite domain

We first analysed the plane waves propagating in the infinite domain, that is, we set all the material
constants of the inclusion the same as those of the exterior domain. This is for the purpose of verification
of our numerical codes. We note that in this case the analytical solution is the incident wave itself. We
set the numerical constants as follows: the periodic length ζ2 = ζ3 = 2.0, the radius of the scatterer
a = 0.175ζ, Lamé’s constants λ = µ = 1.0, the density ρ = 1.0, the frequency of the incident wave
ω = 8.0. The incident angle of the incident wave changes from 0.0◦ to 90.0◦. We note that the wave
vector of the incident wave is laid in x1 − x2 plane (Fig. 2.7).

Table 2.1 shows the maximum value with respect to the incident angle of the relative error of the
displacements for the case of P-wave and S-wave incidence. The relative error is defined as follows:

err =

√√√√∑N
i=1

∑3
j=1 |unum

j;i − uana
j;i |2∑N

i=1

∑3
j=1 |uana

j;i |2
, (2.64)

where u
num/ana
j;i are the jth components of the displacements at the ith element of the numerical/analytical

solutions. In both cases, the relative error is smaller than 1%. To further verify the accuracy of the
proposed method, we show the total energy E (Eq.(2.61)) which indicates the satisfaction level of the
energy conservation law in Fig. 2.9. We observe the disturbance occur near 90◦ where the incidence is
grazing. However, we confirm that the error is still smaller than 1%.

Table 2.1: The maximum value of the relative error of the displacement in the
case of infinite domain.

Incident wave The maximum value of the relative error (%)
P-wave 0.241
S-wave 0.463

2.3.2 Scattering by elastic inclusions

We next consider a scattering by periodic elastic inclusions. The structure under consideration consists
of steel inclusions in an infinite polyester matrix. The material parameters for this case are as shown in
Table 2.2. We set the periodic length to be ζ2 = ζ3 = 2.0(= ζ2,3) and the radius of the inclusion to be
either a = 0.15ζ2,3 or 0.31ζ2,3. For the incident wave we consider a plane P-wave of normal incidence.
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Figure 2.9: Total energy E versus the incident angle in the case of infinite do-
main.

This problem has been studied by Maslov et al.[30] who have provided both experimental results and
an approximate solution. For this model, we have computed the response in the frequency range of
ω = 0.2–8.2.

Table 2.2: Material parameters used in the analysis for the elastic inclusion
problem.

Inclusion
(steel)

Exterior matrix
(polyester)

Density ρ 6.393 1.000
Lamé’s constant λ 1.496 2.453
Lamé’s constant µ 47.02 1.000

We compare our numerical results with the approximate and experimental results by Maslov et al.[30].
Fig. 2.10 shows the transmission coefficient AL+

0 /AI and reflection coefficients AL−
0 /AI versus frequency

in the case of a = 0.15ζ2,3. As seen in Fig. 2.10, our results agree well with the approximate solutions and
the experimental results obtained by Maslov et al. Both transmission coefficient and reflection coefficient
show an extremum around the non dimensional frequency of k

(1)
T ζ2,3/2π = 0.95. We believe that this is

the resonance type anomaly because near this frequency, the total energy E also show the maximum value
as shown in Fig. 2.11.

Fig. 2.12 shows the transmission and reflection coefficients and Fig. 2.13 shows the total energy in
the case of a = 0.31ζ2,3. The numerical results in this case seem to be less accurate than in the case of
a = 0.15ζ2,3. However, the agreement is still satisfactory. We note that the difference between our results
and the approximate solution obtained by Maslov et al. is to be expected since their approximate solution
is obtained with only a few terms of spherical harmonics and is valid only in low frequency problems
where k

(1)
L a < 1 holds. Around k

(1)
T ζ2,3/2π = 0.95, we observe that AL+

0 /AI decreases in a relatively wide
range. We think that a kind of anomaly occurs around this frequencies because the total energy shows
extrema around this frequencies as shown in Fig. 2.13.

2.3.3 Scattering by a periodic void

We finally consider the scattering by holes. Namely, the stiffness property of the inclusion is set to be
zero in Fig. 2.7. We use the following parameters for this model, the periodic length ζ2,3 = 2.0, the radius
of the hole a = 0.4ζ2,3, Lamé’s constant λ = 1.0, µ = 1.0 and the density ρ = 1.0 for an exterior domain.
The incident wave is P-wave and the incident angle is 0.0◦.

Fig. 2.14 shows the far field patterns on the transmission side for kTζ2,3 slightly smaller and larger
than kTζ2,3 = 2π and 4π. The sudden changes of the patterns observed at these wave numbers indicate
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Figure 2.10: Transmission and reflection coefficients versus frequency in the case
of a = 0.15ζ2,3.
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Figure 2.11: Total energy versus frequency in the case of a = 0.15ζ2,3.

the occurrence of Wood’s anomaly (Rayleigh’s anomaly to be precise) in elastodynamics. According to
Eq.(2.54), the number of plane wave which consists of the far field Eq.(2.53) changes across kTnζ2,3 where
n is integer.

2.4 Conclusions

We have formulated and implemented a periodic FMM for elastodynamics in 3D. Through the numerical
analyses, we have verified our method in the problems related to waves scattered by a doubly periodic
layer of scatters. Wood’s anomaly, which is well known in the fields of nanophotonics, is observed also in
elastodynamics.
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Figure 2.12: Transmission and reflection coefficients versus frequency in the case
of a = 0.31ζ2,3.
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Figure 2.13: Total energy versus frequency in the case of a = 0.15ζ2,3.
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Figure 2.14: Far field patterns of Re[u1] in the case of scattering by periodic
voids (left: kTζ2,3 ' 2π, right: kTζ2,3 ' 4π).
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Chapter 3

A periodic FMM for
acoustics-elastodynamics coupled
problems

3.1 Introduction

An FMM for periodic boundary value problems of Helmholtz-elastodynamics coupled field is investigated
as an extension of studies on periodic FMMs. Both Helmholtz and elastodynamic fields are solved by
FMM. The efficiency and accuracy of the proposed method are confirmed through three kinds of basic
numerical tests. The materials dealt with are a polymethyl methacrylate slab, a periodically perforated
tungsten slab and periodically set spherical elastic inclusions all of which are immersed in water. The
numerical results are well verified with analytical solutions or results from previous studies.

3.2 Formulation

In this section, we formulate an acoustics-elastodynamics coupled problem and the associated BIEM in
frequency domain. We choose the time dependence as e−iωt, where ω is the frequency.

3.2.1 Statement of the problem

Figure 3.1: Periodic boundary value problems.

Let D be a domain defined by

D = ((−∞,∞) ⊗ [−ζ2/2, ζ2/2] ⊗ [−ζ3/2, ζ3/2]), (3.1)

which is further subdivided into two subdomains D = D1 ∪ D2 (Fig. 3.1). We here assume that D1 and
D2 are composed of an inviscid fluid and an elastic material, respectively. We consider doubly periodic
problems in which the periodic lengths are ζ2 along the x2 axis and ζ3 along the x3 axis, respectively. The
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domain D is impinged upon by an incident sound pressure denoted by pI. We here consider a plane wave
incidence.

The sound pressure p is governed by the following Helmholtz’ equation in D1:

p,jj + k(1)2p = 0, (3.2)

where k(1) = ω

√
ρ(1)

λ(1)
is the wavenumber of D1, λ(1) is the bulk modulus and ρ(1) is the density. The

displacement ui is governed by the following Navier-Cauchy’s equation in D2:

µ(2)ui,jj + (λ(2) + µ(2))uj,ij + ρ(2)ω2ui = 0, (3.3)

where ρ(2) is the density, λ(2), µ(2) are the Lamé’s constants. Using these quantities, we define the elasticity
tensor C

(2)
ijpq by

C
(2)
ijpq = λ(2)δijδpq + µ(2)(δipδjq + δiqδjp).

We assume the following as boundary conditions at the boundary ∂D1 ∩ ∂D2:

• The equilibrium of force

ti + pni = 0, (3.4)

where ti = C
(2)
ijpqup,qnj is the traction in D2, ni is the outward unit normal vector on the surface of

the domain D1.

• The continuity of the normal component of the displacement rates as follows:

−iωuini = vini, (3.5)

where vi is the particle velocity in the domain D1.

We note that in virtue of Eq.(3.4) the tangential component of the traction is always to be zero since the
domain D1 is composed of inviscid fluid. On the other hand, in light of the equation of motion in the
domain D1, the particle velocity vi is associated with the sound pressure p in the following manner:

∂p

∂n
= iρ(1)ωvini. (3.6)

Furthermore, we require the radiation condition to the scattered field.

On the periodic boundaries given by SP = {x| |x2| =
ζ2

2
or |x3| =

ζ3

2
}, we require the following

periodic boundary conditions:

p

(
x1,

ζ2

2
, x3

)
= eiβ2p

(
x1,−

ζ2

2
, x3

)
, (3.7)

∂p

∂x2

(
x1,

ζ2

2
, x3

)
= eiβ2

∂p

∂x2

(
x1,−

ζ2

2
, x3

)
, (3.8)

p

(
x1, x2,

ζ3

2

)
= eiβ3p

(
x1, x2,−

ζ3

2

)
, (3.9)

∂p

∂x3

(
x1, x2,

ζ3

2

)
= eiβ3

∂p

∂x3

(
x1, x2,−

ζ3

2

)
, (3.10)

where βi = kIiζi (i = 2, 3) are the phase differences of the incident wave and kI is the wave number vector
of the incident wave.

3.2.2 Boundary integral equations

The boundary integral equations which are equivalent to the above periodic boundary value problem are
as follows:

1
2

(
p + α

∂p

∂nx

)
= pI + α

∂pI

∂nx
+ (S + αD∗)

∂p

∂ny
− (D + αN )p, (3.11)

1
2
u = T u − Ut, (3.12)
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where pI is the incident sound pressure, α is the coefficient of the Burton-Miller method. Also, S, D, D∗,
N , U and T are integral operators defined as follows:

Sv =
∫

∂D

GP(1)(x − y)v(y)dSy, (3.13)

Dv =
∫

∂D

∂GP(1)(x − y)
∂ny

v(y)dSy, (3.14)

D∗v =
∫

∂D

∂GP(1)(x − y)
∂nx

v(y)dSy, (3.15)

N v = p.f.
∫

∂D

∂2GP(1)(x − y)
∂nx∂ny

v(y)dSy, (3.16)

(Uv)j =
∫

∂D

Γ(2)
jk (x − y)vk(y)dSy, (3.17)

(T v)j = v.p.
∫

∂D

Γ(2)
Ijk(x − y)vk(y)dSy, (3.18)

and “v.p.” and “p.f.” stand for Cauchy’s principal value and the finite part of divergent integrals,
respectively. GP(1) is Green’s function which satisfies the periodic boundary conditions in Eq.(3.7)–(3.10)
and the radiation condition. GP(1) is given in terms of the following lattice sums:

GP(1)(x − y) = lim
R→∞

∑
ω∈L(R)

eik(1)|x−y−ω|

|x − y − ω|
eiβ·ω, (3.19)

where L stands for the following lattice points:

L(R) = {(0, ω2, ω3)|ω2 = pζ, ω3 = qζ, |p|, |q| ≤ R, p, q ∈ Z}. (3.20)

Also, Γ(2)
jk , Γ(2)

Ijk are the fundamental solution and the kernel of double layer of three dimensional elasto-
dynamics, both of which satisfy the radiation condition.

We solve the following system of equations composed with the boundary integral equations in (3.11),
(3.12) and the boundary conditions (Eq.(3.4), (3.5)):


pI + α

∂pI

∂nx
0
0
0

 =


−S − α

(
D∗ − I

2

) (
D +

I
2

)
+ αN 0 0

I 0 0 −ρ(1)ω2nT

0 0 U −T +
I
2

0 n I 0




∂p

∂n
p
t
u

 , (3.21)

where I stands for the identity operator.

3.3 Numerical examples

In this section, we show some numerical examples with the proposed method and confirm the validity,
accuracy and efficiency of the method.

In all the examples to follow, we used the collocation method with locally constant elements in discreti-
sation of the integral equations in (3.21). As a preconditioner we use the part of the matrix computed
directly in the FMM algorithm and the components which represent Eq.(3.4) and (3.5) as the (right)
preconditioner unless otherwise noted. The inversion in the process of preconditioning is carried out
approximately using GMRES (with FGMRES for the main solver) which we terminate either after 10
iterations or when the norm of the error is less than 10−1 times its initial value. For the calculation
we use Fujitsu HX supercomputer (‘Thin’ SMP cluster) at Academic Center for Computing and Media
Studies of Kyoto University. The code is OpenMP parallelised and the number of CPUs is 16.

3.3.1 Scattering by a slab immersed in water

We first verify our approach by solving problems with known analytical solutions. The model we consider
is the slab shown in Fig. 3.2 whose thickness is 0.800. The slab is made of polymethyl methacrylate
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(PMMA) and the exterior matrix is water whose material constants are shown in Table 3.1. The incident
sound pressure is the plane wave whose frequency is ω = 8.0. We have computed the response in the
incident angle range from 0◦ to 89◦ and the resolution of incident angle is set to be 1◦. This slab problem
can be formulated as a periodic problem with arbitrary geometric period. We here set ζ2,3 = 1.000. In
discretisation, we divide the interface between slab and water into 20(40) triangular elements per one
period. The number of element is 4096(16384), hence the total degrees of freedom is 32768(131072). We
here set the coefficient of the Burton-Miller method to be α = 0 since the fictitious eigenvalue problem will
not occur for this problem. This can be easily seen since the complementary domain of each subdomain
includes infinity. We note that any preconditioner is not used for this problem.

,:

:

: ,

, ,

Figure 3.2: Slab immersed in water.

Table 3.1: Material parameters for the slab problem.

Density ρ λ µ
PMMA 1.000 2.161 0.540
Water 1.000 1.000 –

Table 3.2 shows the maximum value of the relative error of the sound pressure p and the displacement
u defined as follows:

err(p) =

√√√√∑N
j=1 |pnum

;j − pana
;j |2∑N

j=1 |pana
;j |2

, (3.22)

err(u) =

√√√√∑N
j=1

∑3
i=1 |unum

i;j − uana
i;j |2∑N

j=1

∑3
i=1 |uana

i;j |2
, (3.23)

where p
num/ana
;i are the sound pressure at the ith element of the numerical/analytical solutions and

u
num/ana
j;i are the jth components of the displacements at the ith element of the numerical/analytical

solutions, respectively. As shown in Table 3.2, the error of the sound pressure and the displacement is
sufficiently small. From this result we conclude that the present method is sufficiently accurate for engi-
neering purposes. We also note that the maximum value of the computational time is 157 sec (548 sec)
for the case of 20(40) elements per periodic length.

Table 3.2: The maximum value of average error of pressure and displacement
for slab problem.

A number of elements per unit wave length pressure p displacement u
20 2.000 × 10−2 1.084 × 10−2

40 1.065 × 10−2 5.648 × 10−3
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3.3.2 Scattering by periodically perforated slab

We next consider the scattering by a slab which is periodically perforated with circular holes (Fig. 3.3).
The radius of holes is 0.1875, the thickness of the slab is 0.3750 and the period is ζ2,3 = 1.000. We here
consider a tungsten slab and water as the outer domain, respectively. We note that the material constants
of tungsten is extremely different from those of water (Table 3.3). We here consider the normal incidence.
We have computed the response in the frequency range from 3.0 to 16.0 with the frequency resolution of
0.1. Fig. 3.4 shows the unit cell for this problem. We divided the interface with 28054 triangular elements,
hence the total degrees of freedom is 224432. For this problem, we set the coefficient of the Burton-Miller

to be α = 0. Fig. 3.5 shows the transmittance curve versus normalised wavelength
Λ

ζ2,3
=

2π

k(1)ζ2,3

Figure 3.3: Perforated slab immersed in water.

Figure 3.4: Unitcell for perforated slab problems.

Table 3.3: Material parameters for the perforated slab problem.

Density ρ λ µ
Tungsten 13.80 145.6 64.85

Water 1.000 1.000 –

obtained by periodic FMM and the approximate analytical result by Estrada et al.[31], in which the slab
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is modeled as rigid body. The results with the proposed method are different from the reference in the
low frequency range. However, the agreement is satisfactory since the effect of the deformation of the slab
is considered to be larger in low frequency. The maximum value of the number of iteration of GMRES
and the computational time were 1259 and 22275 sec, respectively.

We note that the fictitious eigenvalue problem might occur for this problem. However, it is easily seen
that fictitious eigenvalue problem will not occur in the case of Λ/ζ2,3 > 0.75 (twice the thickness of the
slab) for a slab without holes and this limit wavelength is considered to be smaller for the perforated slab.
Hence, it is reasonable for the majority of the cases in Fig. 3.5 that α has been set to be zero. We also
note that the accuracy does not decline even in the case of short wavelength. With these observations,
we conclude that it is appropriate that we have set α = 0.

0

0.5

1

0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

Figure 3.5: Transmittance of the perforated slab problem.

3.3.3 Scattering by spherical inclusions

We finally consider the scattering by spherical inclusions (Fig. 3.6). This is for the verification in the case
that the coefficient of the Burton-Miller method α is not equal to zero. We here set the period to be
ζ2,3 = 1.000 and the radius of the sphere to be 0.450. We divided the surface of the sphere in the unit cell
into 18000 triangular elements. The total degrees of freedom is 144000. The material constants shown
in Table 3.4 are used for the analyses. We consider the normal incidence of the sound pressure and the
frequency varied in the interval of ω is 0.1–10.0. We here set the coefficient of the Burton-Miller method

to be α = − i
k(1)

. Because of the following two reasons, we conclude that the obtained results are valid:

Figure 3.6: Scattering by periodic spheres.
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Table 3.4: Material parameters for the periodic elastic inclusions.

Density ρ λ µ
Inclusion 1.000 1.000 1.000

Exterior matrix 1.000 1.000 –

• The maximum values of the tangential component of the tractions at the surface on the sphere was
3.263 × 10−5.

• The maximum value of the relative error of the sum of scattered energy for incident energy was
3.800%

For this problem, the maximum value of the number of iteration for GMRES and the computational
time were 1556 and 17797 sec, respectively. This number of iteration is more than desirable for a simple
problem of this size. This increased number of iterations is considered to be due to the hyper singular
integrals in a non diagonal block in Eq.(3.21), which make the matrix considerably ill-conditioned. This
observation suggests that a good preconditioner is needed in this problem.

3.4 Conclusions

We proposed a periodic FMM for acoustics-elastodynamics coupled problems. We have confirmed the
validity of the proposed method through some numerical tests. However, the proposed method is not nec-
essarily effective with respect to the computational cost especially for the problems with the complicated
domain. We conclude that we have to accelerate the convergence with some techniques. We therefore
investigate the Calderon preconditioning [17, 24] for the acoustics-elastodynamics coupled problems in
chapter 5.
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Chapter 4

Calderon’s preconditioning for
periodic FMM for elastodynamics in
3D

4.1 Introduction

In this chapter, preconditioning methods based on Calderon’s formulae for the periodic FMM for elasto-
dynamics in 3D are investigated. Three different types of formulations are proposed. The first type is a
preconditioning just by appropriately ordering the coefficient matrix without multiplying preconditioners.
Other two types utilise preconditioners constructed using matrices needed in the main FMM algorithms.
We make several numerical experiments with proposed preconditioners to confirm the efficiency of these
proposed methods. We also conclude that the preconditioning of the first type is faster with respect to
the computational time than other preconditioning methods discussed in this thesis.

The material for this chapter is taken from Isakari et al.[24]

4.2 PMCHWT formulation for elastic problems

4.2.1 Boundary integral equations for the periodic boundary value problems

For the periodic boundary value problem described in section 2.2.1, we can formulate another boundary
integral equation, which is known as PMCHWT formulation [32] in the field of electromagnetics, as follows:

AConv

(
t
u

)
=
(

uI

tI

)
, (4.1)

where uI and tI are the incident wave and its traction and AConv indicates the integral operator which is
defined in the following manner:

AConv =
(

−(U (1) + U (2)) (T (1) + T (2))
−(T ∗(1) + T ∗(2)) (W(1) + W(2))

)
. (4.2)

We discretise the boundary integral equations in (4.1) into the following linear equation:

AConv

(
t
u

)
=
(

uI

tI

)
, (4.3)

and solve Eq.(4.3). In this equation AConv indicates the coefficient matrix defined as follows:

AConv =
(

−(U (1) + U (2)) (T (1) + T (2))
−(T ∗(1) + T ∗(2)) (W (1) + W (2))

)
, (4.4)

where U (m), T (m), T ∗(m) and W (m) are the influence coefficient matrices which are obtained as one
discretises Eq.(4.2). We here use the collocation method in the discretisation.
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The periodic FMM is a fast method to calculate the integrals which appear in the boundary integral
equations in (4.1). To solve (4.3) efficiently with FMM, we have to use iterative solvers with efficient pre-
conditioners. In this chapter, we shall omit details of the periodic FMM and focus on the preconditioning
issues. The reader is referred to chapter 2 for the periodic FMM in elastodynamics. We remark that we
use the low frequency FMM in this thesis since most of periodic problems of interest can appropriately
be solved with this formulation.

4.3 Calderon’s formulae and the Calderon preconditioning

The well-known Calderon’s formulae for the integral operators in Eq.(2.8)–Eq.(2.11) are given as follows:

I
4

= −U (m)W(m) + T (m)T (m), (4.5)

0 = U (m)T ∗(m) − T (m)U (m), (4.6)
I
4

= T ∗(m)T ∗(m) −W(m)U (m), (4.7)

0 = −T ∗(m)W(m) + W(m)T (m), (4.8)

where I is the identity operator. We can also rewrite these formulae into the following forms:(
T (m) −U (m)

W(m) −T ∗(m)

)(
T (m) −U (m)

W(m) −T ∗(m)

)
=
(I

4 0
0 I

4 .

)
. (4.9)

On the other hand, we can reorder the integral equations in (4.1) into the following form:(
T (1) + T (2) −(U (1) + U (2))
W(1) + W(2) −(T ∗(1) + T ∗(2))

)(
u
t

)
=
(

uI

tI

)
. (4.10)

We denote the operator which appears in Eq.(4.10) by A.
As a consequence of Calderon’s formulae in Eq.(4.9), we have the following identity when all the

material constants of D1 are equal to those of D2:

A2 = I. (4.11)

Therefore, the corresponding coefficient matrix A coincides with the inverse of itself in this trivial special
case, except for the error caused by discretisation.

We now examine whether a relation similar to Eq.(4.11) is satisfied or not when the material constants
of D1 are not equal to those of D2. To this end, we take a local coordinate in the tangential plane on the
boundary whose 3rd axis is directed in the direction of the normal vector n. We then compute the Fourier
transforms of the most singular parts of the integral operators U (m), T (m), T ∗(m) and W(m) within the
tangential plane and denote them by P(U (m)), etc. These Fourier transforms, called principal symbols
in mathematics, determine the original operators to within compact operators. We then calculate P(A2)
from P(U (m)), etc.

In the calculation of these symbols, one may use the static fundamental solution since it determines
the singularity of the dynamic periodic kernels. With this observation we obtain:

P(U (m)) =


δαβ

2µ(m)r
− (λ(m) + µ(m))ξαξβ

4µ(m)(λ(m) + 2µ(m))r3
0

0
λ(m) + 3µ(m)

4µ(m)(λ(m) + µ(m))r

 , (4.12)

where ξα indicates the parameter of Fourier transform, r stands for r =
√

ξ2
1 + ξ2

2 and the Greek indices α

and β range form 1 to 2, respectively. Similarly, one obtains P(T (m)), P(T ∗(m)) and P(W(m)) as follows:

P(T (m)) = P(T ∗(m)) =
i
2

 0
µ(m)ξα

(λ(m) + 2µ(m))r

− µ(m)ξβ

(λ(m) + 2µ(m))r
0

 , (4.13)
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P(W(m)) =

−µ(m)rδαβ

2
− λ(m)µ(m)ξαξβ

(λ(m) + 2µ(m))r
0

0 − (λ(m) + µ(m))µ(m)r

λ(m) + 2µ(m)

 . (4.14)

Using Eq.(4.12), Eq.(4.13) and Eq.(4.14), we calculate P(A2) as follows:

P(A2) =


c1δαβ + c2

ξαξβ

r2
0

0 c1 + c2

0

0 c1δαβ + c2
ξαξβ

r2
0

0 c1 + c2

 , (4.15)

where c1 and c2 are constants given as

c1 =
(µ(1) + µ(2))2

4µ(1)µ(2)
, (4.16)

c2 =
(µ(1) − µ(2))(λ(1)µ(2)2 − λ(2)µ(1)2 + µ(1)µ(2)2 − µ(2)µ(1)2 + λ(1)µ(1)µ(2) − λ(2)µ(2)µ(1))

4µ(1)µ(2)(λ(1) + 2µ(1))(λ(2) + 2µ(2))
. (4.17)

We remark that c1 + c2 can be rewritten in the following form:

c1 + c2 =

(
(λ(1) + µ(1))(µ(1) + µ(2)) + 2µ(1)µ(2)

) (
(λ(2) + µ(2))(µ(1) + µ(2)) + 2µ(1)µ(2)

)
4µ(1)µ(2)(λ(1) + 2µ(1))(λ(2) + 2µ(2))

. (4.18)

From this representation, it is obvious that c1 + c2 is always to be positive.

4.3.1 The case of µ(1) = µ(2)

In the special case of µ(1) = µ(2), we have P(A2) = I because c1 = 1 and c2 = 0 then. This yields

A2 = I + K, (4.19)

where K is a compact operator. Eq.(4.19) means that the cluster point of eigenvalues of A2 is found only
at 1 because the eigenvalues of a compact operator can accumulate only at 0. In other words, most of
eigenvalues of A2 are near 1 and there are only finitely many eigenvalues of A2 whose absolute values are
larger than 1 + δ or smaller than 1 − δ for ∀δ > 0. Therefore, we expect that the use of (the inverse of)
A, as a preconditioner for the linear equations obtained as the discretised (4.10), decreases the iteration
number. We call this type of preconditioning to be of the “A2 type”.

Further consideration on (4.19) suggests another extremely simple preconditioning scheme which works
if one uses GMRES [29] without restart as a solver for the linear equation. Indeed, the convergence of
the unpreconditioned system is expected not to be slower than that of the same system with the A2

type preconditioner, as far as the computational time is concerned [20]. In other words, ordering the
matrix as in Eq.(4.10) is considered to be an efficient preconditioning. We call this approach the “A type”
preconditioning.

To see this, we recall that GMRES minimises the residual in the Krylov subspace given by

M−1K(AM−1)n = span{M−1r, M−1AM−1r, M−1(AM−1)2r, · · · , M−1(AM−1)n−1r} (4.20)

in the nth iteration step, where M is the (right) preconditioner, r := b−Az0 indicates the initial residual
and z0 is the initial guess. Let us consider the Krylov subspace of A type preconditioning denoted by
K(A)2n and that of A2 type preconditioning denoted by AK(A2)n after performing the matrix-vector
product operations 2n− 1 times. They are given as follows (we note that the iteration numbers for these
two approaches after the same number of matrix-vector product operations are different):

K(A)2n = span{r, Ar, A2r, A3r, · · · , A2n−2r, A2n−1r}, (4.21)

AK(A2)n = span{ Ar, A3r, · · · , A2n−1r}. (4.22)
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Note that we have K(A)2n ⊃ AK(A2)n (proper subset), which means the following: Suppose that we have
performed 2n−1 matrix-vector product operations in A type and A2 type preconditioning approaches. The
A type preconditioning then finds the solution in a larger space in (4.21) than the A2 type preconditioning
which seeks the solution in a narrower space in (4.22). Since the matrix-vector product operation is by
far the most time consuming part in the whole algorithm of the FMM accelerated BIEM, we see that the
residual for the A type preconditioning is not larger than that for the A2 type preconditioning after the
same amount of computational time. In other words, the computational time for the A type preconditioned
system is not longer than that for the A2 type when the tolerance is set to be the same.

4.3.2 The case of µ(1) 6= µ(2)

Compared with the µ(1) = µ(2) case, it is not clear if the coefficient matrix itself can be an efficient
preconditioner when µ(1) 6= µ(2), because (4.19) does not hold. Indeed, A2 is a singular operator (see
Eq.(4.15)) then. We therefore calculate eigenvalues of A2 in order to examine whether the preconditioning
approaches of the A and A2 types are efficient or not in this case.

We first rewrite Eq.(4.15) into the following form:

P(A2) = c1I + c2P(ASingular), (4.23)

where

P(ASingular) =


ξαξβ

r2
0

0 1
0

0
ξαξβ

r2
0

0 1

 . (4.24)

One easily shows that the eigenvalues of P(ASingular) are 1 or 0. This shows that the eigenvalues of A2

accumulate only at two points given by c1 (> 0) and c1 + c2 (> 0). Therefore, preconditioning approaches
of A and/or A2 types can be efficient also in the case of µ(1) 6= µ(2) if the ratio of c1 to c1 + c2 is not very
large.

We can construct another Calderon preconditioning by eliminating the singular term (which is actually

a sum of a singular integral and an identity multiplied by a constant) given by
ξαξβ

r2
in Eq.(4.15), so that

we have a preconditioned system similar to the RHS of (4.19). Namely, we seek an operator M which
satisfies the following relation:

P(A2M) = I. (4.25)

As a matter of fact, we can achieve this by using a multiplicative block diagonal operator because this
singularity exists in a block diagonal manner in the original system (4.15). To satisfy Eq.(4.25), P(M)
should have the following form:

P(M) =


c3δαβ + c4

ξαξβ

r2
0

0 c3 + c4

0

0 c3δαβ + c4
ξαξβ

r2
0

0 c3 + c4

 , (4.26)

where

c3 =
1
c1

, c4 = − c2

(c1 + c2)c1
. (4.27)

We next construct an operator M whose principal symbol is given by Eq.(4.26). We here consider a
construction of M using a combination of operators in Eq.(2.8)–Eq.(2.11), which are also used in the
FMM algorithm. To this end, we note the following relation:

P
(
(T (1) + T (2))(T (1) + T (2))

)
= P

(
(T ∗(1) + T ∗(2))(T ∗(1) + T ∗(2))

)
= c5

(
ξαξβ

r2
0

0 1

)
, (4.28)
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where

c5 =
1
4

(
µ(1)

λ(1) + 2µ(1)
+

µ(2)

λ(2) + 2µ(2)

)2

. (4.29)

Therefore, the following operator M is a possible candidate for the preconditioner:

M =

c3I +
c4

c5
(T (1) + T (2))(T (1) + T (2)) 0

0 c3I +
c4

c5
(T ∗(1) + T ∗(2))(T ∗(1) + T ∗(2))

 . (4.30)

However, the operator in Eq.(4.30) may have irregular frequencies (fictitious eigenfrequencies). We there-
fore modify Eq.(4.30) as follows:

M̃ =

c3I +
c4

c5
(T̃ (1) + T̃ (2))(T̃ (1) + T̃ (2)) 0

0 c3I +
c4

c5
(T̃ ∗(1) + T̃ ∗(2))(T̃ ∗(1) + T̃ ∗(2))

 , (4.31)

where T̃ (m) and T̃ ∗(m) are T (m) and T ∗(m) operators evaluated for sufficiently small frequencies so that
we do not have non-uniqueness problems caused by the artifact (M). We note that Eq.(4.25) still holds
for M̃.

It is easy to see that the only cluster point of eigenvalues of A2M̃ is 1. Therefore, AM can be an
(inverse of) efficient right preconditioner, where M indicates the matrix obtained as one discretises M̃.
We call this approach the “A2M type” preconditioning.

To summarise, we propose the following three types of Calderon’s preconditioning approaches:

• The A type preconditioning solves

Az = b

as is, where z (b) is the discretisation of the vector on the LHS (RHS) of (4.10). We call this
approach a ‘preconditioning’ although there is no additional matrix multiplication involved. This is
because the matrix A has an ordering different from the standard one used in (4.4).

• The A2 type preconditioning solves

A2z′ = b followed by z = Az′

• The A2M type preconditioning solves

A2Mz′′ = b followed by z = AMz′′

where M is the matrix obtained by discretising M̃ in (4.31).

4.4 Numerical examples

In this section we present some numerical examples which will verify the efficiency of the preconditioning
approaches proposed in section 4.3. We first state techniques common to all the examples to follow.

• We use the collocation method with locally constant elements for discretisation.

• We utilise GMRES (or Flexible GMRES known as FGMRES [29] with the conventional precondi-
tioner) as the solver for the algebraic equations. The error tolerance for the convergence of GMRES
is set to be 10−5 times the initial residual.

• We compute in advance the part of the matrix computed directly in the FMM algorithm (i.e., near-
field interactions) and store it in memory, unless otherwise noted, because we use it at every GMRES
iteration step.
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• To confirm the efficiency of the proposed methods, we compare the iteration number and the compu-
tational time of the proposed preconditioning approaches to those of the conventional preconditioning
method. As a conventional preconditioner we use the part of the matrix computed directly in the
FMM algorithm as the (right) preconditioner. We shall henceforth denote this approach by ‘Direct’
in figures and tables. The inversion in the process of preconditioning is carried out approximately
using GMRES (with FGMRES for the main solver) which we terminate either after 10 iterations or
when the norm of the error is less than 10−1 times its initial value. We note that we solve Eq.(4.3) in
order to make the matrix diagonally dominated when we use the conventional preconditioner. This
is because this conventional preconditioner is considered to work as a block diagonal scaling, which
is considered to work better with diagonally dominant coefficient matrix than with the ordering in
(4.10).

• For the calculation we use Fujitsu HX supercomputer (‘Thin’ SMP cluster) at Academic Center
for Computing and Media Studies of Kyoto University. The code is OpenMP parallelised and the
number of CPUs is 16.

4.4.1 Scattering by a doubly periodic layer of spherical scatters

We first consider the scattering by a two dimensional array of elastic spheres shown in Fig. 4.1. The unit
cell in this model contains one sphere, whose surface is divided into 18000 planar triangular elements (the
total degrees of freedom is 108000), unless otherwise noted. We intentionally use an over refined mesh in
order to see the performance of the proposed method in relatively large problems.

Figure 4.1: Scattering by a two dimensional array of elastic spheres. The array
is perpendicular to x1 axis. The radius of the sphere, the period
and the incident angle are denoted by a, ζ and θ, respectively.

The case of µ(1) = µ(2)

We first consider the case of µ(1) = µ(2) to test the efficiency of the A and A2 type preconditioning
approaches. The following three cases are considered.

• Infinite domain (i.e., λ(1) = λ(2), µ(1) = µ(2) and ρ(1) = ρ(2)). This is for the purpose of verification.

• (case 1) Lamé’s constant λ(2) of the inclusion is varied and the other material constants are fixed
at 1.0.

• (case 2) The density ρ(2) of the inclusion is varied and the other material constants are fixed at
1.0.

The incident wave is a plane longitudinal wave whose incident angle is θ = 0◦ (normal incidence). The
frequency of the incident wave is set to be ω = 8.0. The geometrical period is set to be ζ2 = ζ3 = 2.0(= ζ),
and the radius of the sphere is a = 0.31ζ.

We first analysed the propagation of plane waves in the whole space in order to verify our codes.
Namely, we set all the material parameters λ(2), µ(2) and ρ(2) of the inclusion D2 to be the same as
those of the exterior domain D1, i.e., λ(1) µ(1) and ρ(1) in the model shown in Fig. 4.1. All the material
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parameters are set to be 1.0. The analytical solution of this problem is u = uI and t = tI. Table 4.1
shows the relative error defined as follows:

ε =

√√√√∑N
i=1

∑3
j=1 |unum

j;i − uana
j;i |2∑N

i=1

∑3
j=1 |uana

j;i |2
+

√√√√∑N
i=1

∑3
j=1 |tnum

j;i − tana
j;i |2∑N

i=1

∑3
j=1 |tana

j;i |2
, (4.32)

where u
num/ana
j;i are the jth components of the displacements at the ith element of the numerical/analytical

solutions and t
num/ana
j;i are the corresponding tractions, respectively. This table shows that the accuracy

of each method is in the same range.

Table 4.1: The average of relative error for the number of elements N

N 500 2000 8000 18000
Calderon(A type) 0.169749886 8.26327056E-02 4.10175920E-02 2.73415856E-02
Calderon(A2 type) 0.169751406 8.26305747E-02 4.10143323E-02 2.73411609E-02

Direct 0.169749886 8.26327056E-02 4.10175920E-02 2.73415856E-02

We next consider the case 1. Fig. 4.2 and Fig. 4.3 show the iteration number and the computational
time for each of the preconditioning methods, respectively. These figures show that the proposed Calderon
preconditioners accelerate the convergence much more effectively than the conventional one. Fig. 4.4 and
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Figure 4.2: Iteration number vs Lamé’s constant λ(2) of the inclusion

Fig. 4.5 are the blow-ups of the Calderon preconditioning results in Fig. 4.2 and Fig. 4.3, respectively. We
see that the A2 type preconditioning can decrease the iteration number more effectively than the A type
preconditioning. However, the computational time of the A2 type preconditioning is always larger than
that of the A type preconditioning because the A2 type preconditioning needs 2 matrix-vector product
for one iteration step as we have discussed.

We next consider the case 2. We here fix all the Lamé’s constants and the density of the exterior
material to be 1.0. Fig. 4.6 and Fig. 4.7 show the iteration number and the total computational time,
respectively. Fig. 4.8 and Fig. 4.9 are the blow-ups of the Calderon preconditioning results in Fig. 4.6
and Fig. 4.7, respectively. As in the case 1, we conclude from these results that both of the Calderon
preconditioners (types A and A2) accelerate the convergence more effectively than the conventional one
and the A type preconditioning is always more efficient than the A2 type preconditioning with respect
to the computational time. Fig. 4.6 also shows that the iteration number increases as ρ(2) and hence the
wavenumber increase. However, the iteration number with the proposed methods increases more slowly
than that with the conventional preconditioning. As another observation, we note that the iteration
number of all preconditioning approaches increases around ρ(2) = 2.2 and 2.95 as seen in Fig. 4.6 and
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Figure 4.3: Computational time vs Lamé’s constant λ(2) of the inclusion
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Figure 4.4: Iteration number vs Lamé’s constant λ(2) of the inclusion

Fig. 4.8. We also note that the iteration number of the A2 type increases comparable to that of the A
type (Fig. 4.8) and, hence, the computational time of the A2 type is approximately twice that of the
A type around these values of ρ(2) (Fig. 4.9). The increase of iteration numbers is typically seen near
anomalies where the solution shows sudden changes in response to small changes of frequencies, incident
waves, etc. [11] We shall discuss this matter later in section 4.4.2.

The case of µ(1) 6= µ(2)

We next consider the case of µ(1) 6= µ(2). The structure under consideration consists of steel inclusions in
an infinite polyester matrix. The material parameters for this case are as shown in Table 4.2. We set the
periodic length to be ζ2 = ζ3 = 2.0(= ζ) and the radius of the inclusion to be either a = 0.15ζ or 0.31ζ.
For the incident wave we consider a plane P-wave of normal incidence. This problem has been studied
by Maslov et al.[30] who have provided both experimental results and an approximate solution. For this
model, we have computed the response in the frequency range of ω = 0.2–8.2.

We first compare our numerical results obtained with the proposed preconditioning approaches with
the approximate and experimental results by Maslov et al.[30] Fig. 4.10 shows the transmission and
reflection coefficients vs frequency. As seen in Fig. 4.10, our results agree well with the experimental
results and approximate solutions obtained by Maslov et al. and there is no difference among results
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Figure 4.5: Computational time vs Lamé’s constant λ(2) of the inclusion
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Figure 4.6: Iteration number vs density ρ(2) of the inclusion

Table 4.2: Material parameters used in the analysis

Inclusion
(steel)

Exterior matrix
(polyester)

Density ρ 6.393 1.000
Lamé’s constant λ 1.496 2.453
Lamé’s constant µ 47.02 1.000

obtained with different preconditioning approaches, of course. We note that the difference between our
results and their approximate solution is to be expected since their approximate solution is obtained with
only a few terms of spherical harmonics and is valid only in low frequency problems where k

(1)
L a < 1 holds.

Fig. 4.11 and Fig. 4.12 (Fig. 4.13 and Fig. 4.14) show the iteration number and total computational
time in the case of a = 0.15ζ (a = 0.31ζ), respectively. All of these results show that the proposed
methods accelerate the convergence more effectively than the conventional one. These figures also show
that the preconditioning approaches of the A2 and A2M types can decrease the iteration number more
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Figure 4.7: Computational time vs density ρ(2) of the inclusion
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Figure 4.8: Iteration number vs density ρ(2) of the inclusion

than the A type preconditioning can. However, the computational time of the A type preconditioning is
always less than that of other preconditioning approaches because the A2 type preconditioning requires 2
matrix-vector product operations for every iteration and the A2M type preconditioning needs even more
products. As seen in Fig. 4.11 and Fig. 4.13, the iteration number of the A2 and A2M type preconditioners
are almost the same. This indicates that the matrix A2 is sufficiently well-conditioned although it contains
discretised singular integrals and does not take the form of I +K, where I is an identity matrix and K is a
matrix obtained by discretising a compact operator. This means that the eigenvalues of the preconditioned
matrix need not necessarily accumulate at one single point for a preconditioner to work effectively. Indeed,
we conclude that the preconditioned matrices for the A2 type approaches are sufficiently well-conditioned
although their eigenvalues accumulate at two points. It might be reasonable to expect that similar
preconditioned systems will work well even if their eigenvalues have more accumulation points as far as
their ratios are not very large.

Table 4.3 shows the total memory used in the case of a = 0.31ζ and ω = 8.2. We note that the A2

type approach requires less memory than the A type does because the iteration number of A2 type is
smaller than that of A, thus requiring less storage for the basis vectors of the Krylov subspace used by
GMRES. We also note that the A2M type approach needs approximately twice as much memory as the
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Figure 4.9: Computational time vs density ρ(2) of the inclusion
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Figure 4.10: Transmission and reflection coefficients vs frequency (left: the case
of a = 0.15ζ, right: a = 0.31ζ)

.

A or A2 type does because the A2M type stores the near-field interaction terms in the FMM algorithm
not only for A but also for M .

Table 4.3: Total memory used in the case of a = 0.31ζ, ω = 8.2

Preconditioning approach Calderon A Calderon A2 Calderon A2M Direct
Total memory used [GByte] 13.1 10.4 25.6 18.6

39



0

10

20

30

40

50

60

70

80

90

100

0 1 2 3 4 5 6 7 8 9

Figure 4.11: Iteration number vs frequency ω in the case of a = 0.15ζ
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Figure 4.12: Computational time vs frequency ω in the case of a = 0.15ζ
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Figure 4.13: Iteration number vs frequency ω in the case of a = 0.31ζ
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Figure 4.14: Computational time vs frequency ω in the case of a = 0.31ζ

41



4.4.2 Performance around anomalies

It is well-known that the anomalous behaviours of periodic structures are related to the existence of modes
which propagate within the lattice [11]. To further investigate the performances of the A and A2 type
preconditioning approaches around anomalies, we consider the joined half-space model shown in Fig. 4.15
where an interface wave called Stoneley’s wave exists. The incident wave under consideration is as follows:

uI = dI exp
(
ik(1)

L pI · x
)

, (4.33)

pI = dI =

(
q(β2),

β2

k
(1)
L ζ2

, 0

)
, (4.34)

q(β2) =



√
1 −

(
β2

k
(1)
L ζ2

)2

, (β2 ≤ k
(1)
L ζ2, plane wave)

i

√(
β2

k
(1)
L ζ2

)2

− 1, (β2 > k
(1)
L ζ2, evanescent wave)

(4.35)

where dI and pI are unit vectors defining the directions of motion and propagation of the incident wave,
respectively. Given arbitrary ζ2,3, we can view this problem to be periodic. We here set ζ2,3 = 1 in
addition to ρ(1) = λ(1) = µ(1) = 0.100, ρ(2) = λ(2) = µ(2) = 1.000 and ω = 10.00. We have computed
the response of this system in the phase difference range of β2 = 0.000–14.00 with the phase difference
resolution of 0.050. The unit cell is shown in Fig. 4.16, in which the interface is divided into 8192 planar
triangular elements.

, ,

, ,

Figure 4.15: Joined half-spaces model

Figure 4.16: The unit cell of joined half-spaces model

The following two types of anomalies are relevant to this problem:

• There exist Rayleigh’s anomalies when β2 satisfies (k(1,2)
L,T )2 = (β2 + 2nπ)2 + (2mπ)2 (m and n are

integers). The Rayleigh’s anomaly can be observed at β2 ' 5.776, 10.00 in the present setting.

As a matter of fact, the solution to our problem exists at this anomaly, but Green’s function diverges
and possibly causes numerical problems.
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We remark that this anomaly is sometimes called ‘Wood’s anomaly’ in mathematics, which is at
variance with the engineering terminology.

• Stoneley’s wave can be excited when β2/ζ2 coincides with the wavenumber of Stoneley’s wave which
is obtained as the solution to Stoneley’s equation [33]. In the present case, such β2 is found near
10.88. The incident wave in (4.33) then becomes an evanescent wave and the solution to the problem
under consideration diverges at this β2.

We shall call these β2 “anomalous points”.
Fig. 4.17 shows the relative error of the displacements on the interface (see (4.32)). The gradient

of the error curve shows discontinuous behaviour at both anomalous points. When Stoneley’s wave is
excited, the analytical solutions diverge and the relative error also diverges. The relative error, however,
is less than 1% except in the vicinity of the anomalous points. Fig. 4.18 shows the iteration number
and the computational time for the A and A2 type preconditioned system. These figures show that the
iteration number does not increase around Rayleigh’s anomalies, while it does when Stoneley’s wave is
excited. We note that the iteration number of the A type preconditioning is nearly twice as many as that
of the A2 type unless Stoneley’s wave is excited. When Stoneley’s wave is excited, however, the iteration
number of the A2 type preconditioning increases to the same range as that of the A type. As a result, the
computational time for the A2 type is about double of that for the A type.

To explain this phenomenon, we note that the condition number of the coefficient matrix will become
very large around this frequency since the coefficient matrix is expected to have eigenvalues with very
small magnitudes. In this case the A2 type preconditioner becomes disadvantageous compared with the A
type because the condition number of the A2 type preconditioned coefficient matrix is equal to the square
of that of the original (A type preconditioned) coefficient matrix. This also explains similar phenomena
experienced in section 4.4.1 and later in section 4.4.3.

We finally note that the iteration number and computational time for the proposed methods are much
smaller than those with the conventional method as shown in Fig. 4.19 even when β is near anomalous
points.
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Figure 4.17: Relative error of the displacement for β2

4.4.3 Scattering by a phononic crystal with the NaCl-type structure

We finally consider the scattering by an NaCl-type phononic crystal [34] shown in Fig. 4.20 in order to
examine the applicability of the proposed methods to large scale problems. The NaCl-type phononic
crystal considered here consists of two kinds of non-overlapping elastic spheres with different radii having
the same periodicity as that of ions in NaCl crystals. We view the crystal to be a stack of layers each of
which is a two dimensional array of spheres. We here consider eight layers each of which is perpendicular
to x1 axis and has the geometrical period of ζ = 1.000. The shortest distance between the centres of the

same kind of spheres is set to be a0 =
ζ√
2

and the shortest distance between different kind of spheres is
a0√
2
. The radii of small sphere a1 and large sphere a2 are 0.1a0 and 0.25a0, respectively. All the spheres
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Figure 4.18: Iteration number (left) and total CPU time (right) vs β2 in the
case of joined half-space problems.
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Figure 4.19: Iteration number (left) and total CPU time (right) vs β2 in the
case of joined half-space problems.

are made of lead and the host matrix is epoxy, whose material parameters are shown in Table 4.4. This
model has been considered by Chen et al.[34] who have utilised the layer multiple scattering theory [35]
to obtain the transmittance curve and the complex band structure of the 3D phononic crystal.

The unit cell used in our computation consists of 4 cubic level 0 FMM boxes as shown in Fig. 4.21.
The surfaces of the small and large spheres are divided into 2000 and 12500 planar triangular elements,
respectively, with the total number of elements and the total degrees of freedom being 232, 000 and
1, 392, 000, respectively. For the incident wave we consider a plane P-wave of normal incidence. We
have computed the response in the frequency range of ω = 0.2–7.7. We note that this example includes
relatively high frequency cases. Indeed, the nondimensional frequency of the slowest relevant wave is
k

(2)
T H = 30.46 for ω = 7.7, where H is the height of the phononic crystal in the non-periodic direction x1.

The evaluation of the near-field interaction terms in FMM is done on the fly because storing all of them
requires too large memory. Furthermore, we have considered only promising preconditioning approaches,
i.e., A and A2 types, because other preconditioners will be too slow to be practical in large scale problems
of this size.

We first compare the transmittance vs frequency curve obtained with periodic FMM with the analytical
result by Chen et al.[34] in Fig. 4.22. The agreement is satisfactory. Fig. 4.23 and Fig. 4.24 show the
iteration number and the computational time for A and A2 type Calderon preconditioners. This figure
shows that the iteration number is larger with the A2 type preconditioner than with A around normalised
frequencies k

(1)
L a0 = 1.6 and 2.3. This resembles the behaviour we have observed in the previous section
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Figure 4.20: Scattering by a NaCl-type phononic crystal. The shortest distance
between the same kind of spheres, the radius of the small (red)
sphere, the radius of the large (blue) sphere and the period are
denoted by a0, a1, a2 and ζ, respectively.

Table 4.4: Material parameters used in the analysis

Inclusion
(lead)

Exterior matrix
(epoxy)

Density ρ 9.831 1.000
Lamé’s constant λ 26.64 2.795
Lamé’s constant µ 9.329 1.000

Figure 4.21: The unit cell for a NaCl-type phononic crystal. Each layer contains
two large lead spheres and two small lead spheres. The whole unit
cell contains 32 lead spheres. The period is denoted by ζ.
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Figure 4.22: Transmittance vs normalised frequency k
(1)
L a0 in the case of scat-

tering by the NaCl-type phononic crystal.

in connection with Stoneley’s wave.
Indeed, a comparison with Fig. 4.22 shows that these frequencies are just below/above stopbands,

where the solution shows sudden changes. We thus conclude that the increase of iteration number at
these frequencies are related to the occurrence of anomalies, which explains the increase of the iteration
number of the A2 type over that of the A type as we have seen in section 4.4.2.
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Figure 4.23: Iteration number vs normalised frequency k
(1)
L a0 in the case of

scattering by the NaCl-type phononic crystal.

Finally, we observe from Fig. 4.23 and Fig. 4.24 that iteration number and both CPU time increase
considerably for larger wave numbers even with the Calderon preconditioners. However, we still believe
that these preconditioners are effective in such cases also because they keep the number of iterations almost
independent of the number of unknowns. To see this, we compare the number of iterations required by
the A type preconditioner with the 1,392,000 DOF mesh and with a coarser 501,120 DOF one in Fig.
4.25. As this figure shows the number of iterations are sometimes even smaller with the finer mesh.

4.5 Conclusions

We have proposed three types of Calderon preconditioning approaches for periodic FMM in elastodynamics
in 3D. It is found that these Calderon preconditioners accelerate the convergence more effectively than the
conventional one. In the case of transmission problems for 2 subdomains, we found, through numerical
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Figure 4.24: Total CPU time vs normalised frequency k
(1)
L a0 in the case of scat-

tering by the NaCl-type phononic crystal.

0

50

100

150

200

250

300

350

400

450

500

0 0.5 1 1.5 2 2.5

Figure 4.25: Number of iterations vs normalised frequency k
(1)
L a0 for A type

preconditioner with different meshes

experiments, that the A type preconditioning is particularly effective since we can achieve the acceleration
just by appropriately ordering the coefficient matrix. The A2 type preconditioning is also attractive since
it requires less memory than the A type and the acceleration performance is comparable to the A type.
The A2 type, however, could be slow to converge near the anomalous points because the condition number
of the coefficient matrix with the A2 type preconditioner can be much larger than that of the A type.

As subjects of further investigations on applications and enhancements of the Calderon preconditioners,
we can mention the following:

• Calderon’s preconditioning in more realistic phononic crystal applications.

• Investigation of Calderon’s preconditioning in higher frequency problems.

• Combination of the Calderon’s preconditioning with other techniques such as the complexifica-
tion [36] of certain physical parameters, variants of GMRES such as the restart version, etc.
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• Extension of the proposed technique to other PDEs including Maxwell’s equations for electromag-
netics.

Use of related preconditioning approaches such as sparse analytic preconditioners based on the quasi
inverse (an inverse modulo compact) of the operator A [37], [38] is also among interesting future topics
of investigations.
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Chapter 5

Calderon’s preconditioning for
acoustics-elastodynamics coupled
problems

5.1 Introduction

In this chapter, we investigate Calderon preconditioning approaches for the periodic FMM for acoustics-
elastodynamics coupled problems. We first derive three types of boundary integral formulation for the
problems, one of which is based on the PMCHWT formulation [32], and others are based on the Burton-
Miller method. We then construct preconditioning approaches based on Calderon’s formulae for each
formulation, which use the matrices used in the FMM algorithm as (the inverse of) the preconditioner.

5.2 PMCHWT formulation and Calderon’s preconditioning

We first note that Calderon’s formulae hold also for the Helmholtz’ operators in Eq.(3.13)–Eq.(3.16),
which are represented as follows, just as in the case of elastodynamic operators in Eq.(4.5)–Eq.(4.8):

I
4

= −SN + DD, (5.1)

0 = SD∗ −DS, (5.2)
I
4

= D∗D∗ −NS, (5.3)

0 = −D∗N + ND, (5.4)

where I is the identity operator.
The PMCHWT formulation [32] for the periodic boundary value problems of acoustics-elastodynamics,

stated in chapter 3 is as follows:(
−W − ρ(1)ω2nxSnT

y T ∗ny + nxD
ρ(1)ω2nT

x T + ρ(1)ω2D∗ny −N − ρ(1)ω2nT
xUny

)(
u(y)
p(y)

)
=

(
pI(x)nx

−∂pI(x)
∂n

)
, (5.5)

where pI is the incident sound pressure and nx (ny) are the unit normal vector on point x (y). Also, S, D,
D∗, N , U , T , T ∗ and W are the integral operators defined in Eq.(2.8)–Eq.(2.11) and Eq.(3.13)–Eq.(3.16).
We denote the operator which appears in LHS of Eq.(5.5) by A. The operator A can be rewritten into
the following form:

A = A′ + T ′ + K, (5.6)
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where A′ , T ′ and K are the following integral operators:

A′ =
(
−W 0

0 −N

)
, (5.7)

T ′ =
(

0 T ∗ny

ρ(1)ω2nT
x T 0

)
, (5.8)

K =
(
−ρ(1)ω2nxSnT

y nxD
ρ(1)ω2D∗ny −ρ(1)ω2nT

xUny

)
. (5.9)

We note that the operator K in Eq.(5.9) is compact. Hence, we consider improving the condition of the
operator A′ and T ′ in Eq.(5.7) without loss of the compactness of the operator K. To this end, we consider
the following operator:

M−1 =
(
U 0
0 S

)
. (5.10)

Using this operator, we see that the operator AM−1 has the following representation by virtue of the
Calderon’s formulae in Eq.(4.7) and Eq.(5.3):

AM−1 = A′M−1 + T ′M−1 + KM−1 (5.11)

=

I
4
− T ∗T ∗ 0

0
I
4
−D∗D∗

+
(

0 T ∗nyS
ρ(1)ω2nT

x T U 0

)
+ KM−1. (5.12)

We note that the operator KM−1 in Eq.(5.12) is compact since both K and M−1 are compact. Also,
the operators T ∗nyS and ρ(1)ω2nT

x T U , which appear in T ′M−1are compact. We therefore examine the
eigenvalues of the operator A′M−1 in Eq.(5.12). To this end, we consider the Fourier transform of the
most singular parts of the operator within the tangential plane (the principal symbol, see also section 4.3),
which is denoted by P(A′M−1). We first note that the principal symbol of T ∗T ∗ and D∗D∗ are given as
follows:

P(T ∗T ∗) = c2

(
ξαξβ

r2
0

0 1

)
, (5.13)

P(D∗D∗) = 0, (5.14)

where ξα indicates the parameter of Fourier transform, r stands for r =
√

ξ2
1 + ξ2

2 and the Greek indices
α and β range form 1 to 2, respectively. Also, c is a constant defined as follows:

c =
µ(2)

2(λ(2) + 2µ(2))
=

1
2

(
cT

cL

)2

, (5.15)

where cL and cT are the phase velocity of the longitudinal and transverse waves of the elastic material,
respectively. The principal symbol of A′M−1 is then obtained as follows:

P(A′M−1) =


δαβ

4
− c2 ξαξβ

r2
0 0

0
1
4
− c2 0

0 0
1
4

 . (5.16)

One easily shows that the eigenvalues of P(AM−1) are
1
4

or
1
4
− c2.

With these observations, the preconditioned operator AM−1 is expressed in the following form:

AM−1 = P(A′M−1) + K′, (5.17)

where K′ is a compact operator. We thus obtain a well conditioned operator AM−1, whose cluster points

of eigenvalues are at two points given by
1
4

and
1
4
− c2 (> 0). We also note that c2 is less than

1
4

since
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cT < cL always holds. Therefore, we expect that the use of (the inverse of) the matrix which is obtained
as discretised M−1 as preconditioner decreases the number of iteration. However, the operator M−1 in
Eq.(5.10) may have fictitious eigenfrequences. We therefore modify Eq.(5.10) as follows:

M̃−1 =
(
Ũ 0
0 S̃

)
, (5.18)

where Ũ and S̃ are U and S operators evaluated for sufficiently small frequencies so that non-uniqueness
problems caused by the artifact (M−1) do not arise. We note that Eq.(5.16) holds also for M̃−1.

5.3 Other formulations based on the Burton-Miller method and
Calderon’s preconditioning

In this section, we investigate Calderon’s preconditioning approaches for the formulation based on the
Burton-Miller method. To this end, we first rewrite the boundary integral equations (3.21) by eliminating
∂p

∂n
and t in RHS via Eq.(3.4) and Eq.(3.5) into the following form:

I
2

+ D + αN −ρ(1)ω2

(
S + α

(
D∗ − I

2

))
nT

y

−Uny
I
2
− T

(p(y)
u(y)

)
=

(
pI(x) + α

∂pI(x)
∂n

0

)
. (5.19)

We denote the operator which appears in LHS of Eq.(5.19) by ABM1. To improve the condition of the
operator ABM1, we consider eliminating the hyper-singular integral N by virtue of the Calderon’s formula
in Eq.(5.4) and a diagonal scaling. To this end, we consider the following operator:

M−1
BM1 =

(
−2S

α
0

0 I

)
. (5.20)

Using this operator, we can write the operator ABM1M−1
BM1 as follows:

ABM1M−1
BM1 =

I
2
−D∗D∗ iω

√
ρ(1)λ(1)InT

y

0
I
2
− T

+

−S + 2DS
α

−ρ(1)ω2 (S + αD∗) nT
y

2UnyS
α

0

 , (5.21)

where the second term of RHS in Eq.(5.21) is a compact operator. We now examine the eigenvalues of
the operator which appears in the first term of RHS of Eq.(5.21). To this end, it suffices to investigate the
eigenvalues of the operator T . From the principal symbol of T (Eq.(4.13)), it can be easily shown that the
cluster point of the eigenvalues of T is found only at 0, ±c, where c is the constant defined in Eq.(5.15).
With this observation, it follows that the eigenvalues of the operator ABM1M−1

BM1 can accumulate around

the three points given by
1
2
,
1
2
± c (> 0). We therefore expect that the use of (the inverse of) the matrix

which is obtained as discretised M−1
BM1 as preconditioner is effective. We note that we have to modify

Eq.(5.20) in the same manner as Eq.(5.18), that is, replace S by the one for sufficiently small frequencies,
to avoid a fictitious eigenvalue problem.

It is possible to construct the Calderon preconditioner for the formulation in Eq.(3.21), which is also
based on the Burton-Miller method. To this end, we rearrange the column and row of Eq.(3.21) as follows:

(
I
2

+ D
)

+ αN −S − α

(
−I

2
+ D∗

)
0 0

0 I −ρ(1)ω2nT
y 0

0 0
I
2
− T U

ny 0 0 I




∂p(y)
∂n
p(y)
t(y)
u(y)

 =


pI(x) + α

∂pI(x)
∂nx

0
0
0

 . (5.22)

We denote the operator which appears in LHS of Eq.(5.22) by ABM2. To improve the condition of the
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operator ABM2, we use the following operator:

M−1
BM2 =


−4S

α
0 0 0

0 I 0 0
0 0 2I 0
0 0 0 I

 . (5.23)

With this operator, the operator ABM2 is preconditioned as follows:

ABM2M−1
BM2 =


I αI

2
0 0

0 I −2ρ(1)ω2nT
y 0

0 0 I − 2T 0
0 0 0 I

+


4DS

α
− 4D∗D∗ −S − αD∗ 0 0

0 0 0 0
0 0 0 U

−4Sny

α
0 0 0

 . (5.24)

The cluster points of eigenvalues of the operator which appears in the first term in RHS are found only at
1, 1± 2c (> 0), where c is the constant defined in Eq.(5.15) and the second term in Eq.(5.24) is compact.
Therefore, we expect that the use of (the inverse of) the matrix which is obtained as discretised M−1

BM2 as
preconditioner accelerate the convergence of iterative solvers. We note that we have to modify Eq.(5.23)
in the same manner as in Eq.(5.18), that is, replace S by the one for sufficiently small frequencies, to
avoid a fictitious eigenvalue problem.

We note that the coefficient of the Burton-Miller method α is considerably small in high frequency

range since α is typically chosen to be
i
k

, where k is the wave number. Hence, the above formulations in

Eq.(5.19) and Eq.(5.22) are considered to be less affected by the hyper-singular term αN in high frequency
range. In other words, solving Eq.(5.19) or Eq.(5.22) without any preconditioner or with conventional
preconditioning approach, such as a block diagonal scaling, may not be too slow to converge.

5.4 Numerical examples

In this section we present numerical examples which will verify the efficiency of the preconditioning
approaches stated in section 5.2 and 5.3. We consider the following two problems:

• Scattering by a periodically perforated tungsten slab immersed in water.

• Scattering by spherical inclusion immersed in water.

We have treated the same problems with the Burton-Miller method in section 3.3, where we have shown
that the method is computationally expensive in these problems because of the slow convergence of
iterative method. We here solve the same problems with the proposed methods shown in section 5.2 and
5.3 using the same computational conditions as have been used in section 3.3.

We shall henceforth denote the formulations stated in Eq.(3.21) by “Conventional” in figures to follow.
Also, we denote the formulations in Eq.(5.5), Eq.(5.19) and Eq.(5.22) by “PMCHWT”,“BM1” and “BM2”,
respectively.

To confirm the efficiency of the proposed method, we compare the iteration number and the com-
putational time of the proposed preconditioning approaches to those of the conventional preconditioning
methods. As conventional preconditioners, we use the right preconditioner which is composed of the part
of the matrix computed directly in the FMM algorithm. The inversion in the process of preconditioning is
carried out approximately using GMRES (with FGMRES for the main solver) which we terminate either
after 10 iterations or when the norm of the error is less than 10−1 times its initial value.

We note that the total degrees of freedom with the PMCHWT and BM1 are half of those of the BM2
and Conventional.

5.4.1 Scattering by periodically perforated tungsten slab immersed in water

We first consider the scattering by a tungsten slab immersed in water which is periodically perforated
with circular holes (Fig. 3.3). The material and shape parameters for the slab are stated in section 3.3.2.
We again consider the normal incidence. We have computed the response in the frequency range from
3.0 to 16.0 with the frequency resolution of 0.1. We divided the interface with 28054 triangular elements,
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hence the total degrees of freedom are either 112216 for the PMCHWT and BM1 or 224432 for BM2 and
Conventional. We set the coefficient for the Burton-Miller method α to be either 0 for Conventional or
− i

k
for the other formulations.

We first compare our numerical results obtained with the proposed preconditioning approaches with
that of the hard solid limit model by Estrada et al.[31] Fig. 5.1 shows the transmittance curve vs
normalised wavelength. The results with the proposed preconditioning approaches well agreed with the
reference solution except for the low frequency range as was the case in chapter 3. Also, the results with
the PMCHWT formulation is slightly different from those with the Burton-Miller methods, although the
agreement is satisfactory.

Fig. 5.2 and Fig. 5.3 show the iteration number and the computational time for each preconditioning
approach. These figures show that the proposed method can accelerate the convergence more effectively
than the conventional ones. We note that “Conventional” is slow to convergence compared with the other
formulations although it does not contain hyper singular integrals. We also note that “BM1+Direct”
and “BM2+Direct” is seen to be effective since the matrices obtained as discretised ABM1,2 (Eq.(5.19),
Eq.(5.22)) are relatively well-conditioned, especially in the high frequency range, as we have discussed.
However, the proposed Calderon preconditioning approaches are more effective than the conventional
preconditioning approaches in almost all cases and the computational time with “BM1+Calderon” is
always the smallest. With these observations, we conclude that the proposed methods are effective even
when the material constant of the inclusion is extremely different from those of the exterior matrix (see
Table 3.3).
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Figure 5.1: Transmittance vs normalised wavelength in the case of scattering
by periodically perforated tungsten slab.

5.4.2 Scattering by spherical inclusion immersed in water

We then consider the problems of scattering by spherical inclusion immersed in water discussed in section
3.3.3.

Fig. 5.4 and Fig. 5.5 show the iteration number and the computational time for each preconditioning
approach. The proposed approach “BM1+Calderon” is always the fastest and “PMCHWT+Calderon” is
faster than any other conventional approaches except at a few points in high frequency range. “BM2+Calde-
ron” is faster than “BM2+Direct”. However, it is slow to converge compared even with the conventional
preconditioning approach with the other formulations, i.e., “BM1+Direct” or “PMCHWT+Direct”. This
is partly because the total degrees of freedom for BM2 is twice as that for the other formulations. Further-
more, “PMCHWT+Direct” is considered to be relatively fast for this problem because of the following
reasons.
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Figure 5.2: Iteration number vs normalised wavelength in the case of scattering
by periodically perforated tungsten slab.
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Figure 5.3: Total CPU time vs normalised wavelength in the case of scattering
by periodically perforated tungsten slab.

• The coefficient matrices obtained as discretised Eq.(5.5) is highly diagonal dominant since the hyper
singular terms, i.e., N and W, are located at the diagonal block.

• The values of the matrix components in Eq.(5.5) resulting from N are considered to be comparable
in magnitude to those from W since the material constants of the inclusion are in about the same
range as those of the exterior domain (see Table 3.4). These values are located around the diagonal
band in the coefficient matrix.

We finally note that the computational time for “BM1+Calderon” is considerably smaller than that for
“PMCHWT+Calderon” though the iteration number for these two approaches are comparable. This is
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because of the difference of the cost for operating (the inverse of) the preconditioner. We only have
to compute S for “BM1+Calderon” preconditioner in Eq.(5.20), while we have to compute both S and
U for “PMCHWT+Calderon” preconditioner in Eq.(5.10). From these observations, we conclude that
“BM1+Calderon” is particularly effective.
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Figure 5.4: Iteration number vs frequency in the case of scattering by spherical
inclusion.
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Figure 5.5: Total CPU time vs frequency in the case of scattering by spherical
inclusion.

5.5 Conclusion

We have proposed Calderon preconditioning approaches for periodic FMM for acoustics-elastodynamics
coupled problems. It is found that the proposed methods can accelerate the convergence of the iterative
method more effectively than the conventional ones. It is also found that the proposed method is effective
even for the problems with high contrast of the material constants between inclusions and exterior matrix.

55



Chapter 6

Conclusions

In this thesis, we have investigated periodic FMMs and Calderon’s preconditioning in acoustics and
elastodynamics. The conclusions from each of the chapters are summarised as follows:

• Chapter 2
In chapter 2, we have investigated a periodic fast multipole boundary integral equation method for
three dimensional elastodynamics as an extension of the previous studies for Helmholtz’ equation [13]
and Maxwell’s equations [14]. Through numerical examples, we have confirmed the efficiency of the
proposed method and the occurrence of the Wood’s anomaly in the field of elastodynamics.

• Chapter 3
In chapter 3, we have investigated a periodic FMM for acoustics-elastodynamics coupled problems
in 3D. The accuracy of the proposed method is confirmed through numerical examples related to
phononic crystals immersed in water.

• Chapter 4
In chapter 4, we have proposed three types of Calderon preconditioning approaches for periodic
FMM in elastodynamics in 3D stated in chapter 2. It is found that these Calderon preconditioners
accelerate the convergence more effectively than the conventional one. We found, through numerical
experiments, that the A type preconditioning is particularly effective since we can achieve the
acceleration just by appropriately ordering the coefficient matrix. The A2 type preconditioning is
also attractive since it requires less memory than the A type and the acceleration performance is
comparable to the A type, except near anomalies.

• Chapter 5
In chapter 5, we have proposed Calderon preconditioners for acoustics-elastodynamics coupled prob-
lems stated in chapter 3. We have derived the PMCHWT formulation for problems of this type and
a Calderon preconditioning approach, which uses the matrices which are also used in the FMM al-
gorithm. We have also investigated the Calderon preconditioners for the formulations based on the
Burton-Miller method. We found, through numerical experiments, that the proposed method can
accelerate the convergence of the iterative method more effectively than the conventional ones. We
also found that the proposed method is effective even for the problems with large contrasts between
the material constants of inclusions and the exterior matrix.

With these investigations, we can now solve a variety of periodic boundary value problems for acoustics
and elastodynamics related to phononic crystals with sufficient accuracy. The proposed method is fast
enough to solve large scale problems with millions of DOF in a realistic time frame.

As further investigation for related problems, we can mention the following:

• A periodic FMM for a locally resonant sonic material (LRSM) [39]. This material is a kind of
phononic crystal with inclusions coated by elastically soft materials such as rubber and is known to
exhibit stopband with a geometrical period much smaller than the relevant wavelength. We need
another formulation to deal with LRSM since the wave velocity of the coating is too small compared
with that of the inclusion to apply the current version of periodic FMM.

• A periodic FMM for a piezoelectric phononic crystal [40]. To deal with this material we have to
investigate a periodic FMM for electoromagnetics-elastodynamics coupled problems. Also, we have
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to modify our elastodynamic formulation to deal with anisotropic material since the piezoelectric
materials exhibit anisotropic behaviour.

• Combination of the Calderon’s preconditioning with other techniques such as the complexifica-
tion [36] of certain physical parameters, variants of GMRES such as the restart version, etc.

• Use of related preconditioning approaches such as sparse analytic preconditioners based on the quasi
inverse (an inverse modulo compact) of the operator A [37], [38].
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