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We report on the dynamics of two hydrogen isotopomers, D2 and HD, trapped in the molecular
cages of a fullerene C60 molecule. We measured the infrared spectra and analyzed them using a
spherical potential for a vibrating rotor. The potential, vibration-rotation Hamiltonian, and dipole
moment parameters are compared with previously studied H2@C60 parameters [M. Ge, U. Nagel,
D. Hüvonen, T. Rõõm, S. Mamone, M. H. Levitt, M. Carravetta, Y. Murata, K. Komatsu, J. Y.-C.
Chen, and N. J. Turro, J. Chem. Phys. 134, 054507 (2011)]. The isotropic part of the potential is
similar for all three isotopomers. In HD@C60, we observe mixing of the rotational states and an
interference effect of the dipole moment terms due to the displacement of the HD rotation center
from the fullerene cage center. © 2011 American Institute of Physics. [doi:10.1063/1.3637948]

I. INTRODUCTION

Trapping of the hydrogen molecule inside the C60 molec-
ular cage by means of chemical methods has created a sys-
tem where the simplest and the lightest molecule is enclosed
in the cavity of a molecule with the highest symmetry.1, 2

The simplicity makes this supra-molecular complex ideal for
the studies of non-covalent bondings between H2 and car-
bon nano-surfaces, the knowledge needed for the design of
carbon-based hydrogen storage materials. H2@C60 is simple
from the theoretical point of view – the high symmetry of C60

brings it to the level of a quantum mechanics textbook exam-
ple of a vibrating rotor trapped in a spherical potential well.3

From the experimental point of view all the trapping sites are
equal and there is only one H2 per trapping site. This min-
imizes the inhomogeneous line broadening effects and H2–
H2 interactions. Indeed, the infrared (IR) absorption lines are
well separated and show splittings due to translation-rotation
coupling,4 consistent with theoretical predictions.5–7 The ro-
tational quantum number J is still a good quantum number for
H2 despite the translation-rotation coupling.7, 8 The potential
parameters of H2@C60 have been determined in both ground
and excited vibrational states from the detailed temperature
dependence study of IR spectra9 and in the ground state by in-
elastic neutron scattering (INS) spectroscopy.10 The introduc-
tion of a three site Lennard-Jones potential in the pairwise ad-
ditive five-dimensional potential energy surface has improved
greatly the accuracy of quantum calculations of the coupled
translation and rotation eigenstates of H2.11 In general, it has
been established that H2 inside the C60 cage is an unhindered
vibrating rotor performing coupled translations and rotations
in a nearly spherical potential.12

The substitution of deuterium for H changes the energy
levels of the encapsulated molecule drastically. In D2@C60,

a)Electronic mail: toomas.room@kbfi.ee.

the distances between the energy levels in the vibrational, ro-
tational, and translational manifolds are reduced because of
the heavier mass of D. Quantum statistics plays an important
role in the dihydrogen wavefunction symmetry.13 The nucleus
of D is a boson (nuclear spin I = 1) as opposed to H, where
it is a fermion, I = 1/2. Thus the rotational states with an
even quantum number J have D2 in the state where the total
nuclear spin of D2 is either zero or two. This is called ortho-
D2, while para-D2 has the total nuclear spin one and odd J

values. The ortho-para ratio at room temperature is 2 : 1 for
D2. As in the case of H2, the conversion between ortho and
para species is very slow. This means that at liquid helium
temperature (4.2 K) we have only two times more J even
(ortho) than J odd (para) D2 although the J = 0 state lies
E/kB = 84 K below the J = 1 state. This is in sharp con-
trast with H2 where the J even (para) species are outnum-
bered by the J odd (ortho-H2) species by three times. Even
though the hydrogen molecule is protected by C60 the ortho-
para conversion rate can be enhanced using a spin catalyst.14

The converted H2@C60 sample, para-enriched at 77 K with
molecular oxygen as a spin catalyst,15 was used to identify
para and ortho absorption lines in the infrared spectra.9

The energy levels of heteronuclear HD@C60 are com-
pressed compared to H2@C60 as well. However, an additional
effect appears, the breaking of two symmetries. First, the in-
version symmetry of the diatomic molecule is lost. The conse-
quence is that the center of mass is shifted away from the ge-
ometric center and a dipole moment is allowed for rotational
transitions, �J = ±1. Second, there are no ortho and para
species since the nuclei of the HD molecule are not identical
particles. The consequence is that thermal relaxation between
even and odd J levels is fast. All the rotational and transla-
tional levels of HD@C60 are in thermal equilibrium and at
liquid helium temperature only one state with J = N = 0,
is populated. N is the translational quantum number of the
spherical oscillator.3
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The dynamics of endohedral D2 and HD has been studied
theoretically8 and of HD experimentally.10 Three transitions,
N = 0 → 1, J = 0 → 1, and J = 1 → 2, were detected by
INS spectroscopy.10 An interesting finding is that the energies
of two rotary transitions do not scale according to the energies
of a free rotor. This was predicted by Olthof et al. in the theo-
retical study of CO@C60.16 Simultaneous rotations of CO and
its position vector R give rise to a rotational structure similar
to that of free CO, but the effective rotational constants dif-
fer considerably. As theory predicts, the different J and N

states are strongly mixed because of the translation-rotation
coupling between the heteronuclear rotor and the inner walls
of C60 making J not a good quantum number as it is for a
homonuclear diatomic in C60.8, 16

This paper is a continuation of our IR studies of
H2@C60.9 We present and analyze the IR spectra of D2@C60

and HD@C60 and compare the potential, vibrating rotor and
dipole moment parameters of the three isotopomers.

II. THEORY

The model Hamiltonian of the vibrating rotor in the
spherical potential, the dipole moment expansion, the cal-
culation of IR absorption line intensities, and the fitting of
IR spectra were described in Ref. 9. Here, we outline the
consequences of the reduced symmetry of heteronuclear HD
as compared to homonuclear H2 and D2. The coordinate R
= {R,�} refers to the center of mass displacement of the di-
hydrogen from the geometric center of C60 and the rotational
eigenstates |JMJ 〉 are in the coordinate frame s = {s,�s},
where the diatomic rotates about its center of mass and s con-
nects the two nuclei of the hydrogen molecule.

The potential transforms according to the A1g irreducible
representation of the symmetry group Ih. The bipolar spher-
ical harmonics F

lj

λmλ
(�,�s) (Eq. (2) in Ref. 9) of the order

λ = 0, 6, 10, . . . transform according to the irreducible repre-
sentation A1g of the symmetry group Ih.17 We consider the
case of full spherical symmetry, λ = 0. If λ = 0, then from
the triangle rule λ = |l − j |, |l − j | + 1, . . . , l + j it follows
that j = l.

We write the potential energy for a diatomic molecule as
v
V = v

V
0 + v

V
′, where the isotropic harmonic term is given

by v
V

0 = v
V

002
00 R2F 00

00 .9 We expand the perturbation part of
the potential v

V
′ in spherical harmonics F

lj

λmλ
and in power

series of R,

v
V

′ = v
V

004
00 R4F 00

00

+(
v
V

111
00 R + v

V
113

00 R3
)
F 11

00

+(
v
V

222
00 R2 + v

V
224

00 R4)F 22
00 . (1)

The powers n of the displacement of the center of mass R

are determined by l: n has the same parity as l and n ≥ l.
Here, v

V
ljn

λmλ
are the expansion coefficients and we limit our

expansion to jmax = 2 and nmax = 4. v
V

004
00 is the anharmonic

correction to the isotropic coupling, v
V

002
00 . v

V
224

00 is the an-
harmonic correction to the anisotropic (translation-rotation)
coupling v

V
222

00 . In the HD@C60 potential, we have additional
anisotropic coupling terms v

V
111

00 and v
V

113
00 , that are absent

in the H2@C60 and D2@C60 perturbation potential, Eq. (7) in
Ref. 9.

We express the induced part of the dipole moment as an
interaction between H2 and C60 instead of summation over
60 pairwise induced dipole moments between H2 and carbon
atom as was done in Ref. 9. We write the expansion of the
dipole moment from the vibrational state v to v′ in bipolar
spherical harmonics and in power series of R as

dv′v(R,�s) = 4π√
3

∑

l,j,n

v′vA
ljn

λmλ
RnF

lj

λmλ
(�,�s). (2)

The dipole moment transforms according to the irreducible
representation T1u of the symmetry group Ih. The spherical
harmonics of the order λ = 1, 5, 7, . . . transform according
to T1u of the symmetry group Ih.17 We use λ = 1 and are in-
terested in v = 0 → 1 transitions. In spherical symmetry it
is sufficient to calculate one component of the dipole moment
vector (Eq. (17) in Ref. 9), mλ = 0, and if we drop the explicit
dependence of dv′v on v, v′ and of v′vA

ljn

λmλ
on v, v′, λ,mλ, the

mλ = 0 component of the dipole moment reads

d0(R,�s) = 4π√
3

∑

l,j,n

AljnRnF
lj

10(�,�s). (3)

As λ = |l − j |, |l − j | + 1, . . . , l + j and λ = 1 it must
be that l = |j ± 1|. The possible combinations are (lj )
∈ {(01), (10), (12), (21), (23), . . .}. If we restrict the expan-
sion up to nmax = lmax = 1, we get

d0(R,�s) = 4π√
3
A010F 01

10

+ 4π√
3

(
A101F 10

10 + A121F 12
10

)
R. (4)

Here, A010 is zero for homonuclear diatomic molecules. It de-
scribes the sum of permanent and induced rotational dipole
moments, selection rule �N = 0,�J = 0,±1, but J = 0
→ 0 is forbidden. The expansion coefficient A101 describes
the induced dipole moment that is independent of the orien-
tation of the diatomic molecular axis s, selection rule �N

= 0,±1,�J = 0, but N = 0 → 0 is forbidden. A121 de-
scribes the induced dipole moment that depends on the orien-
tation of s, �N = 0,±1, �J = 0,±2, but N = 0 → 0 and
J = 0 → 0 are both forbidden. All terms in Eq. (4) satisfy
the selection rule �� = 0,±1, but � = 0 → 0 is forbidden.
� is the total angular momentum (� = L + J) quantum num-
ber and L is the orbital angular momentum quantum number
of the spherical oscillator.3

The procedure of fitting IR spectra was described
in detail in Ref. 9. The values of quantum numbers
we used to define the eigenstates |vJNL�〉 were v = 0
and 1, J ≤ 4, and N ≤ 7 for D2@C60, J ≤ 4, and N

≤ 6 for HD@C60. There are 292 para-D2, 404 ortho-D2, and
524 HD states in the selected bases. Energy levels and ob-
served transitions are sketched in Figs. 1 and 2.
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FIG. 1. Diagram of the observed IR transitions of D2@C60. The rotational
quantum number J is even for ortho-D2 states and odd for para-D2 states.
Vibrational quantum number is v and translational quantum number is N .
The additional structure of energy levels Ev

JNL� due to orbital angular mo-
mentum quantum number L and total angular momentum quantum number
� is not shown and only few lowest values of v, J , and N are represented.
Black lines are the transitions that start from the ground state, red lines are
the transitions that start from the thermally excited states.

FIG. 2. Diagram of the observed IR transitions of HD@C60. The quantum
numbers and the structure of energy levels are same as in Fig. 1. Black lines
are the transitions that start from the ground state, red lines are the transitions
that start from the thermally excited states. Dashed lines are the unique tran-
sitions of HD@C60 which have selection rules different from the selection
rules of D2@C60 and H2@C60. Arrow lines are the experimentally observed
INS transitions Ref. 10.

III. EXPERIMENT

The endohedral complexes were prepared by “molecu-
lar surgery” as described in Refs. 1, 2, D2@C60 at Kyoto
University and HD@C60 at Kyoto University and Columbia
University. The filling factor for D2 is ρ = 1.0. The HD@C60

sample was a mixture of the hydrogen isotopomers H2:HD:D2

with the ratio 1:1:0.2. Since all C60 cages are filled, the
filling factor for HD is ρ = 0.45. Experimental absorption
spectra were corrected for the filling factor. The powdered
samples were pressed into pellets under vacuum for IR trans-
mission measurements. The diameter of sample pellets was
3 mm and the thickness d = 0.25 mm (D2@C60) or d = 0.34
mm (HD@C60). The measurement technique is described in
Ref. 9.

IV. RESULTS

A. Temperature dependence of the spectra

The temperature dependence of the IR absorption spectra
of HD@C60 and D2@C60 are shown in Figs. 3 and 4. Only
the spectral lines involving transitions from the ground trans-
lational state, N = 0, are present at 5 K. As the temperature is
increased, additional lines become visible that correspond to
the transitions starting from the excited states, see Figs. 1 and
2. Broad lines that are indicated by arrows in Fig. 3(a) are
not due to HD because they are present already at 5 K in the
spectral region where only a single line is expected according
to our model.

The normalized line areas of D2, Fig. 4(d) and HD,
Fig. 5, are compared to the temperature dependencies of the
normalized population probabilities of the corresponding
initial states. The population probabilities are calculated
using the eigen-energies obtained from fitting the 90 K
spectra with the model Hamiltonian. We see that within the
error bars the temperature dependence of the normalized line
areas is described very well for the transitions starting from
J = 0 states both in D2@C60 and HD@C60. In HD@C60, the
areas of lines that start from J = 1 state are weaker than the
calculated curve above 120 K. In D2@C60 the intensity versus
temperature analysis can be reliably done for one line only,
the N = 0 → 1, J = 0 → 2 transition at about 3224 cm−1.
For other transitions in D2@C60 there is an overlap of spectral
lines starting from the ground and thermally populated states
or an overlap of para and ortho lines, see Fig. 6.

The Hamiltonian parameters were determined by fit-
ting the 90 K spectra because at lower temperatures the
higher energy levels in the v = 0 state are insufficiently pop-
ulated, while no new lines appear at higher temperatures. The
changes in line positions are less than the linewidths over the
temperature range explored.

B. Fitting the experimental spectra

There are much fewer observable IR absorption lines in
the spectra of D2@C60 and HD@C60 than in H2@C60 spec-
tra. The missing lines are the fundamental vibrational tran-
sition, �v = 1,�N = �J = 0 and the group of lines, �v
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(a) (b) (c) (d)

FIG. 3. Temperature dependence of the infrared absorption spectra of HD@C60. In panel (a) the changes of the quantum numbers N and J of the main
components of the initial and final states are �N = 1, �J = 0, or �N = 0, �J = 1 . Panels (b), (c), and (d) show groups of transitions with the same change
of the quantum numbers J and N . Spectra are shifted vertically for clarity. The spectra shown in panel (d) are the differential absorption with respect to the 5
K spectrum. The broad lines indicated by arrows are not due to HD.

= 1,�N = −1,�J = 0, placed at lower energies than the
fundamental transition. At least some of these lines are
needed to determine the vibrational frequency of the diatomic

(a)

(b) (c)

(d)

FIG. 4. Temperature dependence of the infrared absorption spectra of
D2@C60. Three panels show groups of transitions with the same change of
the quantum numbers J and N . Spectra are shifted vertically for clarity. The
200 K absorption spectra in panel (b) has been multiplied by five. The spec-
tra shown in panel (c) are the differential absorption with respect to the 5
K spectrum. (d) Temperature dependence of the 3224 cm−1 IR absorption
line normalized area S (circles) and calculated normalized thermal popula-
tion probability pi of the initial state N = J = 0 (solid line). The error bars
of S are from fitting the experimental lines with Gaussians.

and the difference of the translational potential in the ground
(ν = 0) and excited (ν = 1) vibrational states.

However, the separation of some energy levels in
the ground vibrational state of HD@C60 is known
from the INS experiment.10 The numbers we used are
ωN=0→1 = 154.1 cm−1, ωJ=0→1 = 80.7 cm−1, and ωJ=1→2

= 192.0 cm−1. The INS transition frequencies were included
in our fitting program.

No additional experimental data beside IR data are avail-
able for D2@C60. Therefore, we estimate the D2@C60 fun-
damental frequency and set it to a fixed value in our fit of
the Hamiltonian parameters. The relative change of the fre-
quency [ω0(gas) − ω0(C60)]/ω0(gas) depends on the cage and
is independent of the hydrogen isotopomer.19 Based on our

(a)

(b)

(c)

FIG. 5. Temperature dependence of selected IR absorption line areas S of
HD@C60. Each panel describes transitions starting from one initial state
marked by quantum numbers N and J . Solid lines are calculated thermal
population probabilities pi of the initial states as obtained from the model. S

and pi have been normalized to unity at their maxima. The error bars of S are
from fitting the experimental lines with Gaussians.
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(a)

(b) (c)

FIG. 6. Experimental absorption spectra of D2@C60 at 90 K (dots) together
with the fit result with fixed line width, FWHM = 1 cm−1. The ortho-D2
(blue line) and para-D2 (olive line) components of the fit in panel (a) are
shifted down in vertical direction for clarity. The total absorbance α (red line)
is the sum of the ortho-D2 and para-D2 spectrum. In panels (b) and (c) the
para component is not plotted as it does not have any contribution.

fit results, Table VI, we get that for the H2 ω0(C60)/ω0(gas)
= 0.9763 and for the HD ω0(C60)/ω0(gas) = 0.9773. We use
the average of these two ratios to calculate the D2@C60 fun-
damental vibrational frequency, ω0 = 2924 cm−1.

The line intensities depend on the ortho-para ratio, and
on the absolute value and relative sign of the dipole moment

parameters. We choose A101 > 0. The line intensities depend
on the mixing of pure states by the perturbation part of the po-
tential too. However, the perturbation part can be determined
by fitting the IR transition frequencies.

We found that it is not possible to fit independently the
two dipole moment parameters and the ortho-para ratio in
the D2 sample for the following reasons: first, the number of
observed para lines is small; second, the strongest low tem-
perature para line overlaps with ortho line at 3050 cm−1.

The ratio no/np is close to the high temperature equi-
librium value in H2@C60 even at 5 K.9 Since H2@C60 and
D2@C60 were prepared under similar conditions, the ortho-
para ratio of the D2 sample in our fitting program was set to
the room temperature equilibrium value no/np = 2.

Detailed results of fitting the absorption spectra are
shown in Figs. 6 and 7. The experimental and fitted absorption
lines are summarized in Tables I and II together with the dom-
inant components of the initial and final eigenstates. Eigen-
states are listed in Tables III–V up to the highest states that
are involved in the measured infrared transitions of ortho-D2

and HD, and 20 lowest levels of para-D2.
The best fit parameters are listed in Table VI. Because of

the limited number of observed lines in the spectra of D2@C60

and HD@C60, we cannot find the anharmonic corrections
to the anisotropic confining potential, thus v

V
224

00 = 0. The
potential parameters are positive for all three hydrogen iso-
topomers. The distance between translational levels increases
with the quantum number N , if the anharmonic corrections
to the isotropic confining potential are greater than zero,
v
V

004
00 > 0. In H2@C60 and D2@C60 the sign of v

V
004

00 also
determines the order of L levels for a given N : the lowest en-
ergy level has the largest L value. The sign of the translation-
rotation coupling v

V
222

00 determines the order of � levels for
given J,N , and L, see Table VI. The ordering of L and �

TABLE I. Experimental and calculated line positions, ω (cm−1), and absorption line areas, Sω (cm−2), of IR-active modes at 90 K in D2@C60. The quantum
numbers JNL� and the relative weights |ξv |2 of the main components contributing to the initial and final eigenstates are given. Experimental line positions
and areas at 5 K are shown for comparison. The ortho and para lines at 3050.2 cm−1 could not be resolved in the experiment and the total area of the line is
listed as experimental Sω in the corresponding parts of the table.

Experiment, 5 K Experiment, 90 K Fitted Initial state, v = 0 Final state, v = 1

ω Sω ω Sω ω Sω JNL� |ξ0|2 JNL� |ξ1|2
para lines

3045.1 0.98 3045.2 1.26 3045.0 0.45 1001 0.99 1111 0.97
3050.2 10.77 3050.2 5.40 3049.5 1.63 1001 0.99 1112 0.96

3054.0 0.19 3054.3 0.23 1111 0.97 1222 0.93
3056.8 1.55 3056.7 1.81 3056.6 1.26 1001 0.99 1110 0.96

3060.1 0.11 3060.6 0.19 1111 0.97 1221 0.65
3064.7 0.11 3065.0 0.15 1110 0.96 1201 0.61
3069.4 0.21 3070.8 0.21 1112 0.97 1201 0.61

ortho lines
3040.9 0.17 3040.7 0.22 2002 0.99 2112 0.97
3045.2 1.26 3045.4 0.67 2002 0.99 2113 0.96

3048.6 0.43 2002 0.99 2111 0.96
3050.2 10.77 3050.2 5.40 3050.9 4.10 0000 0.99 0111 0.96

3060.1 0.11 3058.5 1.76 0111 0.97 0222 0.93
3069.4 0.21 3069.0 0.31 0111 0.97 0200 0.88

3224.4 1.66 3224.3 0.86 3224.4 0.95 0000 0.99 2111 0.96
3440.3 0.09 3440.3 0.14 2002 0.99 4113 0.96
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TABLE II. Experimental and calculated line positions, ω (cm−1), and absorption line areas, Sω (cm−2), of IR-active modes at 90 K in HD@C60. The quantum
numbers JNL� and the relative weights |ξv |2 of the main components contributing to the initial and final eigenstates are given. Experimental line positions
and areas at 5 K are shown for comparison.

Experiment, 5 K Experiment, 90 K Fitted Initial state, v = 0 Final state, v = 1

ω Sω ω Sω ω Sω JNL� |ξ0|2 JNL� |ξ1|2
3670.9 1.67 3670.7 1.57 1001 0.80 1112 0.64
3680.0 0.76 3680.1 0.81 1112 0.67 1223 0.55

3681.5 0.06 1110 0.68 1201 0.50
3686.5 0.12 3685.1 0.11 1111 0.95 1222 0.62

3691.2 0.16 2002 0.67 2113 0.48
3698.5 1.34 3698.6 1.31 1001 0.80 1110 0.64
3703.9 1.38 3704.0 1.70 1001 0.80 1111 0.94

3710.8 23.45 3710.9 8.14 3711.1 7.94 0000 0.95 0111 0.73
3713.6 0.11 3713.7 0.19 1112 0.67 1222 0.62
3716.9 0.46 3716.4 0.19 1110 0.68 1221 0.67

3717.4 0.12 2002 0.67 2111 0.54
3727.7 3.24 3727.4 2.27 0111 0.74 0222 0.48
3737.0 0.56 3736.6 0.46 0111 0.74 0200 0.56
3740.9 1.43 3740.4 1.97 1001 0.80 2002 0.66
3743.8 0.20 3742.6 0.27 1111 0.95 2112 0.63

3758.5 0.07 1111 0.95 2111 0.54
3761.8 0.32 3760.9 0.21 1112 0.67 2113 0.48

3913.8 0.02 0111 0.74 1310 0.42
3906.7 1.05 3906.8 0.45 3906.7 0.41 0000 0.95 1201 0.50

3986.9 0.02 1001 0.80 1310 0.42
3988.9 1.600 3988.9 0.62 3989.6 0.53 0000 0.95 2111 0.54

3992.8 0.03 1001 0.80 1311 0.51
3997.7 0.007 1111 0.95 1422 0.38
4144.4 0.008 0111 0.74 0400 0.36

4149.9 0.40 4149.9 0.27 1001 0.8 3112 0.64

TABLE III. First 20 calculated energy levels of para-D2@C60 for the
ground (v = 0) and excited (v = 1) states. The excitation energies �E0

para

and �E1
para (in cm−1) are relative to the ground-state energy E0

1001

= 1696.21 cm−1 and E1
1001 = 4618.18 cm−1. |ξv |2 is the contribution of

the dominant quantum basis |JNL�〉 to the particular eigenstate.

v = 0 v = 1

JNL� �E0
para |ξ0|2 JNL� �E1

para |ξ1|2

1001 0.0 0.99 1001 0.0 0.99
1111 122.9 0.97 1111 123.1 0.97
1112 126.6 0.97 1112 127.5 0.96
1110 132.3 0.96 1110 134.7 0.96
1222 254.0 0.94 1222 255.2 0.93
1223 259.0 0.93 1223 261.1 0.90
1221 259.5 0.70 1221 261.6 0.65
1201 271.2 0.67 1201 275.4 0.61
3003 292.6 0.98 3003 282.1 0.96
1333 390.5 0.90 1333 393.0 0.87
1334 396.4 0.86 1334 398.6 0.70
1332 397.6 0.76 1332 401.6 0.71
1311 406.2 0.83 3113 404.8 0.94
1312 413.6 0.61 1311 410.2 0.80
3113 415.3 0.97 3112 410.8 0.86
3114 420.4 0.93 3114 412.7 0.75
1310 421.1 0.81 1312 421.9 0.59
3112 422.0 0.85 1310 428.6 0.78
1444 536.6 0.85 3224 536.9 0.78
1445 542.2 0.65 3223 537.5 0.83

levels of HD@C60 is very different from H2@C60 and
D2@C60 due to strong mixing of states. However, for all three
isotopomers only the states with the same � are mixed, if the
potential is spherical.

Some of the lines in the 90 K spectrum or at
lower T show small splittings: the 3056.8 cm−1

and 3224.4 cm−1 lines in D2@C60 (Fig. 4(b)) and the
3698.5 cm−1, 3710.8 cm−1, 3906.7 cm−1, and 3988.9 cm−1

lines in HD@C60 (Fig. 3). These splittings are not described
by our model, which assumes local spherical symmetry, and
the split lines are treated as single experimental lines in the fit.
As discussed before9 in the case of H2@C60, the local icosa-
hedral symmetry of the C60 cage is too high to give rise to
such splittings. The shape of spectral lines showing this type
of splitting is very similar in H2@C60, D2@C60, and even
in HD@C60. This splitting is independent of the isotopomer
and depends on the initial and/or on the final state defined by
quantum numbers v, J,N,L, and �.

V. DISCUSSION

A. Hamiltonian parameters

The potential parameters vV
ljn

00 and vibration-rotation
Hamiltonian parameters, ω0, Be, αe, and De, are listed in
Table VI for all three isotopomers. The harmonic v

V
002

00
and anharmonic v

V
004

00 part of the isotropic potential are
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(a)

(b)

(c)

(d)

FIG. 7. Experimental absorption spectra of HD@C60 at 90 K (dots) together
with the fit result with fixed line width, FWHM = 1 cm−1. The changes of
the quantum numbers J and N for the transitions in panel (a) vary from line
to line and are �J = 0, �N = 1, or �J = 1, �N = 0. Some lines in the
experimental spectrum do not belong to HD and are indicated by arrows.

similar for three isotopomers. There is a slight trend that these
two parameters are larger for the heavier isotopomers. If the
separation of two energy levels, E1

01111 − E1
0000 is accounted

for in ortho-D2@C60, 126.7 cm−1 (Table IV), and in para-
H2@C60,184.4 cm−1 ,9 we get the ratio 1.4566, which is
larger than the mass scaling,

√
mD2/mH2 = √

2. This tells us
that the splitting of energy levels is larger in H2@C60 even
though the potential parameters are smaller. The controversy
is resolved if one takes into account the anharmonic energy
correction to the difference E1

01111 − E1
0000. Beside the depen-

dence on v
V

002
00 and v

V
004

00 , which are larger for D2, the linear
energy correction in the perturbation theory to this difference
decreases with the increase of the molecular mass as m−0.5.

The displacement of the center of mass from the bond
center changes the dynamics of HD in the C60 cage drasti-
cally. In our model, this change is represented by the v

V
111

00
and v

V
113

00 potential parameters. These potential terms shift

TABLE IV. Calculated energy levels of ortho-D2@C60 for the ground (v
= 0) and excited (v = 1) states up to JNL� = 4113. The excitation ener-
gies �E0

ortho and �E1
ortho (in cm−1) are relative to the ground-state energy

E0
0000 = 1637.56 cm−1 and E1

0000 = 4561.71 cm−1. |ξv |2 is the contribu-
tion of the dominant quantum basis |JNL�〉 to the particular eigenstate.

v = 0 v = 1

JNL� �E0
ortho |ξ0|2 JNL� �E1

ortho |ξ1|2

0000 0.0 0.99 0000 0.0 0.99
0111 125.9 0.97 0111 126.7 0.96
2002 175.7 0.99 2002 169.2 0.98
0222 258.1 0.94 0222 260.2 0.93
0200 268.0 0.90 0200 270.8 0.88
2112 298.7 0.97 2112 292.3 0.97
2113 302.5 0.97 2113 297.0 0.96
2111 305.0 0.96 2111 300.2 0.96
0333 395.7 0.90 0333 399.6 0.88
0311 410.8 0.82 0311 415.7 0.79
2223 430.5 0.94 2223 425.4 0.93
2222 431.3 0.84 2222 426.3 0.81
2224 435.3 0.93 2224 431.3 0.92
2221 437.1 0.94 2221 433.5 0.92
2220 440.4 0.93 2220 437.8 0.92
2202 445.6 0.80 2202 442.6 0.77
0444 543.8 0.89 0444 552.0 0.88
2334 567.8 0.90 4004 562.0 0.98
2333 568.0 0.86 2334 564.3 0.89
0422 568.2 0.78 2333 564.6 0.83
2332 572.0 0.80 2332 569.3 0.75
2335 573.5 0.89 2335 571.2 0.88
2331 577.8 0.88 2331 576.8 0.86
0400 579.1 0.74 0422 579.5 0.76
2312 583.2 0.74 2312 581.3 0.68
4004 583.6 0.99 2313 588.7 0.74
2313 589.3 0.78 0400 591.9 0.71
2311 592.4 0.80 2311 592.5 0.77
0555 696.7 0.86 4114 684.9 0.96
4114 706.5 0.97 4115 690.5 0.96
4115 710.9 0.97 4113 691.9 0.96
4113 712.0 0.97 0555 709.1 0.85

the HD center of mass away from the cage center. HD cannot
rotate in the cage unless the center of mass is moving along
the circular trajectory, in a classical view. The rotational quan-
tum number J is not a good quantum number any more.8 The
spherical symmetry is preserved and � (� = L + J) is still a
good quantum number.

The rotational and translational states are mixed in quan-
tum mechanical terms. As an example, we analyze three states
where the main component is N = 0 and J = 0, 1, or 2. It
was pointed out in the INS study that the energies of these
levels do not scale as is expected for the rotational states of
a diatomic rotor.10 Our fit shows that the J = 1 state of HD
has 80% J = 1, N = 0, L = 0 component, Table V, and the
next main component with 18% weight has quantum numbers
J = 0, N = 1, L = 1. The linear potential v

V
111

00 couples the
two components and they both have � = 1. The next rota-
tional level is 67% of J = 2, N = 0, L = 0, and 28% of J

= 0, N = 2, L = 2. Here, the v
V

111
00 has zero matrix element

between the two components. However, the coupling goes

Downloaded 11 Sep 2012 to 130.54.110.73. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/about/rights_and_permissions



114511-8 Ge et al. J. Chem. Phys. 135, 114511 (2011)

TABLE V. Calculated energy levels of HD@C60 for the ground (v = 0)
and excited (v = 1) states up to JNL� = 3112. The excitation energies
�E0

HD and �E1
HD (in cm−1) are relative to the ground-state energy E0

0000
= 1964.05 cm−1 and E1

0000 = 5517.66 cm−1. |ξv |2 is the contribution of
the dominant quantum basis |JNL�〉 to the particular eigenstate.

v = 0 v = 1

JNL� �E0
HD |ξ0|2 JNL� �E1

HD |ξ1|2

0000 0.0 0.95 0000 0.0 0.94
1001 80.3 0.80 1001 76.6 0.80
0111 153.3 0.74 0111 157.5 0.73
1112 202.4 0.67 1112 197.4 0.64
1110 225.2 0.68 1110 225.3 0.64
1111 231.0 0.95 1111 230.6 0.94
2002 272.1 0.67 2002 267.0 0.66
0222 318.1 0.47 0222 327.2 0.48
0200 324.0 0.61 1223 328.9 0.55
1223 334.5 0.59 0200 336.3 0.56
1201 357.5 0.51 1201 353.1 0.50
1222 365.4 0.70 1222 362.6 0.62
1221 384.0 0.70 1221 388.0 0.67
2113 413.3 0.54 2113 409.8 0.48
2112 420.6 0.72 2112 420.0 0.63
2111 432.6 0.60 2111 436.0 0.54
1334 474.7 0.53 1334 468.5 0.49
0333 481.0 0.44 0333 489.8 0.37
0311 500.1 0.44 1312 495.6 0.44
1312 501.2 0.46 1333 503.8 0.48
1333 507.5 0.56 1310 513.5 0.42
1310 515.7 0.46 1311 519.4 0.51
1311 522.6 0.54 0311 519.7 0.39
3003 533.3 0.83 3003 525.6 0.58
1332 535.6 0.54 1332 537.9 0.38
2224 562.8 0.43 2224 560.0 0.35
2222 565.5 0.57 2222 569.2 0.42
2223 575.3 0.50 1333 578.1 0.38
2202 588.8 0.33 2202 590.9 0.22
2220 594.6 0.52 2220 605.2 0.46
2221 600.3 0.49 2221 613.0 0.44
1445 628.1 0.45 2335 620.6 0.44
0444 652.0 0.42 2334 653.7 0.50
2334 658.0 0.45 2313 653.8 0.4 0
1423 661.1 0.38 3114 655.0 0.49
3113 667.8 0.88 3113 656.7 0.81
3112 677.3 0.62 2311 675.1 0.49
1422 678.6 0.41 1422 675.1 0.38
2311 680.8 0.48 3112 676.6 0.64

over an intermediate state what is 67% J = 1, N = 1, L = 1,
15% J = 0, N = 2, L = 2, and 15% J = 2, N = 0, L = 0.
These states are � = 2 states.

The potential terms v
V

111
00 and v

V
113

00 shift the HD center
of mass from the C60 cage center. Using the potential values
from Table VI we find that the minimum of the HD potential
in the v = 0 state is shifted 0.1383 Å along the bond and in
the v = 1 state by 0.1387 Å. Using the free HD bond length
s0 = 0.74142 Å (Ref. 18) we get for the deuteron distance
from the cage center 0.3560 Å and for the proton distance
0.3854 Å in the ground vibrational state. The corresponding
distances from the center of mass of free HD molecule are
0.24714 Å and 0.49428 Å. As one can see, inside C60 the

two nuclei are placed fairly symmetrically relative to the cage
center.

Another feature of HD is an enlarged anisotropic poten-
tial v

V
222

00 , Table VI. v
V

222
00 is defined in the coordinate system

where the rotation of the HD molecule is about its center of
mass.

The relative change of the rotational constant is similar in
H2 and D2 with respect to free molecule value. Be depends on
the nucleus-nucleus distance what is determined by electron-
electron interactions. Since the electron-electron interactions,
in the first approximation, are same for the two isotopomers,
the relative change of Be is independent of mass.

Among the rotation and vibration constants of HD@C60,
the centrifugal correction De to the rotational constant Br ,
Br = Be − αe(v + 1/2) − DeJ (J + 1),9, 18 is anomalously
different from its gas phase value compared to other two iso-
topomers, Table VI. Positive De means that the faster the
molecule rotates, the longer is the bond. We speculate that
since the rotation center of HD inside the cage is further away
from the deuteron, the centrifugal force on the deuteron in-
creases and the bond is stretched more than in the free HD
molecule.

B. Dipole moment

The dipole moment parameters Aljn are listed in
Table VI. A101 and A121 coefficients are the largest for
the lightest isotopomer. These coefficients do not have ex-
plicit dependence on the vibrational coordinate and were
defined in Eq. (2) as v′vAljn = 〈ψvib

v′ (s)|Aljn(s)|ψvib
v (s)〉.

We expand the coefficients in powers of δs = s − s0

at the bond length s0, Aljn(s) = Aljn(s0) + d
ds

Aljn|s0δs

+ . . .. The second term of this expansion gives the v

= 0 → 1 transition,〈ψvib
1 (s)|s|ψvib

0 (s)〉 ∼ μ−0.25 where μ is
the reduced mass of the hydrogen molecule.3 The ra-
tio of the A101 coefficients of H2 and D2 is ∼1.3,
Table VI. This is not very different from the estimate
using the reduced masses, 20.25 ≈ 1.19. The ratio of the
anisotropic coefficients, A121, is almost 1.5, however with
the large error bar dominated by the error of the D2

coefficient.
We found that in the D2 sample several absorption lines

were rendered invisible. There are other factors, beside the
A coefficients dependence on the vibrational coordinate, that
reduce the D2@C60 IR line intensities compared to H2@C60.
From Eq. (17) of Ref. 9, we get that the line area is S(ω)
∼ ω(Alj1)2|〈ψ1

N=1|R|ψ0
N=0〉|2. The matrix element of the ra-

dial part depends on the molecule mass as |〈ψ1
N=1|R|ψ0

N=0〉|2
∼ m−0.5, Ref. 3. The transition frequency ω is approximately
equal to the vibrational frequency ω0 ∼ μ−0.5. If one uses 1.3
as the experimental ratio of the A101 coefficients of H2 and
D2, the estimate of the relative line intensities of the two iso-
topomers is SH2/SD2 = 3.3.

While the coefficients A101 and A121 are zero for the free
hydrogen molecule, the third coefficient A010, allowed by
symmetry in a heteronuclear diatomic, describes the dipole
moment of a rotating molecule. However, inside C60 it could
be different from the free HD value. The permanent dipole
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TABLE VI. Values of the fitted parameters κi for HD and D2@C60 compared to the results for H2@C60 (Ref. 9). The vibrational and rotational constants
of a free molecule of the three hydrogen isotopomers are shown for comparison; gas phase ω0 is calculated including all terms (v + 1/2)k up to k = 3
(Ref. 18). In HD@C60 and D2@C60 the parameter v

V
224
00 is set to zero. Currently and previously used dipole moment expansion parameters are related as

v′vAlj1 = 20Bv′v[lj ], where Bv′v[lj ] is the pairwise H2-carbon induced dipole moment expansion parameter given by Eqs. (13) and (14) in Ref. 9.

H2@C60 HD@C60 D2@C60

κi v = 0 v = 1 v = 0 v = 1 v = 0 v = 1 Unit

v
V

002
00 14.277 ± 0.034 15.952 ± 0.032 16.355 ± 0.065 17.483 ± 0.048 16.781 ± 0.080 16.456 ± 0.056 Jm−2

v
V

004
00 (2.2105 ± 0.0099)1021 (2.1920 ± 0.0085)1021 (1.884 ± 0.024)1021 (2.133 ± 0.015)1021 (2.159 ± 0.041)1021 (2.390 ± 0.022)1021 Jm−4

v
V

222
00 0.5629 ± 0.0059 1.199 ± 0.012 1.313 ± 0.040 2.037 ± 0.058 1.11 ± 0.22 1.40 ± 0.14 Jm−2

v
V

224
00 (2.211 ± 0.023)1020 (1.030 ± 0.011)1020 0 0 0 0 Jm−4

v
V

111
00 . . . . . . (3.1102 ± 0.0095)10−10 (3.251 ± 0.010)10−10 . . . . . . Jm−1

v
V

113
00 . . . . . . (4.25 ± 0.18)1010 (7.12 ± 0.11)1010 . . . . . . Jm−3

no/np 2.890 ± 0.045 — 2
A010 — (−1.54 ± 0.15)10−32 . . . Cm
A101 (9.06 ± 0.26)10−22 (7.01 ± 0.69)10−22 (6.85 ± 0.73)10−22 C
A121 (−4.26 ± 0.42)10−22 (−2.67 ± 0.27)10−22 (−2.9 ± 1.5)10−22 C

H2@C60 H2 HD@C60 HD D2@C60 D2

ω0 4062.37 ± 0.28 4161.18 3549.66 ± 0.39 3632.20 2924 2993.69 cm−1

Be 59.865 ± 0.074 60.853 45.38 ± 0.14 45.655 29.888 ± 0.089 30.444 cm−1

αe 2.974 ± 0.025 3.062 1.695 ± 0.044 1.986 1.086 ± 0.045 1.079 cm−1

De (4.832 ± 0.051)10−2 4.71 × 10−2 (1.535 ± 0.097)10−1 2.605 × 10−2 (8.45 ± 3.71)10−3 1.141 × 10−2 cm−1

moment of the free HD molecule corresponding to the v

= 0 → 1, J = 0 → 1 transition is 5.0 × 10−5 D,20 while
the endohedral HD dipole moment is |A010| = 1.54
× 10−32 Cm = 4.77 × 10−3 D, Table VI. The dipole
moment A010 of HD inside C60 is enhanced by two orders of
magnitude because of the mutual induced polarization of HD
and C60.

Despite the enhancement of the rotational dipole moment
A010 we did not detect the rotational transition J = 0 → 1,
�N = 0 in the IR spectra of HD@C60. Indeed, our model
fit gives a rather small area S = 0.07 cm−2 for this line at
3630.2 cm−1 and at temperature 5 K. The �J = 1 transi-
tion in HD@C60 is suppressed because there is an interfer-
ence of two dipole terms, A010 and A101 which have opposite
signs. The final state consists of 80% of pure rotational state J

= 1, N = 0 and 18% of the pure translational state N = 1, J

= 0, Table V. This mixed final state has matrix elements from
the ground state for both A coefficients, A010 and A101, which
nearly cancel each other.

Olthof et al. did not consider induced dipole moments in
CO@C60.16 Their approach is probably justified as free CO
has large rotational and vibrational dipole moments and the
induced moments are relatively small. Our study shows that in
HD@C60 the induced rotational and translational dipole mo-
ments are both equally important in rotational transitions and
two orders of magnitude larger than the permanent rotational
dipole moment of HD.

VI. SUMMARY

We measured and analyzed the infrared absorption spec-
tra of D2@C60 and HD@C60 and compared the results
to H2@C60. The rotation and translation transitions appear
in combination with the fundamental vibrational transition,
v = 0 → 1. Experimentally, the two heavier hydrogen iso-

topomers are more challenging than H2. Several IR absorp-
tion lines were missing in D2@C60 and HD@C60 spectra, in-
cluding the fundamental vibrational transition. Heavier mass
reduces the IR line intensity through several parameters and
in addition, shifts spectra to lower frequency where the back-
ground absorption of the C60 powder is stronger and, as a con-
sequence, the signal-to-noise ratio is reduced.

The potential parameters of H2 and D2 show little mass
dependence. This is true for the isotropic part of the HD po-
tential v

V
002

00 as well. Absence of the inversion symmetry in
HD allows additional potential parameters, v

V
111

00 and v
V

113
00 ,

which mix the rotational levels and J is not a good quan-
tum number any more. This is the effect of the confining po-
tential what prohibits the rotation of the HD molecule about
its center of mass, as predicted for HD@C60 (Ref. 8) and for
another endohedral complex without the center of inversion,
CO@C60.16

In HD@C60 the dipole moment A010 for rotational tran-
sition v = 0 → 1, J = 0 → 1 with �N = 0 is enhanced by
two orders of magnitude compared to the free HD molecule
value. However, because the final state is not a pure J = 1
state, the interference with the induced dipole moment term
A101 renders this IR transition invisible in our measurement.

The accuracy of the potential could be improved fur-
ther by measuring the IR fundamental vibrational and the
�N = −1 transitions, and transitions to higher N levels in
HD@C60 and D2@C60 with better signal-to-noise ratio. This
could be achieved by using samples in the shape of a single
crystal, few mm in size. In addition, a single crystal study
would shed some light on the splitting of some � < 3 levels
and increase the accuracy of the dipole moment parameters
as there would be no light scattering such as in the powder
sample. However, this would increase the predictive power
of our model for higher N values only. The separation and
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translation-rotation splitting of the lowest N levels already
detected in the experiment would not change, especially in
the HD sample where additional information from the INS
experiment10 was used to compensate for the missing funda-
mental transition.
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