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High electron temperature plasmas with steep temperature gradient in the core are obtained in recent
experiments in the Large Helical Device �A. Komori et al., Fusion Sci. Technol. 58, 1 �2010��. Such
plasmas are called core electron-root confinement �CERC� and have attracted much attention. In
typical CERC plasmas, the radial electric field shows a transition phenomenon from a small
negative value �ion root� to a large positive value �electron root� and the radial electric field in
helical plasmas are determined dominantly by the ambipolar condition of neoclassical particle flux.
To investigate such plasmas’ neoclassical transport precisely, the numerical neoclassical transport
code, FORTEC-3D �S. Satake et al., J. Plasma Fusion Res. 1, 002 �2006��, which solves drift kinetic
equation based on �f Monte Carlo method and has been applied for ion species so far, is extended
to treat electron neoclassical transport. To check the validity of our new FORTEC-3D code,
benchmark calculations are carried out with GSRAKE �C. D. Beidler et al., Plasma Phys. Controlled
Fusion 43, 1131 �2001�� and DCOM/NNW �A. Wakasa et al., Jpn. J. Appl. Phys. 46, 1157 �2007��
codes which calculate neoclassical transport using certain approximations. The benchmark
calculation shows a good agreement among FORTEC-3D, GSRAKE and DCOM/NNW codes for a
low temperature �Te�0�=1.0 keV� plasma. It is also confirmed that finite orbit width effect included
in FORTEC-3D affects little neoclassical transport even for the low collisionality plasma if the
plasma is at the low temperature. However, for a higher temperature �5 keV at the core� plasma,
significant difference arises among FORTEC-3D, GSRAKE, and DCOM/NNW. These results show
an importance to evaluate electron neoclassical transport by solving the kinetic equation rigorously
including effect of finite radial drift for high electron temperature plasmas. © 2011 American
Institute of Physics. �doi:10.1063/1.3562890�

I. INTRODUCTION

Collisional diffusion of neoclassical �NC� transport has
attracted much attention recently to improve the confinement
property in helical devices such as the large helical device
�LHD�, since NC transport causes an inevitable level of par-
ticle and energy diffusion in torus plasmas and this NC dif-
fusion coefficient increases in proportion to Te,i

7/2 in the 1 /�e,i

regime in three-dimensional magnetic configurations in heli-
cal devices, where Te,i is the temperature and �e,i is the col-
lision frequency of electron or ion species. Therefore, it is of
great importance to evaluate the NC diffusion coefficient for
high Te plasmas accurately in helical devices. In LHD, high
electron temperature plasmas ��Te�15 keV� �Ref. 1�� have
been obtained in recent experiments. Such plasmas, are
called core electron-root confinement �CERC�,2 since these
plasmas have a strong positive radial electric field called
electron root, and CERC plasmas also have the steep Te gra-
dient called electron internal transport barrier �eITB�. More-
over, the radial electric field �Er� shows a transition phenom-
enon from a small negative value �ion root� to an electron
root when eITB and then CERC plasma is formed.3,4 Fur-
thermore, Er in helical plasmas is determined dominantly by
the NC ambipolar condition,5 which is the balance relation

on Er between electron and ion particle flux, that is, �e�Er�
=�i�Er�, where �a is the particle flux of species a. Experi-
mental radial transport level is in general much larger than
that obtained by NC theory due to anomalous or turbulence
transport. It was shown in the recent studies that the anoma-
lous transport is reduced by the Er shear �Ref. 6 for ex-
ample�, while the reduction of the NC transport is deter-
mined by Er itself and its direction, or the sign of Er. The
exact evaluation of NC transport particle and/or energy flux
including FOW effect in such high electron temperature plas-
mas like CERC has a significant importance to clarify the
behavior of the ambipolar radial electric field that reduces
transport levels in the plasma core.

So far, NC transport calculations for electrons have been
conventionally carried out assuming that electrons are lo-
cated at a certain local magnetic surface, that is, the radial
drift width of particle orbit is neglected �it is so called local
or conventional treatment�, for example, by GSRAKE7,8 and
DCOM/NNW9,10 code. However, it has been pointed out in
Ref. 11 that nonlocal contributions to NC transport needs
to be retained in asymmetric devices where the large devia-
tions of the particles from their initial magnetic surfaces may
appear.

The finite orbit width �FOW� effect or the width of the
electron drift in helical systems for a case of Er=0 is roughly
estimated by �h as follows:12a�Electronic mail: matsuoka.seikichi@LHD.nifs.ac.jp.
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�h =
V�

�eff
�

�h

�ei

Te

eBR
, �1�

where V� denotes the typical drift velocity of the guiding
center, �eff is effective collisionality, �h is the helicity in the
magnetic field, R is the major radius, and �ei is the electron-
ion collision frequency. When the radial electric field exists,
the drift width of a trapped particle is estimated according to
Ref. 12 as follows,

�h =
V�

�E�B
� �t

Te

eEr
, �2�

where �E�B denotes the poloidal precession frequency by
the E�B drift, �t=r /R is the toroidicity of the magnetic
field and r is the minor radius. Since the drift width of a
helical trapped particle, �h, increases either as �h	Te /�ei for
the case of Er=0 or as �h	Te for the case with Er, it is
uncertain whether the conventional neoclassical transport
theory is rigorously valid for CERC plasmas because of its
high Te. It is noted that the steep temperature gradient may
also affect the NC transport property when concerning
CERC plasmas.

To investigate the finite orbit width effects on NC trans-
port in high Te plasma, FORTEC-3D code,13,14 which nu-
merically solves the drift kinetic equation including the
FOW effect of particles in three-dimensional magnetic con-
figurations based on �f Monte Carlo method,15,16 is extended
for electron NC calculations. Since finite radial drift of a
particle is included in FORTEC-3D, it can calculate NC
transport nonlocally with less approximation than other
codes based on local NC transport theory. It is noticed that
all constants of motion such as total particle number, mo-
mentum, and energy are conserved by this collision term for
like-particle collisions.

The remainder of this paper is organized as follows. In
Sec. II, �f Monte Carlo method to solve the drift kinetic
equation is reviewed briefly. A new electron-ion collision
term, which is implemented in FORTEC-3D, is also de-
scribed. Brief review for the difference between FORTEC-
3D, GSRAKE, and DCOM/NNW codes is also given. Then,
FORTEC-3D are applied for a low temperature plasma and
the total mode number dependence of magnetic field for
FORTEC-3D simulation is investigated in Sec. III. Bench-
mark calculations among FORTEC-3D, GSRAKE, and
DCOM/NNW are also presented. In Sec. IV, NC transport
flux is calculated for two cases both in low collisionality
regime: �1� a plasma with low temperature and low density
and �2� a plasma with high temperature. These two cases
have similar collisionalities, however, it is shown that flux
dependence on Er differs from each other. Summary and dis-
cussion are given in Sec. V.

II. NUMERICAL METHOD

A. �f Monte Carlo method

In this section, �f Monte Carlo method are briefly re-
viewed, then, modification for FORTEC-3D14 to treat elec-
tron NC transport are explained. �f Monte Carlo method are
widely used to solve drift kinetic �DK� equation and gyroki-

netic equation in recent research. In FORTEC-3D, to be ap-
plicable to general three-dimensional magnetic configura-
tions, Boozer coordinates17 are adopted, and DK equation for
a-th species distribution function fa�R ,K ,
 ; t� are described
in �R ,K ,
 ; t� coordinates,

� fa

�t
+ Ṙ · �fa + K̇

� fa

�K
= Ca�fa� , �3�

where R is the guiding center position vector in Boozer co-
ordinates �� ,� ,
�, and K and 
 are the kinetic energy and
the magnetic moment, respectively. It is noted that � ,� ,

represent the toroidal magnetic flux, the poloidal angle, and
the toroidal angle, respectively, and magnetic field B is rep-
resented as B=�����+ ��
��� in this coordinate. The
strength of the magnetic field in Boozer coordinates can be
represented by the sum of its Fourier components as follows,

B��,�,
� = �
m,n

B���mncos�m� − n
� , �4�

where m ,n are the poloidal and the toroidal mode number,
respectively. The guiding center equation of motion in
Boozer coordinates are given as a Hamiltonian formulation
in the Ref. 18 and 19. It is also noted that both parts
of distribution function are independent of gyroangle
variable, since in DK equation, only gyroindependent part
can be treated. Linearized collision term Ca�fa� is defined as

Ca�fa���bCa,b�fa , fb�. Ṙ and K̇ are written as following
equations,

Ṙ = v	 + vd �5�

K̇ = eavd · Er , �6�

where, v	 = Ṙ ·b and vd is the drift velocity of the guiding
center perpendicular to the magnetic field composed of
E�B, �B, and the curvature drift, and b is a unit vector
tangential to magnetic field B. Er represents the radial elec-
tric field, where potential � is assumed to depend only on
the flux surface label �. Particle distribution function is
separated into two parts,

fa = fM,a��,v� + �fa�R,K,
,t� , �7�

where fM,a represents the local Maxwellian distribution de-
fined as fM,a=na�m /2�Ta�3/2exp�−�K /Ta�� and �fa is a devia-
tion from fM,a in total distribution function fa. Furthermore,
Eq. �3� is rewritten for the first order as follows:

D�fa

Dt
= − 
vd · �+ K̇

�

�K
� fM,a + CFP�fM,a� . �8�

It is noted that the operator D /Dt is defined by following
equation

D

Dt
�

�

�t
+ �v	 + vd� · �+ K̇

�

�K
− CTP, �9�

and denotes a time derivative along a particle trajectory,20

where CTP and CFP is test particle and field particle part of
the linearized collision operator Ca. In �f Monte Carlo
method, DK Eq. �8� for the first order distribution function
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�f is solved by following orbit trajectories of a large number
of marker particles with proper collision operator. In
FORTEC-3D, two kinds of weight, wi and pi for each marker
particle are introduced according to the two weight scheme
adopted in the Refs. 15 and 16, where subscript i denotes
marker particle number. Time evolution for wi and pi are
described as following equations,

ẇi =
pi

fM,a

− vd · �− K̇

�

�K
+ CFP� fM,a, �10�

ṗi =
pi

fM,a

vd · �+ K̇

�

�K
� fM,a. �11�

Time evolution for each marker particle’s variables,
�Ri ,Ki ,
i ,wi , pi ; t� are followed and then �f after several
time steps are simulated numerically by summation of the
whole marker particles, namely:

�f = �
i

wi

J
��R − Ri���K − Ki���
 − 
i� , �12�

where J denotes the Jacobian of the phase space �R ,K ,
�.
NC particle flux �a and energy flux Qa are given as follows:

�a = �
 d3v�̇�f� , �13�

Qa = �
 d3v
1

2
mav

2�̇�f� , �14�

where �¯ � denotes a flux surface average. It is noted that in
FORTEC-3D calculations lost marker particles which remain
out of the last closed flux surface at a particular time are
killed and recycled inside the plasma domain. The weights of
recycled marker particles are determined not to add any
physical values such as the density, momentum, and energy
to the rebirth point.13

So far, FORTEC-3D has been applied only for ions, thus
test particle collision term does not involve unlike-particle
�ion-electron� collision because of the large mass ratio of ion
to electron. However, electron NC transport calculations,
which are carried out in this paper, require unlike-particle, or
electron-ion collision term in addition to like-particle
�electron-electron� collision term. Thus a new test particle
collision operator is added for FORTEC-3D for electron-ion
collisions.

B. Collision operator for unlike-particle

In FORTEC-3D for electrons, ion distribution function is
assumed to be a local Maxwellian with average velocity
Vi=0, then electron-ion collision term is written as follows:21

Cei =
�ei

2
L�fe� =

�ei

2

�

��
�1 − �2�

��f

��
, �15�

where L represents a Lorentz �pitch angle scattering� opera-
tor and � is the pitch angle of the particle defined as �
�v	 /v. �ei is the collision frequency between electron and
ion. Since ion is assumed to be a stationary local Maxwell-
ian, only pitch angle collision between electron and ion is

required. In FORTEC-3D pitch angle scattering represented
above Eq. �15� is modeled by random change of a particle
pitch angle in velocity space as follows:22

�n = �n−1�1 − �ei�� � ��1 − �n−1
2 ��ei��1/2, �16�

where � is a simulation time step and subscript n represents a
n-th time step in calculation time. It is noted that the sign of
the second term in the right hand side in Eq. �16� is randomly
determined. Since simulation markers in FORTEC-3D are
not monoenergetic but are distributed in the velocity space
�initially Maxwellian in the velocity space�, some of
them have very slow velocities, or large �ei. This results in
the existence of particles which has the collisionality of
�ei��1. The collision operator above cannot be applied for
such particles. The pitch angle for such slow particles at the
n-th step is determined by choosing a random number in the
−1���1 regardless of the pitch angle at the �n−1�-th step.
In this way, FORTEC-3D for electrons simulate not only the
small angle scattering but also the large angle scattering for
particles with slow velocities. It is noted that in FORTEC-
3D, three constants of motion of total particle number, mo-
mentum, and energy are all conserved for like-particle �in
this case, electron-electron� collisions with proper field par-
ticle operator, while they are not the case for unlike-particle
�electron-ion� collisions described in this section, that is, mo-
mentum is not conserved for electron-ion collisions.

C. GSRAKE and DCOM/NNW

In this subsection, difference among FORTEC-3D,
GSRAKE, and DCOM/NNW is briefly reviewed. Although
GSRAKE and DCOM/NNW calculate NC particle and heat
flux as well as FORTEC-3D, there are some essential differ-
ences in GSRAKE and DCOM/NNW from FORTEC-3D due
to the assumptions they adopt.

GSRAKE solves ripple-averaged DK equation for both
ripple �helical� trapped particles and transit �passing� ones. It
is noticed that the Fourier components of magnetic field Bmn

with high-n, or �n��2 are neglected in ripple averaging pro-
cedure in GSRAKE. In addition to this, GSRAKE assumes
that the typical particle’s drift velocity is small enough that
the deviation of particles from one flux surface during one
bounce motion is very small for both trapped and transit
�passing� particles, thus the local treatment can be applied:
�r /L�1 is assumed for plasma particles, where �r and L
the drift orbit width of a particle in the radial direction and
the typical scale length such as the density or the temperature
gradient. Namely, the particle and heat diffusion due to col-
lisions can be determined only by plasma parameters on a
particular magnetic surface. However, such assumptions may
be invalid when CERC plasmas are obtained and eITB is
formed, since in such plasmas the temperature gradient be-
comes steep and the temperature itself at the core increases
and then the FOW effect may be important even for elec-
trons, though the FOW effect have been considered to be
negligible so far. In other words, due to the high Te in CERC
plasma, the collisionality in such plasma becomes low, and
then, particles in either the superbanana regime, or the 1 /�
regime, can move freely without interruption by any colli-
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sions for a long time, so that the global nature of particle
orbits is of great importance to evaluate its NC transport.
Finally, GSRAKE adopts only the pitch angle collision term
�Lorentz operator�. It is noted that although the operator does
not satisfy momentum conservation for like-particle colli-
sions, it is shown in Ref. 23 that the precise momentum-
conserving collision operator is not so important for the ra-
dial transport in the low collisionality regime.

On the other hand, DCOM/NNW calculates NC particle
and heat flux based on full DK equation without ripple av-
eraging as well as FORTEC-3D. And there is no limit on
magnetic mode number in DCOM/NNW. DCOM/NNW just
follows monoenergy particle’s trajectory and calculates the
diffusion coefficient D�K� from the particle’s deviation from
a particular magnetic surface after several time steps as,

D��,K� =
1

2tN
�

i

N

��j�t� − �j,0� , �17�

where N represents the number of particles, K is the kinetic
energy of the particle, �j�t� is the j-th particle radial position
at time t, and �j,0 is the initial position of that particle. It is
noted that in DCOM/NNW practically energy-dependent dif-
fusion coefficient D�K� is evaluated as a function of normal-
ized collision frequency �bn

� ��ab / �v /qR�, namely, D��bn
� � is

calculated in DCOM/NNW, where �ab is the collision fre-
quency between species a and b, and q is the safety factor. K,
or particle velocity v is fixed at very low value, which is
typically of the order of mega-electron-volts �MeV� to avoid
apparent deviation of a particle from its initial flux surface,
through the calculation in DCOM/NNW, and �ab is given as
a numerical variable. This use of �ab instead of the particle
energy K enables DCOM/NNW to evaluate the diffusion co-
efficient from slow particles of which radial drifts are negli-
gibly small in its �f Monte Carlo method, that is, DCOM/
NNW is based on the local NC theory. Then diffusion
coefficient D��� at a particular magnetic surface is given by
integrating D�� ,K� over energy, and this is implemented by
integrating D�� ,�ab� over �ab in DCOM/NNW. It is also
noticed that collision operator used in DCOM/NNW is only
pitch angle scattering as well as GSRAKE.

Contrary to these assumptions, in FORTEC-3D, par-
ticles’ orbits with various energy are directly followed in
entire plasma volume, and thus, FOW effects for NC trans-

port can be rigorously taken into account. In addition, exact
expression for magnetic field can be used in FORTEC-3D
and its collision operator for like-particle collision involves
energy scattering term and field particle term which con-
serves total number of particles, momentum, and energy dur-
ing a calculation.

III. BENCHMARK CALCULATION FOR ELECTRON NC
TRANSPORT

Neoclassical particle and heat flux for electrons are cal-
culated by using extended FORTEC-3D described in the pre-
vious section. In order to check the validity of our new
FORTEC-3D, benchmark calculations are carried out with
other codes, GSRAKE and DCOM/NNW, which have been
widely used.

A. Calculation condition

Benchmark calculations are carried out for a moderate
temperature �Te�0�=1.0 keV� plasma. Equilibrium magnetic
field configuration of B�0�=3.0 T and Rax=3.60 m is
adopted for benchmarking. It is known that the NC transport
is reduced as the magnetic axis is shifted inward from
standard configuration Rax=3.75 m in LHD �so called
�-optimization�.24 This reduction of NC transport results
from the fact that in this �-optimized LHD configuration, the
radial excursion of a particle from a flux surface is sup-
pressed, thus it is considered that LHD Rax=3.6 m configu-
ration has a favorable character for the benchmark calcula-
tion. As a result, the nonlocal effect or the deviation from a
flux surface which is considered to be small in the conven-
tional NC assumption adopted by such as GSRAKE
and DCOM/NNW is relatively not significant in LHD
Rax=3.6 m magnetic configuration. Also, since the FOW ef-
fect of electron or �h is considered to be negligible in such
low temperature plasma, the benchmark calculation would
agree among these three codes.

For numerical results obtained by FORTEC-3D, to re-
duce the calculation noise that results inevitably from Monte
Carlo method, 2 048 000 000 of marker particles are used in
this calculation. It is noted that sufficient number of marker
particles are required to guarantee the results from �f Monte
Carlo method to reduce the calculation noise which is pro-
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FIG. 1. �Color online� Plasma profile used in the benchmark calculation. The electron temperature �left�, density �center�, and the resulting collisionality are
shown respectively. It is noted that Te=Ti and ne=ni are assumed. Collisionality is shown as normalized value as �h
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3/2�vth /qR��, where �h denotes the

helicity of the magnetic field.
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portional to 1 /�N, where N is the total number of the marker
particles. It is also noted that in �f Monte Carlo method,
��fa / fM,a��1 needs to be satisfied in the whole calculation
time. In the following calculations, the number of marker
particles used here is confirmed to be enough to satisfy
��fa / fM,a��1. It is also noted that a simulation time step �t
is chosen as adequately small to follow a typical marker
particle’s orbit �e.g., a particle having the thermal velocity�
precisely.

Plasma profile used in this calculation is shown in Fig. 1.
It is noted that the collision frequency is normalized by
the collisionality at the plateau-1 /� boundary defined as
�h

�=�ei / ��h
3/2�vth /qR��, where �h denotes the helicity in asym-

metric magnetic fields. Ion temperature and density are as-
sumed to be same as those of electron for simplicity;
Te=Ti and ne=ni. The collisionality in this case is in the
so-called 1 /� regime for almost the entire plasma. Figure 2
shows a typical time evolution of electron particle flux, �e.
The simulation result reaches the steady state in several
electron-ion collision times. Energy flux, Qe, also reaches
steady state at the same time in this simulation. In the re-
mainder of this paper, all simulated values of particle and
energy flux are averaged over a finite interval in this steady
state.

B. Magnetic mode number dependence

As already mentioned in the previous subsection, LHD
Rax=3.60 m configuration has a desirable character for the
benchmark calculation among those three codes. The mag-
netic configuration in terms of Fourier components �m ,n� for
LHD is obtained by using VMEC code,25 which calculates
MHD equilibrium with the given plasma pressure and the
current. The equilibrium is converted to Boozer coordinates.
Although the magnetic field strength is expressed by many
components of Bmn, most of them are negligibly small and
considered to have no large contribution for the simulation
results. Since the number of magnetic field Fourier spectrum
used in FORTEC-3D greatly affects the implementation
time, numerical results dependence on the number of mag-
netic mode needs to be investigated to effectively reduce the

computational burden. It is noted that the Fourier compo-
nents used in GSRAKE is 11, namely, m=0, 1, 2, and 3, and
n=−10, 0, and 10 are used.

To check the convergence, three types of calculations for
FORTEC-3D are performed for the same plasma parameters
with varying the number of Fourier modes, namely, 8, 12,
and 16. The results are shown in Fig. 3. It is noted that in this
calculation, the same calculation condition �particle number,
plasma profiles, etc.� as that mentioned in the previous sec-
tion are used and Er=0 kV /m in the entire plasma is
adopted for simplicity. In Fig. 3, all the results are averaged
over 3000 time steps after reaching steady state. As can be
seen clearly in this figure, there is no significant discrepancy
when the total mode number=12 or 16 is adopted. Thus, in
the remainder of this paper, for LHD Rax=3.60 m magnetic
configuration, FORTEC-3D simulations have been carried
out with the magnetic mode number=12 or 16. These results
show that the truncated higher components of magnetic field
affect little the numerical results in FORTEC-3D. When con-
sidering the difference of �e between GSRAKE and
FORTEC-3D shown in later section, this implies that the

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0 0.5 1 1.5 2

Γ e
[×

10
18

m
-2

s-1
]

t/τei

FIG. 2. A typical time evolution of electron particle flux �e by FORTEC-3D
simulation is shown.

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0 0.2 0.4 0.6 0.8 1

Q
[×

10
3

Jm
-2

s-1
]

ρ

mode = 8
mode = 12
mode = 16

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

0 0.2 0.4 0.6 0.8 1

Γ
[×

10
18

m
-2

s-1
]

ρ

mode = 8
mode = 12
mode = 16

FIG. 3. �Color online� Magnetic field mode number dependence for particle
�top� and energy flux �bottom� in FORTEC-3D. For this calculation, Er=0 is
assumed through the entire plasma region.

032511-5 Neoclassical electron transport calculation by using �f Monte Carlo method Phys. Plasmas 18, 032511 �2011�

Downloaded 12 Sep 2012 to 130.54.110.73. Redistribution subject to AIP license or copyright; see http://pop.aip.org/about/rights_and_permissions



limited mode number used in GSRAKE, which is one of the
difference between GSRAKE and FORTEC-3D, does not
take much effect on the results.

C. Numerical tests

Based on the discussion above, benchmark calculations
have been performed for various Er profiles to investigate the
particle and heat flux dependence on Er. It is noted that the
Er is given as a radially linear profile for simplicity, that is
Er���=E1�, where E1 is a calculation constant.

Some of the calculation results are shown in Fig. 4. For
each Er profile, both particle and heat flux reach the steady
state as in the previous section and plotted are the values
averaged over 3000 time steps. All the cases are calculated
by the time t /�ei�2.0, where �ei is a collision time between
electron and ion. In this figure, Er has a linear profile and
E1=10, 0, and �10 kV/m, respectively. The calculation re-
sults obtained by FORTEC-3D are compared with both
GSRAKE and DCOM/NNW with corresponding Er used in

the FORTEC-3D calculation, see Fig. 4. It is clearly shown
in these figures that the particle flux calculated by
FORTEC-3D has a similar radial profile as that obtained by
both GSRAKE and DCOM/NNW for the case of E1=−10
and 10 cases at the entire plasma region, although its numeri-
cal value is different to some extent. Also in the case of
E1=0, this similarity of radial profile of �e can be seen in
Fig. 4 except at the edge region of ��0.9. Energy flux is
also calculated by these codes and it shows a similar ten-
dency as particle flux.

To see this feature in detail, particle and energy flux
dependence on Er are investigated. In addition to the linear
Er profile used in the calculation above, also the parabolic Er

as Er���=E1�+E2�2 is used with varying E1 and E2 widely.
Particle and energy flux with Er on �=0.2, 0.5 and 0.8 ob-
tained by FORTEC-3D are shown by symbols in Fig. 5.
Also plotted are the results calculated by GSRAKE and
DCOM/NNW for the benchmarking purpose. It is noticed
that at �=0.8, both particle and energy flux obtained by
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GSRAKE and DCOM/NNW codes show a little peaked pro-
file around Er=0, while results from FORTEC-3D are not so.
This is the reason why the difference between FORTEC-3D
and the other codes increases especially at the outer region
for the case of E1=0 in Fig. 4. However, in these figures, it is
confirmed that our FORTEC-3D for electrons reproduces the
flux curve of Er dependence obtained by GSRAKE and
DCOM/NNW at all surfaces in reasonable accuracy. Conse-
quently, numerical results of FORTEC-3D for electrons show
a reasonably good agreement with those obtained by
GSRAKE and DCOM/NNW for a plasma with moderate
temperature in LHD Rax=3.60 m configuration. We can thus
conclude that these numerical tests provide a sufficient basis
for applying the �f Monte Carlo method to solve the DK
equation for electrons involving the nonlocal effect.

IV. CALCULATION RESULTS IN LOW COLLISIONALITY
REGIME

Since CERC plasmas in LHD or other helical devices
have very high Te and thus the low collision frequency, pre-
cise calculations of NC transport are required to study its
confinement property, especially to determine Er. Thus, par-
ticle and heat flux dependence on Er for plasmas in the low-
collisionality regime is investigated. In this section, we per-
form simulations for two cases of plasmas, that is,
FORTEC-3D for electrons has been applied to lower density
�case 1� and higher Te �case 2�, respectively. Plasma profiles
for these cases are shown in Fig. 6 simultaneously. Also in
these figures, normalized collisionality is used as in Fig. 1.
These two plasmas are both well in the 1 /� regime as shown
in the Fig. 6. It is noted that the calculation in this section are
carried out with the total magnetic mode number of 12 in
order to reduce computational time since a time step needs to
be small enough as in the low-collisionality regime. The val-
ues obtained in this simulation are also averaged by 3000
time steps after reaching the steady state. The Er profiles
used for this calculation are similar as used in the previous
section, i.e., various linear profiles are adopted. It is noted
that the collisionality of each plasma is similar to one an-
other though the temperature and the density are quite differ-
ent. As discussed in Sec. I, the typical orbit widths of trapped
particles, �h	Te /�ei=neTe

−5/2 for these two cases differ from
each other. The radial deviation �h at �=0.5 is estimated as

�h�0.66 cm for case �1� and 2.2 cm for case �2� assuming
Er=0. Therefore, it is considered that case �1� corresponds to
low collisionality case with small radial deviation, while case
�2� with large radial drift width. These two cases are both in
the low-collisionality regime, so that this radial drift take
effect directly on NC transport without Er. The plasma pa-
rameter in case �2� is regarded as a CERC-relevant parameter
although Te has no steep gradient and Ti is higher than that in
the typical CERC plasma of Ti�1.0 keV.

The results are shown in Fig. 7 for case �1� and case �2�,
respectively. The results for case �1� well reproduce the
curve of flux dependence on Er, although the peaked �e pro-
file of GSRAKE and DCOM/NNW around Er=0 make it
different from that obtained by FORTEC-3D, especially in
plasma outer region �see �=0.8 case of Fig. 7�. This is the
similar results as the benchmark test done in the previous
section, that is, flux value by GSRAKE and DCOM/NNW
has a maximum value with Er=0 in general, while
FORTEC-3D shows no such a peak for these low tempera-
ture plasmas of Te�0�=1.0 keV. With this simulation, we
confirm that our new FORTEC-3D can calculate flux value
for less collisional plasma in reasonable agreement with that
by GSRAKE and DCOM/NNW except for Er=0. It is noted
that in the local NC theory the peaked particle flux at Er=0
reflects the fact that the poloidal resonance occurs when
E�B rotation vanishes. The reduction of the particle flux at
the poloidal resonance seen in FORTEC-3D results is dis-
cussed later in detail in this section.

When we turn to the results of case �2�, however, results
from FORTEC-3D make a clear peak around small positive
Er in Fig. 7. One finds that flux calculated by both GSRAKE
and DCOM/NNW has a maximum value at Er=0 also in this
low-collisionality regime. As a result, this makes qualita-
tively a significant difference between the evaluated �e by
FORTEC-3D and those by the other two codes in the plasma
core region, where the CERC plasma has a steep Te profile.
The reason why flux obtained by FORTEC-3D has peaks in
positive Er is that it involves �B and curvature drift and
takes poloidal resonance effect into account due to the bal-
ance between E�B drift and �B and curvature drift. In the
local NC theory, the poloidal precession resulting from �B
and curvature drift is considered to be much smaller than that
from E�B drift, namely �E�B��B is assumed, so that the
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poloidal motion of particles arises from E�B drift domi-
nantly, where �B denotes the poloidal precession frequency
through �B and the curvature drifts. It is noted that the
�B term corresponding to �B and the curvature drifts is
turned off in GSRAKE calculations in this paper. Also in
DCOM/NNW, this effect is not completely taken into ac-
count in the calculation since it uses particles of slow veloc-
ity. Therefore, the absence of the poloidal component of �B
and curvature drift which is not included in both GSRAKE
and DCOM/NNW leads particle flux obtained by these codes
to have a peak at Er=0 as predicted by the conventional,
local NC theory. The �B term increases as Te increases, how-
ever, as shown in Fig. 7 case �2� this poloidal precession
results in the shifted peak position in the particle flux and
needs to be included even for the electron NC transport cal-
culations as is done in FORTEC-3D.

The particle flux obtained by FORTEC-3D shows a clear
reduction even when the poloidal resonance occurs as seen in
the figures for case �2� in Fig. 7. For case �1�, the same
results are also seen as the absence of the peaked value of �e

for any Er. It suggests that electrons experience the collision-
less detrapping arising from the particle transition from the
helically trapped state to passing one due to the FOW effect.
This is understood as the following way: in the local NC
theory the peaked value of �e at the poloidal resonance fol-
lows from the fact that the resonant particles which cause the
large NC transport remain in the trapped state as long as the
collisional detrapping occurs. If FOW effect exists, however,
the helically trapped particle can move radially. The depths
of the magnetic field ripple experienced by such particles
changes and it leads to the change of the �B /�r term appear-
ing in the poloidal drift. This results in the break down of the
poloidal resonance of particles and causes the collisionless
detrapping into passing orbit. It is therefore considered that

the large contribution to the NC transport from the resonant
particles, which is predicted in the local NC theory, is re-
duced by the detrapping due to the radial drift.

In addition to that, NC flux given by FORTEC-3D indi-
cates a relatively small value for all Er cases at the outer
surfaces. This fact indicates that the nonlocal treatment for
NC transport without conventional assumptions, which ne-
glect the radial excursion of the particle from the initial mag-
netic surface, is required even for electrons in order to deter-
mine particle flux accurately and then Er by the ambipolar
condition for electron and ion particle flux for high electron
temperature plasmas, e.g., CERC.

Consequently, we show that the nonlocal effect of elec-
trons becomes important by the numerical results for the low
collisional and high Te plasmas, where the radial deviation of
helical trapped electrons from particular magnetic surface,
�h, increases, since this FOW effect along with the poloidal
motion of particles can result in a shifted peak in �e at small
positive Er. It is noted that energy flux obtained by
FORTEC-3D also shows the same tendency as particle flux,
that is, it has a peak around positive Er not at Er=0, while
that calculated by GSRAKE or DCOM/NNW has a peak at
Er=0. It is concluded that the NC transport for electrons
needs to be calculated taking FOW effect into account for
high Te plasmas, since in such plasmas the radial drift of
helical trapped particles becomes large so that nonlocality of
such particles can contribute to particle and energy flux.

V. SUMMARY AND DISCUSSION

In CERC plasma, the ion temperature remains very low
and it would not vary during the plasma discharge as well as
ion particle flux, thus it becomes very important to calculate
electron particle flux accurately in order to determine Er and
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FIG. 7. �Color online� Particle flux on various magnetic surface ��=0.2, 0.5, and 0.8 from left to right� for case �1� �upper� and case �2� �lower� calculated
by FORTEC-3D �F3D, symbol�, GSRAKE �solid line�, and DCOM/NNW �dashed line� is shown as a function of Er.
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investigate its transition and/or bifurcation phenomenon ob-
served in CERC plasma, since electron particle flux plays an
important role in determining whether ion root or electron-
root Er is realized in the plasma. To determine the radial
electric field self-consistently in high electron temperature
plasmas, which is the motivation of this study, ion particle
flux as well as that of electron is required for ambipolar
condition. However, simultaneous calculations by
FORTEC-3D both for electrons and ions need much compu-
tational time, we here roughly estimate the ambipolar Er and
the resultant ambipolar particle flux from the steady-state
ambipolar condition of �i

D=�e
F, where superscripts of D and

F denotes the particle flux calculated by DCOM/NNW and
FORTEC-3D, respectively.

As an example, we take the same plasma used in the
previous section of the low collisionality regime �the plasma
mentioned by case �2� in the low collisionality calculations�,
since it has relatively high Te �Te=5 keV� at the core and it
is considered to be in the CERC-relevant parameter regime.
The results are shown in Fig. 8�a� for the ambipolar Er. It is
noted that the values shown by FORTEC-3D is obtained by
�i

D=�e
F while ones by DCOM is obtained by �i

D=�e
D. Mul-

tiple values of Er are seen in this figure and they correspond

to the electron root, unstable root, and ion root from upper
one to lower one, respectively. It is also noted that the exis-
tence of the electron-root Er in this region shows the CERC-
like character of this plasma parameter. While ion-root and
unstable-root Er is almost the same between Er

by FORTEC-3D and those by DCOM/NNW, electron-root
Er by FORTEC-3D shows larger values than those by
DCOM/NNW. In addition, electron-root Er predicted at
�=0.1 in FORTEC-3D is not seen from the DCOM/NNW
result. It indicates that the resultant ambipolar Er including
electron drift is different from that calculated based on the
local NC theory. This results in the significant difference in
the evaluation of the ambipolar Er between local and nonlo-
cal NC transport calculations.

In Fig. 8�b�, the ambipolar particle flux is also shown. As
in the Fig. 8�a�, the multiple values are obtained at some
positions and they correspond to the ion-root, unstable-root,
and electron-root ones respectively. On the contrary to the
ambipolar Er, ion-root particle flux and unstable-root one
show the difference between that by FORTEC-3D and by
DCOM/NNW although the ion-root and unstable-root Er is
almost the same for both calculations. Since the ion-root
and unstable-root Er exists in the relatively small �Er� near
Er=0 compared to electron-root one and �i

D changes sensi-
tively around Er=0, the resultant ambipolar particle flux cor-
responding to ion root and unstable root is greatly affected
by the slight difference of Er between that obtained by
FORTEC-3D and by DCOM/NNW. On the other hand,
electron-root particle flux shows little difference in these cal-
culations despite the difference of electron-root Er between
FORTEC-3D and DCOM/NNW. It reflects the fact that the
particle flux does not vary as Er changes at the larger �Er�
where the electron-root Er exists so that the electron-root
particle flux calculated by FORTEC-3D and DCOM/NNW
remains almost the same.

With these estimations above, it suggests that the evalu-
ation of the ambipolar Er especially for the electron-root Er

requires to take electron drift into account since it expects an
electron-root Er which is not expected by the local NC trans-
port calculation when Te is sufficiently high. Further appli-
cation is needed to investigate the electron drift effect on the
ambipolar condition and will be performed in the future.

To evaluate electron neoclassical �NC� transport pre-
cisely, FORTEC-3D code has been extended to be applicable
for electrons. In this new FORTEC-3D code, new collision
term involving electron-ion pitch angle scattering is intro-
duced. This enables us to calculate the electron NC particle
and energy flux from the drift kinetic �DK� equation without
assumptions made in the conventional NC theory and nu-
merical codes, namely, FOW effect for electrons is included
in FORTEC-3D.

It is shown that the particle and energy flux calculated by
this extended FORTEC-3D for electrons depend not so much
on the number of Fourier components of magnetic field of
LHD Rax=3.6 m configuration, if 12 or more mode numbers
are used. This indicates that higher mode number spectra
given by VMEC code have small effect on simulation results
since most of those components only have negligibly small
value. Afterward, the benchmark calculations have been car-
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ried out by using the extended FORTEC-3D code for elec-
trons by comparison with GSRAKE and DCOM/NNW,
which both calculate NC particle and energy flux numeri-
cally under the assumptions of the local NC theory, which
neglect the radial drifts of particles from the initial magnetic
surfaces. The results show reasonably a good agreement for a
low temperature plasma with Te�0�=1.0 keV for LHD
Rax=3.60 m magnetic configuration. This calculation condi-
tion corresponds to the situation that nonlocal treatment for
NC transport is not so important due to the low temperature
and the LHD inward-shifted configuration. It is clearly
shown in this calculation that flux obtained by FORTEC-3D
reproduces that obtained by GSRAKE and DCOM/NNW
with various radial electric field on various magnetic sur-
faces. This provides a sufficient basis that our extended
FORTEC-3D can be applied to electrons properly.

Then FORTEC-3D calculations have been performed for
low collisional plasmas. For a low collisionality and low
temperature plasma, particle flux for Er by FORTEC-3D
again agree well with that obtained by GSRAKE and
DCOM/NNW as benchmark test results. With this calcula-
tion, we verify the numerical results of FORTEC-3D for
electrons in low-collisionality regime. On the other hand,
however, for the case of the low collisionality and high
temperature plasma, e.g., Te=5.0 keV at the core, the
calculation results show significant difference between
FORTEC-3D code and the others, especially, for the small Er

cases. Neoclassical particle flux obtained by GSRAKE and
DCOM/NNW has a maximum value at Er=0 as in the pre-
vious calculations, while peak position of �e from
FORTEC-3D moves toward positive Er. It is considered that
this change in the peak profile in Er is attributed to the effect
of poloidal rotation which is determined by the balance be-
tween �B and the curvature drift and E�B drift, since this
effect is not sufficiently taken into account in GSRAKE and
DCOM/NNW. Therefore, we can conclude that the FOW
effect and the poloidal motion of particles can result in a
definite contribution to NC particle and energy flux in the
high Te plasma, where a large radial drift of a helical trapped
particle exists. To evaluate the FOW effect of electrons in
more detail, it is required to investigate which types of par-
ticles in helical systems contribute to NC flux substantially. It
is also suggested that the contribution of the helically trapped
particle to the particle flux is prevented due to the particle
detrapping processes caused by the radial drift in high Te

plasmas. The detailed analysis for the effect of the particle
detrapping on NC transport particle flux also remains the
future task. This knowledge may tell us a new way to im-
prove the confinement property furthermore from the point
of view of electrons and then the NC ambipolar radial elec-
tric field, and it will be done in the future.

In the previous works, FORTEC-3D has calculated only
ion particle flux, �i and determined Er solving its time evo-
lution equation by using Er-�e table obtained by GSRAKE.
Now that FORTEC-3D can be applicable to electrons, we
can calculate Er as the solution of the initial value problem of
the ambipolar condition. Whether the ambipolar Er as ob-
tained in this way is different from that obtained by the local
NC theory will be investigated in the practical applications

of FORTEC-3D for the experimental CERC plasmas in the
near future. In addition to that, since the balance between
electron heat flux and electron heating is considered to be
attributed to the formation of eITB, the discrepancies, or
shifted peak in energy flux calculation between FORTEC-3D
and conventional NC numerical codes is regarded as an
important factor to investigate the formation of transport
barrier.
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