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Weighted Detailed Balance and Local KMS
Condition for Non-Equilibrium Stationary States

L. Accardi, F. Fagnola, R. Quezada

—Dedicated to the memory of Shuichi Tasaki—

A few words of remembrance of Shuichi Tasaki by L. Accardi

Our paths with Shuichi first met in the 1990’s while I was living my three year teaching
experience at Nagoya University. These first meetings developed into a tradition, per-
petuated for several years and leading to periodic meetings between us which took place
cyclically in a few venues such as: the universities of Waseda, Nagoya, Tohoku or Tokyo
University of Science, Kyoto International Institute for Advanced Studies or RIMS, in
Japan; the Solvay Institute in Europe and the series of the Solvay and of the Quantum
probability conferences in various parts of the world.

His early scientific education took place in the framework of Prigogine’s group of which
he later became one of the most appreciated representatives, led in those years by our
common friend Joannis Antoniou who Prigogine had selected as his successor in his later
years. This experience left a permanent track in his interests for irreversibility, in partic-
ular transport and non equilibrium phenomena, which accompanied him throughout his
scientific carrier.

Given this scientific horizon, it was more than natural that he developed an interest for
the stochastic limit of quantum theory which in those years was asserting itself, through
a large multiplicity of results and applications to different fields of physics, as the natural
mathematical approach to the description of these phenomena.

This community of interests led us to organize some conferences and workshops together
(see the volume [5]) and the only occasion in which we wrote a joint paper came out
very naturally from our scientific works and our discussions as follows. Tasaki became
interested in the C* algebraic approach to nonequilibrium phenomena and obtained sev-
eral interesting and new results in the study of a single harmonic oscillator interacting
with two chains of oscillators at different temperatures in the infinite volume limit regime
[27]. Stimulated by his talk at the Meijo Winter School, organized by Professor T. Hida
in January 2003, Accardi, Imafuku and Lu studied, in the stochastic limit regime, the
case of a single harmonic oscillator coupled to the continuous analogue of two chains of

oscillators at different temperatures, ie. two free boson fields [4]. Also in this case it
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was possible to compute several quantities of physical interest. However the formulas ob-
tained were quite different and a direct comparison seemed to be impossible also because
in the C* algebraic approach case these formulas looked quite complicated. It became
soon clear that the correct way to compare the two limits was to introduce, also in the C*
algebraic approach case, a weak coupling parameter and, after the infinite volume limit,
letting it tend to zero possibly with appropriate rescalings. The problem was to make
this idea precise and this led to introduce, also in the C* algebraic approach, the notions
of slow and fast degrees of freedom which had become familiar in the stochastic limit. To
concretely realize this program took some time, but eventually it was possible to prove
that, in the (appropriately rescaled) weak coupling limit, the results of the C* algebraic
approach coincide with those of the stochastic limit approach [3].

Slightly later Accardi and Imafuku, pursuing the stochastic limit approach, introduced
the notions of dynamical detailed balance, of local KMS condition, computed the adjoint
of the non equilibrium generator in the stationary state and several other relations of
interest [2].

These notions, their mutual relationships, their generalizations are the object of the
present paper.

The last letter I have from ST dates back to March 5, 2005 and concerns the final touches
to our joint paper. In the final part of this letter he writes to be very interested in these
new notions and asks me to send him some material about them. 1 did, since I have
always drawn great benefit and insight from discussions with him, but I never received
any feed back. Only a few years later I was able to understand that around those years he
should have begun a struggle quite different from the one scientists do in their attempts

to understand aspects of nature.
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Abstract

We give a general definition of the local KMS condition and we prove its equivalence with a nonlinear
Gibbs prescription. We discuss the irreversible (H, 3)-KMS condition, its connections with the local KMS
condition and we study the irreversible (H, 3)-KMS condition for Markov generators of stochastic limit
type. We introduce a definition of weighted detailed balance based on the notion of current decomposition
and discuss invariant states with constant micro—currents. As an example, we construct a non-equilibrium
steady state for a quantum spin chain coupled to two reservoirs at different temperatures and study its
cycle dynamics and entropy production.

1 Introduction

1.1 Multiplicity of characterizations of equilibrium states

The notion of equilibrium states of physical systems is sufficiently well understood in the sense that
there exist several characterizations of this class of states which, although based on different ideas, when
applicable to the same class of systems, define the same objects. For discrete systems, i.e. with a pure point
spectrum Hamiltonian H, the most explicit description of an equilibrium state at inverse temperature 3

is the Boltzmann—Gibbs prescription
-BH

. )
meant in the sense that the right hand side of (1) defines a density operator. The KMS condition (see
section 2) is more general because it is not restricted to discrete systems. In addition to this there are
various types of variational principles, applicable to different classes of systems, ... .

A further, more recently discovered, kind of characterization [8], [18] relates equilibrium states with
Markov evolutions and was motivated by the Friedrichs—van Hove limit of open systems (¢ ~— t/A2,
A — 0). More precisely in the 1970’s it was realized that, if a Markov semigroup

€

p:

T, = &'t ; t>0

is obtained in the limit of weak coupling of a discrete systems with Hamiltonian H with an environment
(Boson field) in a state of thermal equilibrium at inverse temperature 3, then under some rather general
conditions on the interaction, the Gibbs state of the discrete system, at the same inverse temperature
of the environment, is an invariant state for the reduced evolution (7;) and the pair {p := ¥ /Z (T;)}
satisfies the following two conditions:
(i) The Markov semigroup (7;) has a p—adjoint (see Definition 4) which is a Markov semigroup.
(ii) Denoting £, the generator of the p-adjoint semigroup of (7;), there exists a self-adjoint operator
A = A* such that

L—L;=2[A, -] (2)

Furthermore A commutes with H.

Motivated by this result and since in the classical case the above conditions, with A = 0, characterize
the detailed balance property for the pair {p,(7;)}, Kossakowski, Frigerio, Gorini, and Verri [18, 19]
proposed to take conditions (i) and (ii) as definition of Quantum Detailed Balance (QDB) for the pair
{p, (T)}. Following the pattern used in classical probability these authors did not mention the role of the
Hamiltonian H in their definition of QDB, but they proved that equilibrium states of an environment can
be characterized by the property of producing, in the weak coupling limit for a sufficiently large class of
discrete Hamiltonians and of interactions, pairs {p, (7;)} which satisfy the QDB condition.

1.2 Lack of characterization results for non-equilibrium steady states

Non equilibrium, like nonlinearity is a term that covers an infinity of totally inequivalent situations.
Therefore any attempt to characterize such a variety of behaviors in terms of a few qualitative properties
would be naive and probably doomed to failure.

A more realistic program is to look for some interesting candidates that, within the huge class stationary
states for a given Hamiltonian, singles out some special sub-class of states with properties that are rich
enough to go beyond the equilibrium situation, but concrete enough to allow explicit study and, in some
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cases, explicit solutions.

We expect that the simplest classes of such states should be characterized in terms of properties that gen-
eralize the known characterizations of equilibrium states. Moreover we expect that, in analogy with the
situation in the equilibrium case, different characterizations lead to the same, or at least strictly related,
states.

A huge literature exists on out of equilibriuma phenomena, but up to recent times principles character-
izing non-trivial classes of non-equilibrium states, based on ideas comparable for generality to the KMS
condition or to quantum detailed balance, do not seem to have emerged.

1.3 The stochastic limit approach to non-equilibrium steady states

The theory of open systems studies the interactions between the slow and the fast degrees of freedom of
(typically infinite) dynamical systems. In many, but by far not all, concrete examples, an open system is
realized by switching an interaction between a discrete quantum system and a quantum field. In these
models, the slow degrees of freedom include all the observables of the discrete system, but also some slow
observables of the field and this fact allows in particular to define the energy and quanta microcurrents,
which play a crucial role in the study of non-equilibrium phenomena. In the following we only consider
these kind of models. This separation between slow and fast scales is emphasized by the rescaling £ s t/A2,
A— 0.

The weak coupling and low density limit study the reduced (Markovian) dynamics of the slow degrees of
freedom in the above mentioned limit (see [21, 9, 11] ), and the references therein.

The stochastic limit extends this picture by proving that, in the above limit, the fast degrees of freedom
become a quantum white noise, by constructing not only the reduced, but the full limit dynamics, proving
its unitarity and deducing the white noise and stochastic differential equation satisfied by this dynamics.
The reduced Markovian dynamics is obtained as a corollary through the quantum Feynman-Kac formula.
Furthermore, while in the weak coupling or low density limit only vacuum or equilibrium states were
considered, the stochastic limit technique can be performed starting from a general class of non-equilibrium
states of the environment.

In [2] these features were applied to the study of non-equilibrium phenomena as follows. Starting from a
boson field with commutation relations [ag,al,] = 8(k — k') (k is the momentum variable), one considers
the class of mean zero gauge invariant (hence stationary under the free field evolution) Gaussian states

with covariance L

(afa) = m&k — k) (3)

where w(k) > 0 is the energy density of the field and 8 : R+ — Ry is a general nonlinear function
satisfying some regularity conditions (see Theorem 1). In general these are non-equilibrium states of the
field. The equilibrium case (with chemical potential equal to zero) is obtained when § is a linear function
Blz) = Bz with 8 > 0.

1.4 Non-equilibrium and time reversal: the stochastic limit approach

In section 1.1 we discussed a deep relationship between the notions of equilibrium and detailed balance.
On the other hand the term detailed balance is used in the physical literature as an equivalent formula-
tion of the property of reversibility introduced in the theory of Markov processes. In fact every classical
Markov process has a canonically defined time reversed one and the reversibility of a classical Markov
process amounts to be isomorphic to its time reversed process. Accardi and Mohari [7] proved that a
similar picture can be constructed in the quantum case.

However the physical notion of equilibrium has a meaning only when referred to a specific Hamiltonian
.evolution, while the purely probabilistic notion of detailed balance does not involve any Hamiltonian
evolution. Without such a notion it is not possible to relate in a canonical way a Markov semigroup to a
Gibbs state and one has to fall back to ad hoc prescriptions e.g. that the Gibbs state is invariant under
the Markov semigroup.

The stochastic limit provides an ideal ground to overcome this impasse because it produces Markov pro-
cesses that are canonically associated with Hamiltonian evolutions. Moreover, since the stochastic limit
can be performed forward and backward in time, it also provides a natural tool to compare the physical
and the probabilistic time reversals. More precisely: performing the stochastic limit in the forward and

— 321 —



&

backward directions of time one obtains two quantum Markov processes which, by construction, are one
the time reversed of the other. A natural question is therefore how this duality is reflected by the structure
of the generators of the associated semigroups and their invariant states.

This issue was considered in [2] for a generic Hamiltonian H (see Theorem 7.3) with the additional
assumption that the susceptibility coefficients are all different from zero and led to the following conclu-
sions:

— The invariant state (unique under the above assumptions) is common for the two semigroups (forward
and backward) and has the form
o BUNH
= @
where Z is a normalization factor.
—If p is the common invariant state, the backward generator is the p—adjoint of the forward one.

—In the non equilibrium case the Kossakowski, Frigerio, Gorini, Verri quantum detailed balance condition
(2) must be modified by the addition of a current operator Il,:

L—L5=2A-]—TI, (5)

The relation (5) was called in [2] Dynamical Detailed Balance (see equations (102), (126), (127) in [2]).
The possibility to consider, in the stochastic limit, the Heisenberg evolution also of some field degrees of
freedom, allowed to deduce a natural interpretation of the operator II, in terms of micro—currents, due
to flows of quanta and of energy between the field and the discrete system.

For this reason it is reasonable to call the operator Il, the current operator.

Condition (4) is clearly a non-linear generalization of the Gibbs (KMS) condition. Notice that the function
3, defining the stationary state (4) of the discrete system, is the same one defining the non-equilibrium
state of the field. Thus condition (4) is a non-equilibrium generalization of the situation that was dis-
cussed in section 1.1: this is the similarity principle in the stochastic limit of quantum theory. In [2] it
was proved that condition (4) is equivalent to a local KMS condition (see section 2 below).

1.5 Results of the present paper

‘We have seen that, from the stochastic limit approach to non equilibrium phenomena three general princi-
ples characterizing, a priori different, classes of non equilibrium states emerged: the local KMS condition,
the irreversible KMS condition, the dynamical detailed balance condition. The study of the mutual rela-
tionships among these conditions begun in [2] and it was proved that, for a very special class of Markov
semigroups — the generic ones (see section 7.3), they are equivalent.

However many open problems were left open in [2]: the extension of these results to Markov semigroups
of stochastic limit type (see section 7) but non generic, the possibility to include Markov semigroups not
of stochastic limit type; the connections with previous approaches to non equilibrium phenomena. These
problems were considered by Fagnola and Umanita in the papers [15, 16, 17] and led to the introduction -
of some notions, such as privileged representation of a Markov generator with respect to a state, which
plays a crucial role in the present paper.

The content of the present paper is the following. In section 2 we formulate a general definition of the

local KMS condition and we prove its equivalence with the nonlinear Gibbs prescription (4). In section 3
we discuss the irreversible (H, 3)-KMS condition and its connections with the local KMS condition. In
section 4 we study how the irreversible (H, 3)-KMS condition for a Markov generator £ is related to a
weaker property enjoyed by all Markov generators of stochastic limit type (i.e. the property of mapping
the commutant of H into itself).
After recalling, in section 3, some known facts about the adjoint of a Markov generator with respect to
a state, in section 6, we generalize the notion of dynamical detailed balance (DDB) by introducing the
definition of weighted detailed balance (WDB) for general (bounded) Markov generators , which allows to
get rid of the restriction, implicitly used in [2], to Markov generators of stochastic limit type. In section
7 we extend the result of [2] showing that all Markov generators of stochastic limit type with respect to
an Hamiltonian H satisfy a weighted detailed balance condition.
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In section 8 we establish a connection between WDB and the cycle description of Markov generators used
in the Qian—Kalpazidou approach and we apply this connection, in section 8.1, to discuss invariant states
with constant micro—currents. In section 9 we construct an example of a non-equilibrium steady state for
a quantum spin chain coupled to two reservoirs at different temperatures, and for this model discuss cycle
dynamics and entropy production (10).

Finally Appendix I and Appendix IT (resp. sections 11 and 12) recall some standard notions and results
of the stochastic limit frequently used in the present paper.

2 The local KMS condition

We denote B(H) the von Neumann algebra of all bounded operator on a separable Hilbert space H and
Tr(H) the corresponding space of trace class operators. In the following we will be mostly concerned
with bounded generators, but we try to state the main definitions and problems so that the extension to
unbounded ones becomes as trangparent as possible.

Definition 1. Let be given a von Neumann algebra A acting on o Hilbert space H, a self-adjoint operator
H qoffiliated with A and a Borel function
B:Ry =Ry

Denote ‘ '
g : ADx — up(z) i= eMpe™™H = 2(t) € A (6)

the 1-parameter automorphism group of A generated by H (Heisenberg evolution). A normal state ¢ on
A is said to satisfy the local KMS condition with respect to the function 8 and the Heisenberg dynamics
(6) (simply the (H,(3)-KMS condition, or the local KMS condition, if no confusion is possible), if, for
each x,y € A:
(i) The map

| R + iB(spec(H)) 3 £ + iB() — w(ay(t + iB())) (7)

is well defined by analytic continuation of the map t € R — o(zy(t)).
(i) Denoting Eg( - ) the spectral measure of H and introducing the complex valued measure

Ry xRy 2 IxJ = 0oy 5], J) = oy m(@Ea(DyEna(J)) (®)

for each t € R the integral

[ et d) = ey +i6(T)) ©
R+ XR+
extsts.
(#ii) In the notations (6), (9) for all t € R the following identity holds:
p (ey(t +i8(H))) = ¢ (y(t)z) (10)

Remark. If H is bounded and 5 is a locally bounded function (bounded on bounded sets), then the
operator exp(B8(H)H) is bounded and for all z € A and ¢ € R one has:

y(t + zB(H)) — 8i(t+i,3(H))Hme—i(t-‘riﬁ{H))H — e—ﬁ(H)Heiter—z’tHeﬁ(H)H

e—’3<H)H:8(t>eﬁ(H)H. (11)

In the general case the operator exp(3(H)H) is well defined by the spectral theorem and affiliated with
A. Moreover both linear multiplicative maps on B(H)

B(H) 3 z — e AEDH p SHNE ; B(H) 3 & — ePENH g —BHNH (12)

can be shown to preserve the trace on B(H) (and also on A, if A is semi-finite). Therefore the maps (12)
are densely defined on B(H) and, in the following, whenever these maps will be used, it will always be
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understood that their arguments are in their domains.
With these notations the local KMS condition (10) can be re—written in the more intuitive form:

© (me'ﬁ(H)Hy(t)eﬁ(H)H) =p(y(t)z) ; Ve,y e B(H) , Vt e R {(13)

Differentiating (13) at ¢ = 0 one finds

o (e P H ()X IDE ) = o (5(y)a) (14)

where
d(y) :==i[H,y] ; y € B(H) N Domain(i[H, - ])

is the infinitesimal generator of the Heisenberg dynamics.
The identity (14) gives the infinitesimal form of the local KMS condition.

Let H = H* € B(H) be a positive self-adjoint operator {(Hamiltonian) with discrete spectral decom-

position
H = Z eP. = Z €rm P, (15)

e€Spec{H) meN

and let §: Ry — Ry be a Borel function such that e=?7)# ¢ Tr(H). For a density operator p € Tr(H)
with corresponding normal state on B(H)

pl-)="Tr(p(-)), ‘ (16)

one can define g(zy(t + iB(H))) by means of (9). Here the spectral resolution of H is atomic, hence the
integral is reduced to a double series.

Theorem 1. The following are equivalent:
(i) p satisfies the local (H,3)-KMS condition

plzy(t +iB(H)) = b (y(D)z), Vo,y € B(H) , Vi € R (17)
(i) e PUDH s trace class and
p=pap =2 e PEDH, Zg =tr (e‘ﬁ(H}H) (18)

Proof. (i) = (ii). We observed (see (13) and the remark before it) that (17) can be more explicitly
written in the form:

tr (pxe_ﬁ(H)Hy(t)eﬁ(H)H> =tr(py(t)z) ; Yo,y € B(H) , VteR (19)
Putting t = 0 and using the cyclicity of the trace we find
tr (me”ﬁ(H)Hyeﬂ(H)Hp) = tr (zpy) ; Vr,y € B(H)

Since z € B(H) is arbitrary, this is equivalent to

o~ BUHH, BH)VH

ye P = py, (20)

which holds if and only if

yePUEH 5 — BUDH 5y e BOH), (21)

and this implies that, for some scalar A (# 0 because tr(p) = 1), one has:

PUDH 5 — 21 (22)
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In particular p is invertible and the condition tr(p) = 1 implies (18).

Thus condition (ii} is necessary for the validity of (i).

Let us prove that it is also sufficient, i.e. that (%) = (7).

This follows because the identity (17), given (13) and (18), can be rewritten in the form:

ﬁ(:cy(t + ’tﬁ(H))) = {r (,Oxe_B(H)Hy(t)eﬁ(H)H)

(23)
= Zg™"tr (we PIHy (1) ) = tr (py()e) = ply(t)e)
O
Remark.
(i) Notice that when B(H) = (3 (constant), the state (18) is the usual Gibbs state at inverse temperature
3.

(if) Our condition that 5 : Ry — Ry excludes the case that some value of 8 could be +00. This means
that every state of the form (18) is faithful. We will see that some equivalent formulations of the
KMS condition are meaningful also for non faithful states. However in the present paper we will
restrict or attention to faithful states.

(iif) Since H > 0 and adding a constant to H does not change the dynamics, one can suppose that
H >0, i.e. that H is invertible. With this convention, if p is any invertible density operator which
is a function of the Hamiltonian then, for some function

F . R.}_ — R+

p=Z e~ FUH) g1~ H
So that, defining B(H) := F(H)H ™! p has the form (18). Thus the local KMS condition distin-
guishes, among the faithful invariant states of a dynamics, those which are functions of the dynamics,

ie. in {H}.

3 The irreversible (H, 3)-KMS condition

In the following, by a Markov semigroup (resp. Markou generator) we mean a weak*-continuous semi-
group (resp. generator) of completely positive (resp. conditionally completely positive), normal, identity
preserving maps on B(H). We will freely use the convention introduced in the remark after Definition 1.
In the present section we introduce an irreversible generalization of the local KMS condition, relating
a Markov semigroup with a state (see the identity (41) of [2]). We prove that, under general additional
conditions on the Markov generator the two conditions characterize the same family of states.
We start by the following proposition motivating our definition of irreversible (H, 3)-KMS condition.

Proposition 1. Suppose that the Hamiltonian H given by (15) is non degenerate, namely eigenvectors e,
are distinct and their eigenspaces are one-dimensional, then the infinitesimal local (H, 3)-KMS condition
(14) is equivalent to the local (H, 3)-KMS condition (13).

Proof. Let |e,,) and |e,) be the eigenvalues corresponding to the eigenvectors ¢,, and ¢,, The rank-one
operator |, ){e,| satisfies
8(Jem)(€nl) = i(em — €n)lem){en|. It follows that the range of the map & contains all rank-one operators
l€m ) {€n| With n # m. '
By the arbitrarity of x € B(H), the infinitesimal local (H, 8)-KMS condition (14) yields as in the proof
of Theorem 1 (formula (20)) ’

|em) {€nl P p = fHH l€m) {€nl-

It follows that ef(HH pe  — PHIH pe  for all n # m, namely e#H)H is a multiple of the identity
operator and the conclusion follows as in the proof of Theorem 1. O
We now introduce the irreversible KMS condition in infinitesimal form.
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Definition 2. Let £ be a Markouv generator, p a state on B(H), and (H,() as in section (2). The pair
(p, L) is said to satisfy the infinitesimal form of the irreversible (H, 3)-KMS condition

tr(pae= D L(y)ePDH) — tr(pL(y)a) (24)

for all z € B(H) and y € Domain{L) for which the left hand side of (24) is well defined.
Remark. In the notation (16), (24) becomes

(e PIDH L ()Y = 5 (L(y)a) (25)

Comparing this with (14) we see that (24) (or (25)) is a natural irreversible generalization of the infinites-
imal form of the local KMS condition which is equivalent to the local KMS condition in generic cases
described in Proposition 1. Denoting

’Z}:zetﬁ ; t>0

the Markov semigroup generated by £ and with the notation

y(t)=Tly) ; yeBH) (26)

With this notations the integral form of condition (24), called in the following the irreversible (H, 3)~-KMS
condition for the pair (p,Ts)), is:

p(2em Py AEH) = py(a) 5 20 e,y € B(H) 27)

which is clearly a generalization, to irreversible evolutioﬁs, of the local KMS condition in its formulation
(13).
Taking derivative at ¢ = 0 shows that (27) implies (24).

Remark. Condition (27) with ¢ = 0, implies that the state p has the form p = Z —1g=B(H)H  This is an
immediate consequence of the proof of (i) = (i1) in Theorem 1. Hence, by replacing p = Z~le=#(HH
in the right-hand side of (27), we get tr (Z~te PUDHgeAUENHy(1)fEH) — tr (77 ge  FUEDH (1)) =
(py(t)z), t >0 Vx,y € B(H). Therefore (27) does not impose any condition on the pair (p,7;) for ¢ > 0.
As a consequence the irreversible (H, 8)-KMS condition, introduced in infinitesimal form in Definition 2,
is not equivalent to (27).

4 Markov generators associated with a given Hamiltonian

The irreversible (H, 8)-KMS condition, in infinitesimal form of Definition 2, implies a strong connection
of the Markov semigroup (7;) (and of its generator) with H: it must be in some sense associated with H.
The stochastic limit of quantum theory (in absence of external forces) gives rise to such a class of Markov
semigroups: they have the property to leave invariant the commutant algebra of an Hamiltonian operator
H (which in the stochastic limit is interpreted as the Hamiltonian of the small system coupled to the
environment).

Recall that the commutant algebra {H}' of a self-adjoint operator H is, by definition, the commutant of
the (abelian) von Neumann algebra generated by the spectral projections of H.

In fact the property of leaving {H} invariant is a consequence of a very detailed structure of the above
mentioned class of Markov semigroups which implies several other properties and which will be described
in section 12 below. In the present section we concentrate our analysis on the connections between this
property and the irreversible (H, 3)-KMS condition.

In the following, operators commuting with a self-adjoint operator H will be called H ~diagonal (simply
diagonal if no confusion is possible).

Definition 3. Let H be a self-adjoint operator. A Markov semigroup (Ty) with generator L is called
associated to H if:
T,({H}Y) c {HY Vi >0 (28)
or, in infinitesimal form:
L (Domain(L) N {H}) C {HY (29)
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We now fix the Hamiltonian (15). Since it has discrete spectrum the map
B(H) 3z — Eg(z) := Y  PazP,
nel

is a normal Umegaki conditional expectation (completely positive norm one projection) onto the commu-
tant of H, i.e. the diagonel algebra. Therefore:

{HY ={z € B(H) : [z,H]=0}={z € B(H) : Ey(z) ==z} (30)
The elements of the operator space 5
B(H)oss = A{z — Eo(z) : v € B(H)} = {z € B(H) : Eo(x) =0} (31)
={zeBH) : z= Z PLxP,}
m#n

will be called the off-diagonal space.
A Markov generator L is associated with H if and only if:

LoFEy=FyoL=EFEjocLoE (32)
and one easily verifies that this is equivalent to say that
z € Domain(L) < Ey(z) , ¢ — Eo(z) € Domain(L)

and
L(Domain(L) N B(H)oss) € B(H)oss (33)

Lemma 1. Let H and 3 be as in Theorem (1) and suppose that:

(i) £ be a Markov generator satisfying (82).

(ii) p is a function of H.

Then, if either © or y are diagonal, the identity (24) (infinitesimal form of the irreversible (H, 3)-KMS
condition) holds for any choice of the function 3.

Proof. If y € {H}, (32) implies that also L(y) € {H}'. Therefore, taking the traspose in a base
diagonalising H,

x(pre P L(y)ePIH ) = tr(pePIDH £(y)e A H 2y — tr(pL(y)a)
Since p is a function of H and L(y) € {H}' we conclude that:
tr(pe”DH £(y)e P H 1) = tr(L(y)pz) = tr(paLl(y))
which is (24).
If z € {HY}', since p is a function of H, we have:

tr(pe? P L{y)e P  g) = tr(peP I 2 Ly)e =P IDH Y < tr(pzLly))

which is again (24).
Remark. Notice that the above proof of Lemma 1 cannot be applied in general if, instead of assuming
that p is a function of H, one only assumes that p € {H}'.

Lemma 2. In the assumptions of Lemma 1, the identity (24) holds for any choice of the function f3
whenever x and y are in the off-diagonal space.

Proof. Suppose that z,y € B(H),rs. Then

tr{pelHDH L) PUEDH 2y Z Z tr(pe® DH P L(y) P, Be P g py
m#n h#£k
= Z Z tr(pe® DHE P £(y)Pe P H )
= Z Z Z tr(pe® AP, L(y)PePUDE P,y
n m#n k#n
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Since p is a function of H this is equal to

SO S S Guntr(peP D By L(y) P~ )

n m#n k#n
= Z tr(pePIH P L(y) P PUDH )
nik

Since y, hence L(y), is off-diagonal, this is equal to
tr(pe’ FH L{y)e P )

and the identity (24) becomes equivalent to:

tr(pe® D L(y)e=PUIDH gy — (P o (y)e=PIDH ) — tr(pL(y)z) (34)

where the first identity in (34) holds because p is a function of H.
Now notice that, if z € {H}’, then

tr(e? D pL(y)e D z) = (P pL(y)2e ) = tr(pLy)z)
Therefore, for any z € {H}’, (34) is equivalent to
tr(e? D pL(y)e™ P (2 + 2)) = tr(pLL(y) (= + 2)) (35)

But, since z is arbitrary off-diagonal and z is arbitrary diagonal, z + z is arbitrary in B(H). Therefore
(35) is equivalent to:

I pL(y)e BUINH = pL(y)

for every off-diagonal y. But, under this condition, it is clear that the identity (34), and therefore (24), is
satisfied. This proves the statement.

Theorem 2. Let H and 3 be as in Theorem (1) and let be given:

(i) a Markov generator L associated with H, i.e. satisfying (32),

(ii) a density operator p which is a function of H.

Then (24) (infinitesimal form of the (H,3)-DDB condition) holds for any choice of the function 3.

Remark.

(i) It should be emphasized that the above theorem does not require the invertibility of p: any function
of the Hamiltonian H would do.

(ii) Since any element of B(H) can be written in a unique way as a sum of a diagonal and an off diagonal
part, Lemma (1) allows to reduce the proof of (24) to the case in which both x and y are in the
off-diagonal space and, in this case the validity of (24) is guaranteed by Lemma 2.

(iii) Theorem 2 says that, if £ is a Markov generator associated with H, then for any density operator
p, which is a function of H i.e. such that p € {H}”, the pair (p, L) satisfies the infinitesimal form
of the irreversible (H, 3)-KMS condition. It is therefore natural to ask oneself if, under the same
condition on £, there exist other density operators with the same property.

The following theorem answers this question.

Theorem 3. Let H, (5 be as in Theorem 2 and let p be a state on B(H) and £ a Markov generator (not
necessarily associated with H ).
Then the pair (p, L) satisfies the infinitesimal form (24), of the irreversible (H, 3)-KMS condition, if and
only if:

PUHDH ) e [ Range(L)Y (36)
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Proof. Since the pair (p, £) satisfies the infinitesimal form (24), one has for all z,y € B(H):
tr(e D pae PIDE L(y)) = tr(pL(y)w)
if and only if
tr(e PEDH L{y)ePUDH pr) = tr(pLy)z).
Since ¢ € B(H) is arbitrary, this is equivalent to:
e BUIDH p( NSEVH , — pr(y)  if and only it L(y)eP D Hp = PEH b2 ()
Since y € B(H) is arbitrary, this is equivalent to (36).

Corollary 1. If the Markov generator L satisfies (24) and the commutant of the range of L is trivial,
i.e.

{Range(L)} =C-1 (37)
then p has the form (18).

Proof. The thesis follows because (36) implies that e’ p is a multiple of the identity and we have
seen that this implies that p has the form (18).

5 Time reversed and adjoints of a Markov generator

The theory of stochastic limit allows us to associate in a canonical way to a system with free Hamilto-
nian H, interacting with an environment, two Markov processes: the forward and the backward process,
obtained by taking the stochastic limit respectively in the forward and backward time direction.

Like all Markov processes also these ones are canonically associated to Markov semigroups, the forward
and the backward (or time reversed) semigroup, whose structure depends not only on H but also on the
free Hamiltonian of the environment, on the interaction and on the initial state of the environment. The
generators of the forward and the backward semigroup are related by a kind of duality relation intro-
duced in [2] and called dynamical detailed balance condition. If the initial state of the environment is an
equilibrium one, this reduces to Kossakowski, Frigerio, Gorini, Verri detailed balance.

In the following sections we will analyze the connections between the above mentioned duality and
some known operator—theoretical duality notions between Markov semigroups or their generators. For
this reason, in the present section, we recall some of these duality notions and their properties.

If £:D C B(H) — B(H) is any linear operator, with a dense domain D, the trace dual of L is by
definition the linear operator £, : D, C Tr(H) — Tr(H), with domain D,, defined by the relation

tr (wﬁ(m)) = tr(ﬁ* (w):c) ; weD,, zeD. (38)
A density operator p € D, is called L-stationary if
L.(p)=0 (39)

For Markov generators the following notions of duality with respect to a fixed state p is often used.

Definition 4. Given a densely defined linear operator @ on Dom{®) C B(H) and a normal state p on

B(H), the linear operator (%, Dom(®%)) is the adjoint of & with respect to the scalar product induced by
p.on B(H), i.e.

@y =:tr(pz™y) 5  =z,y€BH) (40)
More eaplicitly, the pair (@5, Dom(®3)), where Dom(®}) is
{z € B(H) : 3z € B(H),Yy € Dom{®),tr(pzy) = tr(pz®(y) }
and
tr (p®%(x)y) = tr (px®(y)), ¥V y € Dom(®), (41)
is called the p-adjoint of ® and we denote it simply by ®7.
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Remark.

(i) Due to the non-commutativity, there are other choices for a scalar product on B(#) induced by p.
In fact for every real parameter s € [0,1] one can define a s-scalar product by means of {z,y)s =
tr(pl_smpsy). Fagnola and Umanita have shown that, concerning detailed balance, there are two
prototype cases: s = 0, (that we consider in this work) and s = 1/2, see [16, 17].

(i) If £ is a Markov generator written in the standard GKSL form:
5 Lors
L(z) = Z; ( ieli = 5 {LiLy, :z:}) (42)

and p is invertible, then the formal expression for £ is

. 1
Li(z) = Z (p_lLkprz ~3 (zLiLy + p“lLZLkp:c)) i € B(H)
k

From this it is clear that, even if £ is Markov generator, in general its p-adjoint does not need to
be densely defined or to map the bounded operators into themselves. Furthermore, even if either of
these properties holds, in general it will not be a Markov generator.

(iii) Putting z = 1 in (41) one finds that

tr(pﬁZ(y)) = tr (pﬁ(l)y) =0 ; Yy € Dom(L})

If Dom(L}) is dense, this is equivalent to say that p € Dom((L}).) and (L3).(p) = 0. In any case,
for z = 1, this implies that p is £3-stationary even if £} is not a generator.

From now on we assume that Dom(L}) is dense.
Lemma 3. Suppose that Dom{L) is dense and consider the following statemenis:
(i) p is L—stationary
(ii) L satisfies
L£3(1)=0 (43)
Then
— (i) implies (i)
— if p is invertible, (i.e., it has a dense range, therefore its inverse is densely defined, but not necessarily
bounded), then (i) implies (i) .

Proof. (41) implies the following identities:
tr (ﬁ;(l)yp) = tr(pﬁf,(l)y) = tr(pﬁ(y)) = tr(ﬁ*(p)y) ; Vy € Dom(L)

Thus if (ii) holds then, for all y € Dom(£), tr (ﬁ*(p)y> = 0 and (i) follows from the density of Dom(L).
Conversely if (i) holds then, with z = 1 (41) implies that

tr (pﬁﬁ(l)y) =tr(pL(y)) = tr(L.(p)y) =0

for all y € Dom(L).

Since Dom(L) is dense and the map y — yp is invertible and bounded because such is p, this implies that
also pDom(L) is dense and therefore (43) holds.

The pairs (p, £) such that L is a Markov generator can be characterized, if £ is uniformly bounded, as
follows (see e.g. [15] Theorem 3.1 p. 341).
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Theorem 4. If L is uniformly bounded and p is foithful, then the following statements are equivalent:
(i) L} is a Markov generator (in this case it is uniformly bounded),
(i) denoting
ovla) = pap™™
the modular group of p, L commutes with oy, i.e. Loy =0 L, VI >0,

(iti) L commutes with o_;, i.e. Lo_; =0o_; L.

6 Weighted detailed balance for Markov generators

In the paper [2] it was shown that the dynamical detailed balance condition implies a very special relation,
which is a natural generalization of the quantum detailed balance condition of Frigerio, Kossakowski,
Gorini, Verri ([18]), between a Markov generator with an invariant measure p and its p-adjoint.

In this section we introduce the notion of weighted detailed balance, which generalizes the dynamical
detailed balance condition.

For simplicity, from now on we work with bounded Markov generators £. These Markov generators
can be written in the standard Gorini-Kossakowski-Sudarshan and Lindblad (GKSL) form

) .
L(z) = ilH,2] - 5 > (LiLew - 2LiwL + zLi L), (44)
k>1

where H, Lj € B(H) with H = H* and the series ) ., L; Ly is strongly convergent. We shall consider
special GKSL representations of these generators. The following theorem (see [24]Theorem 30.16 for the
proof), describes these representations.

Theorem 5. Let L be the generator of a norm-continuous QMS on B(H) and let p be a normal state on
B(H). There ezists a bounded self-adjoint operator H and a finite or infinite sequence (Ly)x>1 of elements
of B(H) such that:

(i) tr(pLi) =0 for each k > 1,

(i) Zkzz LiL is a strongly convergent sum,
(1) if Ygsalcxl® < 00 and co+3 454 erLi = 0 for complex scalars (ci)r>o, then ¢, = 0 for every k > 0,
(tv) the GKSL representation (44) holds.

If H, (ik)k>1 is another family of bounded operators in B(H) with H self-adjoint and the sequence
(Lk)k>1 is finite or infinite then the conditions (i) — (iv) are fulfilled with H, (Lg)r>1 replaced by
H, (Lk g>1 respectively if and only if the lengths of the sequences (Li)r>1, (Lk)k>1 are equal and for
some scalar ¢ € R and a unitary matriz (u;);,; we have

f}:H+C, fzj :ZuleJ

Let k be a Hilbert space with Hilbertian dimension equal to the length of the sequence (Lg )k, with (fx)
an orthonormal basis of k. This Hilbert space is called the multiplicity space of the completely positive
(CP) part of £. We can identify the unitary matrix (u;x);r>1 in the above basis (fx)r>1 with a unitary
operator on k.

Following the terminiolgy in [15], a special representation of a bounded Markov £ with respect to an
invariant faithful state p by means of operators H, Ly is called privileged if H commutes with p and
pLi = ApLyp for some Ap, > 0.

Privileged representations characterize those bounded GKSL generators whose p-adjoint L7 is also the
generator of a uniformly continuous QMS, see Theorem 4.3 in [15].

Theorem 6. The p-adjoint L, of a GKSL bounded generator L is the generator of a uniformly continuous
QMS if and only if there exists a privileged GKSL representation of L with respect to p.

With every privileged, representation of a GKSL generator £ corresponds a privileged representation
of its adjoint L3, see Theorem 4.4 in [15].
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Theorem 7. If the p-adjoint L, is a GKSL generator, for every privileged GKSL representations of L
by means of operators H, Ly, as in (44), there exists a privileged GKSL representation of L}, by means of
operators H, Ly, such that:

(i) H=—H — o for some a € R,
(ii) Ly = ;2 L% for some Mg > 0.

Theorem 8. Given a special GKSL representation by means of operators H, Ly, of a bounded Markov

generator £ of a norm continuous QMS (Ty)e>o0 with faithful invariant state p, then the following are
equivalent:

(i) There ewists a sequence of positive weights q := (qx)x and operators H', L, of a (possibly another)
special representation of L such that the difference L3, — L has the structure

Lr— L= —2[K, ] +TL, (45)

where K = K* is bounded and

() = > (g — Lok (46)
k

(ii) Ly, is a bounded GKSL generator, the operators H, Ly yield a privileged representation of L with
H, Ly the operators in the corresponding privileged GKSL representation of L3, given by Theorem 7,

and there exists a sequence of posilive weights q := (qg) and operators H" ,L; of a (possibly another)
special representation of L such that,

Lv=q’Ly, Vk>1. (47)

Proof. Let us prove that (%) implies (4). Any II of the form (46) is a *-map, ie. II(z)* = II(z*). It
follows that £ is also a *-map, being a sum of maps with these properties. Since, by assumption, £, II
and K are bounded and p is faithful, we can apply a result of Majewski and Streater (see Theorem 6, p.
7985 in [22]) and conclude that L is a GKSL generator. Hence, by Theorem 6, we can assume that H, L
are operators of a privileged representation of £. Then we have that H and >, L} Ly commutes with p
and (45), (46) imply that

S Lpale = LiyLi + Y (g — VIS xLy, (48)
k k k

with le operators of a special representation of £. By Theorem 5, we can write L;a = >, uw Ly with
u = (uy) unitary operator on k. Now a direct computation shows that

Z LizL, = Z (Z Té"kjukz) LizL; = Z LizLj.
fe 3.€ k 3
Therefore we can simplify the right-hand side of (48) and find
S Lok = Y alyeny =3 (a°0) = (4/°23)
k k %

Then we can apply Theorem 30.16 in [24] on Kraus’ representations of normal completely positive maps
to conclude that there exists a unitary operator v = (vx;) on k such that

~ 1 J L
Li=q Y vksLy = ¢f Ly,
J

with L;; =2 vkjL;c. This proves (i4).
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Conversely, assume (i) holds and let us compute the p-adjoint of ®(z) = 3, Liz Ly, the CP part of
L. Since the GKSL representation of £ by means of the operators H, Ly is privileged, by Theorem 7 the
p-adjoint of the CP part ®(x) = >, LizLy of L is

O(x) =Y LiaLs,
k

where Zk = /\;%LZ. A direct computation using (47) with L}; = > uprly yields

d(z) = Zizzf}k = quL;;*acLz
k k
YoLialy+ Y (4 - DLy el
P k

®(z)+ Y (g — DIy zLy.
k

i

1l

Since H and 5", L} L; commute with p, we obtain (45) and (46) with Li’ = L, . This proves ().

Definition 5. A uniformly continuous quantum Markov semigroup (7T;)i>o0 satisfies a weighted detailed
balance condition with respect to a faithful invariant state p, if its generator L satisfies any one of the
two equivalent conditions in Theorem 8. :

Corollary 2. Assume that H, Ly are operators of a privileged representation of the bounded Markov
generator £ with respect to o faithful invariant state p. Then the following are equivalent:

(i) the generator L satisfies the quantum detailed balance condition of Frigerio, Kossakowski, Gorini,

Verri [18]
L—L,=2[H, -] (49)
(i) L satisfies o weighted detailed balance condztzon with respect to the faithful invariant state p with
weights
q= (13 17 e )
ie., q. =1, Vk.

Proof. The thesis is an immediate consequence of Theorem 8 combined with Theorem 5.1 in [15].

Remark.

(i) Roughly speaking, according to condition (i) in Theorem 8 and Corollary 2, detailed balance holds

(i)

*

if and only if each operator Lk of a privileged representation of £ » coincide with some operator L, p In
a privileged representation of £. Weighted detailed balance allows deviations from this equilibrium
snzuatlon by associating with each operator Ly, of a privileged representation of L7, a positive multiple

gy Lk of some operator Lk of a privileged representation of L.
The connection of the notion of weighted detailed balance with dynamical detailed balance, as well

as an intuitive idea of the meaning of the correspondence Lj « qk% LZ entering in the weighted
detailed balance condition, is given by the physical models considered in Theorems 9 and 11, which
correspond to the situation originally considered in (2] and give rise to simple unitaries permutating
each operator L; with its adjoint.

To finish this section let us consider a simple example.

Example 1. (A quantum 3-level system). Consider the QMS on B(C?) generated by

L(z) =0aS"zS + (1 - a)SzS* -z,

where S is the unitary right shift defined on the orthonormal basis (e;)o<;j<2 of C* by Se; = e;41, the
sum must be understood modulo 3, and o € (0,1).
This QMS arises in the stochastic limit of a three-level system dipole-type interacting with two Teservoirs
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under the generalized rotating wave approximation. One can easily see that the normalised trace p = I/3
is a faithful invariant state, i.e., £.(p) = 0, where L, is the pre-dual generator:

Li(p)=aSpS"+(1—a)S"pS —p.

Clearly the p-adjoint is £, = £,. Moreover, the above GKSL representations of £ and £} by means of
operators H = 0; Ly = a3 8, Ly = (1-— a)lS* and H=0; L, = 8%, Ly = (1- oz)lS respectively,
are privileged. Indeed, this representatmn are %peaa} since tr(S) = tr(S*) =0 and I, S, S* are linearly

independent. Moreover, I, = LQ, Ly = (1 a)g L. Weighted detailed balance holds since Iy =

(1-

_1. i ~ l 14 77
gt Ly, Ly = g5 Ly with Ly = L, L.2 =Liand g1 = 1%, @2 = 17 Hence, quantum detailed balance
holds if and only if o = 1/2. Fagnola and Rebolledo proved in [14] that for a # % this system has non-zero
entropy production, that characterizes non-equilibrium systems.

7 Markov generators of stochastic limit type with respect to an
Hamiltonian H

The origins, from the stochastic limit approach, of the special class of generators described in the present
section are briefly outlined in Appendix IT (see section (12)). In the following we will freely use the nota-
tions introduced in Appendix I (see section (11)). Let H € B(H) be a self-adjoint operator (Hamiltonian)
with discrete spectral decomposition

H= > enPn (50)

emESPEC(H)
and denote B,y the set of its strictly positive Bohr frequencies (i.e. the set of strictly positive eigenvalues
of ez‘tH( 3 )e‘itH):
={w=¢, —ey >0:¢r,6 € Spec(H)} = Spec_ (u) (51)

Definition 6. A Markov generator L on B(H) is said to be of of stochastic limit type with respect to the
Hamiltonian (50) if it has the form:
L{z) =i]A, z]— (52)

EX ].
3y (r-,w (%{D;,Dw,x} — DZ,wa> +T, . (§{D<,,DL,;C} — Dwxng))

weEBL

where, in the notations of Appendiz I below (section (11)), for each w € B:

iw € Ry (53)
A=A"e{HY (54)
D, € E,(B(H)) (55)

The numerical coefficients (58) have a special structure given by the stochastic limit and described in
Appendiz IT below.

7.1 Canonical form of Markov generators of stochastic limit type

Introducing the set A
By:={weBy : eithee I'_,#0orI'_, #0} (56)

it is convenient to write the generator (52) in the form

L(z) =iA,z]— D Lu(z) (57)

W€B+

with
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L,{x)=
1 .
3 (I‘_,w (-;—{DLDW, ) — D;;ch) YT, (i{Dwam:c} - Dwxng)) (58)
weB.
Remark. Notice that, while B, depends only on H, f?+ depends also on L.
For w € B, the operators D,, in (57) have the form
D, = E,(D) = > P., DP., (59)
{{gm,en)€B1 (w)}
= Z P, DF, = Z Diepen)
{(em.en)€B1(w,D)} {(em-en)€B 4 (w, D)}
where by definition
Bi(w) == {{gm,en) € (Spec (H))? : &, —&m =w} (60)
Bi{w,D) = {(em,én) € By(w) : P._ DP. #0}
and for some D € B(H), denoting ¥(e,,,,) € By(w):
D(Emﬁn) = PstPEﬂ (61)

Recall that (see Appendix I) for any z:

E,(z) = > P, zP. (62)
{(em 2n)EB+ (@)}

Now for each w € B, consider the generator (see (52))

1 . .
Lo{x)=T_, (i{DLDw,:):} — DL:I}DW) +T4 . (%{DMDL,:U} - DwxDI,) =

1 1 . .
= -Q—F_’w{Dti, z} + 5r+,w{DwD§,,a;} — (- wDY2D, + T4 ,D,zD]) (63)
Using (55), for each z € B(H) one finds
I'_DlzD, +Ty ,D,zD] = (64)
_ s 3 (I‘_,WD(Em’en)xD(EM’EN) +Ty oD, e, )xD(SM}EN))

{{em,en)EBL(w,D)} {{err,en)EB L (w,D)}
_ 3 (F—awD&m.a
{l{emsen)(en enN))EB+ (w, D)2}

With these notations

7D (s ) + T Die )2 D) )

(ear,en)

1
L(z) = 3 §r_,w{pg‘€m ey Dicrren)r @}
{{(em,en).(enr,en))EBL (w,D)2}
1
' i 65
+ §r+,w{D(sm,en}D(5M=€N),Z{I} ( )
| t
B (r_’ngEm :En)xD(EM &) + F+=""’D(5m=5n>$D(€M7E‘N})
Lemma 4.
(575’)7 (e, EN) € B-,L(w) = =g" (66)
(€'.e),(e",e) € By(w) = &' =¢&" (67)
(8. # (") eBrw)=e#c"  and & #&" (68)
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Proof. (66) follows from:

f—e=w=e"-e=20=(-¢)- (" —e)=¢' - &"

™

(67) follows from:
e—d=w=e—-"=20=(—-¢&)—(e-&")=&"~¢

Finally (67) implies that, if ¢ = ¢”, then one must have also ¢’ = " against the assumption. Similarly
(66) implies that, if &’ = ¢’ then one must have also € = £” against the assumption. Thus (68) follows.
In view of the following result, Lemma 4 is of crucial importance for the thesis of the present paper.

Lemma 5. For anyw € By and for any (em,e,) and (err,en) in By (w) one has:

Dém,en)D(iMﬁN) € {H}, (69)
Proof. We know, from (61), that
D(Emvsﬂ) = PstPEn 3 D(tm,&n) = Peﬂ_D+P€m

Therefore, if (€m,e,) = (€a,2n), then

D+

(Em yEn)

D, ey =FP.,D*F. P. DP. =P. DYP. DP. €{H}
while, if (€,,,€n) # (€M, en), then

ngﬁn)D(EMﬁN} =P. D'P. P.,DP.,
From (68) we know that

(Em,en) # (em,en) € Bi(w) = ey £ epy and &, Fen
Therefore, if (€, €,) # (€a1,6n), then

D+

(Em,En)D(EM,EN) =0
in both cases (69) holds.

Lemma 6. Suppose that h' € {H} and p is a function of H. Then the linear map z — {z,h'} is
self-addjoint with respect to the p—scalar product.

Proof.
Tr(p{h', z}y) = Tr(ph'zy) + Tr(pah'y) = Tr(pzyh') + Tr(pzh'y)
= Tr(pzyh') + Tr(pzh'y) = Tr(pz{y, h'})
Corollary 3. For anyw &€ E+ and for any (€m,€pn) and (epr,en) in B+(w), if p is a function of H, then

the linear operators

e e D ey Pewemd 5 @ {8 Dien e Dy )
are p—self-adjoint.

Proof. Since
Dém,sn)D(EIWyeN) € {H}/ (7{))

the thesis is an immediate consequence of Lemma 6.
Corollary 3 implies that the anticommutator part of the generator (65) is p-self-adjoint for any state p
which is a function of H. Let us consider the completely positive part of (65), i.e.

1
U(z) = (F~,wD§am,sn)$D<sM,eN> Tl wDiepen) 2D )

(enmren)
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Te(pDe,, e 2D}, ey¥) = Tr(0DiecnyDL, o 07 oY)
= pmpr pr1 P Tr(Die, cypzp™ ' DY o 1Y)
= pmpn "Te(pzD],, . 4D en))
Therefore .
(Pmew  Dlesviers), = 902" (Plessen) * Decwen))
where (X )} denotes the p-adjoint of X

Similarly
r‘[‘r(ngsm,En)xD(SM ,aN)E') = Tr(PDgem,sn)mD(EM ,eN)p_lpy)
= Pt PNTE(D), 020 D,y en)PY)
= o pnTe(D, . pED(eyr ex)¥)
= o pn Tr{prDieyy ey Dl )
Therefore

*
14

(Dzsm,en) ’ D(EI\455N)) = p';llpn (D(EMWEN) : D(‘Smﬁn))

In conclusion, the p-adjoint of ¥(-) is

() () =l pul s (Dicsrony * Dl ey) P Tis (Dl ey Diomen)

and we conclude that the adjoint of £, is:

(Lo),

1 : 1
- Z { §P—M{Dgam,sn)D(EM@N)’ z}+ §F+M{D(Em,€n)D§sM,5N)’x}
{(em en):(em en))EBs(w,D)?}

- (p;&pnl—‘_yw (D(5M75N) ’ Dgsm,€n)> +,0mp?;1r+’w (DgsM,sN) ’ D(Smﬁn)))}
1

1 : :
= Z {—ir_’W{Dgem,sn)D(sMﬁN)’ z} + §P+vW{D(€ma€n)Dgsm,eN)’x}
{{em;en)iem en))EBy (W, D)%}

1) i
- (F'—‘-w (D(SMvaN} ’ D(Em,én)) + F+7w (D(&'M,EN) ’ D(Eman)))}
{{em en)(em en))EB+(w, D)}

{(0itpn =T (Diereny * Dlo o))+ (omon? =04 (DL ) Decmenr)) )

Thus, introducing the w—current operator

I, =~ )
{{(em aen)¢(5M:£N))eB+(w’D)2}

{((p;zlﬂn -1 (D{EM,SN) : D‘(Lmﬁn)) + (pmp;1 - 1>F+,w (ngM’gN) : D(Em,ﬁn)))}

one obtains
(‘Cw); =L, + Hw,P
In conclusion the p—adjoint of the generator (57) has the form

(E>: =—iA, -] - Z {Lo +1L,,}

weBy
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7.2 Markov generators of stochastic limit type satisfy a weighted detailed
balance condition

Since the set {{em,£n) € Bi(w, D)} is at most countable we can fix an identification of this set with the
set of numbers:

{(emsen) € Bi(w, D)y =1 p =10,...,|By(w, D)| -1} TN (71)
With this identification the generator (63) can be written in the form
]. & ]_ ES
L) = > U w{D} Dy, 2} + 5T o{D; D}, o} (72)

(GRET )
~ (r_wDjzDy + T4 .D;zD])

Now, for j € fw}p, define:

L 1 )
Yoj =T s Yot =Ty 5 Log = v5; D5 5 Loga = g5, D5 (73)

Notice that, with this notation, the new index k& varies in the set

I,p=10,1,...,2|By(w)]| — 1} (74)
Moreover one has:
1/2 fyx 1/2 —1/2 1/2 /2 _—%
Lg; = F—/,ij = 7'2;{ 723‘+/1 Lojyr 5 L= qu/,ij = ’Yz;+172j2 Loj (75)
With these notations (72) becomes:
L,(x)
1 1 . (76)
= Z §{L2jL2k+1,fE} + §{L2j+1L2k= z} — (LojrLogy1 + LojxLog)

{GRE b}

The definition (71) of the set I, p shows that each index j in the set (86) defines exactly one pair
(€m,€n) € By(w, D) of eigenvalues of H. Conversely, any such a pair is naturally associated, through
(73), to two indices 2j and 25 + 1 of the I, p given by (74).

Definition 7. An indez j € 1, p with the property just described is said to correspond to the ordered pair
(€m, €n) Of eigenvalues of H.

Theorem 9. For each w € By (see (56)) the expression (76) of the Markov generator of stochastic limit
type L., associated with a discrete spectrum Hamiltonian H

H = Z EkPk (77)
exESpec{H)

and with o faithful invariant state of the form

p= >, mbre{HY (78)
ex€Spec(H)

(i.e. which is a function of H) is a privileged decomposition with eigenvalues (\;) defined as follows: if

the index j € I corresponds to the ordered pair (€m,€,) in the sense of Definition (7), then:

A= {Pnpm_l . if j is even (79

o pm ., if  J is odd
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Moreover the Markov generator L, in the expression (76), satisfies a weighted detailed balance condition

~ 1 4 I . . .
in which Ly = qZ Ly, where L, = Zj ug; Ly with w = (uk;)ujer the unitary (permutation) operator
whose elements are defined by

ey = k1,5 z'f k is even 0
’ Ok—1,; . i kisodd

and, in the notation, (78), (79), the sequence of weights ¢ = (gx) is given by:

(81)

{)\glyk'yf;il , if kis even
qr =

Moyt s if kois odd

Remark. Notice that the eigenvalues of the privileged decomposition do not depend on (g, &) =
w e B+.
Proof. One can easily see that the representation (76) is special. For j = (&,,,) even one has, using

(61)
1 1 1 _
pLaj = V50D e ey = V3PP DPe. = 73;Pmpr Py DPerp = A Lojp (82)
where the (\;) are defined as in (79).

1 . 1 1 .
pLaji1 = ”}'223'4—1:903' = "/22j+1P(D(em,sn))* = ’Y;sz+1PPenD P,
i . .1
= pnﬁf_nl"/zgj+1psnD Fep= Pnﬂm17§j+1pzkgm,gn)£7 (83)
1
= PP V241 D50 = prpm Lajia1p

This implies that the representation (76) of L, is privileged with eigenvalues (;) given by (79).
Finally, let us verify that condition (i) in Theorem 8 holds.
From (75) we see that for every j € I, p we have

1 1
3757 . ..
I* = ’}/jl 1/3-+11L3+1 , if 3 ‘lS even
Vi Y-l , if  jisodd

Hence defining for 24,25 + 1 € fw,D
—1 — - —
Q2j = Aoy 72ﬂ’2jl+1 ; G2j+1 ‘= /\gk1+1"}"2j172j+1
and, using (80) to define the unitary operator u = (uk j)r, jer, one obtains the relation:
~ -1 1l
Ly=A L =¢q L, (84)

with L; = >, ukjL;. This finishes the proof.

Theorem 10. Let L be a generator of stochastic limit type with respect to an Hamiltonian H of the form
{77). Suppose that, the representation (57) of L:

Ae{HY (85)

and that p € {H}" is a faithful L~invariant state of the form (78). Then the representation (76) of L is a
privileged representation with eigenvalues (A;) defined by (79) and L satisfies a weighted detailed balance
condition with respect to p, which can be explicitly described.

Proof. We know that, for each w € B, , the representation (76) is a privileged decomposition of £,
with eigenvalues (A;) and that £, satisfies a weighted detailed balance condition with respect to p, given
explicitly by Theorem 9. Moreover, under assumption (85) one has

([ia, - 1), = —liA, -]

From this the thesis immediately follows.
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7.3 Generic Markov generators of stochastic limit type satisfy a weighted
detailed balance condition

The simplest class of Markov generators on B(H), of stochastic limit type with respect to a discrete
spectrum Hamiltonian H is obtained when the Hamiltonian H is generic in the sense of [6], i.e.

Definition 8. A Markov generator (6), of stochastic limit type with respect to a discrete spectrum Hamil-
tonian H is called generic if:
(i) H has a simple spectrum

(i1) for any w € By, there ezxists a unique ordered pair (€, €,) of eigenvalues of H such that
€m — € =w >0
(this is equivalent to say that the strictly positive eigenvalues of €7 ( - e ¥ are simple).

In the present subsection we shall prove that this special class of generators satisfy a weighted detailed
balance condition. It is convenient, for simplicity of notations, to rewrite the Markov generator (52)
exploiting the genericity assumption and simplifying the set of indices, so to make the multiplicity space
clear. To this goal we denote

B, :={w; € By : either T_, #0o0r _, #0}
Since the set By is at most countable, we can write
By={w; : 0<j<|Bi}CN (86)

hence denoting
Pi’j = I‘j:,wj and Dj = ij

the generator (52) can be written in the form

L(x) =iA, z]— (87)
1 « A 1 .
Z (f_,j <§{D;(DJ$} - D:;ZL‘DJ) + F.g_,'j (§{D3D;,$} — DJZED;)>
jeB.
Defining, for each j € B,:
1 1 .
Yoj =T 53 vo541 :=T4 55 Loj = v95D; 5 Lajy1 = 7354105 (88)
we have that R
jefogji<2By -1} =1 (89)
finally write the generator (52) in the form
L(z) =)+ Gz +2G (90)
where s
O(z)=>» LixL; ; G= —5®() —iA

jel
Recalling the definition of the operators D; (see Appendix I), if the index j € I corresponds to the ordered
pair (e, €,) of eigenvalues of H, then we can write:

L 1 1 .
Lyj =7 Dy = v Ej(D) =7} (x| Dlem)|€n) (€ml (1)
1 L . FR—
Loji1 =711 Djr1 = Vi Es (D) = Vi (€n|Dlem)lem) (€nl

since by genericity €, # €, one has:

tr(pLs) =7 (ealDlemtr (plead(enl ) 3 pitr (Jei el len) (em)

k
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1
= 7} (eal Dlem)tr (Jen) (eml ) = 0 (92)
It follows that, if 0 = co + >, ¢; L; then

0= tr((ce + chﬂj)*(co + ch’Lj’)) = Z ‘Cj|2

and therefore ¢; = 0 for all j > 0. Therefore the set {1, (Lg)zer} is linearly independent, hence I is the
multiplicity space of L.

Theorem 11. The expression (90) of a Markov generator L, of stochastic limit type associated with a
generic Hamiltonian H and with o faithful invariant state of the form

p= > el € {HY = {H}" (93)
ex€Spec(H)

is o privileged decomposition with eigenvalues (A;) defined as follows: if the index j € I corresponds to
the ordered pair (€m, €,), then:

-1 . ..
}‘j — Pnffln ) ?f Vi 'L‘? even (94)
Pn " Pm , i Jis odd
Moreover the Markov generator L, in the expression (90), satisfies o weighted detailed balance condition

~ l i i
in which Ly = qi Ly, where Ly, =} ug; Lj with u = (uk,j)x,jer the unitary (permutation) operator whose
elements are defined by

Serss . if ki /
;= k+1,j zf 28' even (95)
‘ Okr—15, f Kk isodd
and the sequence of weights g = (qi) is given by (94) and, in the notation (88):
M yvevil . if K is even
gk = A‘iljﬂkﬂ f_ . (96)
5 Ve Ye+1, 4 kisodd

Proof. For j even one has, if the ();) are defined as in (94):
1 1
PLj = 7]‘2 <€nIDt€m>p]€ﬂ> <6mi = 73‘2 pnpm-—l(EnlD’fm)ien)(emlp = }\ijP

A P
pLjy1 = ’)"jz+1<en|D|€m>P|€m> (en] = ’sz+1<€nID'€m>Pma0;,1|Em> {enlp = Aj+1Lj41p

This implies that the representation of £ by means of operators (L;); and A is privileged with eigenvalues

(A\;) given by (94).

Finally, let us verify that condition (¢¢) in Theorem 8 holds.

From (91) we see that for every j € I we have

11
L* = Y5 Vi Lli+ , if jiseven
S e e . ,
’ Y5 Vi1Li-1 , if  jisodd

Hence denoting for 24,2/ 4+ 1€ T
— -1 — —
G2 = A2j172j72j+l ) q2j+1 = ’\2jl+172:i172~?'+1
and, using (95) to define the unitary operator « = (u, )k, jes, one obtains the relation:
~ i
Ly =M'Li = ¢ Ly - (97)

This finishes the proof. ‘
Remark. Notice that, if the index k € I corresponds to the ordered pair (€, €,) in the sense of Definition
7, then the identity (96) implies that, for generic Markov generators of stochastic limit type, one has:

qk = Afi—?lfyk’yf;—il = /\i::—lr"ﬁm—‘f'n (F‘f‘afmffn)_l = Ak_lqmnq’;#t (98)
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Combining this with (94) and (88), we see that in this case the current operator II, in the weighted
detailed balance condition (i) of Theorem 8, takes the form

y(z) = Z (Z(Qk - 1)ﬂkjukz)ﬁ§$lzz
%

Jd

= Z ((sz — DL @ lapir + (Gorer — 1>L§k33L2k>

k>0
: , (99)
= Z ((PQOn - 1)qan;‘nnxDmn + (_&”‘M _ I)anD;mﬁﬁDnm)
{{m,n):epm—en >0} Prndnm Pmmn
= > (b DD + TP DD )
{(m,n):em —en >0}
where
Jmn = PmGmn — Pnam: Jnm - “Jmn (100)

In [2] it was proved that the quantities J,,,, have a natural interpretation as (micro)—currents of quanta
from the level ¢, to the level ¢,. This is the operator II arising in the dynamical detailed balance of
Accardi-Imafuku in [2]. The case of all currents equal zero, corresponds with the notion of quantum
detailed balance in the sense of (49). But in section (9), we will show that even relatively simple physical
situations can give rise to generic Markov generators with non-zero currents.

8 Cycle description of Markov generators

It is known that generic Markov generators with respect to an Hamiltonian H are associated with H in the
sense of Definition 3 and that their invariant states coincide with the invariant state of the classical Markov
chain induced by their restriction on {H}' = {H}”. This allows to reduce the problem of describing the
invariant states of these generators to a problem on classical Markov chains.

In this section we discuss the connections between the notion of weighted detailed balance of Markov
generators and the cycle decomposition of such generators due to Kalpazidou and Qian [20], [25]. These
connections will be used in the following sections to analyze the properties of some non equilibrium states
arising from concrete physical models.

We shall consider the case of generators of the form (52) with finite dimensional state space:

H=C?

and H generic. Clearly in our assumptions Spect(Hg) finite. Under these assumptions the following two
propositions are an immediate consequence of Kalpazidou’s cyclic decomposition for the currents (100)
Jmn = PmGmn — Polnm, see [20], and Theorems 2.1.2 and 2.2.10 in [25].

Proposition 2. Assume that:

- H 1is generic,

~ 8§ = Spect(H) is finite

— the diagonal restriction of the QMS generated by a Markov generator of the form (52) is a finite classical
Markov chain irreducible, recurrent and stationary with faithful invariant state (measure) p.

Then

L{z) — Ly(z) = 2i[A, z]— (101)

— Z Z (we — we_ ) Je(m,n) (p;lDfmzL'Dmn - p;len:chm) =

{{m,n)em>en} c€Coo

2K, 2] — > (we—we) Y. Je(m,n) (p;}D;*memn . p;leanfnn>

c€Co0 {(m,n)iem>en}

I

Where in Kalpazidou—-Qian’s notations, w. are the cycle skipping rates of the classical Markov chain, Cx
is the set of cycles and J.(m,n) is the passage function for the cycle c, i.e., J.(m,n) = 1 if the edge (m, n)
belongs to the cycle ¢ and zero otherwise. Notice that only those edges (m,n) that belong to a cycle give
a mon-trivial contribution.
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Theorem 12. The following are equivalent:
(i) The adjoint generator L} satisfies quantum detailed balance condition (49),
(ii) The associated classical Markov chain is reversible,
(iii) The classical Markov chain is in detailed balance,
(iv) The classical (or diagonal restriction) generator Q@ = (¢ ;)i jes satisfies Kolmogorov’s reversibility
condition:
Geg,e1Gerea """ Qeg_q,6s = Qegreo1 " Deae1er 0 (102)
for any finite collection (cycle) {eo, ..., €s} of different elements of S, s > 2 and €g = €.
(v) we=1w._, Vc&€Cly,

(vi) The classical entropy production rate e, in the sense of Qian (Definition 2.2.3 of Qian’s book), equals
zero.

8.1 Invariant states with constant micro—currents

Theorem 13. Assume H is generic, S = Spect(H) is finite and the diagonal restriction of a GKSL
generator L of the form (52) is the generator of an irreducible, recurrent and stationary classical Markov
chain with a faithful invariant state (measure) p. Then L satisfies a WDB condition (45 )-(46) with a
current operator I1 of the form (99)-(100) with constant currents up to the sign.

Proof. Under the above assumptions, in the notation (100) and given the explicit form (99) of the
current operator II,, equation IT,.(p) = 0 takes the form

{(mvn):5m>fn} m
Equivalently, given the form (93) of p and the fact that Dyp := |€n){€m:
> Jum(lem)eml = len)(eal) =0 (104)
{(m,n)em>en}

Notice that the above equation (104) is equivalent to a system of homogeneous d linear equations for the
currents Jy,, given by (100). Indeed, (104) yields the system

Jo1 + Jo2 + Joz -+ Joa =0 (105)
Jo+Jiz+Jis++Ja=0 (106)
Joo+Jor +Jas -+ Jag =0 (107)
: (108)
Jao + Jay + Jag + - Jga-1) =0 (109)
that together with the linear equations J,,, = —Jn» determine all currents.

Due to the above Theorem, Kolmogorov’s reversibility condition holds if and only if J,,, = 0 for all m,n
and the GKSL generator satisfies a detailed balance condition.
Now assume that Kolmogorov’s reversibility condition does not hold, i.e., there exists a non-empty set of
cycles

C={c=1{e,...,e} : ¢ € S,5>2, with € =¢,, such that

Qeg,e1eren ™" " Ges_y e % Geges—1 " " Genier (Jz‘el,eU} (110)

For generators of the form (52) one has that ¢;; > 0 if and only if g;; > 0, therefore all factors in the
above product are positive and consequently the corresponding currents J. ..., are non-zero whenever
the oriented edge (e;,€;41), 0 < j < s, belongs to a cycle in C. With this subset C of cycles corresponds
an oriented graph with vertices (or nodes) in the elements of S and oriented edges

Ec = {(ej,€j41) 15 €¢, 0<j<s, some ceC(C}
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The incidence matrix of this graph coincides with the matrix of system (105), where all currents equal
zero with the exception of those corresponding with edges of the graph. Now we apply the well known
fact that the null space of the incidence matrix coincides with the cycle space of a graph, see for instance
[12], to obtain a non-trivial solution of (105) given by Jin = 7{€m, €n)Jege; With n(em, €,) = 0 if the edge
(f—:m} €r,) does not belong to some cycle ¢ € C and n(e,,, €,) = %1 otherwise, the sign depending on whether
» has the same direction as Je,, or the opposite direction, according to the cycle orientation.
Since the classical Markov chain is irreducible, one can reach any final level e; starting from any initial
level ¢;, i.e., the graph is connected. This implies that every cycle has at least one edge or node in common
with some other cycle in the set C. Hence, if two cycles have a common edge, since the current associated
with this common edge is the same, the values of currents in both cycles coincide up to the sign.
If the cycles have a node but not an edge in common, then we can consider the cycle formed by concate-
nation. This finishes the proof.

9 Example: A non-equilibrium steady state for a quantum spin
chain

Following the approach in the above section, see also [2], let us consider a quantum chain consisting of two
spin interacting with two boson fields in equilibrium at different temperatures so that the global system
is in non-.equilibrium. The Hamiltonian of the spin chain is defined by means of

H = Moi + Mol + (L +7)ofod + (1 —v)oiol (111)

where Ay, Az and 7y # 0 are real numbers, 0%,0Y, ¢* are Pauli matrices and we set ¢ for * ® I.
For A1 Ag < 1 —+? the spectral representation of the above Hamiltonian is given by

3
H=Zel[el><el§ (112)
1=0

where

0 =—vV—X)2+4, a=—-v1+A)?+4?

€2 = —€ 5 €3 = —€g

and with respect to the basis
e-RQep,e-Qe_,ep @eq, eqp Ve

where ey are unit vectors in C? such that c%ey = e and o¥ey = =ies, the coordinates of (le;))o<j<a

are given by )
{60) = 085 (0, 2} (}\1 — /\2) — A/ (/\1 - )\2)2 + 4 0)

le1) = ¢

#(24,0,0, (0 + %) = O + )2+ 477)

(N

(Ez} = CQ_ 2v,0,0, (,}\1 + )\2) + \/()\1 + )\2)2 -+ 4"{2)

_1 e
les) = 52 (0,2, (\ = o) + /O = 227 + 4,0)

with

co = Cg()\l }\2) =4+ (Al — )\2) A/ ()\1 )\2 ) (113)
er = e1(A, A2) = 477 + (A1 + A2) — V(A1 + A2 + 4’?'2)
ca = ca(A1, A2) = 492 + (A1 + A2) + V(AL + A2)2 + 492 )2

C3 = Cg()\l,,)\z) =4 + (()\1 —_ AQ) + W)Q
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Notice that eg < €; < €2 < e3 and the set of Bohr frequencies is given explicitly
F= {w = €, — €pt ! €Ep, Epr € Spec(H)} = {wlg,u)gg,CU30,w21} (114)
with
Wip = €1 — €g,Wo0 = €2 — €9, W3p = €3 — €, W21 — €2 — &

W3y = €3 — €1 = W2

W3z = €3 — €2 = Wip
Hence we are in the case of a non-generic Hamiltonian. For simplicity we will write simply

w1 = wWig, W2 =Wy, W3 = W30, Wi =wor, Ws=ws and wg = w3z

The interaction of the spin chain with the two non-equilibrium boson fields is described by the Hamiltonian

H=Ho+\ ) Hy (115)

=12
where A is a coupling constant,

HO =H+ HB
Hp = Z/%‘(k)a},k%k
j

(a5, 03 ] = 88(k — k),

tr, = [ dk(g5(k)Dsal, + 5300 Djas)

o = ([1] 8) (116)

a;jx and a;{-’k are the annihilation and creation operators of the j-th field (j = 1,2) and g;(k) is a form
factor.

The initial state of each field is a Gibbs state at constant temperature ,Bj‘l and chemical potential x; with
respect to the free Hamiltonian (in this example we assume p; =0, j = 1,2), i.e., the mean zero gauge
invariant Gaussian state with correlations

where D; = 07 s

. 1
(@ ey a) = S N(bs )0k = 1) 5 N(kify) = o (117)
The Schrédinger equation in the interaction picture is
d . )
a{EU-t()\) — —ZAH[(t)Ut()‘), Ut()\} — e'LtHe—@tHo (118)
where
H[(t) — Z eitHgHIje—itHg
J=1,2
=22 > / dk (119)
J=1,2weF Im
(gj;z,m(k)Ew(l, m)al el Bt 4 gx  (R)VEL(L, m)aj,ke_i(”j(’ﬁ)~w)t)
with '
gium(k) = g;(k){er, Dj€m) (120)
Bo(lm) = 3 (e —wle) (Emler)ler — wherl,w = em — €1, 6 > €

er€Fy,
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F, = {ey € Spec(H) : € —w € Spec(H)}

The spectrum of H is not degenerate but,

Fo,={e,e3} = Fiq ; Fo, = {ez, 63} = Flg
Hence the state pr.g = (po, * » pn)s pn = € Pl with B(e,) = ¢, log p,, is non-generic.
After some simple computations we get
Euo = Euyp(0,1) = leo){en]
Eisy = Fisno(2,3) = |e2)(es]

szo = szo (Oa 2) = t60><€2i
Ecu‘31 = wzo(lf?’) = i€1><€3|

This shows that the contribution due to the two frequencies that do not satisfy condition (152) equals
the contribution of the same frequencies in the generic case. Therefore the generator of this semigroup
belongs to the generic class defined in section (7.3).

The master equation for the reduced dynamics of the spin chain is given by

P _ o), (121)

With A, v= ;. given by (163), and (164), respectively. Taking
gi(k) = e~ 5" (122)

| = 1,2 using (164) and (120), after some computation we get for AyAs <1—~+? andd =3

m = 4 iy )

G20 = 879%@6*“2 (4% + (cp — 4)* #%i_i_”i_l_)
o= it e (e )
= e (0= )
Q3 = 872 j}’i R ((221;%)12 e§2w4; ] 1)

o = St e (- T P

(c3 —4)? 162 )

1
— 2 WL
G2y = 8T wie (631“’1 -1  efr -1

CaCs
And all remaining ¢;;s equal zero.
Moreover, the restriction of the pre-dual generator to the diagonal sub-algebra, is the generator of a
classical Markov chain whose Q-matrix is given by

—(go1 + go2) qo1 qo2 0
- 410 —(gqi0 + @13) 0 13 194
Q= G20 0 —(g20 + go3) g23 (124)
0 g31 432 —(g31 + @32)
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One can easily see that the classical Markov chain with the above Q-matrix is irreducible, i.e., for every
€, €, there exists n > 1 and €1, - - €, such that gee;; Gerens 1 Gene, > 0. In other words, starting from
any €; it is possible to reach any €; with positive probability.

Moreover it has an invariant measure, that we identify with the generalized Gibbs state p. The explicit
form of p is given below in equation (129).

The Markov generator £ has the form (52). Hence it is a weighted detailed balance generator. There
exists the minimal QMS generated by £ and we denote by 7., the pre-dual semigroup.

To identify the cycles that does not satisfy Kolmogorov’s reversibility condition, one can use formula
(2.9) in Theorem 2.1.2 of [25], to evaluate the cycle skipping rates in terms of the matrix elements of Q).
It follows that for all cycles we have w, = w._ with the exception of the cycle

c=1(0,2,3,1)

It follows from the above Theorem 12 that Kolmogorov’s reversibility condition does not hold for this
cycle. Moreover we can prove the following.

Proposition 3. Kolmogorov’s reversibility condition holds for the cycle (0,2,3,1), i.e.,
02923931910 = 401913932420,
for all values of w1, wa; if and only if the boson fields are at the same temperature, G; e By L
Proof. A simple computation using (123) shows that
q029234931910 = 901913432920

for all wq, ws, if and only if

f(w‘-z) _ f(wl)

- , 125
Wwa) gl 129
for all wy, we. Where
429 — 1) + (co — 4)2elP2=F)w (e _
L R et L el i) (126)
e — 1)+ (o — D2(ePrw — 1)

o(w) = (cg — 4)%(e%2% — 1) + 16vy%elP2—F)w(efriw _ 1)
(s — )2 (ePoo — 1) + 1672 (e — 1)

(e — 4)2(632“’ — 1)+ 46(62—61)w(8ﬁ1w —1)
h{w) = e
(c3 — 4)%(ef2v — 1) + 4(ePv — 1)
If By = B3, then f(w) = g(w) = h{w) =1 and (125) clearly holds for all wy, we.
Conversely, if 8 # 2, let us say (2 > (1, then when Ay, Ao — 0 and v — 1 we have w; — 0 and wy — 4

therefore 3; gi% — 1, but }%ﬁ—z% approaches the value

e*f1 1

4(B2—B1) _ _e’re—1
1+(€ 2 1 1)(4+1664ﬁl“1> > 1.

edB2 _1

Therefore (125) does not hold for all w;, wy. This finishes the proof.

Corollary 4. If 87 L 85 ! then the GKSL generator of the QMS associated with the above spin chain,
satisfies o weighted detailed balance condition with constant currents J = Jio up to the sign.

Proof. If 87 # 35, then Kolmogorov’s reversibility condition is violated for the cycle (0,2,3,1) ie.,

902923931410 7 901413932G20- (127)
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Then, associated with this cycle is the solution of system (105): Jog = —J1o, Jso = Jio, J21 = —Jio
and all remaining J,,.,,’s equal zero. This proves the corollary.
The invariant state p is a solution of the linear system,

Cp=1j, (128)

with j = Jio(1, —1,1,~1) and
—qo1  qi0 0 1]
P 0 g0 O
0 —q3 0 gn
0 0 —q23 432

Direct computations show that the unique solution of (128) has the explicit form g = (po, p1, p2, p3), With

(13920932 + 10(g23931 + q20(g31 + ¢32)))J10
Det(C)

o= (Go2923931 + 901(q23931 + q20(g31 + g32)))J10
! Det(C)

Py = (Go1913932 + go2(q13g32 + gio(gs1 + g32)))J10
2 Det(C)

(g02(g10 + @13)023 + qo1913(q20 + 23))J10
Det(C)

(129)

pP3 =

Where
Det(C) = q02923931910 — 901913932920-

The value of the current Jig is obtained in terms of the gj;s from the normalization condition tr(5) = 1.
Tt is well known that, if an irreducible Markov chain has an invariant measure, then this is unique and
has a positive mass at every site of the state space. Moreover it was proven in Proposition 5.2 of [10],
that if the classical restriction of a generic QMS (7;):>¢ is irreducible and has an invariant measure p,
then this state is the unique 7;-invariant state and

Jlim T.(o) = p, (130)

in the trace norm for every initial normal state o. Hence, as a consequence of the above result, the QMS
associated with our quantum spin chain has a unique non-equilibrium (or dynamical equilibrium) invariant
state p given up to normalization by (129) if and only if the boson fields are at different temperatures,
ie., By - 8 - and it is ergodic, in the sense that any initial normal state is driven by the QMS towards
the dynamical equilibrium steady state p.

10 Cycle dynamics and entropy production

Our analysis of the cycle decomposition of a GKSL generator satisfying a weighted detailed balance reveals
that, in a non-equilibrium stationary state of the small system coupled to the environment, there exists
a dynamics associated with the set C of cycles violating Kolmogorov’s reversibility condition.

The first important question is to give a physical meaning to the current operator Il,, , in current
decomposition (99). First of all notice that this is a CCP map, i.e., a quantum object. One can compute
explicitly II,, , in the case of the spin chain of Example 1 above. In this case 11, ; is not identically
zero, it has a non-trivial contribution coming from the cycle (0,2, 3, 1). Moreover, denoting by I, ; . its
predual, one can show that II,,, , .(py,s) is the diagonal matrix

Wo231) 6 W(1320) g 8 g
0 0 0 0 (131)
0 0 0 —wp2s1) + Waszo)
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A naive interpretation of this quantity is the following: II,, ,(p g) represents the net current (or flow
of energy) between the fields through the small system, i.e., the spin chain. Indeed, at level €, the spin
chain is taken a quantity w2s1) — w(1s20) of energy from environment at temperature 5, s 85 ! and the
same quantity is transfer to environment at temperature 55 ! at level 5. The quantity W(g231) — W(1320)
can be computed explicitly in terms of the matrix elements ¢, of the classical generator @, i.e., in terms
of the temperatures 5, ', 85 1, See equation (2.9) in Theorem 2.1.1, page 49 of Qian’s book [25].

For an irreducible and stationary continuous time Markov chain, the notion of entropy production was
defined by the Qian’s and collaborators, see Chapter 2 in [25], in terms of the relative entropy of the
probabilities of the Markov chain and its time reversed. This entropy production rate has a simple
expression in terms of the cycle skipping rates w, of cycles in C, indeed,

1
e =75 > (we—1we_)log(

¢€Coo

) (132)

We
We_

Therefore using again formula (2.9) in Theorem 2.1.2 of [25], to evaluate the cycle skipping rates in terms
of the matrix elements of @, one can evaluate the entropy production in both examples of the above
section. Indeed, for the spin chain in Example 1, a direct computation show that

W(p231)

ep = (W(o231) — Wo132)) l0g (133)

W(p132)

Q02423931910 — 9014913932920 ] 4029239314910
- 3 A 0
> 5=0 D7} G01913932920

where _
D({0}°) = q13q20432 + q10923931 + 10420931 + G10920432

5({1}6) = 02923931 + 01923931 + ¢01920931 + 01920932
f’({z}c) = 01913932 + 902913932 + 02910931 + Q02910932
1:)({3}(:) = Qo2¢10923 + G02q13923 + 01912920 + 01913923

Therefore, entropy production is non-zero since Kolmogorov’s reversibility condition is violated on the
cycle (0231) and consequently

G02923931410 — Go01913G32920 7é 0

11 Appendix (I): Eigenoperators of Ad(c?)
In the present Appendix we recall some useful notions from [6].

Theorem 14. (see Theorem 34 in [6]) Let H = H*€B(H) be a pure point spectrum Hamiltonian

H= > eP=> enPn (134)

eCspec(H)

Consider the associated 1-parameter automorphism group;

ug(-) = e () (135)
and the associated set of Bohr frequencies.
B =By :={w=¢, —& : 67,6 € Spec(H)} = Spec(uy) (136)
Then one has:
w(x) =Y e ™E,(z) ;VreB(H),VteR, (137)

weB
where, for each w € B, the operator E,, is defined by (62) and the operators E,, satisfy the identities

E (x)" = E_,(z%) ; vz € B(H) (138)
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EuEy = 64w E, (mutual orthogonality) (139)
Z E,(-) = idgo (normalization) (140)
weB

Eqo(-) = > P ()P, (141)

{ene Spec (H)}
is the Umegaki conditional expectation onto {H} .

Remark. One easily verifies (see Proposition 33 of [6]) that
EL(B(H)) = {z € B(H) : eHge™H = e~itwy} (142)

Any element of this subspace will be called an w—eigen—operator of Ad(e®). (140) is equivalent to
B(H) = B E.(B(H)) (143)

the sum being orthogonal in the sense that, if W’ # w, then
E, E (z)=0 ; Vz € B(H)
The sum (143) is orthogonal also in another sense, specified by the following Lemma.
Lemma 7. If p € {HY} (in particular if p € {H}"), then for any w,w’ € B one has:
Tr (pE, () Ey (y) = 84w TT (pEu(x)" Eu(y)) : Va,y € B(H)
Proof. If p € {H}' then, using (142) and (138), we see that:
Tr{(pFe (@) Bur () = Tr(e? pB_, (") Eur (y)e ™)
— TT(p(eitHE,w (:E*)e_itH) (eitHEwr (y)e—itH)
— eit(w—w’)TT(pEw(x)*Ew, (y))
If w — ' # 0, this is possible only if Tr(pE,(z)*E,(y)) = 0.
Lemma 8. For any w,w’ € B one has:
E,(B(H)) - B, (B(H)) € By (B(H))  (grading) (144)
E,(B(H))" = E_(B(H)) (145)
Proof. For any t € R, w,w’ € B and z,y € B(H) one has:
eitHEw (ZC)EL‘/ (y) e~itH — (eétHEw (x)e—étH)(eétHEw,(y)é~itH)
= (" B (2))(e" Bur () = €“ T () Bur (y)

Thus E,(2)E,(y) € Ew+wr(l3(7'é)) and this proves (144). (145) follows from (138) and the fact that
B(H)* = B(H).

Corollary 5. For allw € B and any operator A € {H} = Eo(B(H)), one has

[4, E.(B(H))] € Eu(B(R)) (146)
{A, EL,(B(H))} € Eu(B(H)) (147)
Moreover, Yw,w' € B and VD, € E,(B(H)), one has:
DiD., DD € {HY = Eo(B(H)) (148)
DL E(B(H))D., € Ewr(B(H)) (149)
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Proof. All the identities are immediate consequences of Lemma 8.

Lemma 9. Let F : spec(H) — R be a Borel function. Then Yy and Vm,n € N
F(H)Ppy = F(em)Pny

yPoF(H) = Flen)yPn
in particular, if y has the form

y=PnzP, ; zeBH) ; mneN (150)

Then

eﬁ(H)Hye—B(H)H - eﬁ(fm)fm—-fn)ﬁny (151)

Proof. Clear from the spectral decomposition (15) of H.

11.1 The generic case

The generic case is characterized by the condition
B, =1 ; Yw € By (152)

Let w € B.. Condition (152) is characterized by the existence of a unique pair (¢,e) such that
€ spec(H) and

w?‘*..u

e, =¢e} —w € spec(H)

or equivalently

eh—e =w>0

In this case the spectrum of H is non degenerate so that

= = le)e]

Therefore

Eol@) = 3 {en a2n)len) enl

k13

and, if w > 0, in the generic case
= e |(le) (a2
w(x) = (e, zeg ) et M es]
E; (x) =E_u = (e, e)les el |
= leoHea ()l M el
EZZ(iv) =E_,(z")
E, — E (D)
ES — E_,(D)
For w € B, define
Eu(D) = (e, Deg)lel){es | = duled ) (ex]
Then
Eu(D)E,(D)" = Eo(D)E_,(D*) = (e, D) |e; o
= (ed, Dec)leg el = dulel ) (el
Eu(D)Ey(D)" = E,(D)E_.(D*) = |0,*|e} ) (e | = quP.y
E,(D) E.(D) = E_,(D")E,(D) = !5w12P5; = prs;
E, (DY wEy(D) = E_(D")zE,(D) = qu{e}, ze)P__

wl
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Ey(D)zE,(D)* = E,(D)zE_(D*) = qu (e}, Aew) Pt

~

Ale) =idele) 5 dur=ds —d,-
L)) |
= o) E3 1+ P (= J aled}es) + s (~5akdecl)

Ly —+T, . _
[ (Bt Yo i

2
_ P (%) _idw] e et |

Under our assumptions the right hand side of (41) is equal to

Ce3)eb]) = ~idule)et] - (L—ilf——i) dle et

ePlEniem—Blen)enpy (pE(y) x)
Let

W =&m —En

Therefore the right hand side of (41) is equal to

- 1 '
eﬁ(sm)gm_ﬁ(sn%n ['—’2' (Fw,— + Fwﬂr)qg) + ’de} T?‘(P|€n><5n)

and, using that:
o= Flen)len) el

this is equal to

1
eﬁ(fm)5m~ﬁ(6n)5n F(gm) ?:__i (Fw,— + F@-}—)Qw + Z'GL,}

12 Appendix (II): Stochastic limit of systems interacting with
fields in a non—equilibrium state (level I)

Consider a system interacting with a boson field in momentum representation
lag, al,] = 6k — k') (153)

whose initial state is a mean zero gauge invariant Gaussian state with correlations:

1

fan) — N(E)S : -
<ak0‘,k1> = IVU{T)O(k — }8!) ; JV(k) = W

(154)

B{w(k)) is positive function (generalized inverse temperature) which is a natural generalization of the
Gibbs factor, to which it reduces when ((w) is constant:

Blw)=p (155)

This class of (in general non equilibrium) states of the field includes many important examples, including
the usual Gibbs states and the state of two equilibrium heat baths at different temperatures (and possibly
different chemical potentials).

The full Hamiltonian is given by

H =Hy+ \H; ; (A is a coupling constant) (156)
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where
Hy=H+Hp ; H:= Zq[q)(eg{ ; Hp:= /‘w(k)a};ak (157)
- ‘
Hy = / dk (g(k)Da;; +g*(k)D ak) (158)
Using the stochastic golden rule (see [1]) one deduces the white noise Hamiltonian equation
d ) 1 ,
SV =—iy (ow;:w + Dth,w) U, (159)
weF
driven by the Boson white noises
1, :
bw}t — /d}g g:;(k)bw)t(k) ; bw,t(k) — )1\1]:‘1‘(1) Xe-%(wj(k)—w)i/,\zak (160)

the limit being meant in the sense of operator valued distributions.
The operators D, in the white noise Hamiltonian equation (159), are defined by

D, = E,(D) (161)

where D is the operator which enters in the interaction Hamiltonian (158) and E,, is defined by (62). The
state of the limit white nose will be of the same type as (154) but with correlations

(bl (k)bur (k') = S 26(t — )8k — k)6 (w(k) — w)N (k)

(Bt (k)L s (K)) = Buror 278(t — )5k — k') (w(k) = w) (N (k) +1)

From this, using a standard procedure of the stochastic limit approach (causal normal order of the white
noise Hamiltonian equation) one deduces the master equation for a system density operator:

90 = =il p0] = YT (3 {DLDwp(0)} - Dup(t1DL)

wEF

. (162)
- T (5 {DuDLst0) - Do),
weFR
where the operators D, are as above and:
A=i Y (Im(y_)Dl Dy — Im(71,) D DY) (163)
weF
Il'sw=2Revz, >0 for w>0 (164)
IF'rw=0 for w<0 (165)
Yoo = [ dklgo (k)P LY (166)
Blwl{k))wlk) 2 oB(w(k))w(k)
= Wfdk igw(k)[Qeﬁe(w(k)w(k)) 1 S(w(k) —w) —iP. Pfdk (w(f)w w))’(eﬁ(w(k])w(k) -y
Blw)w . w 2 eBlw(k))w(k)
= oot J dk 19, ()P8(w(k) — w) —iP.P [ dk 12e®E 2o
=7 o 55 — 10—
Yo = [ kg (B) P 5oy (167)
=7 fdk lgw(k)fz‘——‘eam(m%wm_“1‘5(W(k) —w) - iP-Pfdk ‘,,,g‘(”k(f)u eﬂ(w(k))w(ﬂ 1
= "Tea(—u)lwi_l f dk |gw(k)}25(w(‘l") ’*‘-’) —iP. Pfdk El(ugfk_)L eﬁ(m\k)%w(k) 1

e
ﬂ-——__eﬁ‘(w}w—_l e — 1G4

— 353 —



R

and we have defined G
5o = / dk g, (k)26(w(k) —w) >0
lgu (k)2 ePletw(m
w(k) — w eBlwk)wk) _ 1

|9 (k)2 1
Gyoi=P. P/dk (R — w PN 1

G_i= P.P/dk

Notice that both G, and
9. (k)7
w(k) —w

are independent of 3. From equation {164) we then obtain, for w > 0:

Gy~ Gyo= P.P/dk =1,

Blw)w ’ Blw)w
o =2Rev_, = 27T€——C—;—”'i = B——Gw (168)

eBlww .1 91 eBlww 1
1 G, 1

Trw =2Re Yo = 2 50 T 97 = B@o) =1

Go (169)

Notice that I'y , are both > 0 if
w>0= Fw)>0 (170)

With these expressions for the parameters the master equation (162) becomes:

d \ .
Splt) = L(p(0)) = ~ilA, pl1)] (171)
63(‘"’)"‘) 1 .
- Z eBlww 1GW (—2— {DLDw,p(t)} - pr(t)Dc‘u)
weF
_ L 4! o t
- E eﬁ(w)w _ 1G“’ § {DW‘Dw'p(t)} - pr<t)Dw‘
wEF
Remark.
We have to check if the generator
()]
B(uj)w 1
~ 2 e 1 (5{13 Do, (9} = DL, )
weF
1
wEF

satisfies equation (24), i.e.

Tr(pe® 7 L(y)e D) = Tr(pzL(y)); Vz.y € B(H)
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